ISSN: 1401-5617

Topics in analysis - Modulus of continuity of mappings between Euclidean spaces - Toeplitz operators on the Bergman spaces of the unit ball in C^N

Agbor Dieudonne Agbor

Research Reports in Mathematics Number 2, 2012

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2012/2

Date of publication: February 24, 2012 Keywords: Modulus of continuity, Fourier transform, Toeplitz operators, Berezin transform, Carleson measure, Bergman spaces.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

TOPICS IN ANALYSIS:

- MODULUS OF CONTINUITY OF MAPPINGS BETWEEN EUCLIDEAN SPACES -TOEPLITZ OPERATORS ON THE BERGMAN SPACES OF THE UNIT BALL IN C^N .

By Agbor Dieudonne Agbor

SUBMITTED IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DOCTORATE DEGREE AT UNIVERSITY OF YAOUNDE I YAOUNDE, CAMEROON AUGUST 2011

© Copyright by Agbor Dieudonne Agbor, 2011 ii

Dedication

This work is dedicated to the Almighty God, to my wife Marie and my children Nema, Grace, Glenda, Dieudonne Junior and Rhema, my parents Late Mr. Akpey Samuel and Mrs Agbor Emilia.

Acknowledgements

I would would like to thank my surpervisors Professors David Békolle and Jan Boman for the sacrifices they made, making themselves available to answer even some unexpected questions, spending their own financies as the need arises, and giving me all the guidances and directives that I ever needed not forgetting that they had to read this work several times. I will only ask that the Lord should reward them aboundantly.

I wish to acknowledge the financial support of the International Program for Mathematical Sciences, whose fellowship enable me to travel and work at the mathematics Department of the Stockholm University. I wish to thank the mangement and staff of this Department for their hospitallity, in particular Professors Michael Passare, Jan Erick Bjorck, Per Sjolin, Lars Fillipson. I will also wish to say thank you to Lief Abrahamson, G. Pravina, .F. Agneta who were incharge of me when I was in Stockholm, there are wonderful people.

I also wish to acknowledge the financial support from the University of Buea and the Mobility grant from the Ministry of Higher Education.

I wish to express my gratitute to my colleaques of the Departments of mathematics, University of Buea for their support, my lecturers Drs. F. Mbuntum, S.N Kwalar, G.A Ngwa, B. Nkemzi not forgetting Professors N. Noutchegeme, G. Nguetsin, M. Dossa, K. Waoufo, H. Heldemann, T. Kolsrun whose contributions cannot be forgotten.

I wish to thank my pastors, Apostles T.V Ndih, Benard B. Rev S.M Mbote, Rev. Obi A, Pastors Taku A, Tillarh kenneth, Brothers Nathaniel, Pitchou and Bishop Ransom for their prayers that God has answered. My gratitute goes to my beloved brethen in Molyko and the African fellowship in Stockholm. I wish to express my gratitute to my family especially, my uncles Mr Ndangoh Simon , Ndangoh Joseph, Apkey Mensah, Dion Ngute Joseph, Apkey Amanatey, my anut Mrs Agbor Mary and the Husband, Anutie Aggie, my brothers Orock, Doku, Mbeng, Alfred, Tete, Nixion, my sisters Manyi, Ekem, Dede, Ayamba, Ceci, Stella tifuh, Stella Ayuk, Macmillan. Finally, I wish to thank Edgar Tchoundja for his support and discussions, Alphonse Mba, Joseph Mbang, Virginie Konlack, Jules Tewa, Cyrille Nana, Etoa Remi, Jean- Baptist Patenou, Dor Celestine, Alexander Mengnjo, Ngang Che Eric, Vivian Tanyu, Fomboh Mary and all the members of the classical analysis group.

vi

Table of Contents

Dedication iii

Acknowledgement iv

Table of Contents vii

Abstract ix

I Modulus of Continuity of Mappings between Euclidean Spaces 1

1 Measures with Finite Total Mass 2 1.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Modulus of Continuity . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3 Wiener-Levy Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 Mappings between Euclidean spaces 28 2.1 The algebraic condition ( ^A). . . . . . . . . . . . . . . . . . . . . . . . 29 2.2 The algebraic condition (A) . . . . . . . . . . . . . . . . . . . . . . . 43 2.3 Theorem on Modulus of Continuity . . . . . . . . . . . . . . . . . . . 49

II Toeplitz Operators on the Bergman Spaces, L^p_a(B_n), of the Unit Ball in C^n 53

3 Toeplitz operators on L^p_a(B_n) for p > 1. 54 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 3.3 An Associated operator on the Lebesgue space L^p(B_n) . . . . . . . . 71

3.4 The space BT and related spaces of symbols. . . . . . . . . . . . . . . 78 3.5 Compactness of Toeplitz operators . . . . . . . . . . . . . . . . . . . 92

4 Toeplitz Operators on L^1_a(B_n) 99 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 4.2 Boundedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 4.3 Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 4.4 Compactness on the Weighted Bergman space L^1_a(ψ) . . . . . . . . . 141 4.5 Compactness on the unweighted space L^1_a . . . . . . . . . . . . . . . . 148

Conclusion 161

Bibliography 162

Abstract

Let f be a function from R^p to R^q and let Λ be a finite set of pairs (θ, η) ∈ R^p × R^q. For each (θ, η) ∈ Λ, the function x → ⟨η, f(x)⟩ has certain regularity properties in the direction θ, where ⟨·, ·⟩ is the inner product in R^q. We determine (algebraic) conditions on Λ in order that these regularity properties on ⟨η, f(x)⟩ in the direction θ imply the same regularity properties for the function f.

Finally, we determine L^1-symbols whose associated Toeplitz operators are bounded (resp. compact) on the Bergman spaces L^p_a(B_n, dν), for 1 ≤ p < ∞, where B_n is the unit ball of C^n. For p > 1, we give a new presentation and improvements of earlier results. For p = 1, our results are new and are related to the reproducing kernel thesis and to earlier results.

Keywords: Modulus of continuity, Fourier transform, Toeplitz operators, Berezin transform, Carleson measure, Bergman spaces.

Part I

Modulus of Continuity of Mappings between Euclidean Spaces

Chapter 1 Measures with Finite Total Mass

1.1 Preliminaries

The space L^1(R^p) consist of all measurable functions, f, on R^p such that

‖f‖_1 = � R^p

|f(x)|dx < ∞.

If f ∈ L^1(R^p) then the Fourier transform f̂ is the bounded continuous function on R^p defined by f̂(ξ) = � R^p

e^{−ix·ξ}f(x)dx, ξ ∈ R^p.

If f̂ also happens to be integrable one can express f in terms of f̂ by the Fourier inversion formula, f(x) = (2π)^{−p} � R^p

e^{−ix·ξ}f̂(ξ)dξ. (1.1) The space C^∞_0 (R^p) consist of all smooth functions with compact support. By the Schwartz class, S = S(R^p), we mean the set of all smooth (infinitely differentiable) functions, ψ, such that sup_x |x^β∂^αψ(x)| < ∞ for all multi-indices α and β.

An important concept about the space S, is that the Fourier transform F : ϕ → ϕ̂ is an isomorphism of the space S with inverse given by the inversion formula (1.1), see for example Theorem 7.1.5 of [26].

Let C_o(R^p) be the space of continuous functions on R^p that tend to zero at infinity equipped with the supremum norm. The space M(R^p) is the dual space of C_o(R^p), which is the space of measures on R^p with finite total mass. The action of a linear form μ on test functions will be denoted by ⟨μ, φ⟩. Thus μ ∈ M(R^p) if and only if |⟨μ, φ⟩| ≤ C sup |φ| for any φ ∈ C_o(R^p), where C is a positive constant and the norm of μ ∈ M(R^p) will be denoted by denoted by ‖μ‖_M , which is given by ‖μ‖_M = sup{|⟨μ, φ⟩|; φ ∈ C_o(R^p), ‖φ‖ = sup |φ| ≤ 1}.

The space L^1(R^p) is identified with a subspace of M(R^p) by f ∈ L^1(R^p) being identified with the linear form φ → � R^p

f(x)φ(x)dx.

Any element μ ∈ M(R^p) can be uniquely extended as a linear form to the space C_b(R^p) of bounded continuous functions on R^p. Indeed, if μ is considered as a linear form on C_o(R^p), we take a compactly supported continuous function χ that is equal to 1 in some neighbourhood of the origin and define

⟨μ, φ⟩ = lim_{A→∞}⟨μ, χ(·/A)φ⟩, φ ∈ C_b(R^p).

If μ ∈ M(R^p) then the Fourier transform of μ is given by ^μ(ξ) = � R^p

e^{−ix·ξ}dμ(x) = μ(e^{−ix·ξ}).

Therefore if μ is a point mass at the point a ∈ R^p, that is, ⟨μ, φ⟩ = φ(a) for all test functions φ, then μ̂(ξ) = e^{−ia·ξ}.

Let f ∈ L^1(R^p) and μ ∈ M(R^p). Then the convolution of f and μ, μ ∗ f, is given by (μ ∗ f)(x) = � R^p

f(x − y) dμ(y) and ‖μ ∗ f‖_1 ≤ ‖μ‖_M ‖f‖_1.

If μ ∈ M(R^p) then μ is a difference measure in the direction θ if

⟨μ, φ⟩ = φ(θ) − φ(0) (1.2)

and its Fourier transform is

e^{−iθ·ξ} − e^0 = e^{−iθ·ξ} − 1.

Also its convolution with a continuous function, f, gives

(μ ∗ f)(x) = f(x − θ) − f(x).

We will also be very interested in the following inclusion which can easily be verified.

C^∞_0 (R^p) ⊂ S(R^p) ⊂ L^1(R^p) ⊂ M(R^p).

Notation.

We will denote the set of Fourier transforms of a space X by ^X. Also, we will always use the following identity: ‖f‖_{bL}1 = ‖f̂‖_1.

The next lemma will be used always.

1.1.1 Lemma

Suppose χ is smooth function on R^p which is a constant outside some compact set containing the origin. Then χ is the Fourier transform of a measure in M(R^p).

Proof. We may assume χ(x) = 1 for |x| > 1. Then

χ(x) = 1 − ψ(x) ⇔ ψ(x) = 1 − χ(x), x ∈ R^p

where ψ ∈ C^∞_0 (R^p) with the support of ψ been |x| ≤ 1. ψ ∈ C^∞_0 (R^p) implies ψ ∈ S(R^p) and thus ψ is the Fourier transform of a function ϕ ∈ S(R^p), that is ϕ̂ ∈ S(Rp) ⊂ M(Rp). Thus χ = 1 − ϕ̂ = ^

(δ_0 − ϕ) where δ_0 is the Dirac measure, and hence χ ∈ ^M(R^p). �

Let M_θ = M_θ(R^p) denote the subset of M(R^p) consisting of measures with mean equal zero on all lines with direction θ ∈ R^p.

1.1.2 Definition

μ ∈ M_θ, if and only if ⟨μ, φ⟩ = 0 for all test functions, φ, that are constant in direction θ , or equivalently,

φ(x + tθ) − φ(x) = 0 for all t ∈ R, x ∈ R^p. (1.3)

Let M^c_θ denote the set of μ in M_θ with compact support.

1.1.3 Lemma

μ ∈ M_θ if and only if ^μ(ξ) = 0 whenever θ · ξ = 0.

Proof Let μ ∈ M_θ. If θ · ξ = 0, then the function ψ(x) = e^{−ix·ξ} satisfies (1.3) and hence ^μ(ξ) = μ(e^{−ix·ξ}) = 0.

The converse follows from the fact that a continuous function φ : R^p → R such that φ(x + tθ) is independent of t for every x can be approximated uniformly on compact sets by linear combinations of exponential functions e^{iξ·θ} such that θ · ξ = 0.

For θ ∈ R^p, θ ≠ 0, let N_θ(R^p) denote the set of measures μ ∈ M(R^p) for which ^μ(ξ) θ · ξ

∈ ^M(R^p).

It is clear that N_θ(R^p) ⊂ M_θ(R^p), but the opposite inclusion is not true as seen by the following example, in the case p = 1. Let

h(x) = π^{−1}/(1 + x^2) − ψ(x),

where ψ ∈ L^1(R) is even , has compact support and � R ψ(x)dx = 1. Then

ĥ(ξ) = e^{−|ξ|} − ψ̂(ξ).

Thus ĥ(0) = 0 and ĥ(ξ) = −|ξ| + ◯(|ξ|^2) as |ξ| → 0, hence ĥ(ξ)/ξ is discontinuous at the origin and therefore cannot be in ^M(R). Our next lemma shows that this inclusion is possible for some subsets of M_θ(R^p).

1.1.4 Lemma

If μ ∈ M^c_θ then μ ∈ N_θ(R^p).

Proof Let μ ∈ M^c_θ , suppμ = K, θ = (1, 0, · · · , 0) and let φ be a test function. Define the function ψ(x_1, y) =

�_{x1} −∞ φ(s, y) ds where y = (x_2, x_3, · · · , x_p). Define a measure ω by

⟨ω, φ⟩ = −⟨μ, ψ⟩ (1.4) then ω ∈ M(R^p). To prove that ω ∈ M(R^p) we write φ = φ_0 +φ_1 where suppφ_0 ⊂ V , K ⊂ V and φ_1 = 0 in some neighbourhood of K. Let

ψ_0(x_1, y) =

�_{x1} −∞ φ_0(s, y) ds and ψ_1(x_1, y) =

�_{x1} −∞ φ_1(s, y) ds.

We claim that ⟨ω, φ_1⟩ = 0. Indeed, since ∂_1ψ_1 = 0 in a neighbourhood of K, it implies ψ_1 is a constant in the direction θ which implies ⟨ω, φ_1⟩ = −⟨μ, ψ_1⟩ = 0, thus the claim is proved. Also, since

|⟨ω, φ_0⟩| = |⟨μ, ψ_0⟩| ≤ C sup |ψ_0| ≤ C_1 sup |φ_0|

where C_1 = Cdiam(suppφ_0) we have that ω ∈ M(R^p). Finally, (1.4) implies ∂_1ω = μ if and only if iξ_1 ^ω(ξ) = ^μ(ξ) as required. The result follows by rotation of the axis. � 1.1.5 Lemma

Let χ be a smooth function on R that is zero in some neighborhood of the origin and is 1 outside some compact set containing the origin. Then^{χ(ξ)}_ξ ∈ ^M(R).

Proof Let H be the Heaviside function, that is H(x) = 1 for x > 0, H(x) = 0 for x ≤ 0 and let ψ = 1 − χ, that is, ψ is smooth and compactly support. Consider the function ν given by ν(x) = H(x) − 1 2π �_x −∞ ^ψ(y) dy.

We claim that ν ∈ L^1. To prove this claim we first observe that ψ(0) = 1 implies 1 2π �_{+∞} −∞ ^ψ(y) dy = 1.

Thus

ν(x) = H(x) − 1 2π �_x −∞ ^ψ(y) dy

= H(x) − 1 2π �_{+∞} −∞ ^ψ(y) dy + 1 2π �_∞ x ^ψ(y) dy.

This shows that ν(x) = � � � 1 2π �_∞ x ^ψ(y) dy when x > 0, −^1_{2π}

�_∞ −x ^ψ(−y) dy when x ≤ 0, since −1 + 1 2π �_∞ x ^ψ(y) dy = − 1 2π �_∞ −x ^ψ(−y) dy, for x ≤ 0.

That ν ∈ L^1 follows from the fact that ^ψ is in the Schwartz class, that is, | ^ψ(y)| ≤ C(1 + |y|)^{−a}, a > 2. We now observe that −ν^′ = δ_0 − ^ψ, indeed, if Ψ is a test function and μ(x) = 2π

�_x −∞ ^ψ(y) dy then

⟨ν, Ψ^′⟩ = ⟨H, Ψ^′⟩ − ⟨μ, Ψ^′⟩ = −⟨H^′, Ψ⟩ + ⟨μ^′, Ψ⟩ = −⟨δ, Ψ⟩ + ⟨μ^′, Ψ⟩.

This implies, ν^′ = −δ_0 + ^ψ. Thus −iξ^ν(ξ) = 1 − ψ(ξ) = χ(ξ) which proves the lemma. � Lemma 1.1.5 can be refined to get the following;

1.1.6 Lemma

Let μ ∈ M(R) and assume that μ̂(ξ) is twice continuously differentiable in some neighborhood of the origin and that μ̂(0) = 0. Then μ̂(ξ)/ξ is in ^M(R).

Proof. Let χ ∈ C^∞, equal 1 for |ξ| ≥ ϵ/2 and vanishing in a smaller neighborhood of the origin and let 1 − χ = ψ. Then μ̂(ξ) = χ(ξ)μ̂(ξ) + ψ(ξ)μ̂(ξ). For χ(ξ)μ̂(ξ) the conclusion of the lemma follows by Lemma 1.1.5 since χ(ξ)/ξ ∈ ^M(R). Also since ψ(ξ)μ̂(ξ) is compactly supported, twice continuously differentiable and equals zero at ξ = 0, we see that τ(ξ) = ψ(ξ)μ̂(ξ)/ξ is continuously differentiable and compactly supported. Thus τ^′ is compactly supported, belongs to L^2, and we have that ^τ^′ is bounded. By Plancherel, ^τ^′ ∈ L^2. It is easy to see by applying Schwartz inequality that ^τ ∈ L^1 or τ ∈ ^L^1 ⊂ ^M(R). This completes the proof of the lemma. �

1.1.7 Lemma

Let r be a positive integer greater than 1 and let the function f be homogeneous of degree r, and smooth on R^p/{0} and let the function g be smooth and compactly supported. Then fg ∈ ^M(R^p).

Proof It is clear that the p + 1^{th} partial derivatives of f will be homogenous of degree at least r − p − 1. Thus if h = fg then

|∂^{p+1}_k h| ≤ C(|g(x)||x|^{r−p−1} + |∂_kg(x)||x|^{r−p} + · · · + |∂^p_k g(x)||x|^{r−1} + |∂^{p+1}_k g(x)||x|^r).

Now, since ^∂^{p+1}_k h(ξ) = ξ^{p+1}_k ^h(ξ) together with the fact that r − p − 1 > −p and g is compactly supported we have

|ξ^{p+1}_k ^h(ξ)| ≤ � R^p

|∂^{p+1}_k h(x)| dx ≤ � R^p

C(|g(x)||x|^{r−p−1} + |∂_kg(x)||x|^{r−p} + · · · + |∂^{p+1}_k g(x)||x|^{r−p}) dx ≤ C^′

for every k. Thus (1 + |ξ^{p+1}_k |)|^h(ξ)| ≤ C^′ for every k. This implies |^h(ξ)| ≤ C^′(1 + |ξ_k|^{p+1})^{−1} for all k. Thus there exists a constant C^{′′} such that |^h(ξ)| ≤ C^{′′}(1 + |ξ|^{p+1})^{−1} which implies ^h(ξ) ∈ L^1 and hence h ∈ ^M(R^p). �

1.2 Modulus of Continuity

Let σ be a function defined on the non-negative reals which tends to zero at the origin.

1.2.1 Definition

K(σ) denotes the set of functions f : R^p → R^q such that to every compact subset K ⊂ R^p there exists a constant C such that for x and x + y ∈ K |f(x + y) − f(x)| ≤ Cσ(ϵ), if |y| ≤ ϵ.

If 0 ≠ θ ∈ R^p, we denote by K(θ, σ) the set of functions f : R^p → R^q such that to every compact subset K ⊂ R^p there exists a constant C such that for x and x + tθ ∈ K, t real |f(x + tθ) − f(x)| ≤ Cσ(ϵ), if |t| ≤ ϵ.

If f ∈ K(σ) we say that f has modulus of continuity ≤ σ(ϵ) or simply f has modulus of continuity σ(ϵ) while f ∈ K(θ, σ) will mean f has modulus of continuity σ(ϵ) in the direction θ.

Denote by Σ the set of all real-valued continuous subadditive and increasing functions from {t ∈ R; t > 0} into itself, tending to zero at the origin. We observe that any class K(σ) is equal to some K(σ_1) where σ_1 ∈ Σ. Indeed, we can take σ_1(ϵ) = inf

�_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ ϵ, ϵ_i ≥ 0 � (1.5) which is the largest subadditive and increasing lowerbound of σ. We first show that σ_1 is subadditive an increasing. Subadditivity. We observe that if

E_1 = � z = n� i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ s + t, ϵ_i ≥ 0 �

and E_2 = � z = p� k=1 σ(ϵ_k) + q� j=1 σ(ϵ_j ); p� k=1 ϵ_k ≥ s, q� j=1 ϵ_j ≥ t ϵ_j , ϵ_k ≥ 0, p + q = n � , then E_1 ⊃ E_2. Thus

σ_1(s + t) = inf{z; z ∈ E_1} ≤ inf{z; z ∈ E_2} = inf

�_p � k=1 σ(ϵ_k); p� k=1 ϵ_k ≥ s, ϵ_k ≥ 0 �

+ inf

�_q � j=1 σ(ϵ_j ); q� j=1 ϵ_j ≥ t, ϵ_j ≥ 0 � = σ_1(s) + σ_1(t).

Monotone increasing. Let s > t. Then

�_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ s, ϵ_i ≥ 0 � ⊂ �_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ t, ϵ_i ≥ 0 � . Thus

σ_1(s) = inf

�_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ s, ϵ_i ≥ 0 �

≥ inf

�_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ t, ϵ_i ≥ 0 �

= σ_1(t).

Now, let f ∈ K(σ_1). Then |f(x + y) − f(x)| ≤ Cσ_1(t) whenever |y| ≤ t. But we know that σ_1(t) = inf

�_n � i=1 σ(ϵ_i); n� i=1 ϵ_i ≥ t, ϵ_i ≥ 0 � .

Thus if we take

�_n i=1 σ(ϵ_i) = ϵ_1 = t, then

�_n i=1 σ(ϵ_i) = σ(ϵ_1) = σ(t). By the definition of σ_1(t) we must have σ_1(t) ≤ σ(t) and thus f ∈ K(σ). Conversely, suppose f ∈ K(σ). Let ω_f (t) be the modulus of continuity of f, defined by ω_f (t) = sup{|f(x + y) − f(x)|; |y| ≤ t}.

Then ω_f (t) is subadditive and increasing. Indeed, if y = y_1 + y_2 then by the triangle inequality

|f(x + y) − f(x)| = |f(x + y_1 + y_2) − f(x + y_1) + f(x + y_1) − f(x)| ≤ |f(x + y_1 + y_2) − f(x + y_1)| + |f(x + y_1) − f(x)|.

Thus if |y| ≤ s + t we can choose y_1 and y_2 such that |y_1| ≤ s and |y_2| ≤ t. And hence, ω_f (t + s) ≤ ω_f (t) + ω_f (s) that is ω_f (t) is subadditive. Also if t > s then {|f(x + y) − f(x)|; |y| ≤ t} ⊂ {|f(x + y) − f(x)|; |y| ≤ s}, and thus ω_f (t) ≤ ω_f (s). Now, since σ_1 is the largest subadditive and increasing lowerbound of σ(t), we see that if ω_f (t) ≤ σ(t) then ω_f (t) is subadditve and increasing lowerbound of σ(t). But σ_1(t) is the largest of all subadditive and increasing lowerbounds of σ(t). Hence it must in particular be larger than ω_f (t), that is, ω_f (t) ≤ σ_1(t). This shows that if f ∈ K(σ) then f ∈ K(σ_1).

We will often use the following simple inequality.

1.2.2 Lemma

Let σ ∈ Σ, a > 0, t > 0, and [a] denotes the integral part of a. Then σ(at) ≤ σ(([a] + 1)t) ≤ (a + 1)σ(t).

Proof Since σ is subadditive, σ(2t) ≤ 2σ(t) and thus by induction σ(nt) ≤ nσ(t). Also since at ≤ ([a] + 1)t and σ is increasing we have

σ(at) ≤ σ(([a] + 1)t) ≤ ([a] + 1)σ(t) ≤ (a + 1)σ(t).�

If σ ∈ Σ, we set

σ̂(ϵ) = ϵ � σ(1) +

�_1

min(ϵ,1)

t^{−2}σ(t) dt � , ϵ > 0. (1.6)

1.2.3 Lemma

If σ ∈ Σ, then σ̂ ∈ Σ and σ(t) ≤ σ̂(t), for 0 < t < 1.

Proof. We first show that σ(t) ≤ σ̂(t), for 0 < t < 1. Since σ is increasing, we have tσ(t)

�_1 t s^{−2}ds ≤ t

�_1 t s^{−2}σ(s)ds which implies (1 − t)σ(t) ≤ t

�_1 t s^{−2}σ(s)ds, 0 < t < 1.

Thus

σ(t) ≤ t

�_1 t s^{−2}σ(s)ds + tσ(t) ≤ t �_1 t s^{−2}σ(s)ds + σ(1) � = σ̂(t), 0 < t < 1

since σ is increasing.

We show that σ̂(t) → 0 as t → 0. If 0 < t < δ < 1 then

t �_1 t s^{−2}σ(s)dt ≤ σ(δ)t

�_δ t s^{−2}ds + t

�_1 δ s^{−2}σ(s)ds since σ is increasing. Thus given ϵ > 0 we can find a δ ∈ (0, 1) such that σ(δ) < ϵ/2. For such a δ we can make the second term on the right hand side of the previous equation smaller then ϵ/2 as t → 0. We thus get t �_1 t s^{−2}σ(s)ds → 0 as t → 0.

Subadditivity of σ̂ follows from the fact that if ψ : R^+ → R^+ is decreasing, then the function g(t) = tψ(t) is subadditive.

Finally, we will show that σ̂ is increasing. Now

σ̂^′(t) = σ(1) +

�_1 t s^{−2}σ(s)ds − σ(t)/t, 0 < t < 1.

Which implies

tσ̂^′(t) = σ̂(t) − σ(t) ≥ tσ(1) + σ(t) � t �_1 t s^{−2}ds − 1 �

= t(σ(1) − σ(t)).

Thus σ̂^′(t) ≥ σ(1) − σ(t) > 0 for 0 < t < 1 since σ is increasing. Thus σ̂^′(t) > 0 and hence σ̂ is increasing.

Now if σ(ϵ) = ϵ^p, 0 < p < 1, then σ̂(ϵ) = ϵσ(1) + (ϵ^p − ϵ)(1 − p) when ϵ < 1, hence σ̂ ≈ σ. If σ(ϵ) = ϵ, f ∈ K(σ) is said to be Lipschitz continuous. Furthermore σ̂(ϵ) = ϵσ(1) + ϵ log(1/ϵ), that is σ̂(ϵ) ≈ ϵ log(1/ϵ) which shows that sometimes K(σ) is a proper subset of K(σ̂).

Set Δ_θψ(x) = ψ(x + θ) − ψ(x) and define Δ^k_θ ψ(x) recursively by

Δ^j_θψ(x) = Δ_θΔ^{j−1}_θ ψ(x).

1.2.4 Definition

Let g be a real-valued function defined on a compact subset K of R^p and k a natural number. Then the k^{th} order difference is

Δ^k_hg(x) = k� j=0 � �k j � � (−1)^{j+k}g(x + jh)

and the modulus of smoothness of order k is

ω_k(g, t) = sup{|Δ^k_hg(x)|; x ∈ K, x + kh ∈ K, |h| ≤ t, t > 0}.

When k = 1, ω_k(g, t) is the modulus of continuity of g. For some basic properties of ω_k(g, t) see [39].

The generalized modulus of continuity will also be useful to us, which we now define. For t > 0 and μ ∈ M(R^p) we denote by μ_t the dilation of μ defined by ^μ_t(ξ) = ^μ(tξ).

1.2.5 Definition

Let μ ∈ M(R^p). Then the generalized modulus of continuity ω_μ(f, t), for a function f on R^p with respect to the measure μ on R^p is given by

ω_μ(f, t) = sup{‖μ_s ∗ f‖; 0 < s ≤ t}

where ‖ · ‖ is some norm, e.g supremum norm.

We have the following easy consequences of the definition.

ω_{μ∗ρ}(f, t) ≤ ‖μ‖_M ω_ρ(f, t) and ω_{μ+ρ}(f, t) ≤ ω_μ(f, t) + ω_ρ(f, t) for all μ, ρ ∈ M(R^p).

We give a special partition of unity that will be useful to us.

1.2.6 Lemma

There exist a function ψ ∈ C^∞_0 (R^p) such that

1. ψ(x) is non-negative and suppψ ⊂ {1/2 < |x| < 2}, 2. �_∞

k=−∞ ψ(2

kx) = 1 if x ≠ 0

P roof. Let h(t) denote a function defined for 0 ≤ t < ∞ and equal to 1 on [0, 1], to 0 for t ≥ 2, strictly decreasing on [1, 2], and infinitely differentiable. Then ψ(x) = h(|x|) − h(2|x|) satisfies the requirements. Observe that in the series above , atmost two terms are different from zero, for each x ≠ 0. �

Finally we present a useful and interesting lemma, which is a special case of a result in [13].

1.2.7 Lemma

Let μ ∈ M(R) be a measure such that μ̂(ξ) = 1 outside some compact set. Then

ω(f, t) ≤ C(ω_μ(f, t) + t

�_∞ t s^{−2}ω_μ(f, s)ds), f ∈ C_0(R). (1.7)

Proof. If μ̂(0) ≠ 0, then ω_μ(f, t) in general does not tend to zero as t → 0, so the statement is empty in this case. If μ̂(ξ) vanishes at the origin of order at most 1 in the sense that ξ/μ̂(ξ) is locally in ^L^1(R) near the origin, then the stronger conclusion ω(f, t) ≤ Cω_μ(f, t) holds. Indeed, if

ξ/μ̂(ξ) = ν̂(ξ), ν ∈ L^1(R), |ξ| ≤ ϵ, ϵ > 0 and Δ = δ_1 − δ_0 then Δ̂(ξ) = μ̂(ξ)ν̂(ξ)

Δ̂(ξ) ξ . (1.8) By Lemma 1.1.6 ρ̂(ξ) =^{Δ̂(ξ)}_ξ ∈ ^M(R) and thus equation (1.8) shows that Δ = μ∗ν ∗ρ and hence ω(f, t) ≤ ‖ρ ∗ ν‖_M ω_μ(f, t).

The interesting case is therefore when μ̂(ξ) vanishes at the origin of higher order than 1. The statement of the lemma is a special case of Corollary 2.4 in [13], but the case considered here is much simpler because of the assumption that μ̂(ξ) = 1 for large |ξ|. We therefore give the short proof here. By scaling we easily see that we may assume that μ̂(ξ) = 1 for |ξ| > 1/2. Let χ be a smooth function on R such that χ(ξ) = 0 for |ξ| < 1/2 and χ(ξ) = 1 for |ξ| > 1, and let ρ be the measure defined by ρ̂(ξ) = χ(ξ). Then ρ̂(ξ) = ρ̂(ξ)μ̂(ξ), hence ω_ρ(f, t) ≤ Cω_μ(f, t), so it is enough to prove the lemma with μ replaced by ρ. Set ϕ(ξ) = χ(2ξ) − χ(ξ). Then

1 = χ(ξ) + ∞� k=0 ϕ(2^kξ), ξ ≠ 0.

Multiplying by Δ̂(ξ) and using the fact that Δ̂(ξ) = e^{iξ}−1 = ξĥ(ξ) for some h ∈ L^1(R) we obtain

Δ̂(ξ) = Δ̂(ξ)χ(ξ) +^∞ � k=0 ξĥ(ξ)ϕ(2^kξ) = Δ̂(ξ)χ(ξ) + ∞� k=0 2^{−k}ĥ(ξ)2^kξϕ(2^kξ). (1.9)

Let ρ and ν be the measures defined by ρ̂(ξ) = χ(ξ) and ν̂(ξ) = ξϕ(ξ). Replacing ξ by tξ in (1.9) and taking inverse Fourier transforms we obtain

Δ_t = Δ_t ∗ ρ_t + ∞� k=0 2^{−k}h_t ∗ ν_{t2}k . (1.10)

Since χ(4ξ) = 1 on the support of ϕ we have ξϕ(ξ) = ξϕ(ξ)χ(4ξ), hence ω_ν(f, t) ≤

Cω_ρ(f, 4t). It now follows from (1.10) that

ω(f, t) ≤ 2ω_ρ(f, t) + C ∞� k=0 2^{−k}ω_ρ(f, 2^{k+2}t)

= 2ω_ρ(f, t) + 4C ∞� k=2 2^{−k}ω_ρ(f, 2^kt). (1.11)

To estimate the last sum by integral we use the fact that for any increasing function ω(s) and A > 0 2^{−kA}ω(s) ≤ (log 2)^{−1}2^A

�_2k+1

2^k

ω(s)s^{−A−1}ds, and hence_∞ � k=0 ω(s)2^{−kA} ≤ C

�_∞ 2 ω(s)s^{−A−1}ds.

Applying this to the sum on the right side of (1.11), with A = 1, and ω(s) = ω_ρ(f, st) gives ∞� k=2 2^{−k}ω_ρ(f, 2^kt) ≤ C

�_∞ 2 ω_ρ(f, st)s^{−2}ds

= Ct

�_∞ ct ω_ρ(f, s)s^{−2}ds ≤ C^′t

�_∞ t ω_ρ(f, s)s^{−2}ds

which gives 1.7.

1.2.8 Lemma

Let χ be a smooth function that is zero in some neighborhood of the origin and is 1 outside some compact set containing the origin and let μ ∈ M(R) be the measure defined by ^μ(ξ) = χ(ξ). Assume that ω_μ(f, t) ≤ σ(t). Then

ω(f, t) ≤ Cσ̂(t), f ∈ C_0(R).

P roof Follows immediately from Lemma 1.2.7, since t �_∞ t ω_μ(f, s)s^{−2}ds ≤ t

�_1 t ω_μ(f, s)s^{−2}ds + C^′t sup |f| ≤ Ct(

�_1 t σ(s)s^{−2}ds + σ(1)) and σ(t) ≤ σ̂(t), for 0 < t < 1.

1.3 Wiener-Levy Theorem

In this section we will study the Wiener-Levy’s theorem and some applications that will be useful to our study. Our next lemma will help in the prove the version of the Wiener-Levy Theorem needed in our work.

1.3.1 Lemma

Assume k ∈ L^1(R^p), � R^p k(x)dx = 0, and u ∈ L

1(R^p). Set k_δ(x) =^1_{δp} k(^x_δ ). Then ‖k_δ ∗ u‖_L1 → 0 as δ → 0.

Proof. Observe that by a suitable change of variable we have (k_δ ∗ u)(x) = � R^p

k_δ(y)u(x − y)dy = � 1 δ^p k( y δ )u(x − y)dy = � R^p

k(y)u(x − δy)dy. Set F_δ(x) := � R^p

k(y)u(x − δy)dy. Since � R^p k(x)dx = 0, we can write

F_δ(x) = � R^p

k(y)(u(x − δy) − u(x))dy.

Hence, using Fubini’s theorem we have � R^p

|F_δ(x)|dx ≤ � R^p � R^p

|k(y)(u(x − δy) − u(x))|dydx ≤ � R^p � R^p

|u(x − δy) − u(x)|dx � |k(y)|dy. (1.12) Since u ∈ L^1, we know that � R^p

|u(x − t) − u(x)|dx → 0 as t → 0. (1.13) Indeed, (1.13) is true for any test function ψ and by density it holds for L^1 functions.

Since k ∈ L^1, given ϵ > 0 we can choose a positive constant A so that � |y|>A

|k(y)|dy < ϵ.

Using (1.12) we have ‖F_δ‖_1 ≤ � |y|>A � R^p

|u(x − δy) − u(x)|dx � |k(y)|dy + � |y|≤A � R |u(x − δy) − u(x)|dx � |k(y)|dy. (1.14) Now, � |y|>A � R |u(x − δy) − u(x)|dx � |k(y)|dy ≤ � |y|>A

2‖u‖_1|k(y)|dy ≤ 2‖u‖_1ϵ = C_1ϵ.

Also because of (1.13) we can make � R^p

|u(x − δy) − u(x)|dx < ϵ uniformly in the interval |y| ≤ A, by choosing δ < δ_0. Hence, � |y|≤A � R^p

|u(x − δy) − u(x)|dx � |k(y)|dy ≤ ‖k‖_1ϵ ≤ C_2ϵ.

Hence ‖F_δ‖_1 ≤ Cϵ if δ < δ_0. � Observe that Lemma 1.3.1 holds if k ∈ M(R^p) and k̂(0) = 0. We now give a variant of the Wiener-Levy Theorem that will be useful to us.

1.3.2 Theorem (Wiener-Levy Theorem)

Assume f ∈ L^1(R^p) and f̂(ξ_0) ≠ 0. Then there exists g ∈ L^1(R^p) and δ > 0 such that ĝ(ξ) = 1 f̂(ξ) for |ξ − ξ^0| < δ.

Proof. Let ψ(t) be a smooth function supported in some compact set containing |ξ − ξ_0| < δ with ψ(ξ) = 1 on |ξ − ξ_0| < δ. Then we will prove that there exist a function ω ∈ L^1 such that ψ((ξ − ξ_0)/α) f̂(ξ) = ω̂(ξ) if α is small enough. We assume for simplicity that ξ_0 = 0 and that f̂(0) = f̂(ξ_0) = 1. Also we may assume the support of ψ is contained in |ξ| ≤ δ^′ and ψ = 1 on |ξ| ≤ δ =

δ^′

2 . Then ψ(ξ/2α) = 1 on the support of ψ(ξ/α) and we have ψ(ξ/α) f̂(ξ) = ψ(ξ/α) 1 + (f̂(ξ) − 1)ψ(ξ/2α) . Set h(ξ) = f̂(ξ) − 1. Then h(0) = 0. Also we claim that

‖hψ(·/2α)‖_{L̂}1 → 0 as α → 0.

Indeed, set h = k̂ and ψ = û. Then k ∈ M(R^p), k̂(0) = 0, the function u belong to the Schwartz class and hence in L^1. Thus

‖hψ(·/2α)‖_{L̂}1 = ‖h(α·)ψ(·/2‖_{L̂}1 = ‖k̂_αû_2−1 ‖_{L̂}1 = ‖ ^ k_α ∗ u_2−1 ‖_{L̂}1 = ‖k_α ∗ u_2−1 ‖_L1 .

Our claim follows from Lemma 1.3.1.

To complete the prove we have to show that if ‖G‖_1 < 1 then ψ(ξ) 1 − Ĝ(ξ)

∈ L̂^1(R^p).

To do this we first observe that ψ(ξ) 1 − Ĝ(ξ)

≈ ψ(ξ) N� n=0 Ĝ(ξ)^n (1.15)

if N is large. We choose μ so that μ̂ = ψ. Then the right hand side of (1.15) is the Fourier transform of

F_N := N� n=0 μ ∗ G^n, G^n = G ∗ G ∗ · · · ∗ G, n − times.

The fact that ‖G^n‖_1 ≤ ‖G‖^n_1 and ‖G‖_1 < 1 implies the infinite series ∞� n=1 Ĝ(ξ)^n

converges in L^1. The result follows by letting Ĝ(ξ) = −h(ξ)ψ(ξ/2α). � We give a comparison result of generalized modulus of continuity. The measure μ is said to satisfy the Tauberian Condition (TC), if for each ξ ∈ R^p, ξ ≠ 0, there exist a number b > 0 such that μ̂(bξ) ≠ 0.

1.3.3 Lemma

If μ, τ ∈ M(R^p), μ satisfies (TC) and τ̂ vanishes in neighborhoods of the origin and infinity, then for a function f defined on R^p and t > 0, there exist constants C and B depending on μ and τ only such that

ω_τ (f; t) ≤ Cω_μ(f; Bt)

Proof. Let K be the support of τ̂ and let ξ_0 ∈ K and b_0 > 0 be such that μ̂(b_0ξ_0) ≠ 0 . Then there exist a neighborhood of ξ_0, N_{ξ0} and a number b_0 > 0 such that μ̂(b_0ξ_0) ≠ 0 on N_{ξ0} . Thus for each ξ_k ∈ K there is a an open set N_k and a number b_k such that μ̂(b_kξ_k) ≠ 0 on N_k and the N_k is an infinite family of open sets whose union covers the compact set K. By the Heine-Borel Theorem there exists a finite subfamily of open sets, N_k, k = 1, 2, · · · , m, of the infinite family N_k, which covers the compact set K. Thus for each ξ ∈ K there is a open set N_k, k = 1, 2, · · · , m and b_k > 0 such that μ̂(b_kξ) ≠ 0 on N_k. Now let {φ_k} be a partition of unity such that 1 =

�_m k=1 φ_k(ξ) on K and suppφ_k ⊂ N_k for each k. Now since φ_k ∈ C^∞_0 and supported in N_k the Wiener-Levy theorem implies there exists a ν_k ∈ M(R^p) such that ψ_k(ξ) = ν̂(ξ)μ̂(b_kξ) for all ξ ∈ N_k. Thus 1 = m� k=1 ψ_k(ξ) = m� k=1 ν̂_k(ξ)μ̂(b_kξ).

This shows that, for every ξ ∈ R^p τ̂(ξ) = m� k=1 ν̂_k(ξ)μ̂(b_kξ)τ̂(ξ)

= m� k=1 τ̂_k(ξ)μ̂(b_kξ)

where ν̂_k(ξ)τ̂(ξ) = τ̂_k(ξ). Thus τ =

�_m k=1 τ_k ∗ μ_{bk} . This shows that |τ_u ∗ f| ≤ m� k=0 |(τ_k)_u ∗ (μ_{bk} )_u ∗ f|

≤ m� k=0 ‖(τ_k)_u‖_M ‖(μ_{bk} )_u ∗ f‖ Hence ω_τ (f, t) ≤ C m� k=0 ω_μ(f, b_kt) ≤ C^′ω_μ(f, Bt) where B = max{b_k; k = 1, 2, · · · , m}. �

1.3.4 Lemma

If μ, τ ∈ M(R^p), μ satisfies (TC) and τ̂ vanishes in neighborhoods of the origin, then for a function f on R^p and t > 0, there exist constants C and B depending on μ and τ only such that ω_τ (f, t) ≤ C

�_{Bt} 0 ω_μ(f, s) ds s . Proof. Assume that τ̂(ξ) = 0 for |ξ| < 1 and choose ψ as in Lemma 1.2.6, that is smooth and compactly supported in^1_2 < |ξ| < 2 such that 1 = ∞� k=0 ψ(2^{−k}ξ), |ξ| > 1.

This implies τ̂ (ξ) = ∞� k=0 ψ(2^{−k}ξ)τ̂(ξ) for all ξ ∈ R^p.

Set ν̂ = ψ. Then we have τ = ∞� k=0 τ ∗ ν_2−k .

We have |τ_u ∗ f| ≤ | ∞� k=0 τ_u ∗ (ν_2−k )_u ∗ f| ≤ ‖τ_u‖_M ∞� k=0 ‖(ν_2−k )_u ∗ f‖.

Thus, ω_τ (f, t) ≤ C ∞� k=0 ω_{ν2−k} (f, t).

By Lemma 1.3.3 there exist constants C^′ and B^′ such that

ω_{ν2−k} (f, t) ≤ C^′ω_μ(f, B^′2^{−k}t)

and hence, ω_τ (f, t) ≤ C^{′′} ∞� k=0 ω_μ(f, B^′2^{−k}t).

This completes the proof, once we take account of the elementary inequality ∞� k=1 ϕ(k) ≤

�_∞ 0 ϕ(v)dv for functions ϕ continuous and decreasing for 0 ≤ λ < ∞, and apply it to ϕ(λ) = ω_μ(f, B^′2^{−λ}t). Indeed, if a > 0, then �_∞ 0 ϕ(v)dv =

�_∞ 0 ω_μ(f, B^′2^{−v}t)dv = − �_0

B^′t

ω_μ(f, s) ds s ln 2 ≤ C �_B′_t 0 ω_μ(f, s) dt s where we have used the change of variable s = B^′2^{−v}a.

1.3.5 Theorem

Assume that μ satisfies (TC) and that μ̂ divides τ̂, τ ∈ M(R^p), in some neighborhood of the origin. Then there exist constants C and B which only depend on μ and τ, such that ω_τ (f, t) ≤ C

�_t 0 ω_μ(f, Bs) ds s , t > 0.

Proof. Take a smooth function ψ, equal to 1 for |ξ| < δ/2 and supported in |ξ| < δ. Then choose ρ by ρ̂(ξ) = ψ(ξ)τ̂(ξ)/μ̂(ξ) and let ν ∈ M(R^p) be given by ν̂(ξ) = (1 − ψ(ξ))τ̂(ξ). Then ν̂(ξ) = 0 for |ξ| < δ and

τ̂(ξ) = μ̂(ξ)ρ̂(ξ) + ν̂(ξ), for all ξ ∈ R^p.

Thus,

ω_τ (f, t) ≤ ω_{μ∗ρ}(f, t) + ω_ν (f, t) ≤ ‖ρ‖_M ω_μ(f, t) + ω_ν (f, t).

We apply Lemma 1.3.4 with τ = ν to have

ω_τ (f, t) ≤ ‖ρ‖_M ω_μ(f, t) + C

�_{Bt} 0 ω_μ(f, s) ds s for some constants B and C depending on ν and μ. The proof is complete by observing that

ω_μ(f, t) ≤

�_{Ct} t ω_μ(f, s) ds s , for all C such that ln C ≥ 1. �

1.3.6 Lemma

Let μ ∈ M(R) and assume that ^μ(ξ)/ξ is in ^M(R). Assume moreover that f ∈ C_0(R), f ∈ K(σ) and (1 + |x|)μ ∈ M(R). (1.16) Then there exist a constant C > 0 such that

sup |μ_t ∗ f| ≤ Cσ(t). (1.17)

Proof. Since ^μ(ξ)/ξ is in ^M(R) we have that ^μ(0) = 0, that is ⟨μ, 1⟩ = 0. This shows that , μ_t ∗ f(x) = ⟨μ, f(x − t·)⟩ = ⟨μ, f(x − t·) − f(x)⟩.

Thus using the monotonicity and subadditivity of σ(t) we have

|μ_t ∗ f(x)| ≤ C � R σ(|yt|)|dμ(y)| ≤ C � R (1 + |y|)σ(t)|dμ(y)| ≤ C‖(1 + |y|)μ‖σ(t)

which completes the proof.

1.3.7 Lemma

Let μ ∈ M(R) and assume that ^μ(ξ)/ξ is in ^M(R). Assume moreover that f ∈ C_0(R) and f ∈ K(σ). Then (1.17) holds for some constant C.

Proof. Let ψ be smooth function on R that is equal to 1 for |ξ| < 1 and equals 0 for |ξ| > 2. Define h and τ by ^h = ψ and ^τ = 1 − ψ. It is clear that τ satisfies the conditions of Lemma 1.3.6. Indeed, since h is in the Schwartz class and τ = δ_0 − h we have that τ satisfies (1.16), the other conditions are fulfilled trivially. Decompose μ by writing μ = ν + ρ where ^ν = ψ^μ. We observe that

^ρ(ξ) = ^ρ(ξ)^τ(2ξ), (1.18)

because ^τ(2ξ) = 1 on the support of ^ρ. It follows from Lemma 1.3.6 that

sup |τ_t ∗ f| ≤ Cσ(t)

for some constant C. Since equation (1.18) implies ρ = ρ ∗ τ_2 we see that the assertion is proved for ρ.

Consider ν. We note that ^ν(ξ)/ξ is in ^M(R) and is compactly supported. Thus we can choose the function ψ as above then (e^{−iξ} − 1)/ξ is non zero on the support of ψ. We apply Weiner’s theorem to get some ω ∈ M(R) such that ^ν(ξ)/ξ (e^{−iξ} − 1)/ξ

= ^ω(ξ)

which gives ν = Δ ∗ ω, which implies |ν ∗ f| ≤ Cσ(t), as required.�

Chapter 2 Mappings between Euclidean spaces

We say a function f from R^p to R is continuous in the direction θ ∈ R^p \ {0} if the function h : R → R defined by h(t) = f(x + tθ) is continuous uniformly with respect to x on compact sets. It is obvious that f must be continuous if it satisfies p conditions of this kind for a set of θ-vectors that spans R^p. However to be able to conclude that two real functions on R^2 are continuous we do not need four conditions, but three conditions suffice. Infact, if f is continuous in the direction (1, 0), g is continuous in the direction (0, 1), and f + g is continuous in the direction (1, 1), then f and g must be continuous. This makes it natural to ask question on what condition on subsets of R^2 × R^2 do we have a transfer of regularity properties in given directions to the functions itself. More generally we will be studying the following:

Let Λ be a finite set of pairs (θ, η) ∈ R^p × R^q and let f be a function from R^p to R^q. Assume the real-valued function x → ⟨η, f⟩(x) has certain regularity properties (e.g continuity, infinite differentiability, modulus of continuity etc) in the direction θ for every (θ, η) ∈ Λ. Then under what conditions on Λ do we have the following: Each regularity property on x → ⟨η, f⟩(x) in the direction θ for every (θ, η) ∈ Λ will imply a corresponding (unrestricted) regularity property for the function f.

In this chapter we will study two (algebraic) conditions on the set Λ which we shall denote by ( ^A) and (A). Also if η ∈ R^q and μ ∈ M(R^p) then ημ shall be considered as the q-tuple (η_1μ, · · · , η_qμ). In [10] the notation η ⊗ μ was used where ⊗ denotes the tensor product over R.

2.1 The algebraic condition ( ^A).

In order to be able to study regularity properties between Euclidean spaces we will need to use some algebraic conditions.

The subset Λ of R^p × R^q is said to satisfy ( ^A) if

u ∈ R^p, v ∈ R^q and ⟨u, θ⟩⟨v, η⟩ = 0 for all (θ, η) ∈ Λ

implies |u||v| = 0 or equivalently as stated in [10]

if Φ is a bilinear form R^p × R^q → R of rank one and Φ(Λ) = 0 , then Φ = 0.

Another formulation of this condition can be as follows. If we associate the p×q matrix with the linear form α_{ij} → � α_{ij} a_{ij} on the vector space M(p, q) of all p × q matrices, then the dual space of M(p, q) will be identified with another copy of M(p, q). Λ will satisfy ( ^A) if there is no rank one element of M(p, q) that is orthogonal to all the matrices (θ_iη_j ) for (θ, η) ∈ Λ.

2.1.1 Lemma

If Λ satisfies ( ^A), then Λ must contain at least p + q − 1 elements.

Proof. Suppose Λ contains only p + q − 2 elements and let (θ^k, η^k) ∈ Λ, k = 1, 2, · · · , p+q −2. Let {w_1, · · · , w_{p−1}} be a set of p−1 vectors in R^p. Then there exist a non-zero vector u ∈ R^p such that ⟨u, w_i⟩ = 0, i = 1, 2, · · · , p − 1, since the p − 1 elements cannot span R^p. Similarly if {w_1, · · · , w_{q−1}} be a set of q−1 vectors in R^q then there exist a non-zero vector v ∈ R^p such that ⟨v, w_i⟩ = 0, i = 1, 2, · · · , q − 1. This shows that we can find non-zero vector u ∈ R^p and v ∈ R^q such that ⟨u, θ^k⟩⟨v, η^k⟩ = 0 for all (θ^k, η^k) ∈ Λ, k = 1, 2, · · · , p + q − 2 which contradicts the condition ( ^A). Hence Λ cannot contain less than p + q − 1 elements. �

2.1.2 Remark

We give some simple examples of Λ satisfying ( ^A). Lets consider the case p = q = 2, then Lemma 2.1.1 shows that Λ must contain at least three elements. Let Λ = {(e_1, e_1), (e_2, e_2), (e_1 + e_2, e_1 + e_2) : e_1 = (1, 0), e_2 = (0, 1)}.

Then Λ contains only three elements and satisfies ( ^A) . Indeed, Let u = (u_1, u_2), v = (v_1, v_2) ∈ R^2 be such that ⟨u, θ⟩⟨v, η⟩ = 0 for all (θ, η) ∈ Λ. That is, ⟨u, e_1⟩⟨v, e_1⟩ = 0, ⟨u, e_2⟩⟨v, e_2⟩ = 0, ⟨u, e_1 + e_2⟩⟨v, e_1 + e_2⟩ = 0.

Then u_1v_1 = 0, u_2v_2 = 0 and u_1v_2 + u_2v_1 = 0. We see easily that either u or v is the zero vector. Also the set of 2 × 2 matrices (θ_iη_j ) for (θ, η) ∈ Λ is: � � � � � 1 0 0 0 � � , � � 0 0 0 1 � � , � � 1 1 1 1 � � � � � . Now if Λ = {(e_1, e_1), (e_2, e_2), (e_1, e_2), (e_2, e_1) : e_1 = (1, 0), e_2 = (0, 1)} then Λ satisfies ( ^A) with four elements. We shall latter see that our last example satisfies a stronger algebraic condition which we are going to study. There are infact infinitely many subsets of R^p × R^q satisfying ( ^A) with only p + q − 1 elements. In a previous studies (Licentiate thesis [1]), we called such sets “minimal sets”, and our study was basically on the minimal sets. However as the second example shows, not every set satisfying ( ^A) contains a minimal set. The set in question satisfies ( ^A) but if you take away one element the condition ( ^A) will no longer be satisfied. Thus our results here are more general. However the minimal sets contain some algebraic properties which does not hold in the general case, which we used.

Now suppose Λ satisfies ( ^A) and contains only p + q − 1 elements. If we take a subset D of Λ of p-elements then the complement of D, D^′, will contain q−1 elements. Now if the set of θ-vectors for which (θ, η) in D is linearly dependent then there exist a non-zero vector u ∈ R^p such that ⟨u, θ⟩ = 0 for all (θ, η) ∈ D. Also there exist a non-zero vector v ∈ R^q such that ⟨v, η⟩ = 0 for all (θ, η) ∈ D^′. Thus ⟨u, θ⟩⟨v, η⟩ = 0 for all (θ, η) ∈ Λ. This contradicts the fact that Λ satisfies ( ^A). This shows that the θ vectors in D are linearly independent and hence form a basis for R^p. A similar statement holds if D contains q elements. We have proved the following:

2.1.3 Lemma

Suppose (θ, η) ∈ Λ satisfies ( ^A) and contains only p + q − 1 elements. Then every set of p(resp. q) elements of the θ(resp. η) vectors form a basis of R^p (resp.R^q).

The following is one of the most useful property of the condition ( ^A).

2.1.4 Lemma

Assume that Λ satisfies ( ^A). Then for every ξ ≠ 0 the set of η^k such that (θ^k, η^k) ∈ Λ and θ^k · ξ ≠ 0 spans R^q;

Proof. If the above statement were false there would exist ξ and y such that η^k ·y = 0 for all k for which θ^k · ξ ≠ 0, that is (η^k · y)(θ^k · ξ) is equal to 0 for all k, which means that ( ^A) is false. �

2.1.5 Lemma

Assume that Λ is finite subset of R^p × R^q satisfying ( ^A) and that s is a natural number. Then there exist a constant C which is independent of u and v such that

|v||u|^s ≤ C � (θ,η)∈Λ

|⟨η, v⟩||⟨θ, u⟩|^s, u ∈ R^p, v ∈ R^q. (2.1)

Proof. The function on the right-hand side is positively homogeneous with respect to v of degree 1 and with respect to u of degree s, and so is the left-hand side. Thus it is sufficient to prove (2.1) when |v| = |u| = 1. But if |v| = |u| = 1 the bilinear form Φ(θ, η) = ⟨θ, u⟩⟨η, v⟩ cannot vanish on all of Λ in view of ( ^A). Hence the continuous function on the right-hand side of (2.1) must have a positive lower bound δ > 0 on the compact set |u| = |v| = 1. Choose C > 1/δ to complete the proof. �

2.1.6 Definition

Let 0 ≠ θ ∈ R^p and k ≥ 1. We denote by C^k(θ) the class of continuous functions defined in R^p such that the derivatives

D^j_θf(x) = [(d/dt)^jf(x + tθ)]_{t=0}

exist and are continuous when j ≤ k.

C^k is the class of k times continuously differentiable functions. C^∞(θ) denotes �_∞

k=1 C^k(θ) and C^∞ denotes

�_∞ k=0 C^k

2.1.7 Theorem

Assume Λ satisfies ( ^A) and that f : R^p → R^q satisfies ⟨η, f⟩ ∈ C^∞(θ) for each (θ, η) ∈ Λ. (2.2) Then f ∈ C^∞. Conversely if (2.2) implies that f ∈ C^∞, then ( ^A) holds.

Proof. Take ψ : R^p → R, ψ ∈ C^∞ such that ψ = 1 on some open set and ψ = 0 outside some compact set. It will be enough to prove that g = ψf ∈ C^∞. It is clear that ⟨η, g⟩ ∈ C^∞(θ) for each (θ, η) ∈ Λ. Since g has compact support we can form the Fourier transform ĝ of g. By partial integration we obtain in a well known way for any natural number s a constant C_s such that |⟨η, ^g(ξ)⟩||⟨θ, ξ⟩|^s ≤ C_s, for every (θ, η) ∈ Λ and ξ ∈ R^p. Indeed, we know that

ĝ(ξ) = � R^p

e^{−iξ·x}g(x)dx = � R e^{−iξ1·x1} � R e^{−iξ2·x2} · · · � R e^{−iξp·xp} g(x)dx_p · · · dx_2dx_1.

Let θ = (1, 0, · · · , 0) then by the hypothesis (∂^s/∂x^s_1)⟨η, g⟩(x) = ⟨η, (∂^s/∂x^s_1)g(x)⟩, exists, is continuous and compactly supported. Using integration by parts we obtain � R e^{−iξ1·x1} ⟨η, g⟩(x)dx_1 = 1 (iξ_1)^s � R e^{−iξ1·x1} (∂^s/∂x^s_1)⟨η, g⟩(x)dx_1 = 1 (iξ_1)^s � R e^{−iξ1·x1} ⟨η, (∂^s/∂x^s_1)g(x)⟩dx_1 for any natural number s. We now multiply by e^{−i(x2ξ2+···+xpξp)} and integrate over all the other x-variables we obtain ⟨η, ^g(ξ)⟩ = 1 (iξ_1)^s � R^p

e^{−iξ·x}⟨η, (∂^s/∂x^s_1)g(x)⟩dx. Thus, |ξ_1|^s|⟨η, ^g(ξ)⟩| = |⟨θ, ξ⟩|^s|⟨η, ^g(ξ)⟩| ≤ C.

But we can always make a rotation of the coordinate system so that θ becomes (1, 0, · · · , 0) in the new coordinate system. Thus, |⟨θ, ξ⟩|^s|⟨η, ^g(ξ)⟩| ≤ C (2.3) for all (θ, η) ∈ Λ.

Now, since any infinite set satisfying ( ^A) contains a finite subset satisfying ( ^A), we may assume Λ is a finite subset of R^p × R^q. Thus summing over all (θ, η) ∈ Λ in (2.3) we obtain � (η,θ)∈Λ

|⟨θ, ξ⟩|^s|⟨η, ^g(ξ)⟩| ≤ C_1.

We now apply Lemma 2.1.5 with ξ = u and ^g(ξ) = v to get |^g(z)||z|^s ≤ C^′_s, z ∈ R^p, s = 1, 2, · · · .

It is well known that this implies that g ∈ C^∞.

Conversely, suppose that there exist u ≠ 0 and v ≠ 0 such that ⟨u, θ⟩⟨v, η⟩ = 0 for every (θ, η) ∈ Λ.

Let h be an arbitrary continuous function R → R, and the function f : R^p → R^q be defined by f(x) = vh(⟨u, x⟩). Then for every (θ, η) ∈ Λ D_θ⟨η, f(x)⟩ = ⟨η, v⟩D_θh(⟨u, x⟩) = ⟨η, v⟩⟨u, θ⟩h^′(⟨u, x⟩) = 0 which implies ⟨η, f(x)⟩ ∈ C^∞(θ) for each (θ, η) ∈ Λ. But f does not in general belong to C^∞.

Let χ(t) be a smooth function on the set of real numbers that is equal to 1 for |t| > 1 and equals 0 for |t| <^1_2 and define the function ψ(t) = 1−χ(t) so that ψ(t) = 1 on |t| <^1_2 and suppψ ⊂ [−1, 1]. Let ψ_k(ξ) denote ψ(θ^k · ξ) and χ_k(ξ) denote χ(θ^k · ξ). We note from Lemma 1.1.1 that ψ_k, χ_k and the products of these functions are all in ^M(R^p). We are now ready to state and prove a theorem on the decomposition of vector valued measures.

2.1.8 Theorem

Assume that μ_0 ∈ M(R^p), and that ^μ_0(ξ) = 0 in some neighborhood of the origin, and that Λ satisfies ( ^A). Then for each η^0 ∈ R^q, there exist μ_k ∈ M_θk , k = 1, 2, · · · , m ≥ p + q − 1, with ^μ_k(ξ) θ^k · ξ

∈ ^M(R^p), (2.4) such that η^0μ_0 = m� k=1 η^kμ_k. (2.5)

Infact, one can take μ_k such that ^μ_k(ξ) = 0 when ever |θ^k · ξ| ≤ δ for some δ > 0. Proof Let η^0 be an arbitrary vector in R^q and the functions χ(t) and ψ(t) be define as above. We will show that there exist measures μ_k in M_θk such that the equation

η^0 = m� k ^μ_k(ξ)η^k (2.6)

holds for |ξ| > B for some sufficiently large B.

For s = 1, 2, · · · , 2^m, let E_s ⊂ {1, 2, · · · , m} and E^′_s the compliment of E_s in

{1, 2, · · · , m}. Outside any compact set we write 1 = m� i=1 (ψ_i(ξ) + χ_i(ξ)) =

2^m�

s=1 � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j (ξ) (2.7) We may take E_1 = {1, 2, · · · , m} and E_2m = ∅ so that m� i=1 ψ_i(ξ) and m� i=1 χ_i(ξ) are the first and the last terms respectively on the right hand of equation (2.7). If Λ satisfy ( ^A) then for each s = 1, 2, · · · , 2^m, we have the following: Either 1. the set of {θ^i}, i ∈ E_s spans R^p or 2. the set of {η^j}, j ∈ E^′_s spans R^q.

Indeed, if neither of this is not true then we can find 0 ≠ v ∈ R^q and 0 ≠ u ∈ R^p such that ⟨v, η^k⟩⟨u, θ^k⟩ = 0 for all (θ^k, η^k) ∈ Λ which implies ( ^A) is false.

We also observe that if {θ^i}_{i∈Es} spans R^p then the support of � i∈E_s ψi(ξ) is

contained in some compact set ,{|ξ| ≤ R_s}, around the origin. Now for each s for which {θ^i}_{i∈Es} spans R^p, there is an R_s such that � i∈E_s ψi(ξ) = 0 for all ξ with

|ξ| > R_s. Let B = max_s R_s. Then for |ξ| > B equation (2.7) will contain the sum of terms of the form � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j (ξ) where the set {η^j}_{j∈E}′_s span R^q. Now if η^0 ∈ R^q, there exist b_k such that η^0 = � k∈E^′_s

b_kη^k which implies � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j (ξ)η^0 = � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j(ξ) � k∈E^′_s

b_kη^k = � k∈E^′_s

c(ξ)b_kη^k, where c(ξ) = � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j(ξ).

Now, let c^s_k(ξ) = b_k � i∈E_s

ψ_i(ξ) � j∈E^′_s, j≠k

χ_j (ξ),

for k ∈ E^′_s. Then c^s_k(ξ) is in ^M(R^p) and � i∈E_s

ψ_i(ξ) � j∈E^′_s

χ_j (ξ)η^0 = � k∈E^′_s

c^s_k(ξ)χ_k(ξ)η^k. (2.8)

Thus for each s for which the set η^j ∈ E^′_s spans R^q, there exist c^s_k ∈ ^M(R^p) such that equation (2.8) holds.

Multiplying equation (2.7) by η^0 and summing over s we get

η^0 =

2^m�

s=1 � k∈E^′_s

c^s_k(ξ)χ(θ^k · ξ)η^k

= m� k=1 c_k(ξ)χ(θ^k · ξ)η^k, |ξ| > B,

where c_k(ξ) = � s c^s_k(ξ),

which is in ^M(R^p). Let ^μ_k(ξ) = ^μ_0(ξ)c_k(ξ)χ(θ^k · ξ) then μ_k ∈ ^M_θk and ^μ_0(ξ)η^0 = m� k=1 ^μ_k(ξ)η^k, |ξ| > B.

To complete the proof we must show that μ_k, k = 1, 2 · · · , m satisfies (2.4). To this end, let Φ(t) be a smooth function on the set of real numbers that is equal to 1 for

|t| > 1/2 and equals 0 for |t| <^1_4 , then Φ(θ^k · ξ) θ^k · ξ

^μ_k(ξ) =

^μ_k(ξ) θ^k · ξ

, for all ξ.

Thus it suffices to show that^{Φ(θk·ξ)}_{θk·ξ} ∈ ^M(R^p). But this follows by Lemma 1.1.5 and thus the theorem is proved. �

Our next Lemma shows that the result above holds for |ξ| > δ for any δ > 0, precisely we have

2.1.9 Lemma

Suppose there exist B and μ_k ∈ M_θk such that η = � k ^μ_k(ξ)η^k for |ξ| > B.

Then for any δ > 0 there exist ν_k ∈ M_θk such that η = � k ^ν_k(ξ)η^k for |ξ| > δ.

Proof. If μ ∈ M_θ then ^μ ∈ ^M_θ. For a ≠ 0 define ν by ^ν(ξ) = ^μ(aξ). Thus ν ∈ M_θ and if we let a =^B_δ we get the result. �

2.1.10 Theorem

If Λ satisfies ( ^A) then for all η^0 ∈ R^q, θ^0 ∈ R^p and positive integer r, there exist c_k(ξ), ξ ∈ R^p/{0}, which are smooth and homogeneous of degree r − 1 such that η^0(θ^0 · ξ)^r = m� k=1 c_k(ξ)η^k(θ^0 · ξ). (2.9)

Proof. Let ξ^0 ∈ S^{p−1}. Then by Lemma 2.1.4 we can choose a set E of numbers k of {η^k} such that θ^k · ξ^0 ≠ 0, for all k ∈ E and constants b_k such that η^0 = � k∈E b_kη^k. (2.10)

By continuity, there exist a open neighborhood, V_0, of ξ^0 such that θ^k · ξ ≠ 0 for all ξ ∈ V_0. Since the unit sphere, S^{p−1}, is compact we can find a finite set of open neighborhoods, V_j j = 1, 2, · · · , N, which covers S^{p−1}. Let {φ_j} be a partition of unity such that 1 =

�_N j=1 φ_j (ξ) on S^{p−1} and suppφ_j ⊂ V_j for each j. Then for each j = 1, 2, · · · , N, equation (2.10) implies there exist E_j such that θ^k · ξ ≠ 0 for all k ∈ E_j and all ξ ∈ V_j and

φ_j (ξ/|ξ|)η^0 = � k∈E_j

φ_j (ξ/|ξ|)b_kη^k (2.11)

this implies φ_j(ξ/|ξ|)η^0(θ^0 · ξ)^r = � k∈E_j

d_{k,j}(ξ)η^k(θ^k · ξ) (2.12)

where d_{k,j}(ξ) =^{(θ0·ξ)r}_{(θk·ξ)} φ_j(ξ/|ξ|) is smooth and homogeneous of degree r − 1. Putting all of this together we have

η^0(θ^0 · ξ)^r = N� j m� k=1 d_{k,j}(ξ)η^k(θ^k · ξ)

= m� k=1 N� j d_{k,j}(ξ)η^k(θ^k · ξ) (2.13)

with d_{k,j}(ξ) = 0 if k /∈ E_j . � Using Theorems 2.1.7 and 2.1.8 we have the following:

2.1.11 Corollary

Assume Λ satisfies ( ^A) , and f ∈ K(σ, θ) for all (θ, η) ∈ Λ and r a positive integer greater than 1. Then there exists a constant C

ω_r(f, t) ≤ Cσ(ϵ), |t| ≤ ϵ.

Proof. Let η^0 ∈ R^q and θ^0 ∈ R^p be arbitrary and let μ_0 be the r^{th} order difference measure in the direction θ^0 for r ≥ 2. Then ^μ_0(ξ) = (e^{−iθ0·ξ} − 1)^r. (2.14) We claim that sup |μ_{0,t} ∗ ⟨η^0, f⟩| ≤ Cσ(t). (2.15) To prove (2.15), take a smooth function ψ(ξ) supported in |ξ| < 2 and equal to 1 in |ξ| ≤ 1 and decompose μ_0 as μ_0 = ν_0 + ρ_0 by taking ^ν_0(ξ) = ψ(ξ)^μ_0(ξ) and ρ_0 = μ_0 − ν_0. The measure ρ_0 satisfies the hypothesis of Theorem 2.1.8 and thus |ρ_{0,t} ∗ ⟨η^0, f⟩| = | m� k=1 μ_{k,t} ∗ ⟨η^k, f⟩| ≤ m� k=1 |μ_{k,t} ∗ ⟨η^k, f⟩|.

This shows that |ρ_{0,t} ∗ ⟨η^0, f⟩| ≤ Cσ(t), since ⟨η^k, f⟩ ∈ K(θ^k, σ) by Lemma 1.3.7. Consider ν_0. Theorem 2.1.10 implies that there exist smooth and homogeneous functions, c_k(ξ), in R^p/{0} of degree r − 1 such that η^0(θ^0 · ξ)^r = m� k=1 c_k(ξ)η^k(θ^k · ξ). (2.16) Now, write

^ν_0(ξ) = ^μ_0(ξ)ψ(ξ) = (θ^0 · ξ)^r

^μ_0(ξ) (θ^0 · ξ)^r ψ(ξ) = (θ^0 · ξ)^rG(ξ)ψ(ξ), where G(ξ) =

^μ_0(ξ) (θ^0 · ξ)^r = � (e^{−iθo·ξ} − 1) (θ^0 · ξ)

�_r

which is the Fourier transform of a measure in M(R^p) by Lemma 1.1.5. Multiplying (2.16) by G(ξ)ψ(ξ) we obtain η^0^ν_0(ξ) = � k c_k(ξ)ψ(ξ)η^kG(ξ)(θ^k · ξ).

Since ψ is smooth and has compact support it follows from Lemma 1.1.7 that c_k(ξ)ψ(ξ)G(ξ) is the Fourier transform of a measure in M(R^p), and thus c_k(ξ)ψ(ξ)G(ξ)(θ^k·ξ) belongs to ^M_θk . The claim follows as in the case of ρ above.

Now, observe that (2.15) implies

|Δ^r_{t,θ}0 ⟨η^0, f(x)⟩| ≤ Cσ(t)

with θ^0 and η^0 arbitrary. Now let θ^0 = (1, 1, · · · , 1) and η^0 = e_k then

|Δ^r_t f_k(x)| ≤ Cσ(t)

for all k = 1, 2, · · · , q and this implies there exist a constant C^′ which may depend on q such that |Δ^r_t f(x)| ≤ C^′σ(ϵ), |t| ≤ ϵ.�

2.1.12 Corollary

Let f be a function from R^p to R^q and σ ∈ Σ. Let Λ be a subset of R^p × R^q satisfying ( ^A) and assume that

⟨η, f⟩ ∈ K(θ, σ) for every (θ, η) ∈ Λ. (2.17)

Then f ∈ K(σ̂).

Proof. Choose ν by ^ν(ξ) = χ(θ^0 · ξ). By Lemma 1.2.8 it is enough to prove that

ω_ν (⟨η^0, f⟩, t) ≤ Cσ(t) (2.18)

Using Theorem 2.1.8 with ν = μ_0 together with Lemma 1.3.7 we get

|ν_{0,t} ∗ ⟨η^0, f⟩| = | m� k=1 ν_{k,t} ∗ ⟨η^k, f⟩| ≤ m� k=1 |ν_{k,t} ∗ ⟨η^k, f⟩| ≤ Cσ(t).�

We end this section with an example which shows that Corollary 2.1.11 is not always true for r = 1 and that no stronger conclusion is valid for Corollary 2.1.12. Let f : R^2 → R^2 given by f(x) = (x_2 log |x|, −x_1 log |x|), f(0, 0) = (0, 0), x = (x_1, x_2), σ(ϵ) = ϵ and (θ^k, η^k) ∈ Λ given by θ^1 = η^1 = (1, 0), θ^2 = η^2 = (0, 1), θ^3 = η^3 = (1, 1). Since |(d/dx_1)x_2 log |x|| = |x_1x_2|/|x|^2 ≤ 1 when |x| ≠ 0.

Thus |⟨η^1, f(x + tθ^1) − f(x)| = |f_1(x_1 + t, x_2) − f_1(x_1, x_2)| ≤ |t|, that is ⟨η^1, f⟩ ∈ K(θ^1, σ). Similarly we show that ⟨η^2, f⟩ ∈ K(θ^2, σ). Also, if |x| ≠ 0, then |η^3, f(x + tθ^3) − f(x)⟩| = |f_1(x_1 + t, x_2 + t) − f_1(x_1, x_2) + f_2(x_1 + t, x_2 + t) − f_2(x_1, x_2)| ≤ |f_1(x_1 + t, x_2 + t) − f_1(x_1, x_2)| + |f_2(x_1 + t, x_2 + t) − f_2(x_1, x_2)| = |f_1(x_1 + t, x_2 + t) − f_1(x_1 + t, x_2) + f_1(x_1 + t, x_2) − f_1(x_1, x_2)| + |f_2(x_1 + t, x_2 + t) − f_2(x_1, x_2 + t) + f_2(x_1, x_2 + t) − f_2(x_1, x_2)| ≤ |f_1(x_1 + t, x_2 + t) − f_1(x_1 + t, x_2)| + |f_1(x_1 + t, x_2) − f_1(x_1, x_2)| + |f_2(x_1 + t, x_2 + t) − f_2(x_1, x_2 + t)| + |f_2(x_1, x_2 + t) − f_2(x_1, x_2)| ≤ c|t|, and when |x| = 0 the estimate is trivial. Thus ⟨η^k, f⟩ ∈ K(θ^k, σ) for each (θ^k, η^k) ∈ Λ. By Corollary 2.1.11, ω_k(f, t) ≤ cσ(|t|) for k > 1 while Corollary 2.1.12 implies that ω_1(f, t) ≤ Cσ̂(|t|). Now if we choose the compact set K = {x ∈ R^2 : |x| ≤ 0.09} then |f(x) − f(0)| = |x|| log |x|| = σ̂(|x|) > |x|.

We see that ω_1(f, t) ≤ cσ(|t|) is not possible in this case.

2.2 The algebraic condition (A)

The set Λ of pairs (θ, η) ∈ R^p × R^q is said to satisfy the condition (A) if the set of tensor products θ ⊗ η for (θ, η) ∈ Λ spans R^p ⊗ R^q. This is the same as saying that the set of p × q matrices (θ_iη_j ) spans the pq- dimensional vector space M(p, q) of all p × q matrices.

If we associate the p × q matrix with the linear form α_{ij} → � α_{ij} a_{ij} on the vector space M(p, q) of all p × q matrices, then the dual space of M(p, q) will be identified with another copy of M(p, q). Λ will satisfy (A) if there is no non-vanishing element of M(p, q) that is orthogonal to all the matrices (θ_iη_j ) for (θ, η) ∈ Λ.

Note that the formulation of the condition (A), here is equivalent to that in [10], which is as follows:

if Φ is a bilinear form R^p × R^q → R and Φ(Λ) = 0 , then Φ = 0.

One can establish this equivalence by representing the bilinear forms by Φ(θ, η) = � a_{ij} θ_iη_j . We note immediately that if Λ satisfies the condition (A) it must contain at least pq elements. We also observe that the condition (A) is a stronger condition compare with the condition ( ^A).

2.2.1 Remark

We give an example of a set satisfying (A). Let p = q = 2 and take

Λ = {(e_1, e_1), (e_2, e_2), (e_1, e_2), (e_2, e_1) : e_1 = (1, 0), e_2 = (0, 1)} then Λ satisfies (A) and the set of 2 × 2 matrices (θ_iη_j ) for (θ, η) ∈ Λ is: � � � � � 1 0 0 0 � � , � � 0 1 0 0 � � , � � 0 0 1 0 � � , � � 0 0 0 1 � � � � � .

2.2.2 Theorem

Assume Λ satisfies (A) and that f : R^p → R^q, continuous and satisfies

⟨η, f⟩ ∈ C^1(θ) for each (θ, η) ∈ Λ. (2.19)

Then f ∈ C^1. Moreover, there exist a constant C depending on Λ only, such that

‖Df(x)‖ ≤ C sup_{(θ,η)∈Λ} |D_θ⟨η, f(x)⟩| for every x ∈ R^p.

Here ‖Df(x)‖ denotes the norm of the differential of f at x considered as an operator from R^p to R^q. Conversely if (2.19) implies that f ∈ C^1, then (A) holds.

Proof. We have to prove that an arbitrary first partial derivative of f exist and is continuous. Choose bases in R^p and R^q such that this derivative is D_1f_1 where D_1 = ∂/∂x_1. Since Λ satisfies (A), there exist b_k and (θ^k, η^k) ∈ Λ such that n� k=1 b_kθ^k_i η^k_j = � � � 1 when (i, j) = (1, 1), 0 when (i, j) ≠ (1, 1).

(2.20)

Take ψ of class C^1 with compact support such that � ψdx = 1 and for any ϵ > 0 set

f_ϵ(x) = � f(x + ϵy)ψ(y)dy.

For each (θ, η) ∈ Λ

D_θ⟨η, f_ϵ(x)⟩ = d dt ⟨η, f_ϵ(x + tθ)⟩_{t=0} = d dt � ⟨η, f(x + tθ + ϵy)⟩_{t=0}ψ(y) dy which tends to D_θ⟨η, f(x)⟩ as ϵ → 0. This implies D_θ⟨η, f_ϵ(x)⟩ converges uniformly on compact sets to D_θ⟨η, f(x)⟩ when ϵ → 0. Denoting the first component of f_ϵ by (f_ϵ)_1 we have by (2.20) D_1(f_ϵ)_1 = n� k=1 b_kD_θk ⟨η^k, f_ϵ⟩. (2.21) Indeed n� k=1 b_kD_θk ⟨η^k, f_ϵ⟩ = n� k=1 b_k d dt ⟨η^k, f_ϵ(x + tθ^k)⟩|_{t=0}

= n� k=1 b_k⟨η^k, d dt f_ϵ(x + tθ^k)|_{t=0}⟩

= n� k=1 b_k⟨η^k, D_θk (f_ϵ)⟩.

Now, since D_θk (f_ϵ) = p� i=1 θ^k_i D_i(f_ϵ),

where D_i =^∂_{∂xi} , we have that n� k=1 b_kD_θk ⟨η^k, f_ϵ⟩ = n� k=1 b_k p� i=1 θ^k_i ⟨η^k, D_i(f_ϵ)⟩

= p� i=1 q� j=1 n� k=1 θ^k_i η^k_j D_i(f_ϵ)_j = D_1(f_ϵ)_1,

by (2.20).

Thus, D_1(f_ϵ)_1 is continuous and converges uniformly on compact sets to some function g when ϵ → 0. Since f_1 is continuous and D_1(f_ϵ)_1 converges uniformly on compact sets to f_1 we must conclude that f_1 is differentiable with respect to x_1 and that D_1f_1 = g. We also obtain equation (2.21) with f_ϵ = f. Since the constants b_k only depend on Λ we have

|D_1f_1| ≤ C � (θ,η)∈Λ

|D_θ⟨η, f⟩|.

Using a similar arguments we obtain

|D_kf_j | ≤ C � (θ,η)∈Λ

|D_θ⟨η, f⟩| for each k = 1, 2, · · · , n and , j = 1, 2 · · · , n.

Thus

‖Df(x)‖ = max_{k,j} |D_kf_j |

≤ C sup_{(θ,η)∈Λ} |D_θ⟨η, f(x)⟩|

which the estimate for ‖Df(x)‖.

Conversely, suppose Λ does not satisfy (A). We shall show that there exists a function, f : R^p → R^q with ⟨η, f⟩ ∈ C^1(θ) for all (η, θ) ∈ Λ but f is not differentiable at the origin. Since Λ does not satisfy (A), there exists a non-zero linear operator B from R^p to R^q such that ⟨Bθ, η⟩ = 0 for each (θ, η) ∈ Λ. Consider the function, f, defined by f(x) = (Bx) log | log |x||, 0 < |x| < 1 2 , f(0) = 0.

Then lim_{t→0} f(tx) − f(0) t = lim_{t→0}(Bx) log | log |tx|| which does not exist, thus f is not differentiable at the origin.

On the other hand, for all (θ, η) ∈ Λ

D_θ⟨η, f(x)⟩ = d dt ⟨η, f(x + tθ)⟩|_{t=0} = d dt ⟨η, (B(x + tθ)) log | log |x + tθ||⟩|_{t=0} = ⟨η, Bx⟩ d dt log | log |x + tθ|| |_{t=0}, since ⟨Bθ, η⟩ = 0. Also, d dt log | log |x + tθ||_{{t=0}} = log |x| | log |x||^2

⟨θ, x⟩ |x|^2 . Thus,

D_θ⟨η, f(x)⟩ = log |x| | log |x||^2

⟨η, Bx⟩⟨θ, x⟩ |x|^2 = log |x| | log |x||^2

⟨η, B x |x| ⟩⟨θ, x |x| ⟩. Also,

|D_θ⟨η, f(x)⟩| ≤ ‖B‖|θ||η| 1 | log |x||

which tends to zero as x → 0. Thus

lim_{x→0} D_θ⟨η, f(x)⟩ = 0.

Hence, ⟨η, f⟩, is C^1(θ) for all (η, θ) ∈ Λ. �

2.2.3 Remark

If we replace C^1(θ) by C^k(θ), k > 1, the assertion of Theorem 2.2.2 becomes false.

Indeed, Let f : R^2 → R be define by

f(x) = x_1x_2 log | log |x||, 0 < |x| < 1 2 , f(0) = 0, x = (x_1, x_2)

then D^2_1f and D^2f exist and are continuous. Also D_1f(0, x_2) = x_2 log | log |x_2|| which

shows that D_2D_1f(0, 0) does not exist.

The most important consequences of (A) are deduced from the theorem on the

decomposition of vector valued measures (Theorem 2.1.8).

2.2.4 Theorem

Assume that Λ satisfies (A) and let θ^0 ∈ R^p \ {0}, η^0 ∈ R^q, μ_0 ∈ N_θ0 . Then there exist μ_k ∈ N_θk , k = 1, 2, · · · , m ≥ pq such that η^0μ_0 = m� k=1 η^kμ_k. (2.22) Proof. Take a smooth function ψ(ξ) supported in |ξ| < 2 and equal to 1 in |ξ| ≤ 1 and decompose μ_0 as μ_0 = ν_0 + ρ_0 by taking ^ν_0(ξ) = ψ(ξ)^μ_0(ξ) and ρ_0 = μ_0 − ν_0. The fact that ρ_0 can be expressed in the form (2.22) follows from Theorem 2.1.8. Indeed, since ^ρ_0(ξ) = ^μ_0(ξ) − ^ν_0(ξ) = ^μ_0(ξ)(1 − ψ(ξ)) equals zero for |ξ| ≤ 1 and the fact that Λ satisfies (A) implies Λ satisfies ( ^A). It remains to consider ν_0. Now, because Λ satisfies (A), there exist constants b_k and (θ^k, η^k) ∈ Λ such that η^0 ⊗ θ^0 = � k b_kη^k ⊗ θ^k or equivalently η^0(θ^0 · ξ) = � k b_kη^k(θ^k · ξ), ξ ∈ R^p. (2.23) Since μ_0 ∈ N_θ0 (R^p), ^μ_0(ξ) θ^0 · ξ is the Fourier transform of a measure in M(R^p) and thus the function G(ξ) =

^ν_0(ξ) θ^0 · ξ = ^μ_0(ξ) θ^0 · ξ ψ(ξ) (2.24) is the Fourier transform of a measure in M(R^p) since ψ(ξ) is smooth and has compact support. Multiplying (2.23) by G(ξ) gives η^0^ν_0(ξ) = � k b_kη^kG(ξ)(θ^k · ξ) where G(ξ)(θ^k · ξ) belongs to N_θk which completes the proof.

2.2.5 Corollary

Let f be a function from R^p to R^q and σ ∈ Σ. Let Λ be a subset of R^p × R^q satisfying (A) and assume that ⟨η, f⟩ ∈ K(θ, σ) for every (θ, η) ∈ Λ. (2.25) Then f ∈ K(σ).

Proof Let θ^0 ∈ R^p and η^0 ∈ R^q be arbitrary vectors. Then by applying Theorem 2.2.4 to μ_{0,t} with μ_0(ϕ) = ϕ(θ^0) − ϕ(0) we get |μ_{0,t} ∗ ⟨η^0, f⟩| = | m� k=1 μ_{k,t} ∗ ⟨η^k, f⟩| ≤ m� k=1 |μ_{k,t} ∗ ⟨η^k, f⟩|.

We now apply Lemma 1.3.7 to get |μ_{0,t} ∗ ⟨η^0, f⟩| ≤ Cσ(t), since ⟨η^k, f⟩ ∈ K(θ^k, σ) . Now, if μ_0(ϕ) = ϕ(θ^0) − ϕ(0) then μ_{0,t}(ϕ) = ϕ(tθ^0) − ϕ(0) and μ_{0,t} ∗ f(x) = f(x + tθ^0) − f(x) and since θ^0 and η^0 are arbitrary, we see that if we apply this result for θ^0 = (1, 1, · · · , 1) and η^0 a set of bases for R^q we have |f(x + t) − f(x)| ≤ Cσ(t) as required.

2.3 Theorem on Modulus of Continuity

2.3.1 Theorem

Let f be a function from R^p to R^q and σ ∈ Σ. Let Λ be a subset of R^p × R^q satisfying (A) and assume that ⟨η, f⟩ ∈ K(θ, σ) for every (θ, η) ∈ Λ. (2.26)

Then f ∈ K(σ). Moreover, if Λ satisfies ( ^A) and (2.26) holds, then f ∈ K(σ̂). Conversely, if (2.26) implies f ∈ K(τ), then either Λ satisfies ( ^A) and τ(t) ≥ Cσ̂(t) or Λ satisfies (A) and τ(t) ≥ Cσ(t)

Proof. The if part is just Corollaries 2.1.12 and 2.2.5.

Conversely, if Λ does not satisfies ( ^A) then (2.26) does not imply f ∈ K(σ) for any σ ∈ � . Indeed if Λ does not satisfies ( ^A) then there exist non-zero vectors u ∈ R^p and v ∈ R^q such that ⟨u, θ⟩⟨v, η⟩ = 0 for all (θ, η) ∈ Λ. Choose such vectors u and v and consider the function f(x) = v⟨u, x⟩. It is easy to see that ⟨η, f(x)⟩ ∈ K(θ, σ) for all (θ, η) ∈ Λ and all σ ∈ � . Now if K is a compact set, for which x, y, x + y ∈ K with y =^u_{a|u|2} , for some a > 0 then |f(x + y) − f(y)| = |v|/a which is a non zero constant.

Furthermore if Λ does not satisfies (A) and (2.26) implies f ∈ K(τ) for some τ ∈ � then by the previous argument Λ must satisfies ( ^A). We must show that f ∈ K(τ) always holds if σ̂(t) ≤ Cτ(t). Since (A) does not hold there exist a non-trivial bilinear form Φ which vanishes on Λ. We can represent Φ in the form Φ(θ, η) = ⟨Bθ, η⟩, where B is a linear operator from R^p to R^q. Set

f(x) = (Bx/|Bx|)σ̂(|Bx|), x ∈ R^p.

Then f ∈ K(τ) implies σ̂(t) ≤ Cτ(t). We claim that ⟨η, f⟩ ∈ K(θ, σ) whenever ⟨Bθ, η⟩ = 0; this will complete the proof. We may assume |Bx| < |B(x + tθ)|. Then

|⟨η, f(x + tθ) − f(x)⟩| = � � �⟨η, Bx⟩ � σ̂(|B(x + tθ)|) |B(x + tθ)| − σ̂(|Bx|) |Bx| � � � ≤ |⟨η, Bx⟩|

�_{|B(x+tθ)|}

|Bx|

s^{−2}σ(s)ds.

Using the fact that σ is increasing and that σ(st) ≤ (1 + s)σ(t) we obtain if a < b, �_b a s^{−2}σ(s)ds ≤ σ(b)

�_b a s^{−2}ds = σ(b)(b − a)/(ab) = σ( b b − a

(b − a))(b − a)/(ab) ≤ σ(b − a) � 1 + b b − a ) � b − a ab . With a = |Bx|, b = |B(x + tθ)|, we have that b − a ≤ |Btθ| and hence

|⟨η, f(x + tθ) − f(x)⟩| ≤ 2|η|σ(|Btθ|) ≤ 2|η|(1 + |Bθ)σ(|t|).�

2.3.2 Remark

As in Boman [10] the proof of Theorem 2.3.1 is deduced from Theorems 2.1.8 and 2.2.4 which gives the representation of vector valued measures as a finite sums of measures of the form ην_θ where ν_θ ∈ N_θ(R^p) and (θ, η) ∈ Λ. The novelties about our approach here relative to Boman [10] are as follows: In the proof of Theorem 2.2.4 the measure μ_0 is written as a sum, μ_0 = ν_0 + ν_1, of a measure ν_0 whose Fourier transform has compact support and a measure ν_1 whose Fourier transform vanishes in a neighborhood of the origin, and it is observed that the representation for ν_0 is easy to prove and that the representation for ν_1 is just an immediate consequence of Theorem 2.1.8. The measures μ_k constructed in this way will not be compactly supported like those constructed in the proof of Theorem 3 in Boman [10], but this is not needed for the proof of Theorem 2.3.1. Moreover, Theorem 2.1.8 is somewhat weaker than Theorem 5 of Boman [10] in that μ̂_0 is assumed to vanish in some neighborhood of the origin, but the proof is much simpler, the main new idea being the use of the special partition of unity (2.7). Finally, the measure μ in Lemma 1.2.7 with Fourier transform vanishing in a neighborhood of the origin has replaced the iterated convolutions occurring in Theorem 5 of Boman [10] ( typically q-th order difference measures) and therefore Marchaud’s inequality ([30]) has been replaced by the easier and perhaps more fundamental Lemma 1.2.7

Part II

Toeplitz Operators on the Bergman Spaces, Lpa(Bn), of the Unit Ball in Cn

Chapter 3 Toeplitz operators on Lpa(Bn) for p > 1.

3.1 Introduction

Throughout this chapter, n is a fixed positive integer. We denote by B_n the unit ball of C^n and by ν the Lebesgue volume measure on B_n, normalized so that ν(B_n) = 1. For p ∈ [1, ∞], the Bergman space L^p_a = L^p_a(B_n) is the closed subspace of the Lebesgue space L^p(B_n, dν) consisting of analytic functions on B_n. When p = 2, the Bergman space L^2_a is a closed subspace of the Hilbert space L^2(B_n, dν). We denote by ⟨., .⟩ the usual inner product in L^2(B_n, dν) and by ||.||_p the norm in L^p(B_n, dν), p ∈ [1, ∞]. The orthogonal projection P from L^2(B_n, dν) unto L^2_a is called the Bergman projector. It is well-known that the Bergman projection P ϕ of a function ϕ ∈ L^2(B_n, dν) is given by P ϕ(z) = ⟨ϕ, K_z⟩ (z ∈ B_n) where K_z(w) = 1 (1 − (w · z))^{n+1} is called the Bergman kernel of B_n. Here,

(w · z) := n� j=1 w_jz_j , z = (z_1, · · · , z_n), w = (w_1, · · · , w_n).

The normalized Bergman kernel k_z is given by

k_z(w) :=

K_z(w) ||K_z||_2 = (1 − |z|^2)^{n+1}2 (1 − (w · z))^{n+1}

. (3.1)

Given f ∈ L^1(B_n, dν), the Toeplitz operator T_f is densely defined on L^p_a(B_n) by

(T_f g)(w) = � B_n

f(z)g(z) (1 − (w · z))^{n+1} dν(z) = P (fg)(w),

for g ∈ L^∞_a and w ∈ B_n, that is T_f g = P (fg). Note that the above formula makes sense and defines an analytic function on B_n.

3.1.1 Definition

Let A be a linear operator on L^p_a, p ∈ (1, ∞), the Berezin transform ~A of A is the function defined by ~A(z) := ⟨Ak_z, k_z⟩

where k_z is the normalized kernel defined by (3.1). For a function f ∈ L^1(B_n, dν), the Berezin transform ~T_f of T_f will simply be denoted ~f and will be called the Berezin transform of f. Explicitly, ~f(z) := ~T_f (z) = � B_n

f(w)

(1 − |z|^2)^{n+1} |1 − (z.w)|^{2n+2} dν(w).

Let p ∈ (1, ∞), our interest is to determine conditions on the symbols f ∈ L^1(B_n, dν) which ensure the boundedness (resp. the compactness) on L^p_a of the associated Toeplitz operator T_f . It is easily checked that if A is a bounded operator on L^p_a, then its Berezin transform ~A(z) is a bounded function on B_n; moreover, if A is also compact on L^p_a, then ~A(z) → 0 as z → ∂B_n. But the converses of these two implications are false. Furthermore, for a symbol f ∈ L^1(B_n, dν), if T_f is bounded on L^p_a, p ∈ (1, ∞), then sup_{z∈Bn} ||T_f (k^p_z )||_p < ∞, where k^p_z (w) :=^{(1−|z|2)} n+1 p′ (1−(w·z))^{n+1} satisfies

||k^p_z ||_p = 1 and k^2_z = k_z. However, for p = 2 and n = 1, F. Nazarov produced an unpublished counterexample for the converse implication.

In our study we will extend to the unit ball B_n, n ≥ 1 the space BT of symbols introduced by Miao and Zheng [31]. Explicitly, a symbol f ∈ L^1(B_n, dν) belongs to BT if the measure |f|dν is a Carleson measure for Bergman spaces on the unit ball. For BT symbols, the associated Toeplitz operators are bounded on L^p_a for all p ∈ (1, ∞). Using this, we derive some new classes of L^1 symbols for which known necessary conditions for boundedness of the Toeplitz operators on L^p_a are also sufficient. For example, we obtain a class of L^1 functions, X_1, containing the space BMO^1 and non-negative L^1 functions such that T_f is bounded if and only if f̃(z) is a bounded function on B_n, provided f ∈ X_1. An example shows that there exist functions f in X_1 such that T_f is not bounded.

We also exhibit a class X_2 of L^1 symbols f for which T_f is bounded on L^2_a if

sup_{z∈Bn} ||T_f (k_z)||_2 < ∞. (3.2)

In other words, X_2 is a class of symbols for which this well known necessary condition (3.2) is also sufficient. Moreover, this class of symbols can be described without any reference to the space BT.

We also mention that our results on compactness extend the result of Lu Yu-feng [27], whose result was an extension of the result of Axler and Zheng[5] to the unit ball and the polydisk in C^n. Finally, we notice that the condition f ∈ BT is equivalent to some Schur’s estimates related to some linear operator S_f defined on L^p(B_n). Let us mention that beyond Toeplitz operators T_f , f ∈ L^1(B_n, dν), we study general linear operators A on L^p_a.

3.2 Preliminaries

For w ∈ B_n, let P_w(z) =^{(z·w)}_{|w|2} w which is the orthogonal projection from C^n onto the subspace spanned by w and Q_w = I − P_w. Then the mapping φ_w : B_n → B_n given by φ_w(z) = w − P_w(z) − � (1 − |w|^2)Q_w(z) 1 − (z · w) is an automorphism of B_n such that φ_w(0) = w and φ^{−1}_w = φ_w. More about the mappings φ_w are described in section 2.2 of [37] and section 1.2 of [47]. The following identities hold:

1 − (φ_w(z) · w) =

1 − |w|^2 1 − (z · w)

, 1 − |φ_w(z)|^2 =

(1 − |z|^2)(1 − |w|^2) |1 − (z · w)|^2

. (3.3)

For w ∈ B_n, the real Jacobian of the function φ_w is given by

|J_{φw} (z)|^2 =

(1 − |w|^2)^{n+1} |1 − (w · z)|^{2n+2} . This gives the change of variable formula � B_n

f(φ_w(z))|k_w(z)|^2 dν(z) = � B_n

f(z) dν(z) (3.4)

for every f ∈ L^1(B_n, dν). It then follows easily that the transformation U_w defined by U_wf := (f ∘ φ_w)k_w is an isometry on L^2_a, that is,

‖U_wf‖^2 = � B_n

|f(φ_w(z))|^2|k_w(z)|^2 dν(z) = � B_n

|f(z)|^2 dν(z) = ‖f‖^2,

for all f ∈ L^2_a(B_n). Using the first identity in (3.3) we have

k_w(φ_w(z)) =

(1 − |w|^2)^{(n+1)/2} (1 − (φ_w(z) · w)^{n+1} = (1 − (z · w)^{n+1} (1 − |w|^2)^{(n+1)/2} = 1 k_w(z) .

This implies

(U_w(U_wf))(z) = (U_wf)(φ_w(z))k_w(z) = f(z)k_w(φ_w(z))k_w(z) = f(z), for all z ∈ B_n and f ∈ L^2_a(B_n). Hence U_w ∘ U_w is the identity on L^2_a and U^∗_w = U_w, i.e. U_w is unitary.

If A is a bounded operator on L^2_a, then for z ∈ B_n, we define a bounded operator A_z on L^2_a by A_z := U_z AU_z.

We shall need the following lemma:

3.2.1 Lemma

(1) For all f ∈ L^1(B_n, dν) and z ∈ B_n, we have ~f(z) = � B_n

f ∘ φ_z(w)dν(w).

(2) For all w ∈ B_n and all f ∈ L^1(B_n, dν) such that T_f is bounded on L^2_a, we have that T_{f∘ϕw} U_w = U_wT_f .

(3) Let z, w ∈ B_n. Then U_zK_w = k_z(w)K_{φz(w)} (3.5) and U_zk_w = αk_{φz (w)}, (3.6) where |α| = 1.

(4) If A is a bounded operator on L^p_a, then for every z ∈ B_n, we have ~A ∘ φ_z = ~A_z.

Proof (1) Using (3.4) we have f̃(z) = ⟨T_f k_z, k_z⟩ = ⟨fk_z, k_z⟩ = � B_n

f(w)|k_z(w)|^2 dν(w) = � B_n

f ∘ φ_z(w) dν(w).

(2) For every g, h ∈ L^2_a, we have:

⟨U_wT_f g, U_wh⟩ = ⟨T_f g, h⟩ = ⟨fg, h⟩ = � B_n f(z)g(z)h(z)dν(z) = � B_n f(φw(z))g(φw(z))h(φw(z))|kw(z)|

2dν(z) = ⟨f ∘ φ_wU_wg, U_wh⟩ = ⟨T_{f∘φw} U_wg, U_wh⟩.

(3) For every g ∈ L^2_a, we have:

⟨g, U_zK_w⟩ = ⟨U_zg, K_w⟩ = U_zg(w) = g(φ_z(w))k_z(w) = ⟨g, k_z(w)K_{φz (w)}⟩. This proves (3.5). Also, U_zk_w = (1 − |w|^2)^{n+12} U_zK_w = (1 − |w|^2)^{n+12} k_z(w)K_{φz (w)}, where the latter equality follows from (3.5). Thus U_zk_w = k_{φz(w)}K_w(z)

(1 − |w|^2)^{n+1}2 (1 − |z|^2)^{n+1}2

(1 − |φ_z(w)|^2)^{n+1}2

= k_{φz(w)}K_w(z)|K_z(w)|^{−1}.

The latter equality follows from the equality, 1 (1 − |φ_z(w)|^2)^{n+1}2

= |K_z(w)|^{−1}(1 − |w|^2)^{− n+12} (1 − |z|^2)^{− n+12} (3.7) obtained easily using (3.3). (4) For z ∈ B_n ~A_z(w) = ⟨A_zk_w, k_w⟩ = ⟨AU_zk_w, U_zk_w⟩.

Use the relation in (3.6) to get

~A(φ_z(w)) = ⟨Ak_{φz(w)}, k_{φz(w)}⟩ = ⟨AU_zk_w, U_zk_w⟩ = ⟨A_zk_w, k_w⟩ = ~A_z(w)

as required. �

Let dσ denote the surface measure on the unit sphere S_n, normalized so that σ(S_n) = 1. Our next lemma which is [47, Theorem 1.12] or [37, Proposition 1.4.10] is always very useful to estimate integral operators whose kernels is a power of the Bergman kernel. We just state this very useful result.

3.2.2 Lemma

Suppose c is real and t > −1. Then the integrals

I_c(z) = � S_n

dσ(ξ) |1 − (z · ξ)|^{n+c}

, z ∈ B_n, and J_{c,t}(z) = � B_n

(1 − |w|^2)^t |1 − (z · w)|^{n+1+t+c} dν(w), z ∈ B_n, have the following asymptotic properties.

1. If c < 0 then I_c and J_{c,t} are both bounded in B_n.

2. If c = 0, then I_c ≈ J_{c,t} ≈ log 1 1 − |z|^2

, as |z| → 1^−

3. If c > 0, then

I_c ≈ J_{c,t} ≈ 1 (1 − |z|^2)^c

, as |z| → 1^−

Here and elsewhere, A ≈ B implies there exist constants C, K > 0 such that CA ≤

B ≤ KA.

Let 1 < p < ∞. Then p^′ is the conjugate exponent of p whenever^1_p +^1_{p′} = 1.

3.2.3 Lemma

Let 1 < p < ∞, p_1 = min{p, p^′}, n ≥ 1 and s > (p_1 + n)/(p_1 − 1). Suppose A is a

bounded operator on L^p_a and max � n + 1 sp^′ , n + 1 sp � < ϵ < min � 1 ps^′ , 1 p^′s^′ � . (3.8)

Then there exists a constant C such that � B_n

|(AK_z)(w)|(1 − |w|^2)^{−pϵ} dν(w) ≤ C‖A_z1‖_s(1 − |z|^2)^{−pϵ} (3.9) and � B_n

|(AK_z)(w)|(1 − |z|^2)^{−p′ϵ} dν(z) ≤ C‖A^∗_w1‖_s(1 − |w|^2)^{−p′ϵ} (3.10)

Proof We first observe that � n + 1 sp^′ , n + 1 sp � < min � 1 ps^′ , 1 p^′s^′ �

where p^′ and s^′ are the conjugate exponents of p and s respectively. Indeed, if we

assume, without loss of generality, that p ≥ 2, that is p_1 = p^′. We then have to show

that^{n+1}_{sp′} <^1_{ps′} , but this inequality holds for s^′ < (p^′ + n)/(n + 1) or equivalently for

s > (p^′ + n)/(p^′ − 1). We now prove our Lemma. Let ϵ be as in (3.8).

Fix z ∈ B_n. We have

AK_z =

AU_z1 (1 − |z|^2)^{(n+1)/2} = U_zA_zU_z1 (1 − |z|^2)^{(n+1)/2} = (A_z1) ∘ φ_z)k_z (1 − |z|^2)^{(n+1)/2} where the second equality comes from the definition of A_z, and the third equality from the definition of U_z. Thus � B_n

|(AK_z)(w)| (1 − |w|^2)^{pϵ} dν(w) = 1 (1 − |z|^2)^{(n+1)/2} � B_n

|(A_z1) ∘ φ_z(w)|k_z(w)| (1 − |w|^2)^{pϵ} dν(w).

In the latter integral, we make the change of variable w = φ_z to obtain, � B_n

|(AK_z)(w)| (1 − |w|^2)^{pϵ} dν(w) = 1 (1 − |z|^2)^{(n+1)/2} � B_n

|(A_z1)(w)|k_z(φ_z(w))| (1 − |φ_z(w)|^2)^{pϵ}

|k_z(w)|^2 dν(w) = 1 (1 − |z|^2)^{(n+1)/2} � B_n

|(A_z1)(w)|k_z(w)| (1 − |φ_z(w)|^2)^{pϵ} dν(w) = 1 (1 − |z|^2)^{ϵp} � B_n

|A_z1(w)| |1 − (z · w)|^{n+1−2pϵ}(1 − |w|^2)^{pϵ} dν(w),

where we have used (3.7) to get the second and third equality respectively. Apply Hölder’s inequality on the right hand side above, we get � B_n

|(AK_z)(w)| (1 − |w|^2)^{pϵ} dν(w) ≤

‖A_z1‖_s (1 − |z|^2)^{ϵp} � B_n

(1 − |w|^2)^{−s′pϵ} |1 − (z · w)|^{(n+1−2pϵ)s′} dν(w)

�^1_{s′} . Since^{n+1}_{sp} < ϵ <^1_{ps′} , Lemma 3.2.2, shows that the last integral on the right is uniformly bounded with respect to z ∈ B_n . This gives the estimate (3.9). We finally show the estimate (3.10). Since A^∗ is bounded on L^{p′}_a , the identity

(A^∗K_w)(z) = ⟨A^∗K_w, K_z⟩ = ⟨K_w, AK_z⟩ = (AK_z)(w),

reduces the estimate (3.10) to estimate (3.9) with A replaced by A^∗. �

Let us recall Schur’s lemma which is a widely used method to show that an integral operator with kernel Q is bounded on the Lebesgue space L^p(X, M, dμ), 1 < p < ∞. For p ∈ (1, ∞), we denote p^′ the conjugate exponent of p.

3.2.4 Lemma (Schur’s Lemma, cf. [22])

For p ∈ (1, ∞), suppose that there are a positive measurable function ϕ on the measurable space (X, M) and two positive constants C_1 and C_2 such that � X |Q(x, y)|ϕ(y)^{p′} dμ(y) ≤ C_1ϕ(x)^{p′} and � X |Q(x, y)|ϕ(x)^pdμ(x) ≤ C_2ϕ(y)^p.

Then the integral operator Q defined by

Qψ(x) := � X Q(x, y)ψ(y)dμ(y)

is bounded on L^p(X, M, dμ) with ||Q|| ≤ C^{1p}_1 C 1 p′ 2 . 3.2.5 Lemma

Let A be a bounded operator on L^p_a for some p ∈ (1, ∞). We suppose further that sup_{z∈Bn} ||A_z1||_s < ∞ for some s > 1. Then the following are equivalent:

(1) ~A(z) → 0 as z → ∂B_n;

(2) for every q ∈ [1, s), ||A_z1||_q → 0 as z → ∂B_n;

(3) ||A_z1||_1 → 0 as z → ∂B_n.

Proof (1) ⇒ (2). Suppose that ~A(z) → 0 as z ∈ ∂B_n. Fix q ∈ [1, s). We will show that ‖A_z1‖_q → 0 as z → ∂B_n. Let α, β be multi-indices with non-negative integers and z ∈ B_n. Then

|⟨A_zw^α, w^β⟩| = |⟨AU_zw^α, U_zw^β⟩| = (1 − |z|^2)^{n+1}|⟨A[w^α ∘ φ_zK_z], w^β ∘ φ_zK_z⟩| ≤ (1 − |z|^2)^{n+1}‖A‖_p‖w^α ∘ φ_zK_z‖_p‖w^β ∘ φ_zK_z‖_p′ ≤ (1 − |z|^2)^{n+1}‖A‖_p‖K_z‖_p‖K_z‖_p′ ≤ C(1 − |z|^2)^{n+1}‖A‖_p(1 − |z|^2)^{−(n+1)/p′} (1 − |z|^2)^{−(n+1)/p} = C‖A‖_p (3.11)

where the first inequality comes from Hölder’s inequality and the second comes from the fact that |w^α ∘ φ_z| < 1 and |w^β ∘ φ_z| < 1 for all multi-indices α and β with non-negative integers.

First we show that ⟨A_z1, w^m⟩ → 0 as z → ∂B_n for every multi-index m with nonnegative integers. If this is not true, then there is a sequence z_k ∈ B_n such that

⟨A_{zk} 1, w^m⟩ → a_{0m}

and z_k → ∂B_n for some non-zero constant a_{0m} and some m. Since (3.11) implies |⟨A_zw^α, w^β⟩| is uniformly bounded for z ∈ B_n we may assume that for each α and β

⟨A_{zk} w^α, w^β⟩ → a_{αβ}

as z_k → ∂B_n for some constant a_{αβ}.

We shall also make use of the power series representation of the normalized Bergman kernel. Let α = (α_1, α_2, · · · , α_n) ∈ N^n, write |α| =

�_n j=1 α_j, α! = α_1!α_2! · · · α_n! , z^α = z^{α1}_1 z^{α2}_2 · · · z^{αn}_n and ∂^αf = ∂^{|α|}f =

∂^{α1 +α2+···+αn} f ∂z^{α1}_1 ∂z^{α2}_2 · · · ∂z^{αn}_n . Then

k_z(w) = (1 − |z|^2)^{(n+1)/2}) ∞� j=0 (j + n)!

n!j!

(w · z)^j

= (1 − |z|^2)^{(n+1)/2}) ∞� j=0 (j + n)!

n!j! � |α|=j j! α! w^αz^α

= (1 − |z|^2)^{(n+1)/2}) ∞� |α|=0

(|α| + n)!

n!α!

w^αz^α (3.12)

Set C_{α,n} =^{(|α|+n)!}_{n!α!} . Then for z ∈ B_n we have ~A(z) = (1 − |z|^2)^{n+1 ∞} � |α|,|β|=0

C_{α,n}C_{β,n}⟨Aw^α, w^β⟩z^αz^β (3.13)

by first multiplying both sides (3.12) by A and then take the inner product with k_z. Thus using the relation equality ~A(φ_z(v)) = ~A_z(v) (Lemma 3.2.1(4)) we have immediately that ~A(φ_z(v)) = (1 − |v|^2)^{n+1 ∞} � |α|,|β|=0

C_{α,n}C_{β,n}⟨A_zw^α, w^β⟩v^αv^β. (3.14)

For each v ∈ B_n, φ_{zk} (v) → ∂B_n as z_k → ∂B_n. Thus ~A(φ_{zk} (v)) → 0 as z_k → ∂B_n. Replacing z by z_k in (3.14) and taking the limit as z_k → ∂B_n for (3.14), we get

(1 − |v|^2)^{n+1} ∞� |α|,|β|=0

C_{α,n}C_{β,n}a_{αβ} v^αv^β = 0

for each v ∈ B_n (note that the interchange of limit and infinite sum is justified by the fact that for each fixed v ∈ B_n, the series of (3.14) converges uniformly for z ∈ B_n). Let f(v) = ∞� |α|,|β|=0

C_{α,n}C_{β,n}a_{αβ} v^αv^β.

Then f(v) = 0 for all v ∈ B_n. This implies � ∂^β ∂v^β

∂^α ∂v^α f � (0) = 0

for each α and β. On the other hand, we have � ∂^β ∂v^β

∂^α ∂v^α f � (0) = C_{α,n}C_{β,n}α!β!a_{αβ}

for each α and β. Thus a_{αβ} = 0, in particular a_{0m} = 0 which is a contradiction. Hence we obtain lim z→∂B_n

⟨A_z1, w^m⟩ = 0.

For v ∈ B_n, we have

(A_z1)(v) = � |m|=0

C_{m,n}⟨A_z1, w^m⟩v^m.

It is clear that for each fixed v ∈ B_n, the power series above converges uniformly for z ∈ B_n. This gives lim z→∂B_n

(A_z1)(v) = 0

for each v ∈ B_n. Thus lim z→∂B_n

|(A_z1)(v)|^q = 0

for each v ∈ B_n. Let r = s/q. Then r > 1. Thus � B_n

(|(A_z1)(v)|^q)^r dν(v) = ‖A_z1‖^s ≤ sup_{z∈Bn} ‖A_z1‖^s < ∞.

This implies that {|A_z1|^q}_{z∈Bn} is uniformly integrable. By Vitali’s Theorem (cf Corollary 13 page 183 of [35]) or [38] page 134-135 exercises 9-11, we have that lim z→∂B_n

‖(A_z1)(v)‖_q = 0 which shows that (1) ⇒ (2).

(2) ⇒ (3). Suppose for every q ∈ [1, s), ‖A_z‖_q → 0 as z → ∂B_n. This implies ‖A_z‖_1 → 0 as z → ∂B_n.

(3) ⇒ (1). By assertion (4) of Lemma 3.2.1, we get: | ~A(z)| = | ~A(φ_z(0))| = | ~A_z(0)| = |⟨A_z1, 1⟩| ≤ ||A_z1||_1. � We end this section with some notions on the Carleson measures on the Bergman spaces. Recall that for r > 0 and z ∈ B_n the set D(z, r) = {w ∈ B_n : β(z, w) < r} is the Bergman ball centered at z with radius r. For fixed r > 0, we have the following well known identities:

ν(D(z, r)) ≈ ν(D(w, r)), 1 − |z|^2 ≈ |1 − (z · w)| when β(z, w) < r, and ν(D(z, r)) ≈ (1 − |z|^2)^{n+1}.

Our next lemma is Theorem 2.23 of [47].

3.2.6 Lemma

There exists a positive integer N such that for any 0 < r ≤ 1 we can find a sequence {a_k} in B_n with the following properties:

1. B_n =

�_∞

k D(a_k, r).

2. The sets D(a_k, r/4) are mutually disjoint.

3. Each point z ∈ B_n belongs to at most N of the sets D(a_k, 4r).

The following is Lemma 2.2.4 of [47].

3.2.7 Lemma

Suppose r > 0, p > 0. Then there exists a constant C > 0 such that

|f(z)|^p ≤ C ν(D(z, r)) � D(z,r)

|f(w)|^p dν(w)

for all f analytic in B_n and all z ∈ B_n.

3.2.8 Definition

A positive Borel measure μ on B_n is called a Carleson measure for the Bergman space L^p_a, or simply a Carleson measure, if there exists a constant C > 0 such that � B_n

|f(z)|^pdμ(z) ≤ C � B_n

|f(z)|^pdν(z) (3.15)

for all f ∈ L^p_a.

The infimum of all constants C which satisfy (3.15) is called the Carleson measure constant of μ and will be denoted by C(μ). The next theorem recalls a characterization of Carleson measures for Bergman spaces which is [47, Theorem 2.25].. We fix r > 0 and write D(z) = D(z, r) for every z ∈ B_n.

3.2.9 Theorem

Let μ be a positive Borel measure on B_n. The following four assertions are equivalent:

(1) for some p ∈ [1, ∞), μ is a Carleson measure for the Bergman space L^p_a;

(2) there exists a positive constant C such that � B_n

(1 − |z|^2)^{n+1} |1 − (w.z)|^{2(n+1)} dμ(w) ≤ C

for all z ∈ B_n;

(3) there exists a positive constant C such that � D(z)

dμ(w) ≤ C(1 − |z|^2)^{n+1}

for all z ∈ B_n;

(4) for all p ∈ [1, ∞), μ is a Carleson measure for the Bergman space L^p_a.

Moreover, the Carleson measure constant C(μ) of μ is smaller than the constant C of assertion (2).

Proof (1) ⇒ (2). Suppose μ is a Carleson measure for the Bergman space L^p_a for some p ∈ [1, +∞). Then for z ∈ B_n we have � B_n

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2(n+1)} dμ(w) = (1 − |z|^2)^{n+1} � B_n � 1 |1 − (w · z)|^{2(n+1)p}

�_p dμ(w)

≤ C(μ)(1 − |z|^2)^{n+1} � B_n 1 |1 − (w · z)|^{2(n+1)} dν(w) ≤ C^′(μ)

since (1 − (w · z))^{− 2(n+1)p} is in L^p_a and the last inequality follows from Lemma 3.2.2. If (2) is true, then � D(z)

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2(n+1)} dμ(w) ≤ C since D(z) ⊂ B_n. Also, because w ∈ D(z) we have � D(z)

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2(n+1)} dμ(w) ≈ (ν(D(z))^{−1} � D(z)

dμ(w).

Thus μ(D(z)) ≤ Cν(D(z)), that is (2) ⇒ (3).

Suppose (3) is true and let f be analytic in B_n and r > 0. Then Lemma 3.2.6 implies there exists sequences {a_k} in B_n such that � B_n

|f(z)|^pdμ(z) ≤ ∞� k=1 � D(a_k ,r)

|f(z)|^pdμ(z)

≤ ∞� k=1 μ(D(a_k, r)) sup{|f(z)|^p : z ∈ D(a_k, r)}.

By Lemma 3.2.7, there exists a constant C^′ > 0 such that

|f(z)|^p ≤

C^′ ν(D(z, r)) � D(z,r)

|f(w)|^pdν(w) ≤ C^′ ν(D(a_k, r)) � D(a_k ,2r)

|f(w)|^pdν(w)

where we have used the fact that ν(D(z, r)) ≈ ν(D(a_k, r)) since β(z, a_k) < r. Thus

sup{|f(z)|^p : z ∈ D(a_k, r)} ≤

C^′ ν(D(a_k, r)) � D(a_k ,2r)

|f(w)|^pdν(w)

for all k ≥ 1. It follows from assertion (3) that ∞� k=1 μ(D(a_k, r)) sup{|f(z)|^p : z ∈ D(a_k, r)} ≤ C^{′′} ∞� k=1 � D(a_k ,2r)

|f(z)|^pdν(z).

That is, � B_n

|f(z)|^pdμ(z) ≤ C^{′′} ∞� k=1 � D(a_k ,2r)

|f(z)|^pdν(z)

for all analytic f ∈ B_n. Since every point in B_n belongs to at most N of the sets D(a_k, 4r), we must have � B_n

|f(z)|^pdμ(z) ≤ C^{′′}N � B_n

|f(z)|^pdν(z)

for all analytic f in B_n. That is (3) ⇒ (4). (4) ⇒ (1) is trivial. �

3.3 An Associated operator on the Lebesgue space L^p(B_n)

In this section , we clarify some results obtained by N. Zorboska [52] and Miao-Zheng [31]. Let p ∈ (1, ∞) and f ∈ L^1(B_n). To a Toeplitz operator T_f , we associate an integral operator, S_f , on the Lebesgue space L^p := L^p(B_n, dν) by S_f = T_f ∘ P.

The boundedness of P in L^p implies that T_f is bounded on L^p_a ⇐⇒ S_f is bounded on L^p.

We then apply Schur’s Lemma with test functions (1 − |z|^2)^{−ϵ} to get a sufficient condition for the boundedness of S_f on L^p(B_n, dν) and hence for T_f on L^p_a. On the unit disk B_1 of the complex plane, N. Zorboska [52] and J. Miao and D. Zheng [31] proved respectively for p = 2 and for general p ∈ (1, ∞) that the boundedness of T_f is implied by extra integrability conditions sup_{z∈B1} ||T_{f∘ϕz} 1||_s < ∞ and sup_{z∈B1} ||T¯_{f∘ϕz} 1||_s < ∞.

Here s >^3_{p1−1} with p_1 = min(p, p^′), and ϕ_z(w) :=^{z−w}_{1−z̄w} .

We show here that these extra integrability conditions can be weakened to sup_{z∈B1} ||T_{f∘ϕz} 1||_s < ∞ and sup_{z∈B1} ||T¯_{f∘ϕz} 1||_s < ∞ with s >^{p1+1}_{p1−1} .

Let A be a linear operator on L^p_a, densely defined on L^∞_a with values in the space of analytic functions on B_n. If A extends to a bounded operator on L^p_a, then the operator S := AP extends to a bounded operator from L^p(B_n, dν) to L^p_a since P is a bounded operator from L^p(B_n, dν) to L^p_a. In this case, the adjoint operator A^⋆ (with respect to the duality pairing ⟨, ⟩) of A is bounded on L^{p′}_a and satisfies

A^⋆K_z(w) = ⟨A^⋆K_z, K_w⟩ = ⟨K_z, AK_w⟩ = AK_w(z) (3.16)

for all z, w ∈ B_n. The latter equality holds because AK_w ∈ L^p_a since A is bounded on L^p_a and K_w ∈ L^p_a. Therefore, for every l ∈ C^∞_c (B_n), we obtain the formula

Sl(z) = � B_n

l(w)AK_w(z)dν(w). (3.17)

In fact, Sl(z) = ⟨Sl, K_z⟩ = ⟨AP l, K_z⟩ = ⟨P l, A^⋆K_z⟩ = ⟨l, A^⋆K_z⟩ and using (3.16), we get (3.17). In other words, S is an integral operator with kernel (z, w) −→ AK_w(z).

Conversely, let A be a linear operator on L^p_a densely defined on L^∞_a with values in the space of analytic functions on B_n. We suppose that for every z ∈ B_n, the function η_z defined on B_n by η_z(w) := AK_w(z) is antianalytic on B_n. Then we have the following.

3.3.1 Proposition

Let A be a linear operator on L^p_a densely defined on L^∞_a with values in the space of analytic functions on B_n. If S extends to a bounded operator from the Lebesgue space L^p(B_n, dν) to L^p_a, then A extends to a bounded operator on L^p_a. Furthermore, the restriction of S to L^p_a coincides with A i.e. S = AP.

Proof For every z ∈ B_n, we get � B_n

|AK_w(z)|^{p′} dν(w)

� 1_{p′}

= sup

l∈C^∞_c (B_n),||l||_p≤1 � � � � � B_n

l(w)AK_w(z)dν(w) � � � � = sup

l∈C^∞_c (B_n),||l||_p≤1

|Sl(z)|.

Since Sl ∈ L^p_a, by the mean-value property, there exists a constant C(z) such that |Sl(z)| ≤ C(z)||Sl||_p ≤ C(z)||S|| and hence the function η_z : w → AK_w(z) belongs to L^{p′}_a .

We need to prove that for every g ∈ L^p_a, the following identity Sg = Ag is valid. Since the linear span of {K_ζ : ζ ∈ B_n} is dense in L^p_a, it suffices to show that SK_ζ = AK_ζ , for every ζ ∈ B_n.

Now for every z ∈ B_n, since η_z ∈ L^{p′}_a , we obtain SK_ζ (z) = � B_n

K_ζ (w)AK_w(z)dν(w) = AK_ζ (z). � Let us consider the particular case of Toeplitz operators, that is A = T_f with f ∈ L^1. The assumptions of the previous proposition are in particular fulfilled. Indeed, for fixed z, we obtain η_z(w) = T_f K_w(z) = P (K_zf̄)(w) and so the function η_z(w) = T_f K_w(z) is antianalytic on B_n since the function K_zf̄ is integrable on B_n. On the other hand, the function z −→ T_f K_w(z) is analytic on B_n for every w ∈ B_n. The associated operator S = S_f is given on the dense subspace C^∞_c (B_n) of L^p(B_n, dν) consisting of C^∞ functions on B_n with compact support, by S_f l(z) = � B_n

l(ζ)T_f K_ζ (z)dν(ζ) (3.18) and S_f l is an analytic function on B_n. The right hand side integral in (3.18) is absolutely convergent for all z ∈ B_n, since � B_n

|l(ζ)| � B_n

|f(w)||K_ζ(w)| |1 − (z · w)|^{n+1} dν(w) � dν(ζ) ≤

C(l) (1 − |z|)^{n+1}

||l||_∞||f||_1.

This inequality follows from the fact that |K_ζ (w)| ≤ C(l) for all ζ ∈ Supp(l) and w ∈ B_n on the one hand, and^1_{|1−(z·w)|n+1} ≤^1_{(1−|z|)n+1} for all z, w ∈ B_n on the other hand. So by Fubini’s Theorem, for all l ∈ C^∞_c (B_n), we obtain

S_f l(z) = � B_n � B_n

l(ζ) (1 − (w.ζ))^{n+1} dν(ζ) � f(w)K_z(w)dν(w) = (T_f ∘ P )l(z).

It is then easy to get the following proposition.

3.3.2 Proposition

Let f ∈ L^1(B_n, dν) and p ∈ (1, ∞). Then the following two assertions are equivalent: 1. T_f extends to a bounded operator on L^p_a;

2. The operator S_f defined in (3.18) extends to a bounded operator from the Lebesgue space L^p(B_n, dν) to L^p_a.

Furthermore, S_f = T_f ∘ P and ||T_f || ≤ ||S_f || ≤ ||T_f ||||P ||, where ||T_f ||, ||S_f ||, and ||P || denote the operator norms of T_f , S_f and P on L^p_a, L^p(B_n, dν) and L^p(B_n, dν) respectively.

For p ∈ (1, ∞), let A be a linear operator on L^p_a, densely defined on L^∞_a with values in the space of analytic functions on B_n, such that the function η_z(w) = AK_w(z) is antianalytic on B_n for every z ∈ B_n and such that the function z → AK_w(z) is analytic on B_n. According to Schur’s Lemma, if there exist a positive ϵ and positive constants C_1 and C_2 such that � B_n

|(AK_w)(z)|(1 − |w|^2)^{−ϵp′} dν(w) ≤ C_1(1 − |z|^2)^{−ϵp′} (3.19) and � B_n

|(AK_w)(z)|(1 − |z|^2)^{−ϵp}dν(z) ≤ C_2(1 − |w|^2)^{−ϵp}, (3.20) then the associated operator S defined in (3.17) is bounded from L^p(B_n, dν) to L^p_a with ||S|| ≤ (C_1)^{1p} (C_2)^{1p′} . Hence, by Proposition 3.3.2, the operator A is also bounded on L^p_a with ||A|| ≤ ||S|| ≤ (C_1)^{1p} (C_2)^{1p′} . Furthermore, if f ∈ L^1(B_n, dν) and A = T_f , estimates (3.19) and (3.20) imply that the associated operator S_f defined in (3.18) is bounded on L^p(B_n, dν), and hence by Proposition 3.3.2, T_f is also bounded on L^p_a with ||T_f || ≤ ||S_f || ≤ (C_1)^{1p} (C_2)^{1p′} .

We end this section by giving some improvements to the indices of the work of [52] and [31]. We give a simple application on operator norm.

3.3.3 Proposition

Suppose 1 < p < ∞ , p_1 = min(p, p^′) and n ≥ 1. Suppose further that A is a bounded operator on L^p_a(B_n) and such that

C_1 = sup_{z∈Bn} ‖A_z1‖_s < ∞, C_2 = sup_{z∈Bn} ‖A^⋆_z1‖_s < ∞,

for some s with s > (p_1 + n)/(p_1 − 1). Then there exists a constant C such that

‖A‖ ≤ C(C_1)^{1/p}(C_2)^{1/p′} .

Proof If h ∈ L^∞_a then

(Ah)(z) = ⟨Ah, K_z⟩ = ⟨h, A^∗K_z)⟩ = � B_n

h(w)(A^∗K_z)(w) dν(w) = � B_n

h(w)(AK_w)(z) dν(w). (3.21)

By Schur’s Lemma, if there exist a positive measurable function g on B_n and constants c_1, c_2 such that � B_n

|(AK_z)(w)|g(w)^p dν(w) ≤ c_1g(z)^p for all z ∈ B_n and � B_n

|(AK_z)(w)|g(z)^{p′} dν(z) ≤ c_2g(w)^{p′} for all w ∈ B_n, where p^′ is the conjugate exponent of p then A is bounded on L^p_a(B_n) and ‖A‖ ≤ (c_1)^{1/p}(c_2)^{1/p′} . We choose g(w) = (1 − |w|^2)^{−ϵ} with max{^{n+1}_{sp′} ,^{n+1}_{sp} } < ϵ < min{^1_{ps′} ,^1_{p′s′} } and apply Lemma 3.2.3 to get the result. � The next question that arises is whether the index^{p1+n}_{p1−1} in Proposition 3.3.3 is sharp. We do not know whether the index^{p1+n}_{p1−1} is sharp for p ∈ (1, ∞) even for p = 2 and n = 1. However, we can prove that Proposition 3.3.3 is not valid for p = 2 and n = 1 if we take s < 3. More precisely, we prove the following Lemma.

3.3.4 Lemma

There exists no positive constant C = C(s) such that every bounded operator A on L^2_a satisfies ||A|| ≤ C( sup_{z∈B1} ||A_z1||_s)^{12} ( sup_{z∈B1} ||A^⋆_z1||_s)^{12} . (3.22) Proof Let b = {b_n} be a sequence of complex numbers, we consider a linear operator A_b defined by A_b

�_∞ � n=0 a_nz_n � = ∞� n=0 a_nb_nz_n.

It is well known that ||A|| = sup_{z∈mathbfB1} |b_n|. Also the adjoint operator A^⋆_b of A_b is

A^⋆_b

�_∞ � n=0 a_nz_n � = ∞� n=0 a_nb_nz_n.

It is not difficult to see that for a linear operator A,

||A_z1||^s = (1 − |z|^2)^2 � B_1

|AK_z(w)|^s|1 − zw|^{2(s−2)}dλ(w).

Hence, if we take b_m = δ_{m,n}, then ||A_b|| = 1 and

||(A_b)_z1||^s = ||(A^⋆_b )_z1||^s = (1 − |z|^2)^2(n + 1)^s|z|^{ns} � B_1

|w|^{ns}|1 − zw|^{2(s−2)}dλ(w)

We may assume s ∈ [2, 3). It is then enough to show that there exists no constant C such that for every positive integer n, the following estimate holds:

1 ≤ C sup_{z∈B1} � (1 − |z|)^2(n + 1)^s|z|^{ns} � B_1

|w|^{ns}dλ(w) � . (3.23)

The right hand side of the (3.23) is C (n + 1)^s 2 + ns sup_{z∈B1}{(1 − |z|)^2|z|^{ns}}.

Since the latter supremum is attained at |z| =^{ns}_{ns+2} , the inequality (3.23) would implies that for any n,

1 ≤ C

(n + 1)^s 2 + ns 4 (2 + ns)^2 � ns 2 + ns

�_{ns} ≤ 4C

(n + 1)^s (2 + ns)^3

. (3.24)

Letting n −→ ∞, we are led to a contradiction. �

If we take, in particular, A = T_f , then by assertion (2) of Lemma 3.2.1, we obtain A_z1 = T_{f∘ϕz} 1 and Propositions 3.3.2 and 3.3.3, gives the following result.

3.3.5 Theorem

Let p ∈ (1, ∞), p_1 = min(p, p^′), s >^{p1+n}_{p1−1} . Let p^′ and s^′ are conjugate exponents of p and s respectively and let f ∈ L^1(B_n, dν). Then for every positive number ϵ satisfying max � n + 1 sp^′ , n + 1 sp � < ϵ < min � 1 s^′p , 1 s^′p^′ � , there exists a positive constant C(ϵ, p, s) such that, if C_1 = sup_{z∈Bn} ||T_{f∘ϕz} 1||_s < ∞ and C_2 = sup_{z∈Bn} ||T¯_{f∘ϕz} 1||_s < ∞, then � B_n

|(T_f K_w)(z)|(1 − |w|^2)^{−p′ϵ}dν(w) ≤ CC_1(1 − |z|^2)^{−p′ϵ} (3.25) and � B_n

|(T_f K_w)(z)|(1 − |z|^2)^{−pϵ}dν(z) ≤ CC_2(1 − |w|^2)^{−pϵ}. (3.26) Moreover, T_f is bounded on L^p_a with ||T_f || ≤ C(C_1)^{1p} (C_2)^{1p′} .

3.3.6 Remark

We recall that ||T_{ψ∘ϕz} 1||_2 = ||T_ψk_z||_2 for every ψ ∈ L^1(B_n, dν) (assertion (1) of Lemma 3.2.1). For p = 2, even in dimension one, we do not know whether T_f is bounded on L^2_a if the following two conditions hold.

sup_{z∈Bn} ||T_f k_z||_2 < ∞ and sup_{z∈Bn} ||T¯_f k_z||_2 < ∞.

F. Nazarov showed that one single condition is not sufficient for T_f be bounded on L^2_a.

3.4 The space BT and related spaces of symbols.

The space BT = BT (B_n) is the space of functions f ∈ L^1(B_n, dν) such that

||f||_{BT} := sup_{z∈Bn} ~|f|(z) < ∞.

This is an extension to several complex variables of the space BT introduced by J. Miao and D. Zheng [31] for n = 1. We first give the relation between the space BT and the space of Carleson measures for Bergman spaces. An easy application of Theorem 3.2.9 gives the following:

3.4.1 Lemma

If f ∈ BT if and only if the measure μ = |f| dν is a Carleson type measure on the Bergman spaces L^p_a.

Proof If f ∈ BT then clearly � B_n

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2(n+1)} dμ(w) ≤ sup_{z∈Bn} ~|f|(z) < ∞.

Thus by Theorem 3.2.9 μ = |f| dν is a Carleson measure.

Conversely, if μ = |f| dν is a Carleson type measure. Then ~|f|(z) = � B_n

|f(w)|

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2n+2} dν(w) = � B_n

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2n+2} dμ(w)

≤ C(μ) � B_n

(1 − |z|^2)^{n+1} |1 − (w · z)|^{2n+2} dν(w) = CC(μ),

where C(μ) is the Carleson measure constant. This shows that f ∈ BT . �

We next state the following generalization to several complex variables of a result of [31]:

3.4.2 Theorem

Let f ∈ BT and p ∈ (1, ∞). Then the Toeplitz operator T_f is bounded on L^p_a. Moreover, there exists a positive constant C such that

||T_f || ≤ C||f||_{BT} for every f ∈ BT.

Proof The proof is the same as for n = 1. Let h ∈ L^{p′}_a and g ∈ L^p_a. Then

⟨T_f g, h⟩ = ⟨fg, h⟩

for all g ∈ L^p_a and h ∈ L^{p′}_a . Thus

|⟨T_f g, h⟩| ≤ � B_n

|gh|(|f|dν) ≤ C(f)||gh||_1 ≤ C(f)||g||_p||h||_p′ ,

where C(f) is the Carleson measure constant of the Carleson measure |f|dν. This implies that T_f is bounded on L^p_a with ||T_f || ≤ C(f). The announced estimate for ||T_f || follows from the fact that C(f) ≤ ||f||_{BT} according to the last assertion of Theorem 3.2.9. �

An alternative proof of Theorem 3.4.2 can be provided using Schur’s lemma. According to Proposition 3.3.2, it is sufficient to show that the integral operator S_f defined in (3.18) is bounded on the Lebesgue space L^p(B_n, dν). By Schur’s lemma, it is enough to prove that f satisfies the following property:

(SL) there exist a real number ϵ and a positive constant C such that for every f ∈ BT, there is a constant C_f for which the following two estimates hold: � B_n � B_n

|f(w)|(1 − |ζ|^2)^{−ϵp′} |(1 − (w · ζ))^{n+1}(1 − (z · w))^{n+1}| dν(w) � dν(ζ) ≤ CC_f (1 − |z|^2)^{−ϵp′} and � B_n � B_n

|f(w)|(1 − |z|^2)^{−ϵp} |(1 − (w · ζ))^{n+1}(1 − (z · w))^{n+1}| dν(w) � dν(z) ≤ CC_f (1 − |ζ|^2)^{−ϵp}.

In fact, we have another characterisation of the space BT .

3.4.3 Proposition

For f ∈ L^1(B_n, dν), the following two assertions are equivalent:

(1) f ∈ BT ;

(2) f satisfies property (SL).

Proof (1) ⇒ (2). We prove assertion (2) with C_f = ||f||_{BT} . Since f ∈ BT, we get: � B_n

|f(w)| |(1 − (w · ζ))^{n+1}(1 − (w · z))^{n+1}| dν(w) ≤ ||f||_{BT} � B_n 1 |(1 − (w · ζ))^{n+1}(1 − (w · z))^{n+1}| dν(w).

The conclusion follows from an iterative application of the well-known fact that, for positive ϵ such that 0 < ϵ < min(^1_p ,^1_{p′} ), there exists a positive constant C such that the following estimates 1 C (1 − |w|^2)^{−ϵp′} ≤ � B_n

(1 − |z|^2)^{−ϵp′} |1 − (z · w)|^{n+1} dν(z) ≤ C(1 − |w|^2)^{−ϵp′} (3.27) and 1 C (1 − |z|^2)^{−ϵp} ≤ � B_n

(1 − |w|^2)^{−ϵp} |1 − (z · w)|^{n+1} dν(w) ≤ C(1 − |z|^2)^{−ϵp}. (3.28) hold simultaneously.

(2) ⇒ (1) According to the left inequality of (3.27), property (SL) implies that � B_n

|f(w)|(1 − |w|^2)^{−ϵp′} |1 − (z · w)|^{n+1} dν(w) ≤ CC_f (1 − |z|^2)^{−ϵp′} for all z ∈ B_n. Since the functions w → (1 − |w|^2)^{−ϵp′} and w → |1 − (z · w)|^{n+1} are almost constant on the Bergman ball D(z), we obtain, C_1

(1 − |z|^2)^{−ϵp′} (1 − |z|^2)^{n+1} � D(z)

|f(w)|dν(w) ≤ � D(z)

|f(w)|(1 − |w|^2)^{−ϵp′}

|1 − (z · w)|^{n+1} dν(w) ≤ � B_n

|f(w)|(1 − |w|^2)^{−ϵp′}

|1 − (z · w)|^{n+1} dν(w) ≤ CC_f (1 − |z|^2)^{−ϵp′} .

Hence, � D(z)

|f(w)|dν(w) ≤ CC^{−1}_1 C_f (1 − |z|^2)^{n+1}.

Theorem 3.2.9 then gives that the measure |f|dν is a Carleson measure, i.e. f ∈ BT. �

Let 1 ≤ p < ∞, the space BMO^p = BMO^p(B_n) consists of functions f ∈ L^1 such that sup_{z∈Bn} ||f ∘ ϕ_z − ~f(z)||_p < ∞.

It is clear that for 1 ≤ p ≤ q, BMO^q ⊂ BMO^p ⊂ BMO^1.

In some sense, Proposition 3.4.3 says that to go further in the research of the complete criterion for boundedness of Toeplitz operator for general symbols, one should use more than only Schur’s estimates. Nevertheless, when we can relate the set of symbols to this BT class in a clever and simple way, we are able to obtain new sets of symbols for which a boundedness criterion for T_f can be given. Such an idea appeared implicitly in [52], where it is showed that if f ∈ BMO^1 and if ~f is in L^∞, then f ∈ BT . The best result so far known for boundedness of Toeplitz operators is contained in the following lemma.

3.4.4 Lemma

Let p ∈ (1, ∞). For f ∈ BMO^1 (resp. for f nonnegative and integrable on B_n), the following three properties are equivalent.

(1) T_f is bounded on L^p_a.

(2) f̃ is bounded on L^p_a.

(3) f ∈ BT.

A natural question is to know if in the above Lemma, we can replace BMO^1, and/or the nonnegative L^1 functions by a bigger set of symbols. To do this, we use a simple procedure to construct a subset X of L^1(B_n, dν) such that for an exponent p ∈ (1, ∞), the associated Toeplitz operator T_f is bounded on L^p_a for f ∈ X only if f ∈ BT. We proceed as follows. For f ∈ L^1(B_n, dν), we suppose that there exists a positive function K(f) on B_n with K(f)(z) finite at each z ∈ B_n, such that the following implication holds:

T_f bounded on L^p_a ⇒ sup_{z∈Bn} K(f)(z) < ∞.

Usually, the necessary condition sup_{z∈Bn} K(f)(z) < ∞ is not sufficient in general. We define the set X^{(q)}_K , 1 ≤ q < ∞, to be the set of all functions f ∈ L^q(B_n, dν) such that sup_{z∈Bn} |�|f|^q(z) − K(f)(z)| < ∞. (3.29) Now, if T_f is bounded on L^p_a and if f ∈ X_K , then f ∈ BT by (3.29) This gives the following result.

3.4.5 Theorem

Let f ∈ L^1. Then the following are equivalent:

(1) T_f is bounded on L^p_a.

(2) K(f) is bounded on L^p_a.

(3) f ∈ BT.

We study two special cases which show that in the above construction, we obtain bigger sets which strictly contains previously known sets of symbols.

Case 1: Take K(f) = K_1(f) = | ~f|. We denote by X_1 the corresponding space X^{(1)}_K . Since for f ∈ L^1(B_n, dν), we necessarily have K_1(f)(z) = | ~f(z)| < ∞ for every z ∈ B_n, the space X_1 therefore consists of L^1 functions f such that

sup_{z∈Bn} ~|f|(z) − | ~f(z)| < ∞.

3.4.6 Lemma

The following inclusions hold.

(1) If f ∈ L^1(B_n, dν) and if f is a nonnegative function, then f ∈ X_1.

(2) BT ⊊ BMO^1 ⊊ X_1.

Proof (1) Clear from the definition of X_1 since ~|f| = ~f if f is a nonnegative function.

(2) The first inclusion follows from the inequality ||f ∘φ_z − ~f(z)||_1 ≤ 2~|f|(z) which is valid for all f ∈ L^1(B_n, dν) and z ∈ B_n. The inclusion is strict because for a ∈ ∂B_n, the function f(z) = log(1−(z.a)) belongs to BMO^1, but not to BT . Indeed if f ∈ BT then ~f ∈ L^∞, but ~f(w) = log(1 − (w.a)) does not belong to L^∞. For z ∈ B_n, we get that

~|f|(z) − | ~f(z)| = �_{Bn} [|f(w)| − | ~f(z)|]|k_z(w)|2dν(z) ≤ � B_n [|f(w) −

~f(z)|]|k_z(w)|2dν(z) = � B_n |f ∘ φz(w) −

~f(z)|dν(w) = ||f ∘ φ_z − ~f(z)||_1.

This gives the second inclusion. This inclusion is strict because there are nonnegative L^1 functions on B_n which do not belong to BMO^1.�

We give an example of a function in X_1, with T_f not bounded on L^p_a.

3.4.7 Example

There exists a function f ∈ X_1 such that T_f is not bounded on L^p_a.

Define f(z) = f(|z|) by f(x) = 0 if x ∈ [0,^1_2 ), and for x ∈ [1 −^1_{2k} ; 1 −^1_{2k+1} ), k = 1, 2, · · ·

f(x) = � � � 2^32^k if 1 −^1_{2k} ≤ x ≤ 1 −^1_{2k} +^1_{22k} ; 0 otherwise.

Then � B_1

|f(z)|dλ(z) =

�_1 0 f(s)s ds = �_1 1 2 f(s)sds ≈ ∞� k=1 2^{32 k}

�_{1−} 1_{2k+1}

1−^1_{2k}

f(s)ds

= ∞� k=1 2^{32 k}

�_{1−} 1_{2k +} 1_{22k}

1−^1_{2k} ds

= ∞� k=1 �√ 2 2 �_k < ∞.

Thus f ∈ L^1. For ξ ∈ ∂B_1 and r ∈ [0, 1) we denote that Carleson square by

S(ξ, r) = {z ∈ B_1 : r < |z| < 1, arg ξ −

1 − r 2 < arg z < arg ξ +

1 − r 2 }. Then by the comment after Theorem 2.2 of [29] or Lemma 2.1 of [31], a positive Borel measure μ is a Carleson measure if and only if

sup{μ(S(ξ, r))/λ(S(ξ, r)) : ξ ∈ ∂B_1, r ∈ (0, 1)} < ∞.

Now, let dμ = fdλ, then

λ((S(ξ, r)) = 1 π �_1 r sds �_{(1−r)/2}

−(1−r)/2

dθ =

(1 − r)^2(1 + r) 2π .

Thus μ(S(ξ, r)) λ(S(ξ, r)) = 1 λ(S(ξ, r)) � S(ξ,r)

f(z)dλ(z) = 2 (1 − r^2)

�_1 r f(s)sds

For n ∈ N, take r = 1 −^1_{2n} then μ(S(ξ, r)) λ(S(ξ, r)) = 2^{2n} 2^{n+1} − 1

�_1

1−^1_{2n}

f(s)sds ≈ 2^{2n} 2^{n+1} − 1 ∞� k=n �_{1−} 1_{2k+1}

1−^1_{2k}

f(s)ds

= 2^{2n} 2^{n+1} − 1 ∞� k=n 2^{32 k}

�_{1−} 1_{2k +} 1_{22k}

1−^1_{2k} ds

= 2^{2n} 2^{n+1} − 1 ∞� k=n �√ 2 2 �_k

= C 2^32^n 2^{n+1} − 1 . As n tends to ∞,^{μ(S(ξ,r))}_{λ(S(ξ,r))} is unbounded and thus f does not belong to BT . This implies T_f is not bounded on L^p_a. Lemma 3.4.6 clearly shows that f ∈ X_1.

3.4.8 Corollary

Let p ∈ (1, ∞). Let f ∈ X_1 (in particular, f ∈ BMO^1, or f is a nonnegative L^1 function). Then following two properties are equivalent: (1) T_f is bounded on L^p_a;

(2) the function ~f is bounded on B_n.

Case 2. Take K(f)(z) = K_2(f)(z) = ‖T_f k_z‖^2. We denote by X_2 the corresponding space X^2_K . we point out that K_1(f) ≤ K_2(f) for every f ∈ L^1(B_n, dν). Since for every f ∈ L^2(B_n, dν) we have ‖T_f k_z‖_2 < ∞ for all z ∈ B_n. The space X_2 therefore consists of L^2 functions f such that

sup_{z∈Bn} �|f|^2(z) − ||T_f k_z||^2 < ∞.

We just recall that this case refers to a necessary condition which was proved insufficient for p = 2 and n = 1 by F. Nazarov.

3.4.9 Lemma

BMO^2(B_n) ⊊ X_2 and X_2 is not contained in BMO^1.

Proof We first show that f ∈ BMO^2 is equivalent to the following:

sup_{z∈Bn}{�|f|^2(z) − | ~f(z)|^2} < ∞.

Direct calculation shows that � B_n � B_n

|f(u) − f(v)|^2|k_z(u)|^2|k_z(v)|^2 dν(v) dν(u) = 2(�|f|^2(z) − | �f(z)|^2). (3.30)

Indeed, � B_n

|k_z(u)|^2⟨(f(u) − f)k_z, (f(u) − f)k_z⟩ dν(u) = � B_n

|k_z(u)|^2[|f(u)|^2 − f(u)⟨k_z, fk_z⟩ − f(u)⟨fk_z, k_z⟩ + �|f|^2(z) dν(u) = 2(�|f|^2(z) − | �f(z)|^2).

Also, the double integral in equation (3.30) is equal to � B_n � B_n

|f ∘ φ_z(u) − f ∘ φ_z(v)|^2 dν(v) dν(u) = � B_n � B_n

|f ∘ φ_z(u)|^2 − f ∘ φ_z(u)f ∘ φ_z(v) − f ∘ φ_z(u)f ∘ φ_z(v) + |f ∘ φ_z(v)|^2 dν(v) dν(u) = � B_n

|f ∘ φ_z(u)|^2 − f ∘ φ_z(u) � B_n

f ∘ φ_z(v) dν(v) − f ∘ φ_z(u) � B_n

f ∘ φ_z(v) dν(v) + �|f|^2(z) dν(u) = � B_n

|f ∘ φ_z(u) − �f(z)|^2 dν(u) − | �f(z)|^2 + �|f|^2(z) which gives the equivalence. We recall that

| ~f(z)| = |P (f ∘ φ_z)(0)| ≤ ||P (f ∘ φ_z)||_1 ≤ ||P (f ∘ φ_z)||_2 = ||T_f k_z||_2, here, the former identity follows from assertion (1) of Lemma 3.2.1, while the latter identity follows from assertion (3) of Lemma 3.2.1. Thus if f ∈ BMO^2 then sup_{z∈Bn}{�|f|^2(z) − ‖T_{f∘φz} 1‖^2} ≤ sup_{z∈Bn}{�|f|^2(z) − | ~f(z)|^2} < ∞ that is f ∈ X_2. This inclusion is strict. Otherwise, BMO^2 = X_2 and hence we have the Bloch space equals X_2 ∩ H(B_n), where H(B_n) denote the space of analytic function on B_n. But L^2_a ⊂ X_2 ∩ H(B_n), this shows that the Bloch space contains L^2_a which is false. The fact that X_2 does not belong to BMO^1 is clear from the previous statement above. �

We next show that the space X_2 can be described without reference to the space BT.

3.4.10 Proposition

For f ∈ L^2, the following two properties are equivalent:

(1) f ∈ X_2;

(2) The following estimate holds: sup_{z∈Bn} � B_n � � � � B_n

f ∘ φ_z(ξ) − f ∘ φ_z(w) (1 − (w · z))^{n+1} dν(w) � � �^2 dν(ξ) < ∞.

Proof We have

�|f|2(z) − ‖P (f ∘ φ_z)‖2 = ‖f ∘ φ_z‖^2 − ‖P (f ∘ φ_z)‖^2 = ⟨f ∘ φ_z, f ∘ φ_z⟩ − ⟨P (f ∘ φ_z), P (f ∘ φ_z)⟩ = ⟨f ∘ φ_z, f ∘ φ_z⟩ − 2⟨P (f ∘ φ_z), P (f ∘ φ_z)⟩ + ⟨P (f ∘ φ_z), P (f ∘ φ_z)⟩ = ⟨f ∘ φ_z, f ∘ φ_z⟩ − ⟨P (f ∘ φ_z), (f ∘ φ_z)⟩ − ⟨(f ∘ φ_z), P (f ∘ φ_z)⟩ + ⟨P (f ∘ φ_z), P (f ∘ φ_z)⟩ = ⟨f ∘ φ_z − P (f ∘ φ_z), f ∘ φ_z − P (f ∘ φ_z)⟩ = ‖(I − P )(f ∘ φ_z)‖^2.

Thus we have the equivalence. �

Similar argument as the one used for the case of functions in X_K yields the following.

3.4.11 Corollary

Let f ∈ X_2. The following three assertions are equivalent: (1) T_f is bounded on L^2_a; (2) sup_{z∈Bn} ||T_f k_z||_2 < ∞. (3) sup_{z∈Bn} ||P (f ∘ ϕ_z)||_2 < ∞

Other cases can be obtained from the following theorem:

3.4.12 Theorem

Let f ∈ L^1 and 1 < p < ∞, suppose that T_f is a bounded operator on L^p_a(B_n) and p^′ the conjugate exponent of p. Then the following hold

1. ~f is bounded;

2. sup_{z∈Bn} ‖T_f k̃^p_z ‖_p < ∞, 3. sup_{z∈Bn} ‖P (f ∘ φ_z)(·)(1 − ( · z))^{(n+1)(p−2)/p}‖_p < ∞, 4. sup_{z∈Bn} ‖P (f ∘ φ_z)‖_p < ∞ if 1 < p ≤ 2 5. sup_{z∈Bn} ‖P (f ∘ φ_z)‖_1 < ∞ 6. sup_{z∈Bn} ‖P (f ∘ φ_z)‖_q, qp < p + q, p > q where k̃^p_z (w) =^{(1−|z|2)(n+1)/p′}

(1−(w·z))^{n+1} .

Proof 1) It is known that there exist positive constants C, C^′ such that |g(z)| ≤ C‖g‖_p(1 − |z|^2)^{−(n+1)/p}, g ∈ L^p_a(B_n) (3.31) and ‖K_z‖_p ≤ C^′(1 − |z|^2)^{−(n+1)/p′} , 1 p + 1 p^′

= 1.

If z ∈ B_n then using these two estimates we have

| ~f(z)| = � � � � T_f

(1 − |z|^2)^{n+1} (1 − ( · z))^{n+1} � (z) � � � = (1 − |z|^2)^{n+1}|(T_f K_z)(z)| ≤ C(1 − |z|^2)^{n+1}‖T_f K_z‖_p(1 − |z|^2)^{−(n+1)/p} ≤ C(1 − |z|^2)^{n+1}‖T_f ‖‖K_z‖_p(1 − |z|^2)^{−(n+1)/p} ≤ C‖T_f ‖

2) Follows from the fact that the L^p-norm of k̃^p_z is 1. 3) Observe that

(T_fk̃^p_z )(w) = (1 − |z|^2)^{(n+1)/p′} ⟨T_f K_z, K_w⟩ = (1 − |z|^2)^{(n+1)/p′} ⟨U_zU_zT_f U_zU_zK_z, K_w⟩ = (1 − |z|^2)^{(n+1)/p′} ⟨T_{f∘φz} U_zK_z, U_zK_w⟩ = (1 − |z|^2)^{(n+1)(1/p′ −1/2)}⟨T_{f∘φz} 1, k_z(w)K_{φz (w)}⟩ = k̃^p_z (w)(T_{f∘φz} 1)(φ_z(w))

where the fourth equality comes from the relation (3.5).

Thus

‖T_fk̃^p_z ‖^p = � B_n

|P (f ∘ φ_z)(φ_z(w))|^p|k̃^p_z (w)|^p dν(w) = � B_n

|P (f ∘ φ_z)(w)|^p|k̃^p_z (φ_z(w))|^p|k_z(w)|^2 dν(w) = � B_n

|P (f ∘ φ_z)(w)|^p|1 − (w · z)|^{(n+1)(p−2)} dν(w) where the second equality is by making a change of variable w = φ_z. Use assertion 2) to get the result. 4) A consequence of 3).

5) Using Hölder’s inequality we have

‖P (f ∘ φ_z)‖_1 = � B_n

|P (f ∘ φ_z)(w)||1 − (w · z)|^{(n+1)(p−2)/p}|1 − (w · z)|^{−(n+1)(p−2)/p} dν(w)

≤ ‖P (f ∘ φ_z)|1 − (w · z)|^{(n+1)(p−2)}‖_p � B_n

|1 − (w · z)|^{−(n+1)(p−2)p′/p} dν(w)

�_{1/p}′ . If p ≤ 2 the last integral is clearly bounded. Now for p > 2 the last integral will be bounded provided (n + 1)(p − 2)p^′/p − (n + 1) < 0, if and only if (p − 2)p^′/p − 1) < 0 if and only if −p^′ + 1 < 0. This last inequality is true since p^′ > 1. 6) Let s = p/q and s^′ the conjugate exponent of s, that is s^′ = p/(p − q). Then by the Hölder’s inequality we have

‖P (f ∘ φ_z)‖^q = � B_n

|P (f ∘ φ_z)(w)|^q

|1 − (w · z)|^{(n+1)(p−2)/s} |1 − (w · z)|^{(n+1)(p−2)/s} dν(w)

≤ ‖P (f ∘ φ_z)|1 − ( · z)|^{(n+1)(p−2)}‖_p � B_n

dν(w) |1 − (w · z)|^{(n+1)(p−2)s′}s

�_{1/s}′ . Now s^′/s = s^′ − 1 = q/(p − q) and thus the last integral is bounded if and only if (p − 2)q/(p − q) − 1 < 0 or equivalently pq < p + q, which completes the proof. �

3.5 Compactness of Toeplitz operators

In this section, we focus our attention to the problem of determining classes of symbols for which we have a characterization of compact Toeplitz operators on L^p_a. We begin with a general result from which we shall characterize compactness on L^p_a for symbols in the space X_K defined in the previous section. The main result of this section is the following theorem which improves earlier one-dimensional results of [31] and [52]. We state it here and give the proof at the end of this section.

3.5.1 Theorem

Suppose that 1 < p < ∞ and write p_1 = min(p, p^′). Suppose further that A is a bounded operator on L^p_a such that

sup_{z∈Bn} ||A_z1||_s < ∞, and sup_{z∈Bn} ||A^⋆_z1||_s < ∞ (3.32)

for some s satisfying s >^{p1+n}_{p1−1} . Then the following four assertions are equivalent: (1) A is compact on L^p_a;

(2) ~A(z) → 0 as z tends to ∂B_n;

(3) for every q ∈ [1, s), ||A_z1||_q → 0 as z → ∂B_n; (4) ||A_z1||_1 → 0 as z → ∂B_n.

In [31], for n = 1, p = 2, J. Miao and D. Zheng showed that the bound^{p1+n}_{p1−1} = 3 is sharp for this theorem. Namely, they produced a bounded operator A on L^2_a satisfying sup_{z∈Bn} ||A_z1||_3 < ∞, and sup_{z∈Bn} ||A^∗_z1||_3 < ∞ and ~A(z) → 0 as z tends to ∂B_n, but it is not compact on L^2_a.

To proof Theorem 3.5.1, we will require the following lemma which is given in Appendix C of [34] and is Exercise 7 on page 181 of [19] and is also stated in [31].

3.5.2 Lemma

Suppose 1 < p < ∞ and K(z, w) is a measurable function on B_n × B_n such that � B_n � B_n

|K(z, w)|^p dν(w)

�_p′_{−1} dν(z) < ∞.

Then the integral operator T defined by

T f(w) = � B_n

f(z)K(z, w) dν(z)

is compact on L^p(B_n, dν).

3.5.3 Proof of Theorem 3.5.1

The method used is the same as the one used to prove Theorem 1.1 in [31]. Suppose A is compact. If k^p_z (w) =

(1 − |z|^2)^{(n+1)/p′} (1 − (w · z))^{n+1} then k^p_z tends to 0 weakly in L^p_a as z → ∂B_n. Hence

⟨Ak^p_z , k^{p′}_z ⟩ → 0

as z → ∂B_n. Since ~A(z) = ⟨Ak^p_z , k^{p′}_z ⟩

for z ∈ B_n, we have ~A(z) → 0 as z → ∂B_n. This proves the implication (1) ⇒ (2). Recall that by Lemma 3.2.5, the properties (2), (3) and (4) are equivalent. We next show the implication (3) ⇒ (1). Under assumption (3), we want to show that A is compact on L^p_a. Fix q such that (p_1 + n)/(p_1 − 1) < q < s in the rest of the proof. Suppose h ∈ L^p_a and z ∈ B_n. Then

(Ah)(z) = � B_n

h(w)(AK_w)(z) dν(w).

For r ∈ (0, 1), define an operator A^{[r]} on L^p_a(B_n) by

(A^{[r]}h)(z) = � rB_n

h(w)(AK_w)(z) dν(w).

Then A^{[r]} is an integral operator with kernel (AK_w)(z)χ_{rBn} (w). In view of Lemma 3.5.2, this operator is compact on L^p(B_n, dν) since � B_n � B_n

|(AK_w)(z)χ_{rBn} (w)|^p dν(z)

�_p′_{−1} dν(w) ≤ � rB_n

‖A‖^{p′} ‖K_w‖^{p′}_p dν(w)

≤ C‖A‖^{p′} � rB_n

dν(w) (1 − |w|^2)^{n+1} . The latter quantity is finite since A is bounded on L^p_a and the last integral is over a compact set. This proves that A^{[r]} is a compact operator on L^p_a. To conclude, we only need to show that ‖A − A^{[r]}‖_p → 0 as r → 1^−.

Now, for h ∈ L^p_a, we have

(A − A^{[r]})h(z) = � B_n

χ_{Bn/rBn} (w)h(w)(AK_w)(z) dν(w).

This implies that A − A^{[r]} is an integral operator on L^p(B_n) with kernel

(AK_w)(z)χ_{Bn/rBn} (w).

We apply Shur’s Lemma. Since the hypotheses of Proposition 3.3.3 are fulfilled with s replaced by q, the proof of this proposition implies � B_n |(AKw)(z)χBn/rBn (w)|(1 − |w|

2)^{−p′ϵ}dν(w) ≤ � B_n |(AKw)(z)|(1 − |w|

2)^{−p′ϵ}dν(w) ≤ C||A^⋆_z1||_q(1 − |z|^2)^{−p′ϵ} and � B_n |(AKw)(z)|χBn/rBn (w)(1 − |z|

2)^{−pϵ}dν(z) ≤ Cχ_{Bn/rBn} (w)||A_w1||_q(1 − |w|^2)^{−pϵ} ≤ sup

r≤|w|<1

||A_w1||_q(1 − |w|^2)^{−pϵ}.

By Schur’s Lemma, the following conclusion holds: ||A − A^{[r]}||_p ≤ C(c_1)^{1p} (c_2)^{1p′} , where c_1 = sup_{z∈Bn}{||A^⋆_z1||_q} and c_2 = sup{||A^⋆_z1||_q : r ≤ |z| < 1}. We have, by assertion (3), that c_2 → 0 as r → 1^−. The hypotheses of the theorem give c_1 < ∞. Thus ‖A − A^{[r]}‖_p → 0 as r → 1^−, completing the proof. �

The following lemma will enable us establish some corollaries of Theorem 3.5.1.

3.5.4 Lemma

If f ∈ BT then sup_{z∈Bn} ‖T_{f∘φz} 1‖_s < ∞, sup_{z∈Bn} ‖T_{f∘φz} 1‖_s < ∞ for s > 0.

Proof It is enough to prove these estimates for s > 1. So let s > 1 and z ∈ B_n, we have ‖T_{f∘φz} 1‖_s = ‖P (f ∘ φ_z)‖_s = sup_{‖h‖}

s′ ≤1

|⟨P (f ∘ φ_z), h⟩| = sup_{‖h‖}

s′ ≤1

|⟨f ∘ φ_z, h⟩| = sup_{‖h‖}

s′ ≤1

|⟨f, h ∘ φ_z|k_z|^2⟩| ≤ sup_{‖h‖}

s′ ≤1 � B_n

|h ∘ φ_z(ζ)(k_z(ζ))^2||f|dν(ζ) ≤ sup_{‖h‖}

s′ ≤1

C(f) � B_n

|h ∘ φ_z(ζ)||k_z(ζ)|^2|dν(ζ) = C(f) sup_{‖h‖}

s′ ≤1 � B_n

|h(ζ)|dν(ζ) ≤ C(f).

The other inequality follows the same way. �

3.5.5 Remark

We recall that by assertion (2) of Lemma 3.2.1, for A = T_f , f ∈ L^1(B_n, dν), we have A_z = T_{f∘ϕz} if T_f is bounded on L^2_a. Hence, by Lemma 3.5.4, for every f ∈ BT, the associated Toeplitz operator T_f satisfies the hypotheses of Theorem 3.5.1. We therefore obtain the following corollary:

3.5.6 Corollary

Suppose that 1 < p < ∞. Then for f ∈ BT, T_f is compact on L^p_a if and only if ~f(z) → 0 as z tends to ∂B_n.

3.5.7 Corollary

Let f ∈ X_1 (in particular, let f ∈ BMO^1 or let f be a nonnegative function on B_n) be such that T_f is bounded on L^p_a, 1 < p < ∞. Then T_f is compact on L^p_a if and only if ~f(z) → 0 as z tends to ∂B_n.

3.5.8 Corollary

Let f belong to the set X_2 defined at the end of Section 3. Suppose that T_f is bounded on L^2_a. Then the following four assertions are equivalent: (1) T_f is compact on L^2_a; (2) lim_{z→∂Bn} ||T_f k_z||_2 = 0; (3) lim_{z→∂Bn} ~f(z) = 0.

Proof The implication (4) ⇒ (1) follows from Corollary 3.5.6. The implication (1) ⇒ (2) follows from the fact that {k_z} converges weakly to 0 on L^2_a when z tends to ∂B_n. The implication (2) ⇒ (3) is elementary to get, while the implication (3) ⇒ (4) is trivial. �

Chapter 4 Toeplitz Operators on L1a(Bn)

4.1 Introduction

In this chapter we will be treating the question of boundedness and compactness of the Toeplitz operator on the Bergman space L^1_a(B_n). Unlike the case in the previous chapter i.e when p > 1, the case p = 1 produces a new phenomenon. For example, in [51] Zhu showed that a Toeplitz operator T¯_f with antianalytic symbols is bounded on L^1_a if and only if f ∈ L^∞ ∩ LB, where LB is the Logarithmic Bloch space defined below. At the same time, for p > 1, it is well known that T_f is bounded on L^p_a if and only if f is bounded. So the study of T_μ on L^1_a deserves a particular attention. The study of Toeplitz operators on L^1_a has been considered in [45, 46].

For α > 0, we let K̃^α_ξ (z) = d(α) (1 − (z · ξ))^{n+1+α} where d(α) =

Γ(n + 1 + α) n!Γ(α + 1) and k̃^α_ξ (z) =

K̃_ξ(z) ‖K̃_ξ‖_1 = (1 − |ξ|^2)^α ((1 − (z · ξ))^{n+1+α} .

Given a complex Borel measure μ on B_n, the Bergman projection P μ of μ is defined by (P μ)(w) = � B_n

dμ(z) (1 − (w · z))^{n+1}

, w ∈ B_n.

The Toeplitz operator T_μ is densely defined on L^1_a by

(T_μg)(w) = � B_n

g(z) (1 − (w · z))^{n+1} dμ(z) = P (μg)(w),

for g ∈ L^∞_a and w ∈ B_n. Note that the formula

T_μg = P (gμ), g ∈ L^∞_a

makes sense, and defines an analytic function on B_n and the operator T_μ is in general unbounded on L^1_a. For dμ = fdν, with f ∈ L^1 we write T_μ = T_f .

4.2 Boundedness

We will need the following Lemma which is Proposition 1.14 of [47] and Theorems 1 and 2 of [48].

4.2.1 Lemma

Let α and t be any two parameters with the property that neither n + 1 + c nor n + 1 + c + t is a negative integer. Then there exists a unique linear operator D^{c,t} on H(B_n) with the following properties:

1. D^{c,t} is continuous on H(B_n) with respect to the topology of uniform convergence on compact sets of C^n contained in B_n;

2. D^{c,t}_z [(1 − (z · w))^{−(n+1+c)}] = (1 − (z · w))^{−(n+1+c+t)} for every w ∈ B_n.

3. D^{c,t} is invertible on H(B_n).

Proof Let f ∈ H(B_n) and f(z) =

�_∞

k=0 f_k(z), be the homogeneous expansion of f. We define D^{c,t}f(z) = ∞� k=0 Γ(n + 1 + c)Γ(n + 1 + k + c + t) Γ(n + 1 + c + t)Γ(n + 1 + k + c) f_k(z), and D_{c,t}f(z) = ∞� k=0 Γ(n + 1 + c + t)Γ(n + 1 + k + c) Γ(n + 1 + c)Γ(n + 1 + k + c + t) f_k(z).

Then D^{c,t} and D_{c,t} are continuous on H(B_n) if we equip H(B_n) with the topology of uniform convergence on compact sets. Also D^{c,t} is invertible with inverse D_{c,t}. Finally we recall that 1 (1 − (z · w))^{n+1+c} = ∞� k=0 Γ(n + 1 + k + c) k!Γ(n + 1 + c)

(z · w)^k z, w ∈ B_n, is actually a homogeneous expansion. Thus D^{c,t}_z[(1 − (z · w))^{−(n+1+c)}] = ∞� k=0 Γ(n + 1 + k + c) k!Γ(n + 1 + c)

Γ(n + 1 + c)Γ(n + 1 + k + c + t) Γ(n + 1 + c + t)Γ(n + 1 + k + c)

(z · w)^k

= ∞� k=0 Γ(n + 1 + k + c + t) k!Γ(n + 1 + c + t)

(z · w)^k = (1 − (z · w))^{−(n+1+c+t)}. � We will need the following Lemma which is Theorem 2.19 of [47].

4.2.2 Lemma

Suppose p > 0 and c > 0. There exist constants A and B such that A � B_n

|f(z)|^pdν(z) ≤ � B_n

|(1 − |z|^2)^cD^cf(z)|^pdν(z) ≤ B � B_n

|f(z)|^pdν(z) (4.1)

We shall denote D^{c,0} simply by D^c.

4.2.3 Lemma

For every h ∈ L^1_a, the function D^{c,0}h = D^ch, c > 0, has the following expression,

D^ch(z) = � B_n

h(w) (1 − (z · w))^{(n+1+c)} dν(w), (z ∈ B_n).

Moreover, there exists a constant C such that all h ∈ L^1_a and g ∈ L^∞_a , � B_n

(1 − |z|^2)^cD^ch(z)g(z)dν(z) = C � B_n

h(z)g(z)dν(z).

Proof We first prove the lemma for all h ∈ L^2_a and g ∈ L^∞_a . Let {a_k} be a r−lattice as described in Lemma 3.2.6. By the atomic decomposition theorem (cf. e.g. Theorem 2.30 of [47]), for every h ∈ L^2_a, there exists a sequence {c_k} of complex numbers belonging to the sequence space l^2 such that

h(z) = ∞� k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (z · a_k))^{(n+1)}

, (z ∈ B_n),

where the series converges in the norm topology of L^2_a. Then this series converges uniformly on compact sets of C^n contained in B_n to its sum h(z). Next, the series ∞� k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (z · w))^{(n+1+c)} converges in the norm topology of the weighted Bergman space L^2_a((1 − |z|^2)^{2c}dν(z)), and thus converges uniformly on compact sets of C^n contained in B_n to its sum.

We recall that D^c_z[(1 − (z · w))^{−(n+1)}] = (1 − (z · w))^{−(n+1+c)} for every w ∈ B_n. This implies the partial sums N� k=1 c_k(1 − |a_k|^2)^{n+12} D^c_z � 1 (1 − (z · a_k))^{n+1} � = D_z

�_N � k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (z · a_k))^{n+1} �

converges uniformly on compact sets of C^n contained in B_n to the analytic function ∞� k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (z · a_k))^{n+1+c} as N → ∞. Since D^c is continuous in H(B_n), we conclude that

D^ch(z) = ∞� k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (z · a_k))^{n+1+c}

. (4.2)

Hence

D^ch(z) = ∞� k=1 c_k(1 − |a_k|^2) � B_n 1 (1 − (w · a_k))^{n+1}(1 − (z · w))^{n+1+c} dν(w)

= � B_n

�_∞ � k=1 c_k

1 − |a_k|^2 (1 − (w · a_k))^{n+1} � 1 (1 − (z · w))^{n+1+c} dν(w) = � B_n

h(w) (1 − (z · w))^{n+1+c} dν(w).

Next the convergence in L^2_a(1 − |z|^2)^{2c}dν(z)) of the series in the right hand side of

(4.2) implies that � B_n

(1 − |z|^2)^cD^ch(z)g(z)dν(z) = ∞� k=1 c_k(1 − |a_k|^2)^{n+12} � B_n

(1 − |z|^2)^c (1 − (a_k · z))^{n+1+c} g(z)dν(z).

Since for w ∈ B_n there exists a constant C such that � B_n

(1 − |z|^2)^c (1 − (a_k · w))^{n+1+c} g(z)dν(z) = Cg(a_k) = C � B_n

g(w) (1 − (a_k · w))^{n+1} dν(z),

for every g ∈ L^∞_a . This implies that � B_n

(1 − |z|^2)^cD^ch(z)g(z)dν(z) = C ∞� k=1 c_k(1 − |a_k|^2) � B_n

g(z) (1 − (a_k · z))^{n+1} dν(z)

= C � B_n

�_∞ � k=1 c_k

(1 − |a_k|^2)^{n+1}2 (1 − (a_k · z))^{n+1} � g(z)dν(z) = C � B_n

h̄(z)g(z)dν(z).

We next consider the general case when h ∈ L^1_a. The announced conclusions follow

from the density of L^2_a in L^1_a and from the existence of a constant C such that � B_n

(1 − |z|^2)^c|D^ch(z)|dν(z) ≤ C � B_n

|h(z)|dν(z) for all analytic functions h on B_n. Indeed, if h ∈ L^1_a then

h(z) = d(s) � B_n

h(w)(1 − |w|^2)^s (1 − (z · w))^{n+1+s} dν(w), s > 0, z ∈ B_n.

This shows that

D^ch(z) = d(s) � B_n

h(w)(1 − |w|^2)^s (1 − (z · w))^{n+1+s+c} dν(w), s > 0, z ∈ B_n.

Applying Fubini’s theorem we have, � B_n

(1 − |z|^2)^c|D^ch(z)|dν(z) ≤ C^′ � B_n � B_n

|h(w)|(1 − |z|^2)^c(1 − |w|^2)^s |1 − (z · w)|^{n+1+s+c} dν(w)dν(z)

≤ C^′ � B_n

|h(w)|(1 − |w|^2)^s � B_n

(1 − |z|^2)^c |1 − (z · w)|^{n+1+s+c} dν(z)dν(w) ≤ C � B_n

|h(w)|dν(w)

The latter result is just Lemma 4.2.2. This completes finishes the proof of the lemma. �

For c > 0, we denote by P_c the orthogonal projector from L^2((1−|z|^2)^cdν(z)) onto the weighted Bergman space L^2_a((1−|z|^2)^cdν(z)) (P_c is a weighted Bergman projector in B_n). For every ϕ ∈ L^2((1 − |z|^2)^cdν(z)), and z ∈ B_n we have

P_cϕ(z) = (1 + c) � B_n

(1 − |ζ|^c (1 − (z · ζ))^{n+1+c} ϕ(ζ)dν(ζ).

We also denote by D(B_n) the space of C^∞ functions with compact support in B_n. We shall need the following lemma.

4.2.4 Lemma

The space P_c(D(B_n)) is a dense subspace of L^1_a.

Proof It is easy to check that P_c(D(B_n)) ⊂ L^1_a. Since the dual space of L^1_a with respect to the usual duality pairing <, > in L^2(B_n, dν) is the Bloch space B^∞, it suffices to show that every h ∈ B^∞ such that � B_n

P_cϕ(z)h̄(z)dν(z) = 0 ∀ϕ ∈ D(B_n)

vanishes identically. An application of Fubini’s theorem and Lemma 4.2.3 gives 0 = � B_n

P_cϕ(z)h̄(z)dν(z) = � B_n � B_n

(1 − |ζ|^2)^2 (1 − (z · ζ))^{n+1+c} ϕ(ζ)dν(ζ) � h̄(z)dν(z) = � B_n

ϕ(ζ)D^ch(ζ)(1 − |ζ|^2)^cdν(ζ),

for all ϕ ∈ D(B_n). We conclude that D^ch ≡ 0 on B_n. Using the invertibility of D^c on H(B_n), we obtain that h ≡ 0 on B_n. �

We have the following boundedness result.

4.2.5 Theorem

Let A be a linear operator defined on L^∞_a with values in the space of analytic functions on B_n and let c > 0. Then the implication (1) ⇒ (2) holds for the following two assertions.

1. A extends to a bounded operator on L^1_a;

2. the following estimate holds:

sup_{ξ∈Bn} ‖Ak̃^c_ξ‖_1 < ∞. (4.3)

The converse (2) ⇒ (1) also holds in the following two cases. (a) The operator A satisfies the property that � B_n

(Ak^c_ξ)(z)g(ξ)dν(ξ) = CAg(z) for some absolute constant C and for all z ∈ B_n and g ∈ P_c(D(B_n)).

(b) A = T_μ, μ a complex Borel measure on B_n.

Moreover, in such cases if C_1 = sup_{ξ∈Bn} ‖Ak̃^c_ξ‖_1, there exists a constant C such that ‖A‖ ≤ CC_1.

Proof If A is bounded on L^1_a then ‖Ak̃^c_z‖_1 ≤ ‖A‖‖k̃^c_z‖_1 and since ‖k̃^c_z‖_1 = � B_n

(1 − |z|^2)^α |1 − (w · z)|^{n+1+α} dν(w) which is bounded in z by Lemma 3.2.2.

Conversely, suppose (4.3) holds.

Case (a): By our assumption on A, we have � B_n

|Ag(z)|dν(z) ≤ C^{−1} � B_n � B_n

|Ak̃^c_ζ (z)||g(ζ)|dν(ζ) � dν(z) = C^{−1} � B_n � B_n

|Ak̃^c_ζ (z)|dν(z) � |g(ζ)|dν(ζ) = C^{−1} sup_{ζ∈Bn} ||Ak̃^c_ζ ||_1||g||_1.

This shows the implication (2) =⇒ (1) for the case (a).

Case (b): Let μ be a complex Borel measure on B_n. From case (a), it is enough to prove that if z ∈ B_n and g in the dense subspace P_c(D(B_n)) of L^1_a, then � B_n

(T_μk̃^{(c)}_ζ )(z)g(ζ)dν(ζ) = d(c)^{−1}T_μg(z). (4.4)

Let h ∈ L^1_a(B_n, (1 − |z|^2)^cdν(z)) = L^1_a((1 − |z|^2)^cdν(z)) and g = P_cϕ with ϕ ∈ D(B_n). Then � B_n

h̄(ζ)g(ζ)(1 − |ζ|^2)^cdν(ζ) = � B_n

h̄(ζ)ϕ(ζ)(1 − |ζ|^2)^cdν(ζ). (4.5)

Fix z ∈ B_n and take

h_z(ζ) := (T_μK̃^c_ζ )(z) = d(c) � B_n 1 (1 − (w · z))^{n+1}(1 − (ζ · w))^{n+1+c} dμ(w).

It is clear that the function h_z is analytic and for every ζ ∈ B_n, and the function z → h_z(ζ) is antianalytic. By the mean value property, there exists a constant C_z such that |h_z(ζ)| ≤ C_z||T_μK̃^{(c)}_ζ ||_1

and hence � B_n

|h_z(ζ)|(1 − |ζ|^2)^cdν(ζ) ≤ C_z sup_{ζ∈Bn} ||T_μk̃^{(c)}_ζ ||_1 < ∞.

In the latter inequality, we applied assertion (2).

For every ϕ in the space D(B_n), we have � B_n � B_n

(1 − |ζ|^2)^c |1 − (w · ζ)|^{n+1+c}

|ϕ(ζ)|dν(ζ) � d|μ|(w) |1 − (z · w)|^{n+1} ≤ C(ϕ) (1 − |z|^2)^{n+1} � B_n

d|μ|(w) < ∞ for every z ∈ B_n. By identity (4.5) and Fubini’s Theorem, we obtain that for every

g = P_cϕ in the dense subspace P_c(D(B_n)) of L^1_a and for every z ∈ B_n, � B_n

(T_μk̃^c_ζ )(z)g(ζ)dν(ζ) = � B_n

(T_μk̃^c_ζ )(z)ϕ(ζ)dν(ζ) = � B_n � B_n 1 (1 − (z · w)^{n+1}

(1 − |ζ|^2)^c (1 − (w · ζ)^{n+1+c} dμ(w) � ϕ(ζ)dν(ζ) = � B_n � B_n

(1 − |ζ|^2)^c (1 − (w · ζ))^{n+1+c} ϕ(ζ)dν(ζ) � 1 (1 − zw̄)^2 dμ(w)

= d(c)^{−1} � B_n

g(w) (1 − (z · w))^{n+1} dμ(w) = d(c)^{−1}T_μg(z).

This proves identity (4.4) and so the implication (2) ⇒ (1) is proved for case (b). �

Our next lemma shows that our necessary condition, when A = T_μ, in Theorem

4.2.5 is remarkably strong.

4.2.6 Lemma

Let c > 0 and μ is a complex Borel measure in B_n. Then there exists a constant C

such that for all z, ξ ∈ B_n, � � � � B_n

(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) (1 − (z · w))^{n+1+c} � � � ≤ C (1 − |z|^2)^{n+1+c}

‖T_μk̃^c_ξ‖_1. (4.6)

Proof Let ξ, z ∈ B_n. Then equation (3.31) implies � � � � � B_n

(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) (1 − (z · w))^{n+1+c} � � � � ≤ C (1 − |z|^2)^{n+1+c} � B_n

(1 − |ξ|^2)^c � � � � B_n

(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) (1 − (ζ · w))^{n+1+c} � � � dν(ζ).

We apply (4.1) to get that the last equation is atmost B (1 − |z|^2)^{n+1+c} � B_n � � � � B_n

(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) (1 − (ζ · w))^{n+1} � � � dν(ζ) = B (1 − |z|^2)^{n+1+c}

‖T_μk̃^c_ξ‖_1, which completes the proof. �

4.2.7 Remark

If we take ξ = z in (4.6), we see that for each ξ ∈ B_n, � � � � � B_n

(1 − |ξ|^2)^{n+1+2c} |1 − (w · ξ)|^{2(n+1+c)} dμ(w) � � � � ≤ C sup_{ξ∈Bn} ‖T^μ k̃^c_ξ‖_1.

Thus for positive measures, this clearly shows that our necessary condition implies

that μ must be a Carleson measure.

Let ▽f(z) be the holomorphic gradient of f at z, that is

▽f(z) = � ∂f ∂z_1 , ∂f ∂z_2

, · · · , ∂f ∂z_n � . We recall the definition of the Bloch space, B^∞(B_n), to be the space of analytic

functions f in B_n for which

‖f‖_B∞ = sup_{z∈Bn}(1 − |z|^2)| ▽ f(z)| < ∞.

We define the Logarithmic Bloch space, LB, to be the space of analytic functions,

f, on the unit ball such that

sup_{z∈Bn}(1 − |z|^2)| ▽ f(z)| log � 2 1 − |z|^2 � < ∞.

We have the following characterization with anti-analytic symbols.

4.2.8 Theorem

Let f ∈ L^1_a. The following three assertions are equivalent;

(1) T¯_f is bounded on L^1_a; (2) the following estimate holds: sup_{z∈Bn} ||T¯_fk̃^c_z||_1 < ∞ for some (all) c > 0;

(3) f belongs to L^∞_a ∩ LB.

Proof The implication (1) ⇒ (2). was shown in the proof of Theorem 1.1. The equivalence (1). ⇔ (3). was proved by K. Zhu [51]. It suffices to prove the implication (2) ⇒ (1). Apply Theorem 4.2.5, since the measure fdν = dμ is a complex measure on B_n. �

We extend some results on boundedness of [45] to the unit ball. We will need the following Lemma.

4.2.9 Lemma

For all z, w ∈ B_n we have

(1) |w − φ_w(z)|^2 =

(1 − |w|^2)(|z|^2 − |(z · w)|^2 |1 − (z · w)|^2 . Consequently,

(2) |w − φ_w(z)| ≥

(1 − |w|^2)|z| |1 − (z · w)| , and (3) |w − φ_w(z)|^2 ≤

2(1 − |w|^2) |1 − (z · w)| . Proof. Observe that

(w − φ_w(z))(1 − (z · w)) = (1 − |w|^2)P_w(z) + � (1 − |w|^2)Q_w(z).

Since (P_w(z) · Q_z(w)) = 0 we have

|(1 − |w|^2)P_w(z) + � (1 − |w|^2)Q_w(z)|^2 = (1 − |w|^2)^2|P_w(z)|^2 + (1 − |w|^2)|Q_w(z)|^2.

Now, using the identities |Q_w(z)|^2 = |z|^2 −^{|(z·w)|2}_{|w|2} and |P_w(z)|^2 =^{|(z·w)|2}_{|w|2} we have

(1 − |w|^2)^2|P_w(z)|^2 + (1 − |w|^2)|Q_w(z)|^2 = |z|^2 − |(z · w)|^2(1 − |w|^2)

which gives (1). The inequality (2) follows from (1) and the fact that |(z ·w)| ≤ |z||w|. The inequality (3) follows from (1) and the estimates

|z|^2 − |(z · w)|^2 ≤ 1 − |(z · w)|^2 = (1 + |(z · w)|)(1 − |(z · w)|) ≤ 2(1 − |(z · w)|). �

Let k be a non-negative integer and let

τ_k(w, z) := 1 B(n, k) n−1� p=0 � �n − 1 p � � (−1)^p k + p

(1 − |φ_w(z)|^2)^p,

where B(n, k) is the Bessel function

B(n, k) =

Γ(n)Γ(k) Γ(n + k) . We associate to every complex Borel measure μ on B_n the locally integrable function R_i(μ), i = 1, 2, · · · , n, defined on B_n by and

R_i(μ)(w) := (1 − |w|^2) � B_n

(w_i − z_i)(1 − (z · w))^{n−1} |w − z|^{2n}(1 − (w · z))^2 τ_k(w, z)dμ(z), w ∈ B_n.

We say that μ satisfies condition (R) if the measure |R_i(μ)(w)|dν(w), i = 1, 2, · · · , n, is a Carleson measure for Bergman spaces. We simply say that f ∈ L^1 satisfies condition (R) when the measure dμ = fdν satisfies condition (R).

4.2.10 Remark

When n = 1 the function R(μ) is given by

R(μ)(w) := (1 − |w|^2) � B_1

dμ(z) (z − w)(1 − zw̄)^2 , which was introduced in [45].

4.2.11 Lemma

If μ is a complex measure on B_n such that |μ| is a Carleson measure for Bergman spaces then μ satisfies the condition (R) and hence

R(μ)(w) = n� i=1 |R_i(μ)(w)|dν(w)

is a Carleson measure for Bergman spaces.

Proof. We fix r > 0. The question is to prove that if |μ| is a Carleson measure for Bergman spaces then

sup_{z∈Bn} 1 ν(D(ξ, r)) � D(ξ,r)

|R_i(μ)(w)|dν(w) < ∞, i = 1, 2, · · · , n. (4.7)

First observe if we let w = φ_z(a) in assertion (2) of Lemma 4.2.9 we have

|z − w| ≥ |1 − (z · w)||φ_z(w)|.

Applying Fubini’s Theorem and using (2) we obtain 1 ν(D(ξ, r)) � D(ξ,r)

|R_i(μ)(w)|dν(w) = 1 ν(D(ξ, r)) � D(ξ,r) � � � �(1 − |w|^2) � B_n

(w_i − z_i)(1 − (z · w))^{n−1} |w − z|^{2n}(1 − (w · z))^2 τ_k(w, z)dμ(z) � � � � dν(w) ≤ C ν(D(ξ, r)) � B_n � D(ξ,r)

|1 − (z · w)|^{n−3}(1 − |w|^2) |w − z|^{2n−1} dν(w)d|μ|(z) ≤ C ν(D(ξ, r)) � B_n � D(ξ,r)

|1 − (z · w)|^{n−3}(1 − |w|^2) |1 − (z · w)|^{2n−1}|φ_z(w)|^{2n−1} dν(w)d|μ|(z) = C ν(D(ξ, r)) � D(ξ,3r) + � B_n/D(ξ,3r) � � D(ξ,r)

(1 − |w|^2) |1 − (z · w)|^{n+2}|φ_z(w)|^{2n−1} dν(w)d|μ|(z)

= I + J,

where I = C ν(D(ξ, r)) � D(ξ,3r) � D(ξ,r)

(1 − |w|^2) |1 − (z · w)|^{n+2}|φ_z(w)|^{2n−1} dν(w)d|μ|(z) and J = C ν(D(ξ, r)) � B_n/D(ξ,3r) � D(ξ,r)

(1 − |w|^2) |1 − (z · w)|^{n+2}|φ_z(w)|^{2n−1} dν(w)d|μ|(z).

Now if z ∈ D(ξ, 3r) and w ∈ D(ξ, r), we know that ν(D(ξ, r)) ≈ ν(D(z, r)) ≈ (1−

|ξ|^2)^{n+1} and that |1 − (z · w)| ≈ (1 − |ξ|^2) ≈ (1 − |w|^2) and we have D(ξ, r) ⊂ D(z, 4r).

Thus I ≤ C (1 − |ξ|^2)^{2n+2} � D(ξ,3r) � D(z,4r) 1 |φ_z(w)|^{2n−1} dν(w)d|μ|(z) = C (1 − |ξ|^2)^{2n+2} � D(ξ,3r) � D(0,4r) 1 |w|^{2n−1}

|J_{φz} (w)|^2dν(w) � d|μ|(z) ≤ C_r (1 − |ξ|^2)^{n+1} � D(ξ,3r) � D(0,4r) 1 |w|^{2n−1} dν(w)d|μ|(z) ≤ C|μ|(D(ξ, 3r)) (1 − |ξ|^2)^{n+1}

< ∞, here we have made the change of variable w = φ_z to get the first equality.

We now consider J.

If z /∈ D(ξ, 3r) and w ∈ D(ξ, r), we have β(z, w) ≥ 2r. This implies |φ_z(w)| ≥

e^{4r} −1 e^{4r} +1 > 0. This and the fact that |μ| is a Carleson measure gives J = C ν(D(ξ, r)) � B_n/D(ξ,3r) � D(ξ,r)

(1 − |w|^2) |1 − (z · w)|^{n+2}|φ_z(w)|^{2n−1} dν(w)d|μ|(z)

≤ C_r 1 ν(D(ξ, r)) � B_n/D(ξ,3r) � D(ξ,r)

(1 − |w|^2) |1 − (z · w)|^{n+2} dν(w)d|μ|(z) ≤ C_rC(|μ|) ν(D(ξ, r)) � D(ξ,r) � B_n

(1 − |w|^2) |1 − (z · w)|^{n+2} dν(z)dν(w) ≤ C^′_rC(|μ|) ν(D(ξ, r)) � D(ξ,r)

dν(w) < ∞.

This shows that (4.7) holds for every i = 1, 2, · · · , n. �

We introduce the standard volume form on C^n,

dν(ξ) = � 1 2iπ �_{n n}� i=1 (dξ_i ∧ dξ_i), (4.8)

where_n � i=1 (dξ_i ∧ dξ) = (dξ_1 ∧ dξ_1) ∧ (dξ_2 ∧ dξ_2) ∧ · · · ∧ (dξ_n ∧ dξ_n).

Also if u is continuously differentiable on C^n then

∂u(ξ) := n� i=1 ∂u ∂ξ_i dξ_i,

where ∂ ∂ξ_i ≡ 1 2 � ∂ ∂x_i + i ∂ ∂y_i � , ξ_i = x_i + iy_i, i = 1, 2, · · · , n, and ∂ ∂ξ_i ≡ 1 2 � ∂ ∂x_i − i ∂ ∂y_i � , ξ_i = x_i + iy_i, i = 1, 2, · · · , n.

We recall that if u ∈ C^1(B_1), and z ∈ B_1,the unit disk of C, then

u(z) = k 2iπ � B_1

u(ξ)

(1 − |ξ|^2)^{k−1} (1 − ξz)^{k+1} dξ ∧ dξ + 1 2iπ � B_1 ∂u ∂ξ (ξ) (1 − |ξ|^2)^k (z − ξ)(1 − ξz)^{k+1} dξ ∧ dξ

= P_{k−1}u(z) + 1 2iπ � B_1 ∂u ∂ξ (ξ) (1 − |ξ|^2)^k (z − ξ)(1 − ξz)^{k+1} dξ ∧ dξ,

where k0 a non-zero positive integer. We note that the second integral is zero if u is

analytic on B_1. The extension of the above formula to the unit ball in C^n is given by

P.Charpentier [17] which we shall present below. If u ∈ C^1(B_n), k > 0 and z ∈ B_n

then

u(z) = P_{k−1}u(z) + � B_n

∂u ∧ C_k(ξ, z), (4.9)

where

C_k(ξ, z) = Ψ_k(ξ, z)C_0(ξ, z), and Ψ_k(ξ, z) = � (1 − |ξ|^2) (1 − (z · ξ))

�_k

τ_k(ξ, z),

C_0(ξ, z) = d(n)

(1 − (ξ · z))^{n−1} |ξ − z|^{2n}

�_n � i=1 (−1)^{i−1}(ξ_i − z_i) � j≠i

dξ_j

�_n � i=1 dξ_i,

with d(n) = −(−1)^{n(n−1)/2 (n−1)!}_{(2iπ)n} .

4.2.12 Lemma

Let u ∈ C^1(B_n), and k > 0. Then there exists a constant, C = C(n), such that � B_n

∂u ∧ C_k(ξ, z) = C n� i=1 � B_n ∂u ∂ξ_i

(ξ)(ξ_i − z_i)Ψ_k(ξ, z)

(1 − (ξ · z))^{n−1} |ξ − z|^{2n} dν(ξ). (4.10)

Proof.

�_n � i=1 (−1)^{i−1}(ξ_i − z_i) � j≠i

dξ_j

�_n � i=1 dξ_i

= � (ξ_1 − z_1) n� j=2 dξ_j − (ξ_2 − z_2) n� j=1,j≠2

dξ_j + · · · + (−1)^{n−1}(ξ_n − z_n) n−1� j=1 dξ_j

�_n � i=1 dξ_i

= (−1)^{n(n−1)/2}(ξ_1 − z_1)dξ_1 n� j=2 (dξ_j ∧ dξ_j) + (−1)^{n(n−1)/2}(ξ_2 − z_2)dξ_1 ∧ dξ_1 ∧ dξ_2 n� j=3 (dξ_j ∧ dξ_j) + · · · + (−1)^{n(n−1)/2}(ξ_n − z_n) n−1� j=1 (dξ_j ∧ dξ_j) ∧ dξ_n

= (−1)^{n(n−1)/2}(ξ_1 − z_1)dξ_1 n� j=2 (dξ_j ∧ dξ_j)

+ (−1)^{n(n−1)/2} n� i=2 (ξ_i − z_i) i−1� j=1 (dξ_j ∧ dξ_j) ∧ dξ_i n� j=i+1

(dξ_j ∧ dξ_j).

Let G(ξ, z) = (−1)^{n(n−1)/2}d(n)^{(1−(ξ·z))n−1}_{|ξ−z|2n} and let’s use the notation

(ξ_i − z_i)

�_0

j=1(dξ_j ∧ dξ_j) = (ξ_i − z_i). Then

C_0(ξ, z) = G(ξ, z) n� i=1 (ξ_i − z_i) i−1� j=1 (dξ_j ∧ dξ_j) ∧ dξ_i n� j=i+1

(dξ_j ∧ dξ_j),

and thus

C_k(ξ, z) = Ψ_k(ξ, z)G(ξ, z) n� i=1 (ξ_i − z_i) i−1� j=1 (dξ_j ∧ dξ_j) ∧ dξ_i n� j=i+1

(dξ_j ∧ dξ_j),

which is an (n, n − 1) form. Also since

∂u(ξ) = n� i=1 ∂u ∂ξ_i dξ_i

and the fact that dξ_i ∧ dξ_i = 0, dξ_i ∧ dξ_i = 0, dξ_i ∧ dξ_j = −dξ_j ∧ dξ_i and dξ_i ∧ dξ_j =

−dξ_j ∧ dξ_i we obtain

∂u(ξ) ∧ C_k(ξ, z) = n� i=1 ∂u ∂ξ_i dξ_i ∧ Ψ_k(ξ, z)G(ξ, z) n� i=1 (ξ_i − z_i) i−1� j=1 (dξ_j ∧ dξ_j) ∧ dξ_i n� j=i+1

(dξ_j ∧ dξ_j)

= Ψ_k(ξ, z)G(ξ, z) n� i=1 ∂u ∂ξ_i

(ξ_i − z_i) n� j=1 (dξ_j ∧ dξ_j).

Now using (4.8) we see that ∂u(ξ) ∧ C_k(ξ, z) = C_nΨ_k(ξ, z)G(ξ, z) n� i=1 ∂u ∂ξ_i

(ξ_i − z_i) dν(ξ).

Substituting this gives (4.10). �

4.2.13 Lemma

Let h ∈ L^∞_a and g ∈ B^∞. Then there exists a constant, C = C(n), such that (I − P_1)(gh)(z) = n� i=1 � B_n

h(ξ) ∂g ∂ξ_i

(ξ)(ξ_i − z_i)Ψ_2(ξ, z)

(1 − (ξ · z))^{n−1} |ξ − z|^{2n} dν(ξ), z ∈ B_n.

Proof Let r ∈ (0, 1) and z ∈ B_n. Set g_r(z) = g(rz) and h_r(z) = h(rz). Then the function u = g_rh_r is in C^1(B_n) and thus by (4.9) (I − P_1)u(z) = � B_n

∂u ∧ C_2(ξ, z).

Now since h is analytic we see that ∂u = ∂(g_rh_r) = h_r∂(g_r), and thus Lemma 4.2.12 shows that (I − P_1)(g_rh_r)(z) = C n� i=1 � B_n

h(rξ)r ∂g ∂ξ_i

(rξ)(ξ_i − z_i)Ψ_2(ξ, z)

(1 − (ξ · z))^{n−1} |ξ − z|^{2n} dν(ξ). (4.11)

Now since,

|Ψ_2(ξ, z)| ≤ |C_n|

(1 − |ξ|^2)^2 |1 − (ξ · z)|^2 , we have that � � �h(rξ)r ∂g ∂ξ_i

(rξ)(ξ_i − z_i)Ψ_2(ξ, z)

(1 − (ξ · z))^{n−1} |ξ − z|^{2n} � � � ≤ |C_n||h(rξ)|r � � � ∂g ∂ξ_i

(rξ) � � � (1 − |ξ|^2)^2 |1 − (ξ · z)|^2

|1 − (ξ · z)|^{n−1} |ξ − z|^{2n−1}

≤ C^′‖g‖_B∞ ‖h‖_∞

(1 − |ξ|^2)|1 − (ξ · z)|^{n−3} |ξ − z|^{2n−1} . Now the latter function is integrable with respect to dν(ξ) for each z ∈ B_n. Thus

dominated convergence gives the convergence of the right hand side of (4.11). For

the left hand side, we note that g_rh_r → gh pointwise and also in L^2 and hence in

L^2(B_n, (1 − |z|^2)dν(z)), so P_1(g_rh_r) → P_1(gh) in L^2(B_n, (1 − |z|^2)dν(z)) as r → 1^−.

That is,

(I − P_1)g_rh_r(z) → (I − P_1)gh(z), as r → 1, for each z ∈ B_n. �

We now give an extension of Theorem 2.1 of [45] to the unit ball of C^n.

4.2.14 Theorem

Suppose μ is a complex measure which satisfies the condition (R). Then T_μ is bounded

on B^∞ if and only if P (μ) ∈ LB.

Moreover, there exists a positive constant C such that for every complex Borel

measure μ satisfying the condition (R), the following estimate holds:

‖P (μ)‖_{LB} ≤ C(‖T_μ‖ + Carl(R(μ)), (4.12)

where Carl(R(μ)) denotes the Carleson measure constant for the measure R(μ)(ξ)dν(ξ).

Proof. Let g ∈ B^∞ and h ∈ L^∞_a . Since (L^1_a)^∗ = B^∞ with respect to the usual L^2- duality pairing, we have

⟨h, T_μg⟩ = � B_n

h(w)T_μg(w)dν(w) = � B_n

h(w) � B_n

g(z)K_z(w)dμ(z)dν(w) = � B_n

g(z) � B_n

h(w)K_w(z)dν(w)dμ(z) = � B_n

g(z)h(z)dμ(z) = � B_n

P_1(gh)(z)dμ(z) + � B_n

(I − P_1)(gh)(z)dμ(z) (4.13) = I_1 + I_2.

By Lemma 4.2.13 we have

I_2 = � B_n

C(n) n� i=1 � B_n

h(ξ) ∂g ∂ξ_i

(ξ)(ξ_i − z_i)Ψ_2(ξ, z)

(1 − (ξ · z))^{n−1}

|ξ − z|^{2n} dν(ξ)dμ(z)

= C(n) n� i=1 � B_n � B_n

h(ξ) ∂g ∂ξ_i

(ξ)(ξ_i − z_i)τ(ξ, z)

(1 − |ξ|^2)^2(1 − (ξ · z))^{n−1} |ξ − z|^{2n}(1 − (z · ξ))^2 dν(ξ)dμ(z)

= C(n) n� i=1 � B_n

h(ξ) ∂g ∂ξ_i

(ξ)(1 − |ξ|^2)R_i(μ)(ξ) dν(ξ).

Thus, Lemma 4.2.12 implies

|I_2| ≤ C^′(n)‖g‖_B∞ � B_n

|h(ξ)| n� i=1 |R_i(μ)(ξ)|dν(ξ) ≤ C^′(n)C(μ)‖g‖_B∞ ‖h‖_1

where C(μ) is the Carleson measure constant for the measure

�_n i=1 |R_i(μ)(ξ)|dν(ξ).

On the other hand, by Fubini’s Theorem

I_1 = � B_n � B_n

h(ξ)g(ξ)

(1 − |ξ|^2) (1 − (z · ξ))^{n+2} dν(ξ)dμ(ξ) = � B_n

h(ξ)g(ξ)(1 − |ξ|^2) � B_n

dμ(ξ) (1 − (ξ · z))^{n+2} dν(ξ) = � B_n

h(ξ)g(ξ)(1 − |ξ|^2)Q(μ)(ξ)dν(ξ),

where Q is given by Q(μ)(ξ) = � B_n

dμ(z) (1 − (ξ · z))^{n+2}

. (4.14) Thus T_μ(g) ∈ B^∞ if and only if

g(ξ)(1 − |ξ|^2)Q(μ)(ξ) ∈ L^∞. (4.15)

Now, the relation between Q(μ) and P (μ) is

Q(μ)(ξ) = P (μ)(ξ)(n + 1) + n� i=1 ξ_i ∂ ∂ξ_i

P (μ)(ξ). (4.16)

Thus if P (μ) ∈ LB, then

Q(μ)(ξ)(1 − |ξ|^2) log 2 1 − |ξ|^2

∈ L^∞

which shows that (4.15) holds.

Conversely, if T_μ is bounded on B^∞, then by (4.15) there exists a constant C > 0, independent of g, such that

(1 − |ξ|^2)|g(ξ)Q(μ)(ξ)| ≤ C‖g‖_B∞ . (4.17)

Using g_a(w) = log^2_{(1−(w·a))} , a ∈ B_n we get

Q(μ)(ξ)(1 − |ξ|^2) log 2 1 − |ξ|^2

∈ L^∞, (4.18) since ‖g_a‖_B∞ is uniformly bounded. Now the boundedness of T_μ on B^∞, implies P (μ) ∈ B^∞ and thus (1 − |ξ|^2) log^2_{1−|ξ|2} |P (μ)(ξ)| ≤ C‖P (μ)‖_B∞ < ∞, that is (1 − |ξ|^2) log^2_{1−|ξ|2} P (μ)(ξ) ∈ L^∞. Equations (4.16) and (4.18) shows that (1 − |ξ|^2) log^2_{1−|ξ|2} | ▽ P (μ)(ξ)| ∈ L^∞ that is P (μ) ∈ LB.

To get the estimate (4.12), we observe using (4.13), Lemma 4.2.13 and the definition of the operator P_1 that

T_μg = P � C(n) n� i=1 ∂g(ξ) ∂ξ_i

(1 − |ξ|^2)R_i(μ) � + P (g(1 − |ξ|^2)Q(μ)). (4.19)

Let L denote the operator on the space of bounded analytic functions, L^∞_a , defined by L(g) := P (g(1 − |ξ|^2)Q(μ)), g ∈ L^∞_a .

Then T_μ is bounded on B^∞ if and only if the operator L extends to a bounded operator on B^∞ with equivalent norms. Thus for every g ∈ B^∞, with ‖g‖_B∞ = 1, we have

‖P (μ)‖_{LB} ≤ C^{′′} sup_{a∈Bn} ‖L(g_a)‖_B∞ ≤ C^′ sup_{a∈Bn}{‖T_μg_a‖_B∞ + C(n)Carl(R(μ))‖g_a‖_B∞ } ≤ C(‖T_μ‖ + C(n)Carl(R(μ))). �

By the duality between B^∞ and L^1_a with respect to the usual pairing in L^2(B_n, dν), if T_μ is bounded on B^∞, the adjoint operator of T_μ is T_{μ̄} and is bounded on L^1_a. This gives the following corollary.

4.2.15 Corollary

Let μ be a complex measure satisfying the condition (R). Then T_μ is bounded on L^1_a if and only if P (μ) ∈ LB.

4.2.16 Corollary

Let μ be a positive measure on B_n and let c > 0. Then the following four assertions are equivalent:

(i) The Toeplitz operator T_μ is bounded on L^1_a;

(ii) For every positive constant c, there is a constant A such that sup_{ξ∈Bn} ‖T_μk̃^c_ξ‖_1 ≤ A.

(iii) There is a constant A such that sup_{ξ∈Bn} ‖T_μk̃^1_ξ ‖_1 < ∞.

(iv) μ is a Carleson measure for Bergman spaces and P (μ) ∈ LB. Proof. It is clear that (i) ⇒ (ii) and (ii) ⇒ (iii). It suffices to show that (iii) ⇒ (iv) and (iv) ⇒ (i). For the implication (iii) ⇒ (iv) Remark 4.2.7 shows that μ is a Carleson measure for Bergman spaces. Thus we have to show that P (μ) ∈ LB. We shall use the following result:

4.2.17 Lemma

Let μ be a positive Carleson measure for Bergman spaces. Then the operator S_μ(h)(z) = (1 − |z|^2) � B_n

h(z) − h(w) (1 − (z · w))^{n+2} dμ(w) is bounded from B^∞ to L^∞.

Proof Using the Carleson condition, Lemma 4.2.6 and a change of variable w = φ_z

we have

|S_μ(h)(z)| ≤ (1 − |z|^2) � B_n

|h(z) − h(w)| |1 − (z · w)|^{n+2} dμ(w)

≤ C(μ)(1 − |z|^2) � B_n

|h(z) − h(w)| |1 − (z · w)|^{n+2} dν(w)

≤ C(μ)(1 − |z|^2)‖h‖_B∞ � B_n

β(z, w) |1 − (z · w)|^{n+2} dν(w)

≤ C(μ)‖h‖_B∞ � B_n

β(0, w) |1 − (z · w)|^n dν(w)

≤ C‖h‖_B∞

by lemma 3.2.2, and this proves the Lemma.

We continue our proof of (iii) ⇒ (iv). Let h ∈ B^∞ and z ∈ B_n. Then � T_μk̃^1_z , h � = � B_n

T_μk̃^1_z (w)h(w)dν(w) = � B_n � B_n

(1 − |z|^2) (1 − (ζ · z))^{n+2} dμ(ζ) (1 − (wζ̇))^{n+1} � h(w)dν(w)

= (1 − |z|^2) � B_n 1 (1 − (ζ · z))^{n+2} � B_n

h(w)dν(w) (1 − (ζ · w))^{n+1} dμ(ζ)

= (1 − |z|^2)L_μ(h)(z)

where L_μ(h)(z) = � B_n h(ζ) (1−(z·ζ))^{n+2} dμ(ζ), and Lμ(1)(z) = Q(μ)(z). It is then easy to

obtain this identity

(1 − |z|^2)h(z) L_μ(1)(z) = � T_μk̃^1_z , h � + S_μ(h)(z) (4.20)

for z ∈ B_n and h ∈ B^∞. So that using Lemma 4.2.17 we get

(1 − |z|^2)|h(z)L_μ(1)(z)| ≤ C||h||_B∞ (4.21) for z ∈ B_n and h ∈ B^∞. A similar argument as in the proof of the converse part of Theorem 4.2.14 we see that P (μ) ∈ LB. The implication (iv) ⇒ (i) follows from Corollary 4.2.15 since μ is a Carleson measure and thus satisfies the condition (R). � 4.2.18 Remark

We just want to point out here that the condition P (μ) ∈ LB is not superfluous in assertion (iv). If this is the case, every Carleson measure μ for the Bergman spaces would satisfy P (μ) ∈ LB. In particular, for every bounded non-negative function on B_n, we have that P (f) ∈ LB. Thus if f is a real and bounded function on B_n then f = f^+ + f^− with P (f^+) ∈ LB and P (f^−) ∈ LB. This shows that P (f) ∈ LB for all bounded complex functions on B_n. This will imply B^∞ is contained in LB which is false.

4.2.19 Corollary

Suppose that μ is a complex Borel measure on B_n such that T_μ is bounded on L^1_a. Then for every z ∈ B_n, the Toeplitz operator T_{Kzμ} is bounded on the Bloch space B^∞.

We suppose further that the measure K_zμ̄ satisfies condition (R) for every z ∈ B_n with the following uniform condition:

∀r ∈ (0, 1), sup_{z∈rBn} Carl(R(K_zμ)) < ∞

(this is the case when |μ| is a Carleson measure for Bergman spaces). Then for every r ∈ (0, 1), there exists a constant C = C(r) such that

sup_{z∈rBn} ||P (K_zμ̄)||_{LB} ≤ C(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))), where ||T_μ|| denotes the norm operator of T_μ on L^1_a and Carl(R(K_zμ)) denotes the Carleson constant of the Carleson measure |R(K_zμ)|dν.

Proof It is easy to check that for every g ∈ B^∞ and for every z ∈ B_n, the function K_zg belongs to B^∞ and there exists a constant C(z) such that ||K_zg||_B∞ ≤ C(z)||g||_B∞ . Hence, for all g ∈ B^∞, h ∈ L^2_a and z ∈ B_n, we get: |⟨T_{Kzμ̄}g, h⟩| = |⟨K_zg, T_μh⟩| ≤ ‖K_zg‖_B∞ ‖T_μh‖_1 ≤ C(z)||g||_B∞ ||T_μ||||h||_1.

For every r ∈ (0, 1), there exists a constant C(r) such that sup_{z∈rBn} ||K_zg||_B∞ ≤ C(r)||g||_B∞ .

Hence for all g ∈ B^∞, h ∈ L^2_a and z ∈ rB_n, we have that |⟨T_{Kzμ̄}g, h⟩| ≤ C(r)‖g‖_B∞ ||T_μ||‖h‖_1.

If we denote by ||T_{Kzμ̄}||^′ the operator norm of T_{Kzμ̄} on B^∞, we obtain ||T_{Kzμ̄}||^′ ≤ C(r)||T_μ||.

Since the measure K_zμ̄ satisfies condition (R) for every z ∈ B_n, the conclusion follows from inequality ||P (K_zμ̄)||_{LB} ≤ C(||T_{Kzμ̄}||^′ + Carl(R(K_zμ̄)). � 4.3 Duality

In this section we will be extending duality results of Shields and Williams [40], to the case n > 1. We note that Ren and Xiao [36] had extended this results with weights that are slightly different from that of Shields and Williams [40]. Since our method

to prove the compactness result could not make use of the weights used by Ren and

Xiao [36] we have to extend it with weights that will be useful in our study. Most of

the lemmas are found in [40] and [36] with some slight modifications in some cases.

4.3.1 Lemma

For α > −1, and n = 0, 1, · · · ,

�_1 0 r^n(1 − r)^αdr =

Γ(n + 1)Γ(α + 1) Γ(n + α + 1)

= n!/(α + 1)(α + 2) · · · (α + n + 1).

Proof The proof is by induction on n. The result is trivial for n = 0. Assume that

it holds for n = k and all α > −1. Integrating by parts �_1 0 r^{k+1}(1 − r)^αdr = (k + 1)(α + 1)^{−1}

�_1 0 r^k(1 − r)^{α+1}dr.

Now we apply the induction hypothesis on the right side to see that the result holds

for n = k + 1 and hence for all n = 0, 1, · · · . �

4.3.2 Lemma

For δ > −1 and m > 1 + δ we have �_1 0 (1 − ρr)^{−m}(1 − r)^δdr ≤ C(1 − ρ)^{1+δ−m}, 0 < ρ < 1.

Proof Integrating by parts,

�_1 0 (1 − ρr)^{−m}(1 − r)^δdr = 1 1 + δ + mρ 1 + δ

�_1 0 (1 − ρr)^{−m−1}(1 − r)^{δ+1}dr ≤ 1 1 + δ + mρ 1 + δ

�_1 0 (1 − ρr)^{−m+δ}dr = 1 δ + 1 − m − m (δ + 1)(δ + 1 − m)

(1 − ρ)^{δ+1−m} = 1 1 + δ

(1 − ρ)^{δ+1−m} where the first inequality is from the fact that (1 − r)^{δ+1} ≤ (1 − ρr)^{δ+1}. �

4.3.3 Definition of some spaces of holomorphic functions

Let ϕ, ψ be positive and continuous functions on [0, 1) with

lim_{r→1} ϕ(r) = 0 and

�_1 0 ψ(r)dr < ∞.

Let H(B_n) denote the space of holomorphic function on the unit ball in C^n. For f ∈ H(B_n), let

‖f‖_ϕ = sup_{z∈Bn} |f(z)|ϕ(|z|) = sup_{0≤r<1} M_∞(f, r)ϕ(r),

‖f‖_ψ = � B_n

|f(z)|ψ(|z|) dν(z) = 2n

�_1 0 r^{2n−1}M_1(f, r)ψ(r)dr where M_∞(f, r) = max_{|z|=r} |f(z)| and M_1(f, r) = � S_n

|f(rξ)|dσ(ξ).

We define the following spaces of holomorphic functions.

A_∞(ϕ) = {f ∈ H(B_n) : ‖f‖_ϕ < ∞},

A_0(ϕ) = {f ∈ H(B_n) : sup_{0≤r<1} M_∞(f, r)ϕ(r) = 0, } A^1(ψ) = {f ∈ H(B_n) : ‖f‖_ψ < ∞}.

Clearly A_0(ϕ) ⊂ A_∞(ϕ) so we may use the norm ‖f‖_ϕ on A_0(ϕ). These three spaces are all norm linear spaces with the indicated norms.

If L^1_ψ(B_n) = L^1(ψ) denotes the Banach space of measurable functions f such that ‖f‖_ψ = � B_n |f| dνψ < ∞, where dνψ(z) = ψ(|z|) dν(z) then A

1(ψ) is the closed subspace of L^1(ψ) consisting of all analytic functions.

4.3.4 Lemma

Let A denote any of the above three normed spaces.

(i) If D is a bounded subset of A, then the functions in D are uniformly bounded on each compact subset of B_n.

(ii) If f_n is a Cauchy in A, then it converges uniformly on each compact subset of B_n.

(iii) Point evaluation at any point of B_n is a bounded linear functional on A. (iv) A is a Banach space.

(v) A_0(ϕ) is a closed subspace of A_∞(ϕ).

Proof. (i) This is obvious for A_0(ϕ) and A_∞(ϕ). Suppose D is a bounded subset of A^1(ψ), and f ∈ D. For |z| ≤ R < 1, the Cauchy integral formulae gives f(z) = � S_n

f(ρξ)(1 − ρ^{−1}(z · ξ))^{−n} dσ(ξ), (4.22) where ρ = (1 + R)/2. Indeed, if f ∈ H(B_n) then the function g : ξ → f(^{1+R}_2 ξ) is in the Ball algebra (that is g is analytic on B_n and continuous up to the boundary S_n). This implies by the Cauchy integral formulae that g(ξ) = � S_n

g(w)dσ(w) (1 − (ξ · w))^n . So if ρ = (1 + R)/2 we have that f(ρξ) = � S_n

f(ρw)dσ(w) (1 − (ξ · w))^n . If z = ρξ ∈ B(0; ρ) then f(z) = � S_n

f(ρw)dσ(w) (1 − ρ^{−1}(z · w))^n , which gives (4.22).

Hence |f(z)| ≤ ((1 + R)/(1 − R))^nM_1(f, ρ).

Also, M_1(f, ρ)

�_1 ρ ψ(r)dr ≤

�_1 ρ M_1(f, r)ψ(r)dr ≤ ‖f‖_ψ, since M_1(f, r) is an increasing function of r by Corollary 4.21 of [47]. The gives the result.

(ii) and (iii) follow from the above estimate for f(z).

(iv) It is only necessary to establish completeness, and this is easy for A_∞(ϕ) and A_0(ϕ). If f_n is a Cauchy sequence in A^1(ψ), then it converges uniformly on compact sets to a holomorphic function f, by (ii). Also f ∈ A^1(ψ) by Fatou’s lemma. Thus A^1(ψ) is complete.

(v) This follows from (iv). �

Define f_r(z) = f(rz), 0 ≤ r < 1, for f ∈ H(B_n).

4.3.5 Lemma

(i) For f ∈ A^1(ψ) or A_0(ϕ), f_ρ → f in norm as ρ → 1.

(ii) The polynomials are dense in A^1(ψ) and A_0(ϕ).

Proof This is obvious for A_0(ϕ). For f ∈ A^1(ψ) and ϵ > 0 choose R < 1 so that � |z|>R

|f(z)|ψ(|z|) dν(z) = 2n

�_1 R r^{2n−1}M_1(f, r)dr < ϵ.

Since M_1(f_ρ, r) = M_1(f, rρ) ≤ M_1(f, r), we have � |z|>R

|f_ρ(z)|ψ(|z|) dν(z) < ϵ.

Choose ρ so that |f(z) − f_ρ(z)| < ϵ on |z| ≤ R. Then � B_n

|f(z) − f_ρ(z)|ψ(|z|) dν(z) ≤ ϵ � |z|≤R

ψ(|z|) dν(z) + 2ϵ ≤ ϵ(‖ψ‖_1 + 2).

(ii) In either A_0(ϕ) or A^1(ψ), if ϵ > 0 is given, choose ρ so that ‖f − f_ρ‖ < ϵ, which is possible by (i). Since the power series of f converges uniformly to f on every compact subset of B_n, we may choose a polynomial P so that |f_ρ(z) − P (z)| < ϵ on all of B_n. The result follows from ‖f − P ‖ ≤ ‖f − f_ρ‖ + ‖f_ρ − P ‖.

4.3.6 Definition

The positive continuous function ϕ will be called normal if there exist 0 < a < b and r_0 < 1 such that ϕ(r) (1 − r^2)^a

↘ 0 and ϕ(r) (1 − r^2)^b

↗ ∞ (r_0 ≤ r → 1^−). (4.23)

4.3.7 Definition

The functions {ϕ, ψ} is called a normal pair if ϕ is normal, ψ is integrable on (0, 1), and if for some b satisfying (4.23), there exists α > b − 1 such that

ϕ(r)ψ(r) = (1 − r^2)^α, 0 ≤ r < 1. (4.24)

The following is Lemma 7 of [40].

4.3.8 Lemma

If ϕ is normal then there exist ψ such that {ϕ, ψ} is a normal pair.

Proof Choose k such that ϵ(r) = (1 − r)^k/ϕ(r) → 0 as r → 1^−. Then

ψ(r) = (1 − r^2)^α/ϕ(r) = ϵ(r)(1 − r^2)^α/(1 − r)^k

which is integrable if we choose α > k − 1. �

The following lemma, (Lemma 8 of [40]) is basic for everything that follows in this section.

4.3.9 Lemma

If {ϕ, ψ} is a normal pair and if m ≥ α + 1 then I = �_1 0 (1 − ρr)^{−m}ψ(r)dr ≤ C 1 ϕ(ρ)

(1 − ρ)^{1+α−m}, 0 ≤ ρ < 1.

Proof With the notations in (4.23) and (4.24) we have

�_1 0 (1 − ρr)^{−m}ψ(r)dr =

�_{r0} 0 (1 − ρr)^{−m}ψ(r)dr +

�_1

r_0

(1 − ρr)^{−m}ψ(r)dr = I_1 + I_2.

Assume that ρ > r_0. Then

I_2 =

�_1

r_0

(1 − ρr)^{−m} 1 ϕ(r)

(1 − r)^αdr = �_ρ

r_0

(1 − ρr)^{−m} 1 ϕ(r)

(1 − r)^αdr +

�_1 ρ (1 − ρr)^{−m} 1 ϕ(r)

(1 − r)^αdr ≤ C �_ρ

r_0

(1 − ρr)^{−m}

(1 − r)^a ϕ(r)

(1 − r)^{α−a}dr + C

�_1 ρ (1 − ρr)^{−m}

(1 − r)^b ϕ(r)

(1 − r)^{α−b}dr ≤ C (1 − ρ)^a

ϕ(ρ)

�_ρ

r_0

(1 − ρr)^{−m}(1 − r)^{α−a}dr + C

(1 − ρ)^b ϕ(ρ)

�_1 ρ (1 − ρr)^{−m}(1 − r)^{α−b}dr

and the result follows from Lemma 4.3.2, since α−a > α−b > −1, and m > 1+α−a. Similarly,

I_1 =

�_{r0} 0 (1 − ρr)^{−m}

(1 − r)^α

ϕ(r) dr ≤ C

(1 − ρ)^a

ϕ(ρ)

�_{r0} 0 (1 − ρr)^{−m}(1 − r)^{α−a}dr and the required estimate follows as above.

Finally, if ρ ≤ r_0 a similar argument gives the required result. � From now to the end of this section {ϕ, ψ} will be a normal pair as defined above.

We shall use the following pairing between A_∞(ϕ) and A^1(ψ).

[f, g] = � B_n

f(z)g(z)ϕ(|z|)ψ(|z|) dν(z), f ∈ A_∞(ϕ), g ∈ A^1(ψ). (4.25)

Note that [f, g] is unchanged if f(z)g(z) is replaced by f(z)g(z).

4.3.10 Lemma

Let f = � β a_βz^β and g = � β b_β z^β be polynomials, where the summation is over all multi-indices β = (β_1, β_2, · · · , β_n) of non-negative integers. Then

[f, g] = � β a_β b_β n!β!Γ(n + |β|)Γ(α + 1) Γ(n + |β| + α + 1) . Proof

[f, g] = � β,θ a_θb_β � B_n

z^θz^β(1 − |z|^2)^α dν(z) = � β a_β b_β � B_n

|z^β |^2(1 − |z|^2)^α dν(z)

= � β a_β b_β2n

�_1 0 r^{2n+2|β|−1} � S_n

|ξ^β|^2(1 − r^2)^α dσ(ξ) dr

By Lemma 1.11 of [47], � S_n

|ξ^β|^2 dσ(ξ) =

(n − 1)!β!

(n − 1 + |β|)!

. (4.26)

Using (4.26) and Lemma 4.3.1 we have

[f, g] = � β a_β b_β

(n − 1)!β!

(n − 1 + |β|)! 2n �_1 0 r^{2n+2|β|−1}(1 − r^2)^α dr

= � β a_β b_β

(n − 1)!β!

(n − 1 + |β|)! n �_1 0 r^{n+|β|−1}(1 − r)^α dr = � β a_β b_β n!β!

(n − 1 + |β|)!

Γ(n + |β|)Γ(α + 1) Γ(n + |β| + α + 1) = � β a_β b_β n!β!Γ(n + |β|)Γ(α + 1) Γ(n + |β| + α + 1) . � Using Lemmas 4.3.5 and 4.3.10 we obtain the following.

4.3.11 Lemma

For f = � β a_βz^β ∈ A_∞(ϕ) and g = � β b_βz^β ∈ A^1(ψ), we have

(i) [f_ρ, g] = [f, g_ρ] = � a_β b_βρ^{|β|} n!β!Γ(n + |β|)Γ(α + 1) Γ(n + |β| + α + 1) , (ii) [f, g] = lim_{ρ→1}[f_ρ, g].

4.3.12 Lemma

For α > −1 we let

J_w(z) =

Γ(n + 1 + α) n!Γ(α + 1) 1 (1 − (w · z))^{n+1+α}

, w, z ∈ B_n.

Then

(i) J_w is both in A_0(ϕ) and A^1(ψ);

(ii) g(w) = [J_w, g], for all g ∈ A^1(ψ);

(iii) f(w) = [f, J_w], for all f ∈ A_∞(ϕ).

Proof (i) J_w is holomorphic for |z| < |w|^{−1} and so is both in A_0 and A^1.

(ii) Let b_{n,α} =^{Γ(n+1+α)}_{n!Γ(α+1)} and a_β =^{Γ(n+1+α+|β|)}_{Γ(n+1+α)β!} . Then 1 (1 − (w · z))^{n+1+α} = ∞� k=0 � |β|=k

a_βw^βz^β . (4.27)

Also, for any multi-index θ of non-negative integers we have

[J_w, z^θ] = b_{n,α} ∞� k=0 � |β|=k

a_βw^β[z^β , z^θ]

= b_{n,α} ∞� k=0 � |β|=k

a_βw^β � B_n

z^β z^θ(1 − |z|^2)^α dν(z)

= b_{n,α}a_θw^θ � B_n

|z^θ|^2(1 − |z|^2)^α dν(z)

= b_{n,α}a_θw^θ2n

�_1 0 r^{2n+2|θ|−1}(1 − r^2)^α dr � S_n

|ξ^θ|^2 dσ(ξ)

= b_{n,α}a_θw^θn

�_1 0 r^{n+|θ|−1}(1 − r)^αdr � S_n

|ξ^θ|^2 dσ(ξ).

Using (4.26) and Lemma 4.3.1 we see that

[J_w, z^θ] = w^θ,

for all multi-indices θ. The result follows for all polynomials. The general case follows from Lemmas 4.3.4(iii) and 4.3.5(iii) ( if two bounded linear functional agree on a dense set then they agree identically) which proves (ii). (iii) Let f ∈ A_∞(ϕ). It is easily known that � B_n |f(z)|(1 − |z|

2)^α dν(z) < ∞. This shows that f is in the weighted Bergman space L^1_a(B_n, d(α)(1 − |z|^2)^α dν). The result follows by Theorem 2.2 of [47]. �

Let C_0(B_n) denote the Banach space of continuous functions on the closed ball that vanish on the boundary, with supremum norm. Also let L^1(B_n) and L^∞(B_n) denote, respectively, the usual Banach spaces of integrable and essentially bounded measurable functions associated with Lebesgue measure on B_n. The maps

T_0 : A_0(ϕ) → C_0(B_n), T_∞ : A_∞(ϕ) → L^∞(B_n), T_1 : A^1(ψ) → L^1(B_n) (4.28)

defined by T_0f = ϕf, T_∞f = ϕf, T_1g = ψg are isometries. We use the following notation for the ranges of these operators.

Notation. T A_0 = T_0A_0(ϕ), T A_∞ = T_∞A_∞(ϕ), T A^1 = T_1A^1(ψ). Thus T A_0 is a subspace of C_0(B_n), T A^1 is a subspace of L^1(B_n), and T A_∞ is a subspace of L^∞(B_n). These subspaces are closed by Lemma 4.3.4.

Let M(B_n) denote the Banach space of complex valued, bounded Borel measures on B_n with the variation norm. The map

M : A^1(ψ) → M(B_n) (4.29)

defined by Mg = gψ dν is an isometry of A^1(ψ) unto a closed subspace of M(B_n), which we denote by MA^1.

We shall need the following:

4.3.13 Lemma � B_n

|J_w(z)|ψ(|z|) dν(z) ≤ C ϕ(|w|).

(4.30) Proof � B_n

|J_w(z)|ψ(|z|) dν(z) =

�_1 0 ψ(r)r^{2n−1}M_1(J_w, r)dr.

By Lemma 3.2.2 � S_n 1 (1 − (rw · ξ))^{n+1+α} dσ(ξ) ∼ 1 (1 − r^2|w|^2)^{α+1} α > −1.

Thus, M_1(J_w, r) ∼ C 1 (1 − r^2|w|^2)^{α+1} . From this we have � B_n

|J_w(z)|ψ(|z|) dν(z) ≤ C2n

�_1 0 ψ(r) 1 (1 − r^2|w|^2)^{α+1} dr. Applying Lemma 4.3.9 we obtain � B_n

|J_w(z)|ψ(|z|) dν(z) ≤ C^′ 1 ϕ(|w|) . � 4.3.14 Theorem

(i) The transformation P defined by

(P h)(w) = � B_n

J_w(z)h(z)ψ(|z|) dν(z), h ∈ L^∞(B_n), w ∈ B_n, (4.31)

is a bounded operator mapping L^∞(B_n) onto A_∞(ϕ). The operator T_∞P is a bounded projection of L^∞(B_n) onto the subspace T A_∞.

(ii) The operator P_0 = P |_{C0(Bn)} is a bounded operator mapping C_0(B_n) onto A_0(ϕ);

the operator T_0P_0 is a bounded projection of C_0(B_n) onto the subspace T A_0.

(iii) The transformation defined by

(Qμ)(w) = � B_n

J_w(z)ϕ(|z|) dμ(z), μ ∈ M(B_n), w ∈ B_n, (4.32)

is a bounded operator mapping M(B_n) unto A^1(ψ); the operator MQ is a bounded projection of M(B_n) onto the subspace MA^1.

(iv) The transformation Q_1 = Q|_L1_{(Bn)} is a bounded operator mapping L^1(B_n) unto A^1(ψ); the operator T_1Q_1 is a bounded projection of L^1(B_n) unto the subspace T A^1.

Proof (i) For w ∈ B_n and h ∈ L^∞(B_n) we have |(P h)(w)| ≤ � B_n

|J_w(z)||h(z)|ψ(|z|) dν(z) ≤ ‖h‖_∞ � B_n

|J_w(z)|ψ(|z|) dν(z).

Lemma 4.3.13 shows that sup_{w∈Bn} |(P h)(w)|ϕ(|w|) < ∞, that is, P is a bounded operator mapping L^∞(B_n) into A_∞(ϕ). Now let f ∈ A_∞(ϕ) be given. Then from Lemma 4.3.12(iii), (P (T_∞f))(w) = � B_n

(T_∞f)(z)J_w(z)ψ(|z|) dν(z) = � B_n

f(z)J_w(z)ϕ(|z|)ψ(|z|) dν(z) = [f, J_w] = f(w).

Thus P T_∞ = I, the identity on A_∞(ϕ), and so P is onto and T_∞P is a bounded projection of L^∞ onto the subspace T A_∞. This proves (i).

(ii) This follows from (i) if it can be shown that h ∈ C_0(B_n) implies P_0h ∈ A_0(ϕ). Given ϵ > 0, choose R ∈ (0, 1), such that |h(z)| < ϵ for |z| > R. Then |(P h)(w)| ≤ � |z|≤R + � |z|>R � |h(z)||J_w(z)ψ(|z|) dν(z) = I_1 + I_2.

From Lemma 4.3.13, I_2 ≤ Cϵ/ϕ(|w|). Also, I_1 ≤ c_R‖h‖_∞ where c_R is some constant depending on R. Hence |(P h)(w)|ϕ(|w|) ≤ c_R‖h‖_∞ϕ(|w|) + cϵ, w ∈ B_n.

Thus, by the definition of ϕ, lim |w|→1^−

sup |(P h)(w)|ϕ(|w|) ≤ cϵ, that is, P_0h ∈ A_0(ϕ).

(iii) For μ ∈ M(B_n), � B_n

|(Qμ)(w)|ψ(|w|) dν(w) ≤ � B_n � B_n

|J_w(z)ψ(|w|)ϕ(|z|) dν(w) d|μ|(z).

In a similar manner to that of Lemma 4.3.13, we have � B_n

|J_w(z)|ψ(|w|) dν(w) ≤ C ϕ(|z|)

. (4.33)

Thus Q is a bounded operator from M(B_n) into A^1(ψ). Now let g ∈ A^1(ψ). From Lemma 4.3.12(ii) we have (Q(T_1g))(w) = (Q(ψg)) = [J_w, g] = g(w). Thus QT_1 = I, the identity on A^1(ψ), and so Q is onto and T_1Q is a projection.

(iv) This follows from (iii). �

Let ⟨J_w⟩ denote the vector space spanned by the functions J_w, w ∈ B_n.

4.3.15 Lemma

⟨J_w⟩ is dense in A^1(ψ) and in A_0(ϕ) Proof Consider first A^1(ψ). It is equivalent to showing that ⟨T_1J_w⟩ is dense in T A^1. By the Hahn Banach theorem and the Riesz representation theorem, it suffices to show that if h ∈ L^∞ and if � B_n

J_w(z)ψ(|z|)h(z) dν(z) = 0 (4.34)

for all w ∈ B_n, then h annihilates all of T A^1. Using (4.27), equation (4.34) shows that 0 = b_{n,α} ∞� k=0 � |β|=k

a_βw^β � B_n

z^β ψ(|z|)h(z) dν(z) for all w ∈ B_n. Thus h annihilates polynomials and the result follow from Lemma 4.3.5 (ii).

The proof of A_0(ϕ) is similar, by using the duality between C_0(B_n) and M(B_n) given by the pairing

(f, μ) = � B_n

f(z)dμ(z), f ∈ C_0(B_n), μ ∈ M(B_n). (4.35)

We now come to the main result of this section.

4.3.16 Theorem

Using the pairing in (4.25), we have

(i) A_0(ϕ)^∗ ∼= A^1(ψ),

(ii) A^1(ψ)^∗ ∼= A_∞(ϕ).

More precisely, if g ∈ A^1(ψ) and if we define λ_g = [f, g], f ∈ A_0(ϕ) then λ_g ∈ A_0(ϕ)^∗ and ‖λ_g‖ ≤ ‖g‖_ψ. Conversely, given λ ∈ A_0(ϕ)^∗ then there is a unique g ∈ A^1(ψ) such that λ = λ_g. Also, ‖g‖_ψ ≤ ‖Q‖‖λ‖.

Furthermore, if f ∈ A_∞(ϕ) and if we define λ_f (g) = [f, g], g ∈ A^1(ψ), then λ_f ∈ A^1(ψ)^∗ and ‖λ_f ‖ ≤ ‖f‖_ϕ. Conversely, given λ ∈ A^1(ψ)^∗ then there is a unique f ∈ A_∞(ϕ) such that λ = λ_f . Also, ‖f‖_ϕ ≤ ‖P ‖‖λ‖.

Proof It is trivial that if g ∈ A^1(ψ) then λ_g ∈ A_0(ϕ)^∗. We also have uniqueness: if λ_g(f) = 0 for all f ∈ A_0(ϕ), then g = 0. Indeed, from Lemma 4.3.12(ii) g(w) = λ_g(J_w).

Now let λ ∈ A_0(ϕ)^∗ be given. Since T_0 is an isometric embedding of A_0(ϕ) into C_0(B_n), there exists μ ∈ M(B_n) with ‖μ‖ = ‖λ‖ and, by (4.35), λ(f) = (T_0f, μ) =

(ϕf, μ) for all f ∈ A_0(ϕ) by the Riesz representation theorem. Let g(w) = λ(J_w). Then g(w) = λ(J_w) = � B_n

J_w(z)ϕ(|z|) dμ(z) = (Qμ)(w).

By Theorem 4.3.14, g ∈ A^1(ψ) and ‖g‖_ψ ≤ ‖Q‖‖μ‖ = ‖Q‖‖λ‖. From Lemma 4.3.12(ii) we see that λ_g(J_w) = g(w) for w ∈ B_n. Hence λ = λ_g on ⟨J_w⟩ and hence also on A_0(ϕ) by Lemma 4.3.15.

(ii) The proof of the first part and the proof of the uniqueness of f are the same as in the proof of (i).

Now let λ ∈ A^1(ψ)^∗. T_1 is an isometric embedding of A^1(ψ) into L^1(B_n). There exists h ∈ L^∞(B_n) with ‖h‖ = ‖λ‖ and λ(g) = � B_n

g(z)h(z)ψ(|z|) dν(z) for all g ∈ A^1(ψ), by the Riesz representation theorem. Let f(w) = λ(J_w). Then f(w) = � B_n

J_w(z)h(z)ψ(|z|) dν(z) = (P h)(w).

By Theorem 4.3.14(i), f ∈ A_∞ and ‖f‖_ϕ ≤ ‖P ‖‖h‖ = ‖P ‖‖λ‖. From Lemma 4.3.12(iii) we see that λ_f (J_w) = f(w) for w ∈ B_n. Hence, λ = λ_f on ⟨J_w⟩, and hence also on A^1(ψ) by Lemma 4.3.15. �

4.3.17 Remark

We observe that for z, w ∈ B_n, we have K_w(z) = K^α_w(z) = c(α) 1 (1 − (w · z))^{n+1+α}

= J_w(z) where c(α) =^{Γ(n+1+α)}

n!Γ(α+1) . Yu T [46] noted that the duality Theorem 4.3.16 holds with

the pairing between A^1(ψ) and A_∞(ϕ) given by [f, g] = � B_n

f(z)g(z)ϕ(|z|)ψ(|z|) dν(z). (4.36)

And also that if f ∈ A_∞(ϕ) then using the pairing in (4.36) we have

[f, K_w] = � B_n

f(z)K_w(z)ϕ(|z|)ψ(|z|) dν(z) = � B_n

f(z)J_w(z)ϕ(|z|)ψ(|z|) dν(z) = [f, J_w] = f(w)

where the last equality comes from Lemma 4.3.12(iii). Thus K_w also reproduces functions in A_∞(ϕ). We normalize the kernel K_w by

k^ψ_w(z) =

K_w(z) ‖K_w‖_ψ . From now henceforth we will be using duality paring given in (4.36).

4.4 Compactness on the Weighted Bergman space L^1_a(ψ)

We now extend the compactness given in [46] for n = 1 to the case n ≥ 2. Define an operator Q^′ on L^1(ψ) by

(Q^′f)(w) = [f, K_w] = � B_n

f(z)K_w(z)ϕ(|z|)ψ(|z|) dν(z).

Then Q^′ is a bounded operator from L^1(ψ) onto A^1(ψ) and by Lemma 4.3.12, K_w is a reproducing kernel of A^1(ψ). We have the following estimates for K_w:

4.4.1 Lemma

There exist constants c and C such that

c/ϕ(|w|) ≤ ‖K_w‖_ψ ≤ C/ϕ(|w|), w ∈ B_n.

Proof If |w| ≤ r_0 < 1 the first inequality obviously holds. If |w| > r_0, using the

equations (4.23) we have

ϕ(|z|) (1 − |z|^2)^a ≤ ϕ(|w|) (1 − |w|^2)^a

, 1 > |z| > |w| and ϕ(|z|) (1 − |z|^2)^b ≤ ϕ(|w|) (1 − |w|^2)^b

, r_0 ≤ |z| < |w|.

Thus (4.24) gives

(1 − |z|^2)^{α−a} ψ(|z|) ≤ (1 − |w|^2)^{α−a} ψ(|w|)

, 1 > |z| > |w|,

(1 − |z|^2)^{α−b} ψ(|z|) ≤ (1 − |w|^2)^{α−b} ψ(|w|)

, r_0 ≤ |z| < |w|.

Hence,

‖K_w‖_ψ = c(α) � B_n 1 |1 − (z · w)|^{n+1+α} ψ(|z|) dν(z) ≥ c(α)ψ(|w|) (1 − |w|^2)^{α−b} � r_0≤|z|≤|w|

(1 − |z|^2)^{α−b} |1 − (z · w)|^{n+1+α} dν(z) + c(α)ψ(|w|) (1 − |w|^2)^{α−b} � |w|<|z|<1

(1 − |z|^2)^{α−a} |1 − (z · w)|^{n+1+α}(1 − |w|^2)^{b−a} dν(z).

Also, since (1 − |z|^2)(1 − |w|^2) ≤ |1 − (z · w)|^2 we have 1 (1 − |w|^2)^{b−a} ≥ (1 − |z|^2)^{b−a} |1 − (z · w)|^{2(b−a)} . So there exist a positive constant c^′ such that

‖K_w‖_ψ ≥ c^′ψ(|w|) (1 − |w|^2)^{α−b} � r_0≤|z|

(1 − |z|^2)^{α+b−2a} |1 − (z · w)|^{n+1+α+2b−2a} dν(z) = c^′ψ(|w|) (1 − |w|^2)^{α−b} � B_n − � |z|≤r_0 � (1 − |z|^2)^{α+b−2a} |1 − (z · w)|^{n+1+α+2b−2a} dν(z) =: c^′ψ(|w|) (1 − |w|^2)^{α−b}

(I_1(w) − I_2(w)).

Now by Lemma 3.2.2, I_1(w) ∼ (1 − |w|^2)^{−b} as |w| → 1^−; and I_2 is bounded. Thus it is easy to see that there exist a constant c such that

‖K_w‖_ψ ≥ c/ϕ(|w|),

which is the first inequality. Finally,

‖K_w‖_ψ = � B_n

|K_w(z)|dν(z) = � B_n

|J_w(z)|dν(z) ≤ C/ϕ(|w|)

by Lemma 4.3.13, which gives the second inequality. �

4.4.2 Lemma

k^ψ_z converges weakly* to 0 in A^1(ψ) as z → ∂B_n.

Proof For g ∈ A_0(ϕ), by the reproducing property of K_w, we have

[k^ψ_w, g] =

[K_w, g] ‖K_w‖_ψ = g(w) ‖K_w‖_ψ . Lemma 4.4.1 implies |[k^ψ_w, g]| ≤ C|g(w)|ϕ(|w|) and hence from the definition of A_0(ϕ) we have that [k^ψ_w, g] → 0 as w → ∂B_n. �

We give the main result of this section.

4.4.3 Theorem

Suppose that A is a bounded operator on A^1(ψ) and let A^{⋆⋆} denote the adjoint of A. Then A is compact and A_0(ϕ) is an invariant subspace of A^{⋆⋆} if and only if ‖Ak^ψ_w‖_ψ → 0 as w → ∂B_n.

Proof Suppose A is compact and A_0(ϕ) is an invariant subspace of A^{⋆⋆}. If ‖Ak^ψ_w‖_ψ → a ≠ 0 as w → ∂B_n, then there exist a constant δ > 0 and a sequence {w_p} in B_n such that w_p → ∂B_n and ‖Ak^ψ_{wp} ‖_ψ > δ. (4.37) Since {k^ψ_{wp} } is a bounded sequence in A^1(ψ) and A is compact, there exists a subsequence of {k^ψ_{wp} }, also denoted by {k^ψ_{wp} }, such that {Ak^ψ_{wp} } converges in A^1(ψ). By Lemma 4.4.2, w_p → ∂B_n implies k^ψ_{wp} tend weakly* to 0. Since A_0(ϕ) is an invariant subspace of A^{⋆⋆}, we have for any g ∈ A_0(ϕ),

[Ak^ψ_{wp} , g] = [k^ψ_{wp} , A^{⋆⋆}g] → 0.

Thus Ak^ψ_{wp} tends weakly* to 0. Since {Ak^ψ_{wp} } converges in A^1(ψ), it must converge to its weak*-limit, that is 0. This contradicts (4.37).

Conversely, suppose ‖Ak^ψ_w‖_ψ → 0 as w → ∂B_n. Since K_z is in A_0(ϕ) the reproducing property of K_w gives

A^{⋆⋆}K_z(w) = [A^{⋆⋆}K_z, K_w] = [AK_w, K_z] = AK_w(z).

So for f ∈ A^1(ψ), (Af)(w) = [Af, K_w] = [f, A^{⋆⋆}K_w], thus (Af)(w) = � B_n

f(z)(AK_z)(w)ψ(|z|)ϕ(|z|) dν(z).

For 0 < t < 1, define a compact supporting continuous function η_t on B_n by

η_t(z) =

� � � � � � �

1, |z| ≤ t 1+t 1−t −^{2|z|}_{1−t} , t < |z| ≤ (1 + t)/2 0, (1 + t)/2 < |z| < 1.

For any 0 < r, t < 1, define the integral operators A_{[r]} on A^1(ψ) and A_{[r,t]} from A^1(ψ) to L^1(ψ) as follows; A_{[r]}f(w) = � B_n

f(z)(AK_z)(w)η_r(z)ψ(|z|)ϕ(|z|) dν(z), A_{[r,t]}f(w) = � B_n

f(z)(AK_z )(w)η_r(z)η_t(w)ψ(|z|)ϕ(|z|) dν(z). Using Lemma 4.4.1, we have ‖(A − A_{[r]})f‖_ψ ≤ � B_n

|f(z)|ψ(|z|) � B_n

|(AK_z)(w)|ϕ(|z|)(1 − η_r(z))ψ(|w|) dν(w) dν(z) ≤ C‖f‖_ψ sup_{z∈Bn}(1 − η_r(z))‖Ak^ψ_z ‖_ψ.

Since ‖Ak^ψ_z ‖_ψ → 0 as z → ∂B_n, we have that sup_{z∈Bn} (1 − η_r(z))‖Ak^ψ_z ‖_ψ → 0 as r → 1^−. Thus ‖A − A_{[r]}‖_ψ → 0 as r → 1^−. (4.38) Seeing A_{[r]} as an operator from A^1(ψ) to L^1(ψ), if we show that it is compact, then it is also compact as an operator on A^1(ψ). Similar to the above, we have ‖A_{[r]} − A_{[r,t]}‖_ψ ≤ C sup_{z∈ 1+r}

2 B_n � B_n

|(Ak^ψ_z )(w)|(1 − η_t(w))ψ(|w|) dν(w) (4.39) We will prove that sup z∈^{1+r}_2 B_n � B_n

|(Ak^ψ_z )(w)|(1 − η_t(w))ψ(|w|) dν(w) → 0 as t → 1^− for fixed r < 1. Let g_t(z) = � B_n

|(Ak^ψ_z )(w)|(1 − η_t(w))ψ(|w|) dν(w).

Firstly we will show that the set {g_t : 0 < t < 1} is equicontinuous and uniformly bounded on^{1+r}_2 B_n. Let a_k =^{Γ(n+1+α+k)}_{Γ(n+1+α)k!} . Then K_z(w) = c(α) ∞� k=0 a_k(w · z)^k.

Thus for u, v ∈^{1+r}_2 B_n, we have

|K_u(w) − K_v(w)| = � � � � � c(α) ∞� k=0 a_k((w · u)^k − (w · v)^k) � � � � � ≤ c(α) ∞� k=0 a_k|(w · u)^k − (w · v)^k|

≤ c(α) ∞� k=0 a_k|(w · u) − (w · v)| k−1� s=0 |(w · u)|^k|(w · v)|^{s−k}

≤ c(α) ∞� k=1 a_kkr^{k−1}|u − v|.

The last series above is convergent in |r| < 1. So for any ϵ > 0, there exists a constant δ_1 > 0 such that |K_u(w) − K_v(w)| < ϵ for any u, v ∈^{1+r}_2 B_n with |u − v| < δ_1 and for every w ∈ B_n, and so the function z → ‖K_z‖_ψ is ‖K_z‖_ψ is uniformly continuous on^{1+r}_2 B_n. Thus for any ϵ > 0 there exist δ_2 such that |k^ψ_u (w) − k^ψ_v (w)| < ϵ for any u, v ∈^{1+r}_2 B_n with |u − v| < δ_2, whence

|g_t(u) − g_t(v)| ≤ � B_n

|Ak^ψ_u (w) − Ak^ψ_v (w)|(1 − η_t(w))ψ(|w|) dν(w) ≤ ‖A‖ � B_n

|k^ψ_u (w) − k^ψ_v (w)|ψ(|w|) dν(w) ≤ ϵ‖A‖‖1‖_ψ.

Since ϵ is arbitrary, {g_t : 0 < t < 1} is equicontinuous. It is obvious that {g_t : 0 < t < 1} is uniformly bounded, since A is bounded on A^1(ψ).

For z ∈^{1+r}_2 B_n, Lebesgue’s dominated convergence theorem implies that g_t(z) → 0 as t → 1^−. It follows from Ascoli’s theorem that {g_t : 0 < t < 1} is relatively compact in C(^{1+r}_2 B_n), the Banach space of continuous functions on^{1+r}_2 B_n, so has a unique accumulation point 0. Therefore g_t(z) → 0 in C(^{1+r}_2 B_n) as t → 1^−. So (4.39) implies that ‖A_{[r]} − A_{[r,t]}‖_ψ → 0 as t → 1^−. (4.40)

We now show that the operator A_{[r,t]} is compact. By Appendix C of [34], it suffices to show that there exist a constant C > 0, such that

ψ(|z|)ϕ(|z|) � B_n

|Ak_ξ(z)|η_t(z)η_r(ξ) dν(ξ) < C and � B_n

|Ak_ξ(z)|η_t(z)η_r(ξ)ψ(|z|)ϕ(|z|) dν(z) < C, but this follows easily from the fact that A is bounded and the definition of the function η. Thus (4.40) implies A_{[r]} is compact and (4.38) implies A is compact.� The following example due to Yu[46] shows that the condition A_0(ϕ) is an invariant subspace of A^{∗∗} cannot be ignored in general.

Suppose that f ∈ A_∞(ϕ) \ A_0(ϕ). Then by definition of A_∞(ϕ), there exists a sequence {z_n} in B_n and an ϵ > 0 such that

|f(z_n)|ϕ(|z_n|) ≥ ϵ whenever z_n → ∂B_n.

Now if 0 ≠ g ∈ A^1(ψ). Then there exists h ∈ A_∞(ϕ) such that [g, h] ≠ 0. Let A = g ⊗ f be defined by Au = (g ⊗ f)u = [f, u]g for u ∈ A^1(ψ). Then A is a finite rank operator and hence compact. However

|[Ak_{zn} , h]| = |[(g ⊗ f)k_{zn} , h]|

= |[[f, k_{zn} ]g, h]| = |[g, h]||[f, k_{zn} ]| = |[g, h]|

|f(z_n)| ‖K_{zn} ‖_ϕ ≥ C|[g, h]||f(z_n)|ϕ(|z_n|) ≥ Cϵ|[g, h]| where the first inequality comes from Lemma 4.4.1. This shows that ‖Ak_{zn} ‖_ϕ does not tend to zero.

We now consider the Toeplitz operator. If we take ψ = 1, and α = n + 1 then by letting k̃^1_ξ (z) := c(n + 1) (1 − |ξ|^2)^{n+1} (1 − (z · ξ))^{2(n+1)} and K̃_ξ(w) := 1 (1 − (z · ξ))^{2(n+1)} then we have the following (cf Yu[46]).

4.4.4 Theorem

Let f ∈ L^1(B_n) and T_f bounded on L^1_a(B_n). Then T_f is compact and A_0(ϕ) is an invariant subspace of T^{⋆⋆}_f if and only if ‖T_f k̃^1_ξ ‖_1 → 0 as ξ → ∂B_n.

4.5 Compactness on the unweighted space L^1_a

We begin by presenting results on a more general operator A before considering the Toeplitz operator. We state a version of the Ascoli theorem adapted to L^p(R^n) spaces. We write (τ_hf)(x) = f(x + h). Let U ∈ R^n we write O ⊂⊂ U to imply the closure of O is contained in U.

4.5.1 Theorem [M. Riesz-Frechet-Kolmogrov]

Let U be an open subset of R^n and let O ⊂⊂ U. Let F be a bounded subset of L^p(U), 1 ≤ p < ∞. Suppose that

for all ϵ > 0 there exist δ > 0, δ < dist(O, U^′ ) such that ,

‖τ_hf − f‖_Lp_{(O)} < ϵ for all h ∈ R^n, with |h| < δ and all f ∈ F.

Then F|_Lp_{(O)} is relatively compact in L^p(O), where U^′ is the complement of U.

For a proof of this theorem see [15] pages 72-73.

4.5.2 Theorem

Let U be an open subset of R^n and F be a bounded subset of L^p(U) , 1 ≤ p < ∞. Then F is relatively compact in L^p(U) if and only if

(1) for all ϵ > 0 and all O ⊂⊂ U there exist δ > 0, δ < dist(O, U^′ ) such that ‖τ_hf − f‖_Lp_{(O)} < ϵ for all h ∈ R^n, with |h| < δ and all f ∈ F.

(2) for all ϵ > 0 there exist O ⊂⊂ U such that ‖f‖_Lp_{(U/O)} < ϵ and all f ∈ F. Where U^′ is the complement of U.

Proof. Suppose (1) and (2). By the Riesz-Frechet-Kolmogrov theorem 4.5.1, F|_Lp_{(O)} is relatively compact in L^p(O). That is there exist a finite number of open balls in L^p(O) with radius r such that F ⊂ k� i=1 B(g_i, r), with g_i ∈ L^p(O). Let h_i(x) = � � � g_i(x) when x ∈ O, 0 when x ∈ U/O.

Then for each f ∈ F there exists a g_i ∈ L^p(O) , i = 1, 2, · · · , k, such that ‖f − g_i‖_Lp_{(O)} < r.

Thus for f ∈ F assertion (2) implies ‖f − h_i‖_Lp_{(U)} ≤ ‖f − g_i‖_Lp_{(O)} + ‖f‖_Lp_{(U/O)} < 2r.

That is F ⊂ k� i=1 B(h_i, 2r), with h_i ∈ L^p(U).

Conversely suppose F is compact in L^p(U). Let g_i, i = 1, 2 · · · , k be compactly supported, C^∞(U), functions be the center of the finite number of balls with radius ϵ in L^p(U) which covers F. Let O ⊂⊂ U and f ∈ F . Then there exist g_i, i = 1, 2, · · · , k such that f ∈ B(g_i, ϵ/3) and

‖τ_hf − f‖_Lp_{(O)} ≤ ‖τ_hf − τ_hg_i‖_Lp_{(O)} + ‖τ_hg_i − g_i‖_Lp_{(O)} + ‖g_i − f‖_Lp_{(O)}.

Choose δ > 0, such that |h| < δ and h + x, x ∈ O. Then

‖τ_hf − f‖_Lp_{(O)} < ϵ

which is (1) with the g_i ∈ C^∞_0 (U). The result follows by density. Assertion (2) is well known property of L^p functions.�

We present our first result on compactness of a general bounded operator in L^1_a.

4.5.3 Theorem

Let A be a bounded operator on L^1_a. The following two assertions are equivalent:

1. The operator A is compact on L^1_a;

2. For every ϵ > 0, there exists R ∈ (0, 1) such that � R≤|z|<1

|(Ak̃^c_ζ )(z)|dν(z) < ϵ

for every ζ ∈ B_n.

Proof Let F := {Ag : g ∈ L^1_a, ||g||_1 ≤ 1}. Since A is bounded on L^1_a, the set F is a bounded subset of L^1_a and hence a bounded subset of L^1(B_n, dν). Moreover, the compactness of F in L^1_a is equivalent to the compactness of F in L^1(B_n, dν). According to Theorem 4.5.2, it suffices to show that the following two properties are equivalent:

1. For every ϵ > 0, there exists R ∈ (0, 1) such that � R≤|z|<1

|(Ak̃^c_ζ )(z)|dν(z) < ϵ;

2. a) For all ϵ > 0 and R ∈ (0, 1), there exists δ ∈ (0, 1 − R) such that � |z|<R

|ϕ(z + h) − ϕ(z)|dν(z) < ϵ for all ϕ ∈ F and all h ∈ C^n such that |h| < δ and b) For every ϵ > 0, there exists R ∈ (0, 1) such that � R≤|z|<1 |ϕ(z)|dν(z) < ϵ for

every ϕ ∈ F.

The implication 2. ⇒ 1. is obtained by taking g = Ak̃^c_ζ in part b) of assertion 2. We next prove the implication 1. ⇒ 2. We first point out that part a) of assertion 2. is valid for every bounded subset F of L^1_a. In fact, the closed subset ω = {z ∈ B_n : |z| ≤^{1+R}_2 } is a compact subset of B_n and hence on this set, the Bergman distance β on B_n is equivalent to the Euclidean distance. On the other hand, it is well known (cf [8] that for ϕ analytic on B_n, δ ∈ (0, 1) and z, ζ ∈ B_n such that β(z, ζ) < δ, the following estimate holds: |ϕ(z) − ϕ(ζ)| ≤ Cδ � β(z,w)<1

|ϕ(w)| dν(w) (1 − |w|^2)^{n+1} . We recall that the measure^{dν(w)}_{(1−|w|2)n+1} is invariant under automorphisms of B_n. On ω, there exist two constants A and B such that A|z − ζ| ≤ β(z, ζ) ≤ B|z − ζ| for all z, ζ ∈ ω. We suppose that δ <^{A(1−R)}_2 . Now, for all h ∈ C^n such that |h| <^δ_A and all z ∈ C^n such that |z| < R, it is easy to check that z and z + h both lie in ω. Moreover for every h ∈ C^n such that |h| <^δ_B , for every ϕ analytic on B_n and every z such that |z| < R, we obtain:

|ϕ(z + h) − ϕ(z)| ≤ C(R)δ||ϕ||_1. We set C = sup_{ϕ∈F} ||ϕ||_1 and get � |z|<R

|ϕ(z + h) − ϕ(z)|dν(z) ≤ CC(R)δ.

Part a) of assertion 2. follows when we take δ <^ϵ_{CC(R)R2} .

We next prove that assertion 1. implies part b) of assertion 2. By the atomic decomposition theorem (cf. e.g. Theorem 2.30 of [47]), for every g ∈ L^1_a, there exists a sequence {c_k} of complex numbers belonging to the sequence space l^1 such that

g(z) = ∞� k=1 c_kk̃^c_{ak} (z) (z ∈ B_n).

This series converges to g in the norm topology of L^1_a. Moreover, there exists a constant C such that for every g ∈ L^1_a, the following estimate holds: ∞� k=1 |c_k| ≤ C||g||_1.

Here, the sequence {a_k} is again an r−lattice (Lemma 3.2.6). Since A is bounded on L^1_a, we see that

� R≤|z|<1

|Ag(ζ)|dν(ζ) = � R≤|z|<1 |A( ∞� k=1 c_kk̃^c_{ak} )(ζ)|dν(ζ)

= � R≤|z|<1 ∞� k=1 c_kA(k̃^c_{ak} )(ζ)|dν(ζ)

≤ � R≤|z|<1 ∞� k=1 |c_k||A(k̃^c_{ak} )|(ζ)|dν(ζ)

= ∞� k=1 |c_k| � R≤|z|<1

|A(k̃^c_{ak} )|(ζ)|dν(ζ).

Assertion 1. implies that � R≤|z|<1

|Ag(ζ)|dν(ζ) ≤ ϵ ∞� k=1 |c_k| ≤ Cϵ||g||_1 ≤ Cϵ,

because ||g||_1 ≤ 1. �

We shall also a need the inner product formula in L^2_a(B_n) given in [41, section 4.2].

4.5.4 Lemma

Let F, G ∈ L^2_a(B_n). Then there exist constants a_1, a_2 and a_3 such that

⟨F, G⟩ = a_1 � B_n

▽F (z)▽G(z)(1 − |z|^2)^2 dν(z) + a_2 � B_n

▽F (z)▽G(z)(1 − |z|^2)^3 dν(z) + a_3 � B_n

F (z)G(z)(1 − |z|^2)^2 dν(z).

This leads us to the following.

4.5.5 Theorem

Let c > 0. Suppose that the complex measure μ is such that K_zμ̄ satisfies condition (R) for every z ∈ B_n with the following uniform condition:

∀r ∈ (0, 1), sup_{z∈rBn} Carl(R(K_zμ)) < ∞

(in particular if |μ| is a Carleson measure for Bergman spaces) Suppose further that T_μ is bounded on L^1_a. Then T_μ is compact on L^1_a if and only if ‖T_μk̃^c_ζ ‖_1 → 0 as ζ → ∂B_n.

Proof Take ψ(r) = 1, ϕ(r) = (1 − r^2)^c, c > 0. Then by Theorem 4.4.4 it suffices to prove that A_0(ϕ) is an invariant subspace of the adjoint operator T^{⋆⋆}_μ of T_μ with respect to the duality pairing [, ] defined in (4.25). We just suppose T_μ is bounded on L^1_a. Then T^{⋆⋆}_μ is bounded on A_∞(ϕ). Since the weighted Bergman kernel K̃^c_ξ (z) =^{d(c)}_{(1−(z·ξ))n+1+c} reproduces A_∞(φ)−functions in the sense that for every h ∈ A_∞(ϕ),

h(ξ) = [h, K̃^c_ξ ], (ξ ∈ B_n).

Thus, for every h ∈ A_∞(ϕ) and for every ξ ∈ B_n, we obtain,

T^{⋆⋆}_μ h(ξ) = [T^{⋆⋆}_μ h, K̃^c_ξ ] = [h, T_μK̃^c_ξ ] = d(c) � B_n � B_n

K_w(z) (1 − (w · ξ))^{n+1+c} dμ(w) � h(z)(1 − |z|^2)^cdν(z).

We need to show that T^{⋆⋆}_μ h ∈ A_0(ϕ) if h ∈ A_0(φ). We fix ϵ > 0 arbitrary. Then there exists r = r(ϵ) ∈ (0, 1) such that

(1 − |z|^2)^c|h(z)| < ϵ whenever r < |z| < 1. (4.41)

We write, 1 d(c)

T^{⋆⋆}_μ h(ξ)(1 − |ξ|^2)^c = I + II where I = � r≤|z|<1 � B_n

K_w(z)(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) � h(z)(1 − |z|^2)^c dν(z) = � r≤|z|<1

T_μk̃^c_ξ(z)h(z)(1 − |z|^2)^c dν(z) and II = � |z|<r � B_n

K_w(z)(1 − |ξ|^2)^c (1 − (w · ξ))^{n+1+c} dμ(w) � h(z)(1 − |z|^2)^c dν(z). (4.42)

Concerning I, we deduce from (4.41) that

|I| ≤ � r≤|z|<1

|T_μk̃^c_ξ(z)||h(z)|(1 − |z|^2)^c dλ(z) ≤ Cϵ, (4.43)

with C = sup_{ξ∈Bn} ‖T_μk̃^c_ξ‖_1 < ∞, since T_μ is bounded on L^1_a.

Now for II, we first study the inner integral. We observe that � B_n

K_w(z) (1 − (w · ξ))^{n+1+c} dμ(w) = 1 d(c)

⟨T_μK_z, K̃_ξ⟩.

Lemma 4.5.4 implies ⟨T_μK_z, K̃_ξ⟩ = J_1 + J_2 + J_3 where J_1 = 3 d(c) � B_n

(1 − |w|^2)^2T_μK_z(w)K̃_ξ(w) dν(w)

J_2 = 1 2(d(c)) � B_n

(1 − |w|^2)^2(▽T_μK_z)(w)▽K̃_ξ(w) dν(w)

J_3 = 1 3(d(c)) � B_n

(1 − |w|^2)^3(▽T_μK_z)(w))▽K̃_ξ(w) dν(w).

Now, since T_μ is bounded on L^1_a, Corollary 4.2.19 implies that there exists a constant C(r) such that

sup_{|z|<r} ||P (K_zμ̄)||_{LB} ≤ C(r)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))).

So |J_1| ≤ 3 � B_n

(1 − |w|^2)^2|P (K_zμ̄)(w)| 1 |1 − (w · ξ)|^{n+1+c} dν(w) ≤ 3 � B_n

(1 − |w|^2)^2|P (K_zμ̄)(w) − P (K_zμ̄)(0)| |1 − (w · ξ)|^{n+1+c} dν(w) + 3|P (K_zμ̄)(0)| � B_n

(1 − |w|^2)^2 |1 − (w · ξ)|^{n+1+c} dν(w) ≤ C‖P (K_zμ̄)‖_B∞ � B_n

(1 − |w|^2)^2β(0, w) |1 − (w · ξ)|^{n+1+c} dν(w) + � B_n

(1 − |w|^2)^2 |1 − (w · ξ)|^{n+1+c} dν(w) � . It is well known, see for example [8], that for every ν > 0, there exists a constant C(ν) such that β(0, w) ≤

C(ν) (1 − |w|^2)^ν , for every w ∈ B_n. Hence, |J_1| ≤ C(ν)||P (K_zμ̄)||_B∞ � B_n

(1 − |w|^2)^{2−ν} |1 − (w · ξ)|^{n+2+c} dν(w).

Since ||g||_B∞ ≤^{||g||LB}_{log2} for every g ∈ B^∞, we obtain by Corollary 4.2.19 that |J_1| ≤ C^′(ν)||P (K_zμ̄)||_{LB} � B_n

(1 − |w|^2)^{2−ν} |1 − (w · ξ)|^{n+2+c} dν(w)

≤ C(r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) � B_n

(1 − |w|^2)^{2−ν} |1 − (w · ξ)|^{n+2+c} dν(w).

Applying Lemma 3.2.2, the conclusion for |J_1| is the following:

1. If c < 2, we take ν such that ν < 2 − c and we get, |J_1| ≤ C(r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ)));

2. If c = 2, we take ν ∈ (0, 1) and we get, |J_1| ≤ C(r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) 1 (1 − |ξ|^2)^ν ;

3. If c > 2, we take ν ∈ (0, 1) and we get,

|J_1| ≤ C(r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) 1 (1 − |ξ|^2)^{c−2+ν} .

Also,

2|J_2| ≤ 1 d(c) � B_n

(1 − |w|^2)^2|(▽P (K_zμ̄)(w))||(▽K̃^c_ξ )(w)|dν(w) ≤ C � B_n

log( 2 1 − |w|^2 ) (1 − |w|^2)^2|(▽P (K_zμ̄)(w))| log(^2_{1−|w|2} ) 1 |1 − (w · ξ)|^{n+2+c} dν(w)

≤ C‖P (K_zμ̄)‖_{LB} � B_n 1 log(^2_{1−|w|2} )

(1 − |w|^2) |1 − (w · ξ)|^{n+2+c} dν(w)

≤ d^′(c))C(r)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) � B_n

(1 − |w|^2) 1 log(^2_{1−|w|2} ) 1 |1 − (w · ξ)|^{n+2+c} dν(w)

The latter inequality comes from Corollary 4.2.19. There exists s ∈ (0, 1) such that 1 log(^2_{1−|w|2} ) < ϵ whenever s < |w| < 1. We fix such an s. Then � B_n

(1 − |w|^2) 1 log(^2_{1−|w|2} ) 1 |1 − (w · ξ)|^{n+2+c} dν(w) = � sB_n + � B_n/sB_n � (1 − |w|^2) 1 log(^2_{1−|w|2} ) 1 |1 − (w · ξ)|^{n+2+c} dν(w)

≤ C_s + Cϵ (1 − |ξ|^2)^c

with C_s =^1_{(log2)(1−s)3+c} . This implies

|J_2| ≤ 1 2 (2 + c)C(r)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) � C_s + Cϵ (1 − |ξ|^2)^c � . In a similar manner, we obtain,

|J_3| ≤ 1 3 (2 + c)C(r)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ))) � C_s + Cϵ (1 − |ξ|^2)^c � .

Thus, |II| ≤ ||h||_{A∞(ϕ)}(|J_1| + |J_2| + |J_3|)(1 − |ξ|)^c.

Given ϵ > 0, there exists an s ∈ (0, 1) such that

1. if c < 2, then for ν positive such that ν < 2 − c, we get,

|II| ≤ C(c, r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ)))

||h||_{A∞(ϕ)} � 1 + C_s + Cϵ (1 − |ξ|^2)^c � (1 − |ξ|)^c;

2. if c = 2, then for ν ∈ (0, 1), we get,

|II| ≤ C(c, r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ)))

||h||_{A∞(ϕ)} � 1 (1 − |ξ|^2)^ν

+ C_s + Cϵ (1 − |ξ|^2)^c � (1 − |ξ|)^c

3. if c > 2, then for ν ∈ (0, 1), we get:

|II| ≤ C(c, r, ν)(||T_μ|| + sup_{z∈rBn} Carl(R(K_zμ)))

||h||_{A∞(ϕ)} � 1 (1 − |ξ|^2)^{c−2+ν}

+ C_s + Cϵ (1 − |ξ|^2)^c � (1 − |ξ|)^c.

Combining these estimates when |ξ| → 1^−with (4.43) easily implies the desired conclusion. �

4.5.6 Corollary

Let μ be a positive measure on B_n such that the Toeplitz operator T_μ is bounded on L^1_a and let c > 0. The following three assertions are equivalent:

1. The Toeplitz operator T_μ is compact on L^1_a;

2. The following estimate holds: lim ζ→∂B_n

||T_μk̃^c_ζ ||_1 = 0;

3. For every ϵ > 0, there exists R ∈ (0, 1) such that � R≤|z|<1

|(T_μk̃^c_ζ )(z)|dν(z) < ϵ for every ζ ∈ B_n.

Proof The Toeplitz operator T_μ is bounded on L^1_a. It follows from Corollary 2.5 that μ is a Carleson measure for Bergman spaces. The proof of the equivalence 1. ⇔ 2. follows from a direct application of Theorem 4.5.5. The equivalence 1. ⇔ 3. is a direct application of Theorem 4.5.3. �

4.5.7 Corollary

Suppose c > 0. Let f ∈ L^1_a be such that T_f is a bounded operator on L^1_a . Then the following five assertions are equivalent:

1. The Toeplitz operator T_f is compact on L^1_a; 2. ‖T_fk̃^c_ξ‖_1 → 0 as ξ → ∂B_n;

3. For every ϵ > 0, there exists R ∈ (0, 1) such that � R≤|z|<1

|(T¯_fk̃^c_ξ)(z)|dλ(z) < ϵ for every ξ ∈ B_n.

4. ‖T_fk̃^1_ξ ‖_1 → 0 as ξ → ∂B_n; 5. f vanishes identically.

Let us mention that using duality, property (1) is equivalent to ”f is a compact

multiplier of B^∞. The latter was shown in [32] to be equivalent to (5) in the case

n = 1.

Proof. The proof goes along the following implications: (1) ⇔ (2) ⇒ (4) ⇒

(5) ⇒ (2) and (1) ⇔ (3). From Theorem 4.2.8 T_f bounded on L^1_a implies f is

bounded. We apply Theorem 4.5.5 to get the equivalence (1) ⇔ (2). Theorem 4.5.3

gives (1) ⇔ (3). Taking c = 1 we have (2) ⇒ (4). Suppose (4) holds. Using Lemmas

4.2.6 and 4.2.3 with z = 0 we have

(1 − |ξ|^2)|D^1(f)(ξ)| → 0 as ξ → B_n, (4.44)

where

D^1f(ξ) = � B_n

f(w) (1 − (ξ · w))^{n+2} dν(w).

On the other hand, observing that D^1 = I + (n + 2)

�_n

i=1 z_i^∂_{∂zi} we have for some

absolute constant C and for all ξ, z ∈ B_n � � � � f(ξ) (1 − (ξ · z))^{n+3} � � � � ≤ C � � � �D^1 � f (1 − (· · z))^{n+2} � (ξ) � � � � + C � � � � D^1(f)(w) (1 − (ξ · z))^{n+2} � � � � . (4.45)

Multiplying (4.45) by (1 − |ξ|^2)(1 − |z|^2)^{n+2} and then using again Lemmas 4.2.6 and

4.2.3, equation (4.44) we have, taking z = ξ, that |f(ξ)| → 0 as ξ → B_n. Hence

(5) holds. The implication (5) ⇒ (2) is obvious. This completes the proof of the

Corollary.�

Conculsion

In the first part, we develop a new type of partition of unity, which enables us to decompose vector valued measures in terms of measures whose Fourier transform is a measure satisfying some satisfactory properties in a precise direction. With this we are able to give a simplified proof of the theorem on the modulus of continuity first proved by Boman [10] in 1967.

In the second part, we set out with the following two problems:

(1) Characterize the symbols f ∈ L^1(B_n, dν) whose associated Toeplitz operator, T_f , extend to bounded operators on the Bergman spaces, L^p_a(B_n, dν).

(2) Characterize the symbols f ∈ L^1(B_n, dν) whose associated Toeplitz operator, T_f , extend to compact operators on the Bergman spaces, L^p_a(B_n, dν).

For p > 1 we are able to improve the existing results on the following two problems for the case p > 1. While for the p = 1 we where able to give new results characterizing boundedness and compactness not only of the Toeplitz operator but also for more general operators on the Bergman space L^1_a.

Bibliography

[1] Agbor, D.:Topics in Fourier Analysis Licentiate Thesis, Stockholm University (2007)

[2] Agbor, D., Boman, J.:On the modulus of continuity of mappings between Euclidean spaces To appear in Math. Scad.

[3] Agbor, D., Tchoundja, E. : Toeplitz operators with L^1 symbols on Bergman spaces in the unit ball of C^n, Adv. Pure Appl. Math. 2(2011) 65-88

[4] Agbor, D., Békollé, D.,Tchoundja, E.: Bounded and Compact operators on the Bergman space L^1_a in the unit disk of C. Afr. Diaspora J. Math. 11(2011), No.2 1-29

[5] Axler, S., Zheng, D.: Compact operators via Berezin transforms, Indiana University Mathematical Journal 47 (1998), 387-400.

[6] Bennett, C. Sharpley, R. :Interpolation of operators Pure and Applied Mathematics, 129. Academic Press, Inc., Boston, MA, 1988.

[7] Békollé, D., Bonami, A., Garrigós, G., Nana, C., Peloso, M., Ricci, F.: Lecture Notes on Bergman Projections in Tube Domains over Cones : An Analytic and

Geometric Viewpoint, in Proceedings of the Workshop ”Classical Analysis, Partial Differential Equations and Applications”, Yaoundé, December 10-15, 2001, IMHOTEP, J. Pure Applied Math., Vol. 5, No 1 (2004).

[8] Békollé, D.,Berger, C.A., Coburn, L.A.,Zhu, K.H : BMO in the Bergman metric on bounded symmetric domains, J. Funct. Anal. 93 (1990), no. 2, 310–350.

[9] Berger, C., Coburn, L., Zhu, K.: Function theory on Cartan domains and the Berezin-Toeplitz symbol calculus, Amer. J. Math. 110 (1988), 921-953.

[10] Boman, J.: Partial regularity of mappings between Euclidean spaces, Acta Math.

119 (1967), 1-25

[11] Boman, J: On comparison theorems for generalized moduli of continuity.Proc.

Conf., Math. Res. Inst., Oberwolfach, 1974), pp. 105–111.

[12] Boman, J:Comparison theorems for generalized moduli of continuity. Vectorvalued measures. Proc. Conf., Math. Res. Inst., Oberwolfach, 1976 pp. 38–52.

[13] Boman, J.: Equivalence of generalised moduli of continuity, Ark. Mat. 18 no.

1,(1980) 73–100.

[14] Boman,J., Shapiro, H.:Comparison theorems for a generalised modulus of continuity Ark. Mat. 9 no.1,(1971) 91-116

[15] Brézis, H. : Analyse Fonctionnelle: Théorie et Applications, Masson, Paris (1983).

[16] Cao, G:Toeplitz operators with unbounded symbols of several variables J. Math.

Anal. Appl. 339 (2008) 1277-1285.

[17] Charpentier, P.: Formules explicites pour les solutions minimales de l’équation ∂u = f dans la boule et dans le polydisque de C^n Anal. de l’intitut Fourier, tome 30, no 4(1980), 121-154

[18] Cowen, C.:An analytic Toeplitz operator that commutes with a compact operator and a related class of Toeplitz operators, J. Funct. Anal. 36(1980), 169-184.

[19] Conway, J. B.: A Course in Functional Analysis, Springer-Verlag, New York, 1985.

[20] Cima, J. A., Cuckovic, Z.:Compact Toeplitz operators with unbounded symbols J.

Operator Theory 53 No. 2(2005), 431-440.

[21] Englis, M.: Compact Toeplitz operators via the Berezin Transform on bounded symmetric domains, Integr. equ. oper. theory 33(1999), 426-455

[22] Forelli, F., Rudin, W.: Projections on spaces of holomorphic functions in Balls Indiana University Mathematical Journal vol. 24 No. 6 (1974)

[23] Grudsky, S., Karapetyants A., and Vasilevski,N.: Toeplitz operators on the unit ball in C^n with radial symbols, J. Operator Theory 49(2003), no 2, 325-346.

[24] Tan Haiou : Weighted Bergman spaces and Carleson measures on the unit ball of C^n, Anal. Mathematica, 26(2000), 119-132.

[25] Hedenmalm, H., Korenblum, B., Zhu, K.: Theory of Bergman spaces, Graduate Texts in Mathematics 199, Springer Verlag (2000).

[26] Hörmander, L.: The Analysis of Linear Partial Differential Operators I Springer- Verlag, Belin Heidelberg New York Tokyo 1983.

[27] Lu Yu-feng:Compact operators on the Bergman spaces of the unit ball and the polydisk in C^n, Annales de L’institut Fourier, tome 30, no 4 (1980), 121-154 Northeast. Math. J. 16 No. 3 (2000), 347-356.

[28] Luecking, D.: Multipliers of Bergman spaces into Lebesgue spaces, Proc. Edinburgh Math. Soc. (2) 29 (1986), no 1, 125-131.

[29] Luecking, D.:Forward and reverse Carleson inequalities for functions in Bergman spaces and their derivatives Amer. J. Math. 107(1985) 85-111

[30] Marchaud, A.,Sur les dérivées et sur les différences des fonction de variables réelles. J. Math. Pures. Appl., 6 (1927),337-425.

[31] Miao, J., Zheng, D. : Compact operators on Bergman spaces, Integr. Equ. and Oper. Theory 48 (2004), 61-79.

[32] Ohno, S., Zhao, R.: Weighted composition operators on the Bloch space, Bull.

Austr. Math. Soc. 63 (2001), 177-185.

[33] Pott,S., Strouse, E.: Products of Toeplitz operators on the Bergman spaces A^2_α St. Petersburg Math. J. 18 (2007), 105-118.

[34] Range, M.:Holomorphic Functions and Integral Representations in several complex variables, Springer Verlag (1986).

[35] Rao, M. M.: Measure theory and Integration Second Edition, Revised and Expanded. MARCEL DEKKER, INC (2004)

[36] Ren Fuyao, Xiao J.:Bounded projections and duality on spaces of holomorphic functions in the unit ball of C^n. Acta Math. Sinica (N.S.) 11 (1995), no. 1, 29–36.

[37] Rudin, W.:Function Theory in the unit Ball of C^n Springer-Verlag New York (1980) [38] Rudin, W.:Real and Complex Analysis, Third Edition, McGraw-Hill, 1987. [39] Shapiro, H. : Topics in approximation theory Lecture notes in Math. vol 187, Springer-Verlag, Belin 1971 [40] Shields, A. L., Williams D. L.:Bounded projections, duality, and multipliers in spaces of analytic funstions, Trans. Amer. Math. Soc. 162(1971), 287-303 [41] Stroethoff, K. Zheng, D.: Bounded Toeplitz products on Bergman spaces of the unit ball J. Math. Anal. and Appl.,325 (2007) 114-129 [42] Stroethoff, K.: The Berezin Transform and Operators on spaces of Analytic functions Linear Op. Banach Center Pub. vol. 38(1997) 361-380 [43] Stroethoff, K.: Compact Toeplitz operators on weighted Harmonic Bergman spaces, J. Austral. math.soc.(series A)64 (1998), 136-148 [44] Stroethoff, K.: Compact Toeplitz operators on Bergman spaces Math. Proc.

Camb. Phil. Soc. 124(1998), 151-160 [45] Wu Z., Zhao R.,Zorboska N.:Toeplitz Operators on Bloch-Type Spaces Proc.

Amer. Math. Soc. vol 134 (2006) no. 12 3531-3542 [46] Yu, T.:Compact operators on the Weighted Bergman space A^1(ψ), Studia Math 177 (2006) No.3, 277-284 [47] Zhu, K.: Spaces of Holomorphic Functions on the Unit Ball Springer (2004)

[48] Zhu, K.: Holomorphic Besov Spaces on the Bounded Symmetric Domains, II, Indiana Univ. Maths. J. vol. 44, No. 4(1995) 1017-1031

[49] Zhu, K.: Operator theory in function spaces, Marcel Dekker, New York (1990).

[50] Zhu, K.: Positive Toeplitz operators on weighted Bergman spaces of symmetric domains, Journal of Operator Theory 20 (1988), vol.2, 329-357.

[51] Zhu, K.: Multipliers of BMO in the Bergman Metric with Applications to Toeplitz Operators J. Funct. Anal, 87 (1989) 31-50

[52] Zorboska, N.: Toeplitz operators with BMO symbols and the Berezin transform, International Journal of Mathematics and Mathematical Sciences 46 (2003), 2926-2945.

[53] Zorboska, N.: The Berezin transform and radial operators, Proc. Amer. Math.

Soc. 131, No. 3 (2002), 793-800.