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Abstract

Given an algebraic group, one may consider the class of its classifying stack
in the Grothendieck group of stacks. This is an invariant studied by Ekedahl.
For certain connected groups, called the special groups by Serre and Grothen-
dieck, the invariant simply gives the inverse of the class of the group itself.
It is natural to ask whether the same is true for other connected groups. We
investigate this for the groups PGLy and PGL3 under mild restrictions on
the choice of base field.

In the case of PGLsg, the question turns out to have a positive answer.
In the case of PGLj3, we reduce the question to the computation of the
invariant for the normaliser of a maximal torus in PGL3. The reduction
involves determining the class of a certain gerbe over the moduli stack of
elliptic curves.
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1 Introduction

The main results of this thesis are computations of an algebro-geometric invariant for
groups in the case of the projective general linear groups PGLs and PGL3. In this
introduction, I will put these results into context. My aim is to provide a non-technical
overview intended for a broader mathematical audience, not necessarily specialised in
algebraic geometry. The definition of the invariant is given in Section 1.5 following a
preprint of Ekedahl [Eke09a]. The results themselves are stated in Section 1.6.

1.1 Euler characteristics

The main objects of study in algebraic geometry are varieties — geometric objects
defined by algebraic equations. When studying varieties, a simple, yet effective, invariant
is the classical Euler characteristic. It owes much of its effectiveness to its additivity
properties with respect to closed subsets. We capture these properties in the following
definition.

Definition. A (generalised) Euler characteristic is a function y from the set of isomor-
phism classes of varieties over some fixed base field k£ to some ring R. The function is
supposed to satisfy the relations

o x(X) =x(Z2)+x(X\ Z) for each pair of varieties Z C X, where Z is closed in X,
o X(X xY)=x(X) x(Y) for arbitrary varieties X and Y.

These relations are referred to as the scissors relation and the multiplicative relation
respectively.

The most general Euler characteristic one can think of is the one taking values in the
Grothendieck group of varieties Ko(Vary). This is defined as the ring generated by iso-
morphism classes { X'} of varieties subject to the relations needed to make the assignment
X — {X} an Euler characteristic in the sense of the definition above. By construction,
every Euler characteristic factors via Kg(Varg). Hence the Euler characteristic taking
values in Kg(Vary) deserves to be referred to as the universal Euler characteristic.

The class {0} of the empty variety is the zero element in Ko(Vary) and the class {x}
of a point is the multiplicative identity. The class {Ai} of the affine line also plays a
particular role. It is usually called the Lefschetz class, and we will denote it by L.

In modern times, the study of Kg(Vary) gained interest due to its appearance in the
field of motivic integration introduced by Kontsevich. In this context, it is common to
formally invert the Lefschetz class L and take the completion with respect to a dimension
filtration. The resulting ring is usually denoted by IA(O(Vark).

We shall neither be directly concerned with motivic integration nor the ring KO(Vark)
in this work. But in several of the articles referenced in this introduction, the results
are stated in terms of the ring Kg(Vark). It is worth noting that the classes of the
general linear groups GL,, are invertible in IA(O (Varg). This is a property which will have
significance later on.



As always when introducing algebraic structures by giving relations and generators,
one should make sure that the structure not just collapses to something trivial. In the
case of Ko(Vary) this is asserted by various concrete examples of Euler characteristics.
Here are some:

EC1 The classical topological Euler characteristic gives an Fuler characteristic from
varieties over C to the integers.

EC2 When working with varieties over a finite field [F,, we get an Euler characteristic
to the integers by simply counting the number of rational points on the variety.
Saying that this function is an Euler characteristic is nothing but a fancy way to
express the obvious fact that if we cut a variety in halves, the total number of
points on the variety equals the sum of the number of points on each half.

EC3 The previous example may be expanded to counting the number of Fy»-points for
each positive integer n. This gives an Euler characteristic taking values in the ring
of integer valued functions on the positive natural numbers.

EC4 A technically more involved Euler characteristic may be considered if we work with
varieties over a field k which is not algebraically closed. Then we may also take
advantage of the arithmetic information. Given a variety X, we take the coho-
mology of X;. More precisely, we should take the étale cohomology with compact
support and with coefficients in Q. The cohomology groups so obtained have a
natural structure of continuous Gal(k/k)-representations. Taking the alternating
sums of these representations in the representation ring for Gal(k/k) gives our de-
sired Euler characteristic. Since the representation ring for the trivial group is just
Z, this example degenerates into the first one if £ = C, due to the correspondence
principle for étale cohomology.

Actually all of the examples above fit into a common framework. The classical Euler
characteristic may be understood as taking the alternating sum of the Betti numbers,
i.e. of the dimensions of cohomology groups for X for a suitable cohomology theory.
This gives an Euler characteristic in our sense since the inclusion Z C X induces a long
exact sequence on cohomology.

But taking dimensions is a rather coarse invariant. Usually cohomology groups have
richer structure than just being vector spaces, as for instance suggested in the fourth
example. If the cohomology groups for the cohomology theory considered belong to
some abelian category A, we get an Euler characteristic by taking the alternating sum
in the Grothendieck group Kg(A). The group Kg(A) is defined as the group generated
by isomorphism classes in A subject to the relations {B} = {A} + {C} for short exact
sequences

0—-A—B—-C-—0.

We shall mention a few more Euler characteristics fitting into this picture.
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EC5 In [Eke09a], Ekedahl considers an Euler characteristic of mized Galois represen-
tations taking values in a ring we will call Ko(Cohg). This is a variant of the
fourth example with the extra feature that it manages to extract useful arithmetic
information for arbitrary base fields.

EC6 Ekedahl also considers an Fuler characteristic of mixzed Galois representations with
torsion taking values in a different Grothendieck group Lo(Cohy). Here only re-
lations for split exact sequences are added. This has the added feature that it
preserves torsion in the cohomology groups. The construction depends on an al-
ternative presentation of Kg(Varg) given by Heinloth-Bittner [Bit04] using only
smooth and proper varieties as generators. Since this result uses resolutions of
singularities and the weak factorisation theorem by Abramovich, Karu, Matsuki
and Wilodarczyk [AKMWO02, W1003], it is currently only known to work over fields
of characteristic zero.

EC7 In [BD07], Behrend and Dhillon consider an Euler characteristic of effective Vo-
evodsky motives. This takes values in the Grothendieck group of effective Voevod-
sky motives K (DMg{;(k‘, Q)) Strictly speaking, the category DM;ﬁl(k’, Q) is not
known to be abelian. However, it is triangulated, which makes the construction
work anyway.

1.2 Fibre bundles and torsors

In geometry, a fibre bundle with fibre F' is a map of spaces £ — S which locally on S
looks like the projection of a Cartesian product F'x S to the second factor. It is common
to restrict transformations gluing the bundle together over different coordinate patches
to lie in a group G acting as automorphisms on the fibre F. The group G is called the
structure group of the bundle. The prototypical example of a fibre bundle is of course a
rank n vector bundle. Here the fibre is an n-dimensional vector space and the structure
group is GL,,.

In differential or complex analytic geometry it is fairly clear what we mean by a fibre
bundle looking like a product locally. In algebraic geometry the question is more subtle.
In many cases, it seems like the Zariski topology is simply to coarse to capture the
geometry of fibre bundles. As an illustration of this, we give the following example:

Example 1.1. Choose coordinates s and t for the affine plane A% and consider the
Zariski open subset S defined by removing the coordinate axes. Let C be the plane
projective curve over S defined by the equation

s-a:2+t-y2+22:0.

Since s and t do not vanish on S, the fibre over each point in S is a non-singular conic.
Such a curve is isomorphic to the projective line provided that it has a rational point,
which is true over each closed point of S. This gives a hint that we might want to view
C as a P!'-fibred bundle over S. But over the generic point of S we have no rational
points since the defining equation of C has no solutions in the function field C(s,t). As
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a consequence, there can be no Zariski open subset U C S over which C' is isomorphic
to P! x U. Hence C is not a fibre bundle over S according to the naive definition.

Instead, we may formally adjoin the square roots of s and t to the coordinate ring of
S. This corresponds to a variety S’ surjecting onto S. Over S’ the defining equation of
C' does have solutions and hence C' is isomorphic to P! x S’ over S’. A surjection as the
one described here is called an étale covering. Note that in the classical topology the
space S’ is a degree 4 covering space over S. In particular, this implies that C is a fibre
bundle over S in the complex analytic sense.

Such phenomena eventually led Grothendieck to reformulate topology to deal with cov-
erings instead of open subsets. When referring to fibre bundles in algebraic geometry,
we usually mean with respect to the étale topology, i.e. with respect to coverings as in
the example above.

For some structure groups, being a fibre bundle in the generalised sense described
above actually implies being a fibre bundle in the Zariski sense. This is for instance
true for the general linear groups GL,. Hence trying to generalise vector bundles using
étale coverings gives nothing new. Groups with this properties are called special. The
example above shows that the automorphism group of P!, namely PGLo, is not special.
The same turns out to be true for all projective linear groups PGL,,.

A fibre bundle may be viewed as a twisted product of the fibre and the base space.
The amount of twist is described by a geometric object called a torsor for the structure
group (G. Torsors are fibre bundles in their own right. They are fibred by the group
G viewed as a G-space by translation. In other branches of geometry, torsors are often
called principal homogeneous spaces. For a vector bundle, we get the associated torsor by
taking the frame bundle. A fibre bundle with fibre £’ and structure group G is completely
described by its associated G-torsor. This essentially reduces the study of fibre bundles
to the study of torsors.

1.3 Muiltiplicativity relations for torsors

Let E — B be a fibre bundle of topological spaces with fibre F'. Then the multiplica-
tivity relation x(E) = x(F') - x(B) holds for the classical Euler characteristic in quite
general circumstances. A natural question to ask is to what extent this holds for Euler
characteristics in the algebraic setting. Reformulated in terms of torsors, this gives the
following question:

Given a G-torsor T' — S, for some group G, when does the multiplicativity relation
{T} = {G}{S} hold in Ko(Varg)?

Of course the relation holds, by definition, if 7' — S is the trivial torsor, i.e. if T is
simply the product G x S. Multiplicativity is also quite easily seen to hold if the torsor
trivialises in the Zariski topology. In particular, it holds for G-torsors if GG is special. In
contrast to the case with the classical Euler characteristic, it does not hold in general if
G is not connected. We illustrate this by a simple example.

Example 1.2. In algebraic group theory, it is common to denote the group of units C*
in the ring of complex numbers by G,,,. The square map = — 22 from G,, to itself is a
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group homomorphism with kernel {—1,1}, which is isomorphic to 9. Since the square
map is surjective, it makes G,,, a Ya-torsor over itself. Now, considered as a variety, the
group G, is the affine line with a point removed. Hence its class in Ko(Varc) is L — 1.
The class of ¥4 is 2 since the group is just a disjoint union of two points. One can show
that 2(L — 1) # L — 1 in Ko(Varc), which shows that multiplicativity does not hold in
this case.

The question is more delicate in the case of connected non-special groups. Here we do
have multiplicativity for the Euler characteristic EC5 of mixed Galois motives [Eke09a,
p. 6]. For the Euler characteristic ECT of Voevodsky motives, we have multiplicativity
for torsors for split connected affine groups [BD07, A.9]. This made Behrend and Dhillon
raise the question whether multiplicativity actually holds already in IA{O(Vark) [BD07,
Remark 3.3]. Ekedahl gave this a negative answer in [Eke08]. In fact he showed, by
using the Euler characteristic EC6, that for each non-special connected affine group G
there is a G-torsor for which multiplicativity does not hold.

1.4 Universal torsors and stacks

One way to obtain torsors for a group G, is to take a space X on which G acts freely
and then take the quotient X/G. This makes X a G-torsor over X/G via the quotient
map.

In homotopy theory, this may be used to construct a universal G-torsor. This is
obtained by choosing a contractible space EG on which G acts freely. Such a space
always exists. The resulting quotient EG/G has well-defined homotopy type and is
denoted by BG. The space BG has the property that given any space X, the homotopy
classes of maps X — BG are in natural correspondence with the homotopy classes of
G-torsors over X. Due to this property, the space BG is called the classifying space for
G.

We would like to do a similar construction in the algebraic setting. This can be
achieved if we enlarge our algebraic objects under consideration to include so called
algebraic stacks. The class of algebraic stacks includes the usual varieties, but also
other, more general objects.

One way to produce stacks is to take the stack quotient [X/G] of a variety X by
an algebraic group G acting on X. The ordinary quotient X/G may be thought of as
the space X together with an equivalence relation on X. Two points are considered
equivalent if there is a group element in G transporting one of the points to the other.
In contrast, the stack quotient [X/G] may be understood as a groupoid structure on X.
Not only do we recall that there exists a group element taking one point to the other,
we also recall which. For free group actions, there is a unique group element with this
property and the two concepts of quotients essentially coincide. However, for a group
action which is not free, the stack quotient is a stack which genuinely fails to be variety.
Although this heuristic picture gives a general clue to what a stack quotient is, it should
be noted that it is a simplification which fails to capture any topological or algebraic
aspects.

13



The nice thing about the stack quotient is that it always behaves as if it were free, even
if the group action is not. More precisely, the variety X will always be a G-torsor over
[X/G]. The price we have to pay by considering stacks instead of varieties is increased
complexity. The algebraic stacks form a 2-category. Not only do we need to keep track
on ordinary maps between stacks, but also 2-maps between maps.

In order to get a classifying space in the algebraic setting, we may now make an even
more straightforward construction than in homotopy theory. Instead of letting G act
freely on something that homotopically looks like a point, we simply let G act trivially
on an actual point. The resulting stack quotient has similar classifying properties with
respect to torsors as in the homotopy theory case. Therefore, we call it the classifying
stack for G and denote it by BG. The quotient map from the one-point space * to BG
makes * the universal torsor over this stack.

1.5 Universal Euler characteristics for stacks

Once we have agreed that stacks are natural objects to study, we would like to be able
to do the same things with them as we do with varieties. In particular, we would
like to have an universal Euler characteristic for algebraic stacks. This leads us to
consider the Grothendieck group of stacks, which has been done independently by several
authors. Toén in [Toé05], Joyce in [Joy07], Behrend-Dhillon in [BD07] and Ekedahl in
[Eke09a, Eke08, Eke09b]. We will follow Ekedahl’s axiomatisation:

Definition. The Grothendieck group of stacks is the abelian group Ko (Stacky) generated
by equivalence classes {X'} of algebraic stacks X subject to the relations

GS1 {X} ={Z} +{X\ Z} if Z is a closed substack of X,
GS2 {£} = {A" x X} if £ — X is a rank n vector bundle of stacks.

The stacks under consideration are assumed to have affine stabiliser groups and be of
finite type over a base field k. The group Ko(Stacky) has a natural ring structure with
multiplication defined by {X'} - {V} = {&X x V}.

Note that axiom GS2 is redundant for varieties. For stacks this is not the case. In
fact the axiom is equivalent to requiring that we have multiplicativity relations for all
GL,,-torsors. Since for instance B GL,, has no non-trivial closed substacks, we cannot
apply the same cutting and pasting arguments as we did for varieties.

A consequence of the axioms is that each stack which may be described as a stack
quotient [X/GL,] has the class {X}{GL,} ! in Ko(Stacky). Not every algebraic stack
can be written in this form, but due to a result by Kresch [Kre99], every stack we
shall consider admits a finite stratification by such quotients. From this, it follows that
Ko (Stacky) is the localisation of the ring Ko(Vary) where the classes {GL,} have been
inverted for all n. Since all these classes are invertible in IA(O(Vark), we get a canonical
ring homomorphism Ky (Stacky) — Ko(Vary) and we may actually talk about the class
of a stack in Ko(Vary).
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Given a group G, we can consider the class of its classifying stack BG in Kg(Stacky,).
Ekedahl studies this invariant for finite groups in [Eke09b]. Using the cohomological
Euler characteristic EC5 taking values in the Grothendieck group of mixed Galois rep-
resentations, one always get x(BG) = 1 when G is a finite group. Ekedahl proves that
{BX,} = 1 already in Ko(Stack) for all symmetric groups %,,. But he also gives examples
of finite groups G such that {BG} # 1.

1.6 The main results

As already noted, the multiplicativity relation for torsors does not hold in general for
non-special groups. But it may still hold for particular torsors, an obvious candidate
for investigation being the universal one. Since the total space of a universal torsor is a
single point, which has the class 1 in Ko(Stacky), this is the same thing as asking if the
class of the classifying stack BG for a group G is the inverse of the class of the group
itself.

Since the groups PGL,, are non-special and connected, they provide a natural starting
point for our studies. We obtain the following results for the cases n = 2 and n = 3.

Theorem A. Let k be a field of characteristic not equal to 2 Then the class of the
classifying stack BPGLqy is the inverse of the class of PGLa in Ko(Stacky).

Theorem B. Let k be a field of characteristic not equal to 2 or 3 containing all third
roots of unity. Then the class of the classifying stack BPGL3 is

L3 L-1
L-12L+1)L2+L+1)) L0 -1

{PQLy} " + ({BNg} -

in Ko(Stacky). Here N3 denotes the normaliser of the mazximal torus in PGLs.

The groups PGL,, themselves have classes which are polynomials in L in Kq(Varg).
More precisely, the classes are given by

n—1

(L-1 '@ -1

=0

Recall that the cohomological Euler characteristic EC5 of Ekedahl’s, taking values in
Ko(Cohk) is multiplicative with respect to torsors for connected groups. Furthermore,
the induced map Ky (Stacky) — IA{O(Cohk) is injective on rational functions in L. Hence
the question of {BPGL,} being the inverse of {PGL,} is equivalent to the question of
{BPGL,} being a rational function in L. Therefore Theorem B, although not giving
a definitive answer regarding the question of multiplicativity of B PGL3, reduces the
problem to the question of rationality in IL of the class of BIV3.

The group N3 is 2-dimensional and may be explicitly described as the group of 3 x 3
monomial matrices modulo the scalar matrices. The lack of low-dimensional faithful
representations for this group makes it harder to attack than the other groups arising in
the computations.
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It should be remarked that the techniques used for computing the results above do not
extend well to corresponding computations for projective general linear groups of higher
dimension. In particular, the results give no evidence that the multiplicativity relations
should be true for higher n. That we repeatedly get rational functions in L in our
computations seems to stem from the fact that we are getting away with working with
representations of low dimension and that the orbit spaces of such representations tend
to be rational. If I am allowed to speculate, I would rather guess that the multiplicativity
relation will fail, if not for n = 3 so for higher n.

1.7 Outline

Among the preliminaries in Section 2 are a couple of standard facts about stacks, alge-
braic groups, torsors and moduli spaces. They will be used later in the work, but are
not typically found in introductory text books about scheme theory. This will serve the
two-fold purpose of establishing notation and reviewing the facts to non-experts.

In Section 3, we develop some of the basic properties of the Grothendieck group of
stacks. The main purpose is to make the text self-contained. Apart from Proposi-
tion 3.11 and 3.12 these results already occur, either explicitly as propositions or as
simple consequences of such, in for instance the preprint by Ekedahl [Eke09a].

Section 3 also introduces the main techniques for computing the class of a classifying
stack. They are similar to the ones used by Ekedahl in [Eke09b] to compute the classes
of classifying stacks for some finite groups. The strategy is to find a suitable linear
representation V' of the group G in question. This gives a relation between the class of
BG with the class of the stack quotient [P(V)/G]. This stack quotient may in turn be
stratified into pieces which will hopefully be easier to understand.

In Section 4, these techniques are applied to the projective linear groups PGLy and
PGL3. We will use geometrical representations of the groups acting on the space of
hypersurfaces in projective space. In the case of PGLs, this quickly leads to the result
in Theorem A. The case of PGL3 requires more work. Here we will use the natural
representation on the space of planar cubic curves. This space may be subdivided into
two according to whether the curves are singular or not. The computation of the singular
part is reduced to the computation of the group of automorphisms of curves induced by
projective transformations. These automorphism groups are determined in Appendix A.

Next, in Section 5, we study the stack [Hys/ PGL3] of non-singular planar cubics up to
projective equivalence. This is related to the moduli stack M 1 of elliptic curves. The
main result of this section is that [H,s/ PGL3] is a gerbe over M; ;. More precisely, the
stack [Hys/ PGL3] is equivalent to the classifying stack of the 3-torsion subgroup £[3] of
the universal curve £ over M 1. This equivalence might well have been noted by others,
but I am not aware of any references.

Finally, in Section 6, we use the equivalence from the previous section to compute the
class of [Hy,s/ PGL3]. The key to this computation is to embed the 3-torsion subgroup
of an arbitrary family of elliptic curves into a special algebraic torus and to compute the
class of the quotient. We show that under mild hypotheses on the base field, the class
of [Hys/ PGL3] equals the class of M 1, which in turn is shown to be equal to L.
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2 Preliminaries

2.1 Notation and conventions

Our schemes and algebraic spaces are by default assumed to be of finite type over a
base field k. We denote the categories of these objects by Schy and Space,, respectively.
Some of the results are true in a more general setting without the proofs being harder.
In these cases, we will write the conditions explicitly. By wvariety we mean a reduced
scheme of finite type over a field k. The category of varieties over k is denoted by Vary.

When working with moduli problems, algebraic groups and actions of algebraic groups,
it is often extremely useful to adopt the functor of points perspective. When doing so,
we shall use the term sheaf to mean a sheaf of sets on the site of schemes with the fppf
topology over some base scheme. The symbols () and * denote the initial and terminal
objects respectively in this sheaf category. We shall generally make no distinction be-
tween a scheme and the functor it represents. The terms injective, surjective and image
will be used with their sheaf theoretic meanings. If we mean something else, we shall
clarify this by writing for instance schematic image or surjective on geometric points.

When talking about groups, we will usually mean group objects in whatever category
we are working with. When we need to be more specific, we write sheaf of groups,
group scheme or group varieties for group objects in the category of sheaves, schemes or
varieties respectively.

When working with stacks, we shall often describe them as categories fibred in group-
oids over the site of schemes with the fppf topology. Algebraic stacks are assumed to be
of finite type over the base field and have affine stabilisers. We denote the 2-category
of such objects by Stacki. The assumptions allow us to invoke the following result by
Kresch [Kre99].

Proposition 2.1 (Kresch). A finite type algebraic stack with affine stabilisers has a
non-empty open substack which is the global quotient of a scheme by GL,,.

Our assumptions ensures that every algebraic stack admits a finite stratification by
locally closed substacks which are global quotients by GL,,.

2.2 Groups of multiplicative type

We recall some terminology and basic facts about groups of multiplicative type. The
standard reference for this is [DG64] exposé VIII-X. A more elementary treatment in
the case where the base is affine is given in [Wat79].

Given a group G, we may consider its Cartier dual, which we denote by GV. This is
defined as the sheaf Hom , (G, Gp). There is a natural homomorphism from G to its
bidual, and we say that G is reflexive provided that this is an isomorphism. Since taking
the Cartier dual respects base change, it is clear that reflexivity is a local property.

The constant abelian groups are reflexive, and groups isomorphic to their duals are
called diagonalisable. Diagonalisable groups are always representable by schemes. They
are affine and of finite type if and only if they come from finitely generated abelian groups.
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Since we shall only be interested in this case, we will henceforth drop the modifiers finite
type and finitely generated respectively in this context. The dual of Z/nZ for a positive
integer n is the group u, of n-th roots of unity and the dual of Z is G,,. Since the
Cartier dual respects products, this gives the full classification of diagonalisable groups.
A group which is étale locally diagonalisable is said to be of multiplicative type. The
groups of multiplicative type form an abelian category and the Cartier dual gives an in-
volutive exact anti-equivalence to the abelian category of locally constant abelian groups.
A locally constant group is said to be split if it is actually constant. Similarly a group
of multiplicative type is said to be split if it is diagonalisable. Note that the terminology
is relative to in which class we consider the group. For instance, the group ps over the
base Q is non-split as a locally constant group but split as a group of multiplicative type.
A group which splits after a finite étale base change is called isotrivial. Over a con-
nected base S a choice of geometric point § gives an exact equivalence of the category of
isotrivial locally constant groups and the category of continuous 71 (S, $)-representations
on finitely generated abelian groups. Here 71(S,3) denotes the étale fundamental group
and the abelian groups are considered topological groups endowed with the discrete
topology.
A group of multiplicative type which locally corresponds to a torsion free abelian
group is called a torus. A torus is called quasi-trivial if it corresponds to a permutation
representation of the étale fundamental group of the base.

2.3 Torsors

The theory of torsors is worked out in great detail in for instance Giraud’s book on non-
abelian cohomology [Gir71]. A shorter and more basic introduction is given in Milne’s
book on étale cohomology [Mil80, Section III.4]. In this section, we recall some of the
facts that will be important for this work.

Let G be a sheaf of groups on a site C. By a pseudo-torsor for G we mean a sheaf of G-
sets T' on which G acts freely and transitively. We will usually assume that G acts on T’
from the right, although the left action case of course is completely analogous. One way
of expressing that the action is free and transitive is to say that the map T'x G — T x T
defined on generalised points by (¢,g) — (¢,t - g) is an isomorphism. If in addition the
map T — * is surjective, we call T a torsor.

Torsors will often be considered in the relative setting. If G — S is a group, we
say that " — S is a (pseudo-)torsor provided that it is a (pseudo-)torsor over the site
C/S. If G — x is a group, we will frequently abuse language and say that T — S is a
(pseudo-)torsor for G when we actually mean that it is a (pseudo-)torsor for G xS — S.

Let X and Y be right and left G-spaces respectively. If the action of G is free on
either X or Y, we may form the contraction product X x© Y. This is defined as the
quotient of the product X x Y by the equivalence relation (¢ - g,z) ~ (t,g - x) for any
g € G. If Y is a torsor, we obtain an object which is locally isomorphic to X. We call
this the X-fibration associated to the torsor Y.

In general, there is no natural way to define a nontrivial G-action on X x¢Y". However,
if X also admits an action from the left by a group H, then so does X x© Y. The
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corresponding fact is of course true for right actions on Y. For an abelian group A,
we may utilise this to form contraction powers T™ for A-torsors T. This is defined as
the n-fold contraction product. We may also define negative powers by letting 7! be
defined as the sheaf Isom 4 (T, A) of A-equivariant isomorphisms. One verifies that we
have a natural isomorphism (7)™ = T"+™ for all integers n and m with this definition.

The torsors for a given group G form a category BG. The objects are torsors T — S
and the morphisms are Cartesian squares

T —ouT

|

S —— S

such that the morphism 7" — T is G-equivariant in the obvious sense. The forgetful
functor to C taking T' — S to S makes this a category fibred in groupoids over C. In
fact BG is a stack equivalent to the stack quotient [*/G]. It is called the classifying
stack for G. Geometrically, it may be viewed as the moduli stack of G-torsors. The set
of isomorphism classes of torsors over S is denoted by Hl(S, G). If G is abelian, this
coincides with the usual definition of cohomology as a derived functor.

Given an arbitrary stack X and an object X € X(x), we may consider the full substack
of objects locally isomorphic to X. This stack is equivalent to the classifying stack
BAut(X). Given an object Y — S locally isomorphic to X, the associated torsor is
given by Isom(Y, f*X), where f denotes the structure map S — x. If the stack X is
embedded in the stack of sheaves over C, the 2-inverse of this functor is given by taking
the X-fibration associated to a given torsor. This is possible to define even if X is not
embedded in the stack of sheaves by using descent along torsors as described in [Vis05].

For an abelian group A, the stack BA has an alternative description in terms of
extensions by the constant group Z. Consider the category xt!(Z, A) of short exact
sequences

0—Ag — Eg—Zg—0

of abelian groups over a base S, which we allow to vary. The morphisms are given by
morphisms of complexes. We have a functor £xt!(Z, A) — BA taking such a sequence
as above to the degree 1 part of Eg, i.e. the subsheaf of elements in Fg mapping to 1.
This functor admits a 2-inverse taking an Ag-torsor T to the exact sequence

0—>AS—>HTé—>Z—>0,

7

where Té denote the i-th contraction power. This makes the two categories BA and
Ext!(Z, A) equivalent. A proof is given in [SGA72, Expose VII]. It is interesting to
note that the decategorification of this functor induces an isomorphism H!(S, A) —
Ext!(Z, A).

So far we have only discussed torsors in the general setting of sheaves. When working
with schemes the issue of representability enters. For affine group schemes every torsor
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is representable by an affine scheme. This follows by effective flat descent for affine
schemes and the fact that every torsor is locally isomorphic to an affine group. For
arbitrary group schemes the situation is more delicate since we do not have effective
descent for schemes in general. However, we do have effective descent for algebraic
spaces, so each torsor will at least be an algebraic space.

2.4 Special groups

In [CGS58] Serre and Grothendieck study a class of group varieties which they call the
special groups. They also give a complete classification of these groups over an alge-
braically closed field. The class is closed under extensions and only contains affine and
connected groups. All connected soluble groups are special, but among the semisimple
groups only products of SL,, and Sp,,, are.

Since we need to work over a general base, we will use a slightly different definition of
special group.

Definition. An algebraic group G — S is called special if for each G-torsor T — S’ over
an S-scheme S’ there is a non-empty open subscheme U C S’ such that T is trivial over
U. A group scheme over a more general base is considered special if the base change to
every scheme is.

Ekedahl remarks in [Eke09a] that this definition coincides with the one given by Serre
and Grothendieck if we only consider group varieties over an algebraically closed field.
But over a general base the classification is more subtle. It is still true that the class of
special groups is closed under extensions and contains G,, GL,, SL,, and Sp,,,. But there
are non-split tori which are not special. This is, however, not the case for quasi-split
tori.

Proposition 2.2. Let S be an arbitrary scheme. Then any quasi-trivial torus T — S
18 special.

Proof. First note that T is isomorphic to the group of units of a quasi-coherent sheaf of
Og-algebras &7 . Indeed, let S” — S be a Galois extension splitting 7' with corresponding
Galois group I'. Then, since T is quasi-trivial, it corresponds to the I'-equivariant sheaf
of groups O, x --- x 0 where I acts by permuting the factors. This is on the other
hand the group of units in the I'-equivariant sheaf of Og/-algebras Og/ X --- X Og: with
the corresponding permutation action. This sheaf of algebras descends to our desired &/
on S.

Now, by flat descent for quasi-coherent sheaves, the fibred category of sheaves of .o7-
modules is a stack for the fppf topology. Therefore the Aut,,_, 4(%7) = &/ *-torsors
classify the rank 1 locally free sheaves for /. But such sheaves, being quasi-coherent,
trivialise Zariski locally, so the same holds for the torsors. O

2.5 Elliptic curves

Fix a scheme S. By a curve C/S we shall always mean a smooth, proper morphism
C — S of algebraic spaces of relative dimension 1 with connected geometric fibres. We
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say that C'/S is of genus g provided that all its geometric fibres are.

Given an algebraic space X/S, we may consider its Picard sheaf Picy g (see [Kle05]).
This is the fppf sheafification of the functor taking a point T — S to the Picard group
Pic(X7/T). In the case when we have a genus g curve C/S, there is a degree function
deg: Pico/g — Zg to the constant sheaf Zg. For projective curves C/S, this is a
consequence of the Hilbert polynomial being constant over flat families. In general, it
follows from the fact that curves are étale locally projective. The degree function gives
rise to the exact sequence

0 — Picd g — Picoyg “F Zs — 0

of sheaves of abelian groups. The degree d part of Picg/g, i.e. deg™1(d), will be denoted
by @% /5" The sheaf of groups ﬂ% /s is called the Jacobian of C/S.

A global section s € C(S) of a curve C'/S gives rise to a (relative) effective Cartier
divisor which we denote by [s] (see [KM85, 1.2]). The corresponding line bundle, i.e.
the inverse of the ideal sheaf of [s], is denoted by O¢([s]) and has degree 1. The map
s+ Ox([s]) extends to a map of sheaves C' — Pic'C/S. For genus 1 curves, this is an
isomorphism (see [KM85, 2.1]), making C/S a torsor for its Jacobian.

Proposition 2.3. Let 7: C — S be a genus 1 curve and £ a line bundle of degree 3.
Then £ is very ample in the sense of [DG61, §4] and w.(Z) is locally free of rank three.

Proof. If S is the spectrum of a field k, it follows from Riemann-Roch that the dimension
of HY(C,.%) is 3 and that H*(C, %) vanishes. Hence it follows that m,(.%) is locally free
of rank 3 in the general case and that 7, commutes with any pull-back by the cohomology
and base change theorem. Thus surjectivity of the canonical map 7*m,.Z — £ follows
from the fibrewise surjectivity and we get an induced map ¢: C' — P(m..%). This is
proper since C' is proper and P(m,.%) is separated over S. Therefore, as a consequence
of Zariski’s Main Theorem [DG66, Thm. 8.12.6], we may also check that it is a closed
immersion fibrewise. Hence the proposition follows. ]

An elliptic curve is a pair (E/S,0p € E(S)), where E/S genus 1 curve. By abuse of
notation, we often omit the zero section Op from the notation, and simply write E/S.
Since E/S is a torsor for @% /5 the section O induces an isomorphism E% /s~ E
giving /S a canonical structure of abelian scheme by transport of structure.

Given an integer n, the sheaf of n-torsion subgroups E[n] of an elliptic curve E/S is
finite and flat of finite presentation. If, in addition, the integer n is invertible in Oy,
the group FE[n] is étale over S and locally isomorphic to the constant sheaf of groups
(Z/nZ)%. There is an alternating perfect pairing e: E[n] xg E[n] — u, called the Weil
pairing [Mum08].

The elliptic curves over a given base scheme S are parameterised by the moduli stack
of elliptic curves, which we denote by My 1. As a category fibred in groupoids over
Schg, it has elliptic curves E/T as objects, with T" being a scheme over S. A morphism
E'JT" — E/T is defined to be a Cartesian square
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E —— F

T——1T

such that the section of E/S pulls back to the section of E’/S’. We have a morphism of
stacks & — M 1, where € is the universal elliptic curve. It is defined similarly as My 1,
but each of its objects E//T has an additional section o: T'— E. The map & — M
is the functor forgetting this section. This map has a right inverse Og: M1 — £ which
just duplicates the zero section. The universal elliptic curve has the property that for
each elliptic curve E/T', we have an essentially unique morphism 7' — M ; inducing a
2-Cartesian diagram

E E
T —— M1,1~

Hence the map & — M ; is schematic, and we may view £/Mj ;1 as an elliptic curve
over the stack My 1. Just as elliptic curves over schemes, this has the structure of a
group scheme.

3 The Grothendieck group of stacks

3.1 The Grothendieck group of varieties

Let k be an arbitrary field. The Grothendieck group of varieties, denoted by Kq(Spacey,),
is the abelian group generated by isomorphism classes of objects in Space;, subject to
the relations

{X} ={xX\ 2z} +{Z},

where Z denotes a closed subspace of X. This relation is sometimes referred to as the
scissor relation. The group admits the structure of a commutative ring with identity.
The product is defined on generators by {X} - {Y'} = {X x Y} and the identity is given
by the class of the base {*}. Also the class of the affine line {A}} plays an important
role. It is called the Lefschetz class and will be denoted by L.

Note that similar constructions are possible if we instead of the category Space;, start
with the category Vary of varieties or the category Schy of finite type schemes over k.
However, the natural ring homomorphisms

Ko(Vary) — Ko(Schg) — Ko(Spacey,),

induced by the corresponding inclusions of categories, turn out to be isomorphisms.
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Note also that the finiteness hypothesis is essential for interesting results. Indeed,
otherwise we could play the Eilenberg Swindle and consider the the disjoint union [[ X
of an infinite number of copies a schemes X. Removing one copy of X would give an
isomorphic scheme, and the scissors relation would force the class of X to be zero.

The following basic fact about special fibrations will be used repeatedly:

Proposition 3.1. Let E — S be a fibration of algebraic spaces with fibre F. Assume
that the fibration is associated to a torsor for a special group. Then {E} = {F}{S} in
Ky(Spacey,).

Proof. Since the fibration is associated to a special group G, there is a non-empty open
subset U C S over which Eyy — U is isomorphic to U x F' — U. Then {Ey} = {F}{U}
in Ky(Spacey). If we let Z be any closed subscheme of S with complement U, then
also Ez — Z is associated to a G-torsor. Under the hypothesis that {Ez} = {F}{Z},
we may therefore conclude that indeed {F} = {F}{S} since {E} = {Ey} + {Ez}
and {S} = {U} + {Z} by the scissors relation. Hence the result follows by noetherian
induction on S, the statement for S = () being trivial. O

3.2 The Grothendieck group of stacks

Next we consider the extension of these notions to algebraic stacks. By the Grothendieck
group of algebraic stacks, Ko(Stacky), we mean the abelian group presented by generators
{X} being equivalence classes of objects X in Stacky, subject to the relations

GS1 {X} ={Z}+{X\ Z} if Z is a closed substack of X,
GS2 {£} ={A" x X} if £ — X is a vector bundle of constant rank n.

Note that due to Proposition 3.1, axiom GS2 would be redundant in the definition of
Ko (Spacey,).

Lemma 3.2. Let n be a natural number and T — S be a GL,-torsor of algebraic
stacks. Then we have the relation {T} = {GL,}{S} with {GL,} = H?Z_OI(L" — LY
in Ko(Stacky). In particular, since x+ — BGL,, is a GL,-torsor, we have that 1 =
{GL,}{BGL,}, so {GL,} is invertible in Ko(Stacky).

Proof. Let £ — S be the vector bundle associated to the GL,-torsor 7 — S. For
1 < i < n, consider the map & — /\ié’ from the i-th fibre power to the i-th exterior
power over S taking an i-tuple of sections to their exterior product. Define the stack F;
to be the complement of the pullback of the zero section along this map in £°. Informally,
we may think of this as the stack of i-tuples of linearly independent vectors in €. In
particular Fy ~ S and F,,, being the frame bundle of £, is isomorphic to 7 as GL,,-torsor
over S.

The stack £ x g F; is a rank n vector bundle over F;. The map & xgF; — /\H'1 ExsF;
defined by (v, v1,...,v;) — (VAvIA---Avg, (v1,...,v;)) may be viewed as a morphism of
O'r,-modules. Its kernel is a rank ¢ vector bundle over F; whose complement in £ xs F;
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is F;+1. Hence the class of F; 41 in Ko(Stacky,) is (L™ —1LL¢) - {F;}, as seen by using axiom
GS1 once and axiom GS2 twice. By induction on 4, we therefore get the relation

n—1

{7} = [J@" - L){s).

=0

The statement about the class of GL,, follows from the special case where 7 = GL,, and
S = x. The statement about a general GL,,-torsor follows by substituting this back into
the displayed equation. O

Proposition 3.3. Let X — S be a morphism of stacks, and let C be a fized element
in Ko(Stacky). Assume that for each morphism S — S with S a scheme, we have the
relation {Xs} = C - {S}. Then we also have the relation {X} = C' - {S}.

Proof. If Z is a closed substack of & with complement U/, it is enough to give a proof
for Xz — Z and Ay — U separately. Indeed, axiom GS1 gives us the relations {X'} =
{Xz} + {Xy} and {S} = {Z} + {U} which then would give us the desired result. It
follows by noetherian induction that it is enough to prove that the proposition holds
over a non-empty open subset of S. Hence, by Proposition 2.1, we may assume that S
is a global quotient [S/ GL,] with S a scheme. Consider the 2-Cartesian square

Xg —— X

|

S——-3.

The horizontal arrows are GL,,-torsors, so {S} = {GL,}{S} and {Xs} = {GL,}{X'} by
Lemma 3.2. Combining these relations with the hypothesis about pullbacks to schemes
gives {GL,}{X} = C - {GL,}{S}. Since the factor {GL,} is invertible, we may cancel
it to get the desired result. O

Remark. By using a similar kind of argument, one can prove that the homomorphism
Ko(Space;,) — Ko(Stacky) induced by the inclusion of Space;, in Stacky, is a localisation
map with respect to inversion of the classes {GL,} for all n. For a complete proof,
see [Eke09a).

Corollary 3.4. Let G be a special group and let T — S be a G-torsor of algebraic
stacks. Then we have the relation {7} = {G}{S} in Ky(Stacky). In particular, since
* — BG is a G-torsor, we have that 1 = {G}{BG}, so {G} is invertible in Ko(Stacky).
Furthermore, if F' is an algebraic G-space and € — S is an F-fibration associated to a
torsor as above, then {€} = {F}{S}.

Proof. This is a direct application of Proposition 3.3 to Proposition 3.1. O
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Corollary 3.5. Let G — H be a homomorphism of algebraic groups with H special,
and let F' be an algebraic G-space with its G-action factoring through H. Assume that
X — S is an F-fibration of stacks associated to a G-torsor. Then {X} = {F}{S} in
Ko(sta(}kk).

Proof. Denote the G-torsor by 7 — S. Since the action of G on F factors through H,
we may view F' as a H-space, which we denote g F. Then we get a natural identification

>~ oHgxH" g F, where ¢ Hp is just the group H regarded a (G, H)-space. The fibration
X is obtained by taking the contraction product T x% (¢Hg x™ g F). Associativity of
the contraction product gives that X is equivalent to the g F-fibration associated to the
H-torsor T x& ¢Hpy. Since H is special, the result follows from Corollary 3.4. U

3.3 Computing the class of a classifying stack

In the actual computations, we shall use the following special cases of the multiplicativity
results of the last section.

Proposition 3.6. Let G be an affine group over a field k acting linearly on an n-
dimensional k-vector space V. Then we have the relations

L-1

{BG} ={[V/G]} - L7 = {[P(V)/G]} - 17—

in Ko(Stackg).

Proof. For the first equality, we apply Corollary 3.5, with GL,, as our special group, the
space V as our fibre and the 1-morphism [V/G] — BG as our V-fibration associated to
the G-torsor * — BG. For the second equality, we instead have the fibre P(V) and the
P(V)-fibration [P(V)/G] — BG associated to the same torsor as above. O

Proposition 3.7. Let 1 — G — E — K — 1 be an exact sequence of algebraic space
groups, flat over an algebraic stack S, with E special. Then we have the relation

{BsG} = {K}/{E}
in Ko(Stacks).

Proof. The action of E on K by left translation gives an E-torsor K — [K/FE], so
{K} = {E}{]|K/E]} by Corollary 3.4. By the same corollary, we know that the class
{E} is invertible. Hence the result follows follows from the fact that the stack [K/E] is
equivalent to BsG. O

Remark. Note that since E is special, it has affine fibres. This property is stable under
taking closed subgroups, so the same is true for G. Since G is assumed to be flat, and
also of finite presentation by our default assumption, over S, it follows that its classifying
stack is algebraic with affine stabilisers. Hence the statement above makes sense.

As a direct application of Proposition 3.7, we compute the class of the classifying stack
of the group of n-th roots of unity.
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Proposition 3.8. The class of classifying stack Bu,, for the group of n-th roots of unity
is trivial in Ko(Stacky) for any field k.

Proof. Consider the Kummer sequence 1 — u,, — Gy, — G, — 1. Since G, is special,
the statement follows from Proposition 3.7. O

For more complicated groups G, it is harder to compute the class of the classifying
stack BG. Our strategy will be to find a linear representation V' and invoke Corollary 3.6.
This reduces the problem to compute the class of the stack [V/G]. Stratifying V' into
locally closed G-invariant subschemes allows us to reduce the problem further. Before we
illustrate how this can be done by computing some examples, we prove some propositions
which will allow us to think of the action in a purely topological way for smooth groups
G.

Assume that G acts on a space X. Then we have two maps 0,q: G x X — X, which
are the action map and the projection on the second factor respectively. Recall that a
subsheaf Z C X is said to be invariant under the the action provided that the pullback
of Z along o is equal to the pullback along ¢ when viewed as subsheaves of G x X. If Z
is G-invariant, then we get a 2-Cartesian square

allowing us to descend the properties of Z — X to the induced 1-morphism [Z/G] —
[X/G].

Lemma 3.9. Let G be a smooth group acting on a scheme X of finite type over a field
k, and let Y be a reduced locally closed subscheme of X. Then Y is invariant under G
if its closed points are in the set theoretic sense.

Proof. Let o and ¢ denote the morphisms from G' x X — X given by the action and the
second projection respectively. If we assume that ¥ — X is an open immersion, then
the pullbacks along ¢ and ¢ will be as well. Since, under our finiteness assumptions,
an open subscheme is uniquely determined by the underlying set of closed points, the
proposition holds in this case.

If we instead assume that Y is closed and reduced, the same will hold for both pullbacks
since the group is smooth. Now the same argument as in the open case apply, since the
reduced scheme structure on a closed set is unique.

In the general case, we have a factorisation Y — Y — X of immersions with the
first being open and the second being closed and with Y reduced. Since the action is
continuous, the set of closed points in Y will be G-invariant, and the lemma follows from
the previous two cases. ]
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Proposition 3.10. Let G be an algebraic group acting on a reduced scheme X over a
field k containing a rational point x. Assume that G acts transitively on closed points.
Then [X/G] is equivalent to BG,, where G, denotes the stabiliser of x under the action
of G.

Proof. The fact that the induced 1-morphism BG, — [X/G] is fully faithful is formal.
Denote the pullback of x along o by R. In order to verify that BG, — [X/G] is also
essentially surjective, we prove that the composition

rR—-GxX3%X

is faithfully flat. Note that R admits a natural G-space structure, making the morphism
r G-equivariant. On generalised points, this action is given by h - (g,e) := (gh™!, he).
Since X is reduced, it follows from generic flatness that there is an open subscheme
U C X over which r is flat. Using the G-equivariance and transitivity on points, we see
that r must be flat everywhere. The transitivity also implies that r is surjective, so r is
indeed faithfully flat. O

We end the section by working out some examples using the techniques described in
this section. The results will be used in the next section.

Proposition 3.11. Consider the group G = Gy, X Yo, with X9 acting as the auto-
morphism group of Gu,. If 2 is invertible in the field k, then {BG} = L(L? — 1)~! in
Ko(sta(}kk).

Proof. To see this, consider the following action of G on P'. The subgroup G, acts
by multiplication on the first homogeneous coordinate and by multiplication with the
inverse on the second. The subgroup Y9 acts by permuting the homogeneous coordinates.
This action obviously comes from a linear action, so we may apply Proposition 3.6 and
get {BG} = {[PL/G}(L + 1)L,

The G-space P! has two orbits. A closed orbit containing the point (1:0) and an open
orbit containing (1:1). The stabilisers of these points are G,, and g X 3o respectively.
Stratifying the stack [P!/G] according to these orbits and applying Proposition 3.10
gives the relation {[P!/G]} = {BGu} + {B(u2 x ¥2)}. Since Gy, is special, we have
{BGn} = (L — 1)_1. Furthermore po x 39 = o X uo under our assumptions on the
base field, so B(ug x ¥3) is isomorphic to Bug x Bug which has class 1 according to
Proposition 3.8. Combining these relations gives the desired result. O

Proposition 3.12. Consider the subgroup G = p, X 39 of the group Gy, X Yo from the
previous proposition. Assume that 2 is invertible in the field k and that 4 does not divide
n. Then {BG} =1 in Ko(Stacky).

Proof. If n = 2q, with ¢ odd, we have an isomorphism G =~ o X (g ¥ X2) which gives
BG ~ Bugs x B(pq x X2). This reduces the problem to the case when n is odd.

By using the same representation of G on P! as in the proof of the previous proposition,
we get the relation {BG} = {[P'/G]}(L + 1)~!. As before, we may also isolate the

27



closed orbit {0,00} to get the relation {[P'/G]} = {Bu,} + {{U/G]} = 1+ {[U/G]},
where U denotes the complement. Since the subgroup p, acts freely on U, we have
an isomorphism [U/G] = [(U/uyn)/X2]. Here U/p, = Gy, on which 39 acts as the
automorphism group of G,,,. This action has two fixed points, namely £+1. The quotient
G /Y2 is isomorphic to Al. Therefore, the quotient (G, \ {£1})/% is isomorphic
to A! minus two points. Hence the usual stratification argument gives {[G,/¥2]} =
2{BXy} + L — 2 = L. The result follows by combining the relations. O

As a corollary, we get a very special case of Ekedahl’s result that {BX,} =1 for all n
without any assumptions on the base field k [Eke09b].

Corollary 3.13. Assume that 6 is invertible in k and that k contains the third roots of
unity. Then {BX3} = 1.

Remark. Note that the proof above does not work without modification for n even, since
then the subgroup us < p, acts trivially on P!

4 The classes of BPGL, and BPGL;3

In this section, we start our investigation of the classes of BPGLy and BPGLj3 in
Ko(Stackk).

The group PGL,, being the automorphism group of P*~!, has a natural action on
the space H of degree d hypersurfaces in P?"~1. In the case when d = n, this action is
induced by a linear representation of PGL,,. Indeed, assume that d = n and let V' be
an n-dimensional vector space. Consider the action of GL(V') on the space (S4V)Y of
d-forms given by

a-f=uv (deta)f(a™t(v)), a € GL(V), f e (sv)V.

Since d = n, the centre of GL(V) acts trivially on (SV)V, which gives us a linear PGL,,-
representation. The space H of degree d-hypersurfaces in P*~! is the projectivisation
P((S?V)V). For a detailed proof of this, see [Ser06, 4.3.2].

The fact that the group action is induced by a linear representation allows us to ap-
ply Proposition 3.6. This reduces the problem of computing the class of BPGL,, to
computing the class of the stack quotient [H/PGL,]. The space H admits a strati-
fication into the open subspace H,s and the closed subspace Hging, which denote the
spaces of non-singular and singular hypersurfaces respectively. Since this stratification
is PGL,,-invariant, we get a corresponding stratification of [H/PGL,] into [Hys/ PGL,,]
and [Hging/ PGL,,).

When computing the stabilisers, it is convenient to use coordinates. When doing this,
we will use the same conventions as described in the appendix. In order to avoid non-
reduced stabiliser groups, we shall assume that n! is invertible in the base field k. We
let K denote an arbitrary field extension of k.
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4.1 The class of BPGL,

In the case n = 2, the spaces Hy,s and Hgiye consist of one orbit each. Let xy and x? be
representatives for these orbits and let G, and G2 denote the corresponding stabilisers.

We prove that the group G,z is isomorphic to G, x Gy,. This follows if we prove
that the stabiliser of the corresponding action of GLs is the subgroup of lower triangular
matrices. This is easily seen to be true on K-points. Furthermore, a general element
I + e(ai;) of Lieg GLy takes the form 22 to 22 + 2xe(a11x + ajay). Since we are in
characteristic # 2, this forces a2 = 0 for an element of the stabiliser of 22. Hence the
dimensions of the Lie algebra and the group coincides. This proves that the stabiliser is
smooth and so is determined by its points.

The stabiliser of xy in GLs is the subgroup of monomial matrices. As in the previous
case, this is first verified on points. A similar Lie-algebra computation as above, gives
that the stabiliser is smooth regardless of the characteristic of the field. Taking the
quotient with the scalar matrices gives G,y = G X 2o.

The group G, x Gy, is special, so the class of its classifying stack may be computed
directly as the inverse (IL(IL — 1))~! of the class of the group by Corollary 3.4. The class
of B(Gy, x X2) was shown to be L(IL?2—1)~! in Proposition 3.11. Combining these results
gives the expression

1 N L L-1 1
LL-1) L2-1)L3-1 L(L2-1)
for the class of BPGLs. This is the inverse of the class of PGLso, which proves Theorem A.

4.2 The classes corresponding to singular plane cubics

There are eight singular cubic curves in P? up to projective equivalence. These are listed
in the appendix. This gives a stratification of Hge into eight orbits, each containing
rational points. Hence we get a corresponding stratification of the stack [Hging/ PGL3]
into eight locally closed substacks, each equivalent to the classifying stack of a stabiliser.
This allows us to write the class of [Hgng/PGL3] as the sum of the classes of these
classifying stacks. The stabiliser groups are

a) G2xGLy, b) G2xG2, ¢) G2xG, d) Ns,
e) Gm Do 227 f) Ga X Gma g) Gma h) H3 X 2o

and we will compute the classes of their classifying stacks to

a) L3L+1)L-1)"2 b L2L-1)"%2 ¢) L2(L-1)"t d) {BN3}
e) LL+1)~YL-1)"! f) LTY@L-1"t g (L-1)"! h) 1.

Most of these are easy to compute. Indeed, the groups in the cases a, b, f and ¢ are
special, so the classes of their classifying stacks are inverses to the classes of the groups
themselves. The classes in the cases e end h are given by Proposition 3.11 and 3.12
respectively.

In case ¢, we have the group G2 x G, where G is the subgroup G, x X3 of GLs
generated by its centre and the embedding of 33 induced by its irreducible 2-dimensional
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representation. The inclusions G — GLg and G2 x G — G2 x GLy both give rise to
the same quotient space. Since both groups on the right hand side of these arrows are
special, we get the relation

{BGHGLz} = {B(G; » G)H{G3 x GLa}

by Proposition 3.7. This reduces the problem of computing {B(G2 x G)} to computing
{BG}. To do this, consider the representation V' given by the embedding of G in GLo
just mentioned. This gives us L2{BG} = {[V/G]}. The stack {[V/G]} may be stratified
in the substacks BG and [V,/G], where V|, denotes the subspace of V' where the origin is
removed. Using the scissors relations and solving for {BG} gives {BG} = [V5/G]/(L2-1).
Note that we have an equivalence [Vy/G] = [P /%3]. The action of ¥3 on P! in the latter
stack quotient factors through GLy. Hence {[P'/¥3]} = {P'}{BX3} = L+1. This allows
us to conclude that the class of B(G2 x G) is L=2(L — 1)L

5 Some equivalences of moduli stacks

Recall that H,s denotes the space of smooth degree 3 hypersurfaces in P2. In the last
section, we saw how the class of BPGL3 was related to the class of the stack [Hys/ PGLs).
We shall now study the stack quotient [H,s/ PGL3] more closely. It may be worth noting
that in this section we will not need any restrictions on the base we are working over.
The results hold over SpecZ.

Since all degree 3 hypersurfaces in P? are smooth genus 1 curves, it seems natural to
assume that [H,s/ PGL3] is somehow related to the moduli stack M ; of elliptic curves.
The main result of this section is that [Hy,s/ PGL3] is equivalent to the neutral gerbe
B, . €[3] over My 1 associated to the 3-torsion subgroup £[3] of the universal curve £.
We do this by first establishing the equivalence to M, (3y, the moduli stack of genus 1
curves polarised in degree 3.

5.1 Moduli of polarised genus 1 curves

Consider a smooth genus 1 curve C' — S over a scheme. By a polarisation of C in
degree d, we mean a global section of the sheaf @dc /s Since for any morphism S’ —
S there is a natural identification of Pics g x5 S" with Pice,, /s, we may pull back
polarisations on C' — S to C'ss — S’. This allows us to define the fibred category My (q)
of genus one curves polarised in degree d. The objects are genus 1 curves together
with degree d polarisations, and the morphisms are Cartesian squares respecting these
polarisations. That M g) is a stack follows from the sheaf property of @% /5

We want to establish an equivalence between the stack quotient [Hy,s/PGL3] and
M (3)- First we give an explicit description of the pre-stack quotient [Hys/ PGL3]P™ as
a category fibred in groupoids over the category of schemes. Its object are the same as
the objects of Hyg, i.e. smooth genus 1 curves embedded in IP’% over some scheme 7.
Now let f: 7" — T be a morphism of schemes and let //: C' — P2, and ¢: C' — P2 be
objects over T" and T respectively. A morphism from ¢/ to ¢ over f is then given by a
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pair (o, «), where « is an automorphism of ]P’%F, and o: C' — C is a morphism such that
the diagram

aol
o2l p2,

e

is Cartesian.

Now we define a 1-morphism f: [Hys/PGL3] — M (3) of stacks. By the universal
property of stackification, it is enough to define it on the pre-stack quotient, which we
denote by [Hps/ PGLs]P™. It takes objects t: C — P2 to pairs (C — T,[t*O(1)]) and
morphisms (o,a) to 0. Note that f is well-defined on objects since smooth degree 3
hyper surfaces of P2 are smooth genus 1 curves and well-defined on morphisms since the
automorphism « does not affect the isomorphism class of the pulled back line bundle.

Proposition 5.1. The 1-morphisms f: [Hns/PGL3] — My 3y defined in the paragraph
above is an equivalence of stacks.

Proof. Let v: C' — P2 be an object of [Hys/PGL3]P™ over a scheme T, and denote
the structure maps to 7' by ¢: C — T and p: P2 — T respectively. We also use the
shorthand notation £ for the invertible sheaf :*&'(1). In order to prove that f is fully
faithful, it is enough to prove that it induces an isomorphism between the automorphism
group of t: C — P2 in [Hys/ PGL3] and the automorphism group of (¢: C — T, [£]) in
My 3)-

First note that the &p-module homomorphism p,&(1) — ¢..Z corresponding to the
embedding as described in [DG61, §4.2] is an isomorphism. Since this may be verified
locally, we may assume that we have a short exact sequence of quasi-coherent Op2-
modules

0—0(-3)— O — 1,.0c — 0. (1)

Tensoring with the fundamental sheaf &'(1) and using the projection formula on the last
term gives a new short exact sequence
0—0(-2)— 01) — % —0.
Pushing this forward to T gives rise to the exact sequence
0= pe0(=2) = p.0(1) = ¢.& — R'p,O(-2).

The map in the middle is the canonical map mentioned above, and it is an isomorphism
since both the first and last terms vanish [Har77, Thm. IT1.5.1]. This allows us to
assume that ]P’% = P(¢+Z) and that the embedding ¢ corresponds to the canonical map
e: ¢*q.L — ZL.

The functor f is faithful. To prove this, it is enough to show that for any automorphism
of t: C — P(q..%) of the form (id¢, ), the P(g..Z)-automorphism « is the identity. This
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may be verified locally. Hence we may assume that the automorphism « is of the form
P(3), where (3 is an Op-module automorphism of ¢..Z. The criterion that « fixes the
embedding ¢ is that there exists an Oc-module automorphism v of .Z such that the
diagram

@L —— &
q B g
L —— &

commutes. By using the adjunction property of the pair (¢*, ¢«), we see that 5 must be
of the form ¢,y. The automorphism v may be viewed as a global section of &7. If we
apply p. to the exact sequence (1), we get the exact sequence

0— p0(=3) = p.0 — q.0c — Rlp*ﬁ(—:i),

Since both p,0(—3) and R'p,O(—3) vanish, we see that ¢.0c = p,0, with the latter
sheaf being isomorphic to &r. Hence g,y is a global section of ¢ . It follows that the
automorphism « is the identity.

The functor f is full. To prove this, we need to verify that the map on automorphisms
is surjective. Let o be a T-automorphism of C such that [0*.%] = [£] in Picqp(T).
It is enough to show that o locally is given by an automorphism of P(¢..Z), so we may
assume that 0*.Z ~ .%. The new embedding too then corresponds to the automorphism
a: ¢L — q..L given by s — o*(s). It follows that P(«): P(¢.%) — P(¢.%) is our
sought automorphism.

The functor f is essentially surjective. This may also be checked fppf-locally. Hence,
given an object (q: C' — T, \) of My (3), we may assume that A\ comes from a line bundle
£ of degree 3 on C. By Proposition 2.3, the push forward ¢..Z is locally free of rank 3,
and we get an embedding of C' into the projective bundle P(¢..Z). By extending the base
further if necessary, we may assume that this bundle is IP’%F, so our object (q: C' — T, \)
comes from an object of [Hps/ PGL3]P™. O

5.2 An interlude on torsors

In order to describe M, (3) as a classifying stack, we would like to reinterpret polari-
sations in terms of torsors. It turns out that much of this may be worked out in the
general theory for torsors for abelian sheaves over an arbitrary site C. Hence we make a
short interlude, working in this generality.

Let A be a fixed sheaf of abelian groups on C. Given an A-torsor T and a positive
integer n, we have a map np: T — T™ taking a local section ¢ of T' to its n-fold contrac-
tion power (t,...,t). In particular, ngy: A — A is the map taking a generalised point
a to its n-fold product a™ using the group law. The kernel of this map is the n-torsion
subgroup of A, which we denote by A[n]. If A is an n-torsion group, there is a canonical
identification of 7™ with A for each A-torsor T
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Lemma 5.2. Let A be a sheaf of abelian groups on a site C and T an A-torsor. If A is
an n-torsion group, then the torsor T™ has a canonical global section k.

Proof. Fix an object S € C such that T'(S) is non-empty and let z,y € T(S). Then
y = a - x for some group element a € A(S). We have y" = (a-z)" = a" - 2" = 2", since
A is an n-torsion group. It follows that 7™ has a canonical S-point kg = x”. Taking a
covering S; such that 7°(S;) has sections, the canonical local sections kg, glue together
to the global section x. O

We define the category B, A, fibred over C, as the category of pairs (T — S, A: S —
T™), where T' — S is an A-torsor over some object S in C and A is a global section of
T™. Morphisms are pullbacks of sheaves respecting the global sections. Recall that the
inclusion A[n] — A induces a morphism BA[n] — BA taking an A[n]-torsor T to the
A-torsor T' = A x4 T The canonical global section x of T™ allows us to define a
canonical global section (1, k) of (T7)" 22 A xA" 7™ Hence we get a natural map

BA[n] — B, A

through which BA[n] — BA factors. This is not an equivalence in general, but we have
the following result.

Proposition 5.3. Let A be a sheaf of abelian groups such that the map na: A — A is
surjective. Then the natural map BA[n| — B, A is an equivalence of stacks.

Proof. We prove the equivalence by constructing a 2-inverse explicitly. Given an object
(T — S, \), we may define the subsheaf T\ C T over S as the pullback of np: T'— T"
along the map \: S — T™. On S’-points, this may be described as

T\(S') = {z € T(S') | 2" = X in T"(S")}.

From this description it is straightforward to verify that the A-action on T restricts to
a well-defined A[n]-action on T). This is free and transitive, making T a pseudo-torsor
for A[n]. Locally, the morphism ny is just ny4, so ny is surjective. Hence the same holds
for the structure map T — S, which proves that T actually is a torsor.

Given objects (T, \) and T” in B, A and BA[n| respectively, we have natural maps

UICOVNE A XA[n] TA — T, e T — (A XA[n] T/)(l’,{)
given on generalised points by (a,t) — at and ¢t — (1,t) respectively. The reader may
verify that these are isomorphisms in the categories B, A and BA[n| respectively. O

5.3 The stack of polarised genus 1 curves as a gerbe

Now we apply the results from the previous subsection to our situation with the stack
My () to show that it is a gerbe over M ;. However, we cannot use the result directly,
since the base M 1 is a stack rather than a scheme. Proposition 5.3 could be generalised
to this situation, but we shall instead just give the explicit description in this special
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case. Since it should be easy to fill in the details, we shall allow ourselves to be somewhat
sketchy.
The fibred category Bag, ,€[n] over schemes has pairs

(E— S,T—29),

as objects, where £ — S is an elliptic curve and T'— S is an E[n]-torsor. We will use
the rest of the section to prove the following proposition:

Proposition 5.4. The stack My ) is equivalent to B, , E[n].

Consider the fibred category (B ), ;€ over schemes whose objects are triples
(E—8,T— S X S—T"),

where F — S is an elliptic curve and T' — S is an E-torsor. Now let (C'— S, A\: S —
Picy, / g) be an object of My (. Since the Picard sheaf Picq /s 1s an extension of @00 /s
by Zg, the component &}J /s is an @00 /g-torsor and Picg, /s is canonically isomorphic
to its n-th contraction power. The group @OC /s is an elliptic curve, being the Jacobian

of a genus 1 curve. Hence we get a well-defined 1-morphism M, ) — (Bp)a, ,E over
M 1 taking the object to

(Picg,/g, Picgyg, At S — Picgyg).

Note that since C — S is a smooth genus 1 curve, there is a canonical isomorphism
C — @10 /) SO this 1I-morphism has an obvious 2-inverse.

Now we consider the functor f: Bag, ,E[n] — (Bn)m, €. This is defined analogously
with the equivalence in the previous section by taking (F — S, 7 — S) to (F —
S, ExPMT (1,k)). For an arbitrary scheme S and a morphism S — M 1, corresponding
to an elliptic curve E — S, the functor above pulls back to the functor fg: BgE[n] —
(Bn)sE. Since ng : E — E is an isogeny, and in particular surjective on the underlying
sheaves, we are now in the situation where we can apply Proposition 5.3. Therefore fg,
and hence also f, is an equivalence, and we are done.

6 Finishing the computation for the class of BPGL;3

In this final section, we show that the class of [Hys/ PGL3] equals L in Ko(Stacky) under
our hypothesis on k. This is the last piece of information we need in order to prove
Theorem B. This is done by considering the description of [Hy,s/ PGL3] as a classifying
stack for the 3-torsion subgroup £[3] of the universal curve over M ; established in the
previous section. For primes ¢ which are invertible in the structure sheaf of the base, the
WEeil pairing gives the ¢-torsion subgroup of an elliptic curve the structure of a symplectic
local system. We start by recalling this notion.

Let £ be an arbitrary prime. By a rank n local system over a scheme S, we mean a sheaf
V' which is locally isomorphic to a rank n Fy-vector space considered as a constant sheaf.
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A symplectic local system is a pair (V,w), where V is a local system and w: V x V — Fy
is a symplectic form. Assume that S is connected and that I' = 7((S, &) is the étale
fundamental group of S with respect to some geometric point & € S. Then the pair
(V,w) corresponds to a pair consisting of an n-dimensional I'-representation over F, and
a D-invariant symplectic form. By abuse of notation, we denote this pair by (V,w) as
well.

Now we fix an odd prime ¢ and a 2-dimensional symplectic local system (V,w) over
a connected scheme S with fundamental group I'. Let Vj C V denote the I'-invariant
subset where the origin in V' has been removed. We get a surjection from the free I'-
module Z[Vj] on the T'-set Vj to V taking a formal sum to an actual sum. This gives
rise to an exact sequence

0—-K—>ZW —-V-—=0

of I'-modules.

Denote the set of lines through the origin in V' by P(V). Then we have a surjection
Vo — P(V) of I'-sets inducing a surjection Z[Vy] — Z[P(V)] of I'-modules. The map K —
Z[P(V)] given by the obvious composition is also a surjection. Indeed, each standard
basis element (u:\) of Z[P(V)] lifts to 2(u, ) — (2, 2\) in K.

The symplectic form w allows us to define an endomorphism ¢ on Z[Vy] by

This is I'-equivariant since w is I'-invariant. The image of ¢ lies in K. This can be seen
by choosing v such that w(v,v’) = 1 and letting W be the subspace of vectors u such
that w(v,u) = 0. Then v maps to #W -v' + 3" -, v in V, which indeed is zero.

The endomorphism ¢ descends to a corresponding endomorphism ¢’ on Z[P(V')] given
by

P— Y Q@  PQePV).
w(P,Q)#0

Since P(V') has £+ 1 points, this endomorphism is described by an £+ 1 by ¢+ 1 matrix
with respect to the standard basis. All the elements of this matrix are one, except for
the elements on the main diagonal which are zero. Since such a matrix has determinant
—£, it follows that ¢’ is injective with cokernel of order £. Hence we get the following
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commutative diagram with exact rows and columns

0 0 0
0 K" K’ A 0
0 Z[Vy) K B 0

0 — Z[B(V)] — Z[B(V)] — Z/IZ — 0

Proposition 6.1. Let S be a scheme and let (V,w) be an Fs-symplectic local system of
rank 2 over S. Then the class {BgV"} =1 in Ko(Stackg).

Proof. First one needs to check that A = 0 in the diagram above. A straightforward
computation gives det o = —33. Here we view ¢ as an endomorphism of Z[Vy]. Since K
has index ¢2 in Z[Vj], it follows that B has order ¢. Therefore the map B — Z/{Z must
be an isomorphism, which indeed gives A = 0 by exactness of the last column.

Next we take the Cartier dual of the diagram. The maps Z[Vp]Y — K" and KV — K'Y
are both Z[P(V)]"-torsors. Since Z[P(V)]Y is quasi-split, and therefore special, we get
{Z[P(M]YHK"} = {Z[V,]'} and {Z[P(V)]VH{ K"V} = {KV}. Since we have seen that
K' ~ K" it follows that {Z[Vp]V} = {KV}.

But Z[Vp]Y is also a quasi-split torus. Hence the result follows by applying Proposi-
tion 3.7 to the exact sequence

0— VY —Z[W"Y—K—0.

O

Remark. The map ¢ is defined also when we have a symplectic local system of higher
rank. It does, however, not induce an isomorphism between K” and K’ in general.
Indeed this is not even true for rank 2 symplectic local systems. In this case experiments
suggest that the determinant of ¢ is given by (—1)%6(5) In other words, the fact that
we get an isomorphism in the case we are interested in seems to be a coincidence.

Corollary 6.2. Let k be a field of characteristic not equal to 3 containing all third roots
of unity. Then the class of My ) equals the class of M1 in Ko(Stacky).
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Proof. Let E — S be an elliptic curve over a scheme S. Since 3 is invertible, the 3-torsion
subgroup E|[3] is étale over S and locally isomorphic to (Z/3Z)?. Since also k contains
all third roots of unity, the Weil pairing gives a symplectic form on E[3] and the same
holds for the dual E[3]Y. Hence, by the previous proposition, we have {BgF[3]} = 1.
Since we have established the equivalence M (3) =~ B, ; £[3] the result now follows by
applying Proposition 3.3 with C = 1. O

Proposition 6.3. Let k be a field in which 6 is invertible. Then {Mi,} = L in
Ko(Stackk).

Proof. For ease of notation, we denote Mj; by M. There is a map j: M — Al =
Spec k[t] to the coarse moduli space induced by the classical j-invariant. Consider the
closed points {0} and {1728} in A!, and denote their complement by U. This induces a
stratification of M into the closed substacks Mg and M798 and the open complement
My

The stack My is equivalent to ByXy over U. Indeed, the inertia of My — U is
the automorphism group of the universal elliptic curve &y — My, which is Yo since
we removed the curves with j-invariants 0 or 1728. In particular, the inertia stack is
faithfully flat of finite presentation over My, so My — U is a gerbe. Moreover, we see
that it is the neutral gerbe since My — U has a section. This section is induced by the
elliptic curve F defined by the equation

3 36 2 1 3

2 _ _ -
YRR =T g T 1r08”

over U. It is a straightforward computation to check that £ — U is an elliptic curve
whose fibres F; have j-invariant t over closed points t € U.

It is of course easy to construct elliptic curves with j-invariants 0 and 1728 over k,
so both the stacks My and M7 are neutral gerbes over k. Since we assume that 6 is
invertible in the base field, the automorphism groups of elliptic curves with j-invariants
0 and 1728 are pug and pg respectively [Hus04, 3.4]. It follows that My ~ Bug and
Mg =~ Bug.

Now it follows by Proposition 3.8 and the scissors relations that the class of M equals

{BUEQ}—F{B,UG}-F{B,LM} =L-2+14+1=0L
in Ko(Stackg). O
We are now in position to prove Theorem B.

Proof of Theorem B. Using the notation introduced in Section 4, we let H denote the
space of plane cubics, He the subspace of singular cubics and H,s the space of non-
singular cubics. Since H ~ P?, we get

L-1

{BPGLs} = {[H/ PGLy]} ri—
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by Proposition 3.6. Since Hgpg is a closed PGL3-invariant subspace of H, we get the
identity {[H/PGL3]} = {[Hsing/ PGL3]}+{[Hyns/ PGL3]} by the scissors relations. Com-
bining Corollary 6.2 and Proposition 6.3, we get {[Hys/ PGL3]} = L under the hypoth-
esis on the base field. For the readers convenience, we again list the classes of the
classifying stacks for the stabilisers of the singular curves as described in Section 4.2.

a) LB3L+1)"YL-1D"2 b)) L2(L-1)"2 ¢) L2(L-1)"' d) {BN3}
e) LIL+1)~YL-1)"1! f) L7YL-1n1t g @L-1)"1 h) 1.

Since {[Hging/ PGL3]} is simply the sum of these classes, we get the desired result by
elementary algebraic manipulations. O

Remark. Denote by Ki “*(Stacky) the ring where we formally add the relations {T'} =
{PGL3}{S} for all PGL3-torsors T' — S in Kg(Stacky). As a corollary of Theorem B,
we get that the class of BNV3 is

L3
(L-1)2(L+1)(L2+L+1)

in Kg GLs (Stacky). It is possible to check this more directly by considering the natural
action of N3 on P2. This action has three orbits represented by the points (1:0:0),
(1:1:0) and (1:1:1) respectively. The classes of the classifying stacks of the stabilisers
for these points are quite easily computed, even in Ko(Stacky). The reader may do this
and verify that the formula for { N3} indeed is correct. Note that since the action we
considered is not induced by a linear action, we cannot apply Proposition 3.6 and get
the class in Ko(Stacky) by using this representation.
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A Singular plane cubics and stabilisers

Throughout the appendix, we let k be a field in which 6 is invertible. It is a classical
result that there exist eight singular cubic curves in ]P’z up to projective equivalence.
These correspond to orbits in the space of singular cubics in P? under the natural action
of PGL3 by change of coordinates. In this appendix, we will determine the stabiliser
groups corresponding to these orbits up to isomorphism. The result is described in the
table below.

Description Standard Form | Components | Stabiliser
a) | Triple line 3 3-1 G2 x GLo
b) | Double and single line 2y 2-1+1 G2 x G2
¢) | Three lines through a point 22y + xy? 1+1+1 G2x@
d) | Three general lines TYZ 1+1+1 N3
e) | Int. conic and general line ryz + 23 241 Gm X X9
f) | Int. conic and tangent line Y2z + z2y 241 Gy X Gy
g) | Cuspidal cubic 22z + 8 3 Gm
h) | Nodal cubic zyz + 23 4+ 3 3 3 X Yo

The table lists the type of singular curve, the equation for a prototypical curve, and the
degrees of the components of the curve as well as the stabiliser group up to isomorphism.
The symbol N3 denotes the normaliser of the maximal torus in PGL3. Explicitly, this
group may be described as the group of monomial 3 x 3 matrices up to multiplication
by a scalar. The group denoted by G is the subgroup of GLo generated by the scalar
matrices and the embedding of Y3 in GLs induced by the 2-dimensional irreducible
representation.

In characteristic zero, the stabiliser groups are determined by the points of the under-
lying topological space. In positive characteristic however, we must also account for the
possibility of the stabilisers not being reduced. Our assumption on the base field asserts
that this situation does not occur. This may be verified by determining the dimension
of the Lie algebra for the stabiliser. We will go through these arguments in detail for
the first computations only and leave the rest for the reader to verify.

When using coordinates in our arguments, we use the convention that PGL3 acts by
standard transformation of coordinates on P? from the left. This means that the action
on forms is dual and hence is a right action. We will frequently represent elements in
PGL3 as 3 x 3-matrices. When doing so, taking the quotient by the scalar matrices
is implicit. The corresponding convention applies when we discuss the Lie algebra of
PGLs.

A.1 Three Lines
First we treat the case when the form defining the curve is a product of three linear
forms. There are four different configurations to consider.

(a) A triple line. We choose our prototypical curve such that it is defined by the form

23, On points, this is the same as the stabiliser of the line # = 0. This consists of
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the matrices (a;;) such that a;2 = a;3 = 0. By normalising the coordinates by setting
a1y = 1, we get that this group is isomorphic to G2 x GLa.

Now let A = I+¢(a;;) be a general element of the Lie algebra of PGL3, i.e. a k[e]-point
mapping to the identity. Then z3 - A is

z3 + 36332((11133 + a2y + (1132).

This gives the condition 3a12 = 3a13 = 0. Since we assume that 3 is invertible, we
get a0 = a3 = 0. We conclude that both the Lie-algebra and the group have the
same dimension, so the stabiliser is smooth and therefore reduced. Therefore PGLig ~
Gg A GL2

(b) A double and a single line. This time we choose 2%y as our standard representative.
An element (a;;) of the stabiliser must preserve both the line = 0 as well as the line
y = 0. This forces a12 = a13 = a1 = a3 = 0. By normalising azs = 1, we see that the
reduced stabiliser is G2 x G2,.

Now we consider a general element A = I + £(a;;) of the Lie-algebra in the same way
as in the previous case. Then we get that 2%y - A equals

2y + e(2zy(a11x + a12y + a132) + x2(a21:17 + agy + as3z)).

Since 2 is invertible, this gives the conditions a1s = a13 = ao1 = asgz = 0. Again we see
that the dimension is right, so we get PGL2, y G2 x G2,.

(c) Three lines intersecting at a single point. Let x?y + xy? be our standard form. An
element (a;j) of the stabiliser must preserve the intersection point (0:0:1) of the three
lines. This forces a13 = as3 = 0. By normalising azs = 1, we see that the stabiliser is a
subgroup of G2 x GL,.

Next we determine the stabiliser of our standard form under the action of the subgroup
GLo. This corresponds to the problem of finding the stabiliser of an unordered triple of
distinct points in P! under the standard action of GLs. Since the corresponding action
of PGLs is simply 3-transitive, the stabiliser is an extension of X3 by G,,. One verifies
that this is the subgroup G as described in the introduction of this section. Since the
subgroup G2 clearly stabilises our standard from, we get that the reduced stabiliser is
G2 xG.

The corresponding calculation for the Lie-algebra for PGLS;Q yay? B8 in the previous
cases leads to the relations a;1 = a99 and a12 = a13 = as1 = aoz = 0. This shows that

the dimension is right regardless of characteristic, so PGL‘; vty G2 x G.

(d) Three lines in general position. Choose zyz as standard form. The stabiliser has
to preserve the lines x, y and z up to permutation. If we impose an ordering on the
lines, the stabiliser consists of the diagonal matrices. Since we may reorder the lines
by using permutation matrices, the group PGLiyz is generated by the diagonal and
the permutation matrices. One verifies that also in this case the stabiliser is smooth
regardless of characteristic. Thus the stabiliser PGL?, _ is the group N3 described in the

TYz
introduction of the appendix.
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A.2 An integral conic and a line

There are two types of cubic curves consisting of an integral conic and a line. The line
is either tangent to the cubic or intersects it at two distinct points.

(e) Integral conic and non-tangent line. The intersection between the curves determine
an unordered pair of points P1, P2. The tangents to the conic at these points are
distinct by Bézout’s Theorem. Hence they intersect in a third point Q).

Chose 2yz + 2> as the standard form defining our cubic. For this curve, the points P1,
P2 and @ as defined above have coordinates (1:0:0), (0:1:0) and (0:0:1) respectively.
Any element of the stabiliser PGLiy .+.3 must preserve these points, so the stabiliser is
contained in the group generated by the diagonal matrices and the permutation matrix
switching the first two coordinates.

The subgroup of the diagonal matrices diag(a : b : ¢) stabilising the form zyz + 23
is defined by the equation abc = ¢3. Hence it is isomorphic to G,,, as seen by the
parametrisation ¢ +— diag(t : t=! : 1). It follows that the stabiliser is isomorphic to

Gm X X9, where Xy acts non-trivially on Gyy,.

(f) Integral conic and tangent line. In this case, we let y?z + 2%y be the standard
form defining our curve. The stabiliser PGng oty must preserve the intersection point
(0:0:1) between the conic and the tangent line, as well as the tangent line y = 0 itself.

Hence it must be a subgroup of the group of projective matrices of the following form:

ai1 a2 0
0 ago 0
az1 azx ass

The additional requirement that it also should preserve the conic yz + 2 gives the
equations

2 2
aj; = G22033, ais + agoazs = 0, az2a31 + 2ai1a12 = 0.

This resulting subgroup is isomorphic to G, X Gy, which may be seen by using the
parametrisation described below.

a 0 a —ab 0
<b 1>r—> 0 a2 0
20 —b% 1
A.3 An integral cubic

There are two types of integral singular cubics, both having exactly one singularity. The
singularity is either a node or a cusp.

(9) Cuspidal cubic. A cuspidal cubic has exactly one singularity and one inflection point.
We denote these points by P1 and P2 respectively. Consider the reduced line associated
to the tangent cone at P1 and the tangent line at P2. As a consequence of Bézout’s
Theorem, these lines are distinct. Hence they have a unique intersection point P3, which
does not lie on the line between P1 and P2.
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We choose the standard cuspidal cubic #?z 4 y3. In this case, the coordinates of the
points P1, P2 and P3 as described above are (0:0:1), (1:0:0) and (0:1:0) respectively.
Since the stabiliser PGLig 24y DrESEIVES these points, it must be a subgroup of the group
of diagonal matrices. Introducing coordinates diag(a :b:c) for these matrices, we see
that the stabiliser is the subgroup defined by the equations a?c = b3. This group is

isomorphic to G,, via the parametrisation ¢ — diag(¢3:¢2:1).

(h) Nodal cubic. The standard nodal cubic zyz + 23 4 y3 has the tangent cone xy = 0
at the singularity. All its three inflection points are distinct and lie at the line z = 0
at infinity. Hence the stabiliser group PGL‘;yz a3y MUSE preserve the forms xy and
z. It is therefore a subgroup of the group generated by the diagonal matrices and
the permutation matrix exchanging the z- and y-coordinates. The diagonal matrices
diag(a:b:c) which preserve the form zyz+x3+%> are those satisfying the equations abc =
a® = b3. These matrices form a group isomorphic to u3 through the parametrisation
¢ +— diag(¢:¢%:1), where (3 = 1. We conclude that PGLiyz+m3+y3 is isomorphic to
M3 X 22.
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