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EXTENSION AND EMBEDDING OF
PLURISUBHARMONIC CURRENTS

AHMAD K. AL ABDULAALI

ABSTRACT. In this paper we study the extension of currents across small
obstacles. Our main results are:

e Let A be a closed complete pluripolar subset of an open subset 2

of C™ and T a negative current of bidimension (p,p) on '\ A such

that dd“T" > —S on Q\ A for some positive closed currents S on Q.

Assume that the Hausdorff measure Hap(A N SuppT) = 0. Then

—

T exists. Furthermore the current R = dd°T — dd°T is closed and
negative supported in A.

e Let u be a positive exhaustion strictly 0-convex function on an
open subset © of C" and set A = {z € Q: u(z) =0}. Let T be a
positive current of bidimension (p,p) on Q\ A such that dd°T" < S
on Q\ A for some positive currents S on Q. If p > 1, then T exists.

If p > 2, dd°S is of locally finite mass and v € C?, then ddeT exists

and dd°T = dd°T.
Furthermore, we generalize some results on the intersection and the
extension of currents.

1. INTRODUCTION

According to our nature, there is always a motivation behind any behav-
ior. So you may ask yourself now “What is the motivation which drove us
to write this paper?”. This question will be clarified in the next few lines.

In this paper we are interested with the currents and its extension. In
2003, Dabbek, Elkhadhra and El Mir [8] proved one of the strongest results
in this field which asserts:

Let A be a closed complete pluripolar set of an open subset () of
C™ and T a positive current of bidimension (p,p) on 2\ A. Suppose
that 7 and dd°T exist (or dd°T < 0), then there exists a positive
current R supported in A such that dd°T — dd°T = R.

The authors proved the existence of the residual current R without requir-
ing anything from dT' and this is the strength of this result. In that article
they studied the extension of plurisubharmonic currents across pluripolar
sets and across zero sets of strictly k-convex functions. Three years later
Dinh and Sibony [11] generalized the above result and found the residual
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2 AHMAD K. AL ABDULAALI

current R when dd®T" < S for some positive currents S on 2. Now a question
occurs, can we show the results in [8] if we replace dd“T < 0 by dd°T < S,
specially in the case when A is a zero set of strictly k-convex function? Actu-
ally, this is the main motivation behind this paper. In addition, the present
paper is inspired by the articles [5], [6] and [7].

1.1. Survey of results in this paper. The theme in this paper is to
improve the results in [8]. More precisely, we study the extendability of
positive currents 1" after a little squeeze for dd“T into the positive side. So
as shown in the figure below, this work can be considered as an embedding
of the plurisubharmonic currents.

(- Add-negative " dds| S positive

FIGURE 1. Embedding of dd“—negative currents into our study

The paper consists of four sections. In the first section we gave some
definitions, basic properties and some facts about the currents.

The section following that one is concerned with the intersection and
the extension of currents. So, we considered the case where A is a closed
complete pluripolar subset and started with the following result.

Let T be a positive dd°-negative current of bidimension (p,p) on
a complex manifold 2 of dimension n and A be a closed complete
pluripolar subset of Q2 such that the Hausdorff measure Hsy,_1(A) =
0. Let S be a positive and closed current of bidimension (1,1) on
2 and smooth on Q\ A. If g is a solution of dd°g = S on an open
set U C (1 and g; a sequence of smooth plurisubharmonic func-
tions such that (g;) converges to g in C?(U \ A) then the sequence
(dd°g; ANT) is locally bounded in mass in (.

By this result we can find a subsequence g; such that the sequence
dd°g;, N'T" converges weakly” to a current denoted by S AT. But what
about the uniqueness of S AT? We ask this question since this intersection
between S and T is well defined in some cases. Infact, For T is plurihar-
monic Dinh and Sibony [10] in 2004 defined the current S AT but when S is
smooth on € where € is a compact Khéler manifold. In 2008, Alessandrini
and Bassanelli [3] generalized the result in [10] by proving the existence of
S AT when A is a proper analytic subset set with (n — p) + dimA < dimS2
and S is smooth on Q\ A. In particular, SAT is defined as a limit of dd“g; AT
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Also in this section we obtained another result which generalizes a con-
vergence theorem of closed positive currents.

Let A be a closed complete pluripolar subset of an open subset
2 of C" and T be a closed and positive current of bidimension (p,p)
on Q\ A. Suppose that Hz,_1(A) = 0. Let g be a locally bounded
plurisubharmonic function on @ and (g;) be a decreasing sequence
of smooth plurisubharmonic functions on 2\ A converging point-
wise to g on 2\ A. Then for all j the extension ﬁ exists and the
sequence (ﬁ) converges.

This result improves a very well known result when A is empty (cf. [9]).
We ended this section by proving the following theorem

Let A be a closed complete pluripolar subset of an open subset
2 of C" and T a negative current of bidimension (p,p) on Q\ A such
that dd“T > —S on Q \ A for some positive closed currents S on (2.
Assume that Hs,(A N SuppT) = 0. Then T exists. Furthermore the
current R = dd°T — dd°T is closed and negative supported in A.

This theorem extends the case when S = 0 which was proved in [8]. We
used this extension to give a version of Chern-Levine-Nirenberg inequality.

Let A be a closed complete pluripolar subset of an open set (2
of C" and T be a positive current of bidimension (p,p) on Q\ A
such that dd‘T < S on Q\ A for some positive closed currents S
on ). Let K and L compact set in 2 with L CC K. Assume that
Hop(A N SuppT) = 0, then there exists a constant Ck > 0 such
that for all © smooth bounded plurisubharmonic on (2 we have the
following estimate

T AduAdoun B~ < Crpsup |u(2)2(|T |k + [|ddT]|x)
L\A zeK

In the third section we considered A as a zero set of plurisubharmonic
function u with the very special choice that w is positive exhaustion strictly
0-convex. In this section we included our second main theorem.

Let u be a positive exhaustion strictly 0-convex function on
an open subset 2 of C" and set A = {z € Q:u(z) =0}. Let T be a
positive current of bidimension (p,p) on Q\ A such that dd‘T < S
on Q\ A for some positive currents S on Q. If p > 1, then T exists.
If p > 2, dd°S is of order zero and u € C?, then dd°T exists and
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ddeT = dd°T.

The case when u is positive strictly k-convex and S = 0 was proved in
[8]. In 2005 Dabbek and Elkhadhra [6] assumed the case when 7' is a posi-
tive current such that dT' and u a positive strictly k-convex. Recently, the
result has been declared by Dabbek and Noureddine [7] in the case of quasi-
plurisubharmonic currents.

The study in this paper led us to many intersting open problems in this
field. So we dedicated the final section to exposing these problems that
might be a start point for the next work.

2. PRELIMINARIES AND NOTATIONS

Let 2 be an open subset of C". Let D, ,(£2, k) be the space C* compactly
supported differential forms of bidegree (p,q) on Q. A form ¢ € D, , (2, k)
is said to be strongly positive form if ¢ can be written as

N
o(z) = Z’yj(z) P00 AT A L Ndoy j AT
j=1

where v; > 0 and o, ; € Do1(2, k). Then D), ,(€2, k) admits a basis consist-
ing of strongly positive forms (see [9], CH III, (1.4) Lemma). We denote by
SP, () the space of strongly positive forms on Q2. The dual space D, (€, k)
is the space of currents of bidimension (p,q) or bidegree (n — p,n — q) and
of order k. A current T' € D}, ,(2, k) is said to be positive if (T, ) > 0 for
all forms ¢ € D, (2, k) that are strongly positive. If T' € D, ,(Q, k) then it
can be written as

T= i(n—p)2 Z T]JdZ] ANdZj

[|=[J|=n—p

where Ty ; are distributions on Q. For the positive current T' € D,, (2, k)
the mass of T" is denoted by ||7'|| and defined by >° |17 ;| where |17, ;| are the
total variations of the measures 77 ;. Let 3 = dd°|z|? be the Khiler form
on C" ( where d = and d° = i(—0 + ) thus dd® = 2i09), then there exists
a constant C' > 0 depends only on n and p such that

P
TA2f—p! <|Tl<CTAp

A current T is said to be C-normal if T" and dd“T" are of locally finite mass.
We recall that T is C-flat current if T = F 4+ 0H + 05 + 00R, where R, H, S
and R are currents with locally integrable coefficients. On this class of
currents the theorem says that for C-flat current T of bidimension (p, p) if
Haop(SuppT) = 0, then T' = 0.

Along the way a current 7' is said to be plurisubharmonic if dd“T" is
positive current. Let (x,) be a smooth bounded sequence which vanishes
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on a neighborhood of closed subset A C © and x;, converges to 1g\ 4, and
T be a current defined on '\ A. If x,, T has a limit which does not depend
on (xn), this limit is the trivial extension of T' by zero across A noted by 7.
Thus, T exists if and only if ||| has locally finite mass on €.

We end this section by giving the following two theorems. The first one is
called Chern-Levine-Nirenberg inequality and the second is a modification
for that inequality proved by Dinh and Sibony [11].

Theorem 2.1. Let © be an open subset of C™ and T be a closed positive
current of bidimension (p,p). Let uy,...,u, are locally bounded plurisubhar-
monic functions on . For all compact subsets K, L of Q with L CC K,
there exists s constant Cr,;, > 0 such that
T A dduy A ... Nddup||r, < Ck p||T ||k sup Jui(2)]... sup |upy(2)|
zeK zeK

Theorem 2.2. Let Q be an open subset of C™. Let K and L compact set
in Q with L CC K. Assume that T € D, ,(Q) is positive and dd°T is of
order zero, then there exists a constant Ck 1, > 0 such that for all w smooth
bounded plurisubharmonic on € we have the following estimate

/ T ANduAdun P~ < Ck rsup [u(z) (| T|lx + |dd“T | x)
L zeK

3. EXTENSION OVER PLURIPOLAR SETS AND INTERSECTION OF CURRENTS

In this section we give continuation and extension results across pluripolar
sets. So let us start with a theorem which deals with the intersection of
currents.

Theorem 3.1. Let T be a positive dd®-negative current of bidimension (p,p)
on a complex manifold Q of dimension n and A be a closed complete pluripo-
lar subset of Q such that the Hausdorff measure Hop—1(A) = 0. Let S be a
positive and closed current of bidimension (1,1) on Q and smooth on Q\ A.
If g is a solution of dd°g = S on an open set U C €2 and g; a sequence of
smooth plurisubharmonic functions such that (g;) converges to g in C2(U\ A)
then the sequence (dd®g; AT is locally bounded in mass in €.

Proof. The problem is local so we can consider that U is an open ball cen-
tered at 0 and contained in 2. Since dd°g = S, S > 0 and S smooth on
2\ A then we can assume that g is plurisubharmonic on U and smooth on
U\ A. Put s = p— 1 then Hasy1(A) = 0. So for almost all choices of uni-
tary coordinates (21, ..., 2,) = (2/,2"),2' = (21, ..., 25), 2" = (2541, ---, 2n) and
almost all radii of balls B” = B(0,7"”) C C"~*, the set 0B” x {0} N A = ¢.
Therefore there exist B’ an open set of C5 and 0 < t < 1 such that
B’ x {|Z"| >t} N A = ¢. We may assume that g; is positive function on
B’ x B".
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Now, Let p € C3°(B’) with p(z') > 0 and p = 1 on 2B’ and let 1(2") €
C5°(B”) such that (") =1 on {z” : |2”| < t}. We have

/ ddg; AT A (dd°|2'2)°
%B/ x{z":|z"|<t}

< [ wENddg AT A pl) ALY
B'xB"
But

[ ddg; AT A p()) A (dl )
B'xB" (3.1)

= gidd*(w(z")T) A p(2') A (dd°|"[?)*
B'xB"

Let € > 0 small enough so that t. := ¢ — ¢ satisfies the separation axiom
above and take ¢ € C*°(C"~*), with support in |2”| > . such that 0 < p < 1
and ¢ = 1 on {2"” € C"5,|2"| > t}. Since dd°T < 0, then by (3.1) we get.

Lo PG AT A D) A (2P

- Pg;dd (W) T) A p(') 1 (dd]' )
B'xB"\{z":|z"|<t:}
(3.2)
+ (1= (") ddT 1 p(/) A (dd| /[
B'x B'N{z":|2""| <t}
< [ dd(eg) AT A p() A A
/XBH

As the current T is positive and dd®g; converging to ddg in Supp ¢, the
last right hand side integral in (3.2) is bounded independently of j.

Notice that what we have shown is true for almost all choices of uni-
tary coordinates (2/,2”). Hence, for all compact K subset of U we have
sup; ||[dd°g; A T < co and from Banach-Alaoglu the sequence (dd°g; A T)
is contained in a compact set, then there exist subsequence (g;, ) of (g;) such
that ddg;, AT converges weakly” to a current denoted by S AT. O

The case when T is pluriharmonic was studied before. Actually, Alessan-
drini and Bassanelli in [3] proved the uniqueness of S AT as a limit of
dd®g; AT when A is proper analytic subset set with (n —p)+dimA < dimfQ.
In [10] Dinh and Sibony defined the intersection of currents S AT but when
S is smooth on 2 where 2 is a compact Khéler manifold. So, we general-
ized the conditions of Alessandrini and Bassanelli but we didn’t obtain the
uniqueness.

Theorem 3.2. Let T be a positive and closed current of bidimension (p,p)
on a complex manifold Q of dimension n and A be a closed complete pluripo-
lar subset of Q such that the Hausdorff measure Hop—1(A) = 0. Let S be a
positive and closed current of bidimension (1,1) on Q with locally bounded
dde-solutions on Q\ A. If g is a solution of dd°g = S on an open set U C Q
and (g;) is a sequence of decreasing plurisubharmonic smooth functions on
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U which is converging pointwise to g in U \ A. Then the sequence (g;T)
converges.

Before we prove this theorem let us show the following result

Proposition 3.3. Let A be a closed complete pluripolar subset of an open
subset Q C C" and T be a positive current of bidimension (p,p) on '\ A
such that dd°T < S on Q\ A for some positive and closed currents S on €.
Let v be a plurisubharmonic function of class C?, v > —1 on Q such that

Q' ={zeQ:0(z) <0}
is relatively compact in Q. Let K C Q' be a compact subset and let us set

cx = —supv(z)
zeK
Then there exists a constant n > 0 such that for all integer 1 < s < p and
for every plurisubharmonic function u of class C? on ' satisfying —1 < u <
0 we have,
T A (dd°u)? < ef® T A (ddv)® A (ddu)P~ + n||S]|qr
K\A Q'\A
This proposition generalizes a result in [8] where the authors considered
the case of positive and dd®-negative current.

Proof. We follow the same techniques in [8]. By ([12], Proposition II.2),
there exists a negative plurisubharmonic function f on €’ which is smooth
on '\ A such that

AN ={z€Q": f(2) = —o0}
We choose A, p such that 0 < p < A < cx. For m € N and € small enough

we set

om(2) = pu(z) + f(nzl)% and ¢, < (2) = max. (v(z) + 1, om(2))

where max. is the convolution of the function (z1,z2) — max(z1,z2) by
a positive regularization kernel on R? depending only on ||(z1,22)||. Thus
we have ¢, -(2) € psh() NC>®(Q). Furthermore, ¢, (2) = v(z) +11in a
neighborhood of 9 U (2" N {f < —m}). Consider the open subset

Q. =9 N{f>-m}
Then by Stokes formula we have

/ T A (ddu)P™* A (ddpr c)* ™" A dd(pme — v —1)
Ql

m

< / (Ome — v — 1)S A (dd°u)P~* A (ddprm.0)* "
Q/

m
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Hence
[T A (@0 A (@)
= /Q,m(sﬁm,s —v—1)S A (ddu)’ ™ A (<1clcc,p,m€)s_1 (3.3)
+ /), TA (dd°u)’™® A (dd®pm.c)* " A ddv
Let us set h

Spe = / (@me — v — 1)S A (dd°uw)P~" A (ddpm )" 2% A (ddCo)*
Q/

m

By iterating the operation in (3.3), we deduce that

s—1
T A (ddu)P™* A (ddpme)® < | T A(ddu)P™* A (ddv)® + ) Ske
QL QL b
Let R > 0 and K = {z# € K: f(2) > —R}. For m sufficiently large,
Kr C ), and for any z € Kp,
m— R
m+1

om(z) > —pu+ >1-—)\

Moreover, v < —ci on Kg so we get
v+1<1l—cxg<1-—2A

then ¢y, - = ¢, in a neighborhood of Kr. Therefore, by the above inequality
we obtain

/ T A (dd°u)P= A (dd°pp)® < /
Kgr

s—1
T A (ddu)P~* A (ddv)° + > Spe
Q k=0

Notice that (dd®p;,)* > p® (dd°u)® because dd®f > 0. So

s—1
w [T A ddeu)? < / CTA(ddCuw A (dd0) + 3 Spe (3.4)
Kgr Q, k=0
Now we will show that Sy . is bounded for each k. Since S is positive and
closed, then using ([9], ChIII, (3.6) Corollary) and Chern-Levine-Nirenberg
inequality there exists 7, > 0 such that
lim [ S A (ddu)P™* A (ddpm.c) " % A (ddov)*

e—0 Q.
= [ SA(ddu)P% A (dd° max(pm,v + 1)) 17F A (ddov)*
o,

< 1k sup [max(pm(2), v(2) + D" sup [u(z) [P~ sup |o(2) ]| S]|or
zeQY zeQY zeY

Therefore there exists > 0 making (3.2) as follows

u’ T A (ddu)? < / T A (dd°u)P™? A (ddv)® + n||S]|qr
Kgr Q,

m

We finished the proof by letting first m — oo and secondly R — oo. (]
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In our proof of Theorem 3.2. we will use the previous proposition and also
the following lemma which is considered one of the most significant results
in this field.

Lemma 3.4. ([8], Theorem 1) Let A be a closed complete pluripolar subset
of an open subset 0 of C" and T a negative plurisubharmonic current of
bidimension (p,p) on Q\ A such that Hap(A N SuppT) = 0. Then T exists
and is negative plurisubharmonic on ). Furthermore the current ddeT—dd°T
is closed and negative supported in A.

Proof of theorem 3.2. We keep the notations of Theorem 3.1. By the
same argument in Theorem 3.1 we can consider that g is plurisubharmonic
in U and locally bounded on U \ A. Since g; € C®(U) N psh(U) we may
assume that g; < 0 on B'x B” C aA™ for the unit polydisk A" = A% x A5
contained in 2 and s = p — 1. Take 0 < ¢t < a and define,

12 _ "2 _ .2
Pe = MaX, (MT“’ %)
We have
—1<p. <0in aA™ andpazwon |2"| < t
Now
/ g;T N ddCpe A (dd°|Z' ) = / ;T N ddCpe A (dd€|2')°
alAm al\sx{z"":|z"|<t}
+ / g;T A ddp. A (dd°|2'|?)”
als x{z":t<|2"|<a}
Since p. = |Z’|Z_“ on |2"| < t, then we obtain that
/ g;T A ddp. A (dd°|2'|*)" = / g;T A ddp. A (dd°|2'[*)*
al\™ al\sx{z":t<|z"|<a}

The sequence (g;) converges pointwise to g on U \ A so we get
lim g;TAddpe A (dd€|2'|*)° = /

)70 JaAn alsx{z":t<|z"|<a}
As g is locally bounded on Q \ A, the current g7 is well defined on Q \ A
and locally this current is negative and plurisubharmonic. So by Lemma
3.4 and ([8], Theorem 1), gT and ddjg\f T exist. By applying Theorem 2.2.
on g1 A dd°p., we obtain that the right hand side in the above equality is

gT NddCp A (dd°|2')?)°

bounded independently of €. Therefore we have
lim g;T A dd°p. A (dd°|2'1?)° < o0
]—)OO G/ATL
The current g;7' < 0, dd(g;T) = dd°g; AT which is positive and p. satisfies
all conditions in Proposition 3.3, so for B’ x B” we have
lim g;T ABA (dd°|Z'[*)° < lim / g;T N dd°p. A (dd°|2'|?)°
J—00 B/XB// J—00 aAn
< o0
(3.5)
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And as in the proof of Theorem 3.1, one can find a subsequence g;, T" which
is convergent in weak™ topology. But we still need to show the convergence
of (g;T). In order to do this we first remember that any differential form can
be written as a linear combination of strongly positive forms. So it is enough
to verify the convergence for each strongly positive form ¢ € SP, ,(€2). But
for ¢ € SP,,(2) the sequence (g;T, ) is decreasing in a compact set so it
is converging. Hence g;1" converges weakly™ in {). Proving Theorem 3.2.

Remark 3.5. If we start with a function g which is plurisubharmonic on an
open subset Q2 of C™ and locally bounded on 2\ A where A as above. We
find that dd®g is a positive current. So by Theorem 3.2, if (g;) is a decreasing
sequence of smooth plurisubharmonic functions converging pointwise to g
on Q\ A, then we guarantee the convergence of g;7. This shows that
this result generalizes a very well known convergence theorem when g is
locally bounded plurisubharmonic function on €2 and the sequence (g;) is
decreasing and converging pointwise to g on the whole of Q. (cf. [9], Ch.III,
(3.7) Theorem).

In view of the proof of Theorem 3.2, we saw how is it nice sometime to
play with a combination of plurisubharmonic function g and positive closed
current T'. Since in this case we have that locally the current g7 is negative
and plurisubharmonic, allowing us a good area to use the results of closed
currents and plurisubharmonic currents. The following corollary one of the
aspects of this combination.

Corollary 3.6. Let A be a closed complete pluripolar subset of an open sub-
set Q of C™ and T be a closed and positive current of bidimension (p,p) on
Q\ A. Suppose that Hop—1(A) = 0. Let g be a locally bounded plurisubhar-
monic function on Q and (g;) be a decreasing sequence of smooth plurisub-
harmonic functions on Q\ A converging pointwise to g on Q\ A. Then for
all j the extension g?T exists and the sequence (g?T) converges to ﬁ

Proof. Our problem is local so we may assume that g; < 0. Now locally the
current g;1 is negative and plurisubharmonic. Since Hgp—1(A) = 0, then
Hap(A) = 0 and by Lemma 3.4, the extension g?T exists. Under the same
notation of Theorem 3.2 we have

lim g;T A ddp. A (dd°|2'|*)*
J—00 GA"\A

= gT A ddpe A (dd°|2'|?)°
als x{z":t<|z"|<a}
By similar argument as in the proof of Theorem 3.2, we find that the
sequence (g;1") is weakly® convergent. O

We end this section with a result which can be considered as a version of
Chern-Levine-Nirenberg inequality. But before this let us give the following
theorem.
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Theorem 3.7. Let A be a closed complete pluripolar subset of an open
subset Q of C™ and T a negative current of bidimension (p,p) on Q\ A
such that dd°T > —S on Q\ A for some positive closed currents S on €.
Assume that Hap(AN SuppT) = 0. Then T exists. Furthermore the current
R = dd°T — dd°T is closed and negative supported in A.

Proof. Let us first assume that T exists. Then by [11], the extension dd°T
exists and R is negative current. Since S is closed, then dd“T + S is closed
positive current on 2\ A, and by El Mir-Skoda result [12] ddeT is closed.
Therefore R is closed negative current.

In order to show the existence of T we will proceed as in [8]. Since the
problem is local, we will show that T is of lacally finite mass near every point
zp in A. Without loss of generality, one can assume that zy is the origin.
Since Hap(A N SuppT) = 0, there exists a system of coordinates and a
polydisk AP x A"=P C CP x C"P such that (AN SuppT) N (AP x QA" P) =
¢. Moreover the projection map 7 : (A N SuppT) N (AP x A"7P) — AP
is proper, and as m(A N SuppT) is closed with a zero Lebesgue measure
in AP one can find an open subset O C AP\ w(AN SuppT). Therefore
the current has locally finite on O x A"P. Let 0 < § < 1 such that
(AN SuppT) N (AP x A"P(1 — 6,1+ 6)) = ¢ and fix @ and t two reals in
(0,1) such that a < t. Set

Pe = Maxe (W*Pa oz (|2 - t2))
where p is a plurisubharmonic function on AP such that (dd®p)? supported
in 0. We have —1 < p. < 0 in tA™ and p. = 7*p on |2”| < a, and we obtain

[ raaany= [ T A (dd ()P
(tAmN\A (1) x {2 <a}\ A

+/ T A (ddp.)?
(tAP)x{a<|2"|<t}

since (dd°m*p)P supported in O x A" P then both integrals of the right
hand side are finite. By applying Proposition 3.3. on —7 we deduce that T
exists. 0

Notice that Theorem 3.7 generalizes the case when S = 0 which is done
in [8].

Corollary 3.8. Let A be a closed complete pluripolar subset of an open
subset 0 of C™ and T a positive current of bidimension (p,p) on Q\ A
such that dd°T > —S on Q\ A for some positive closed currents S on €.
Assume that Hap—2(A N SuppT) = 0. Then T exists. Furthermore the
current dd°T = dd°T.

The case when dd°T exists and Hap(A N SuppT’) = 0 done by Dabbek
in [5]. Dabbek proved that in this case the residual current is positive and
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closed by using the same technique in [8] with the local potential of a positive
closed current given in [4].

Proof. Applying El Mir and Feki result [13] for the current dd“T 4 S, the
extension dd°T exists. Now, the result follows from Theorem 5 in [8]. (]

Theorem 3.9. Let A be a closed complete pluripolar subset of an open set
Q of C" and T be a positive current of bidimension (p,p) on Q\ A such
that dd°T" < S on Q\ A for some positive closed currents S on €. Let K
and L compact set in Q with L CC K. Assume that Hap(A N SuppT’) = 0,
then there exists a constant Ck 1, > 0 such that for all u smooth bounded
plurisubharmonic on Q we have the following estimate
T AduAdun Bt < Crpsup [u(2) (| Tl + |ddT | x)
L\A zeK
Proof. From Theorem 3.7. the extensions T and dd°T exist. Moreover, T

is positive and dd°T is of order zero. So the result follows from Theorem
2.2. O

4. THE EXTENSION ACROSS A ZERO SET OF 0-CONVEX FUNCTION

In this section, we will show a continuation result for positive current
when ddI" < S for positive current S, across a zero set of a strictly O-
convex function with some special properties.

Definition 4.1. Let u be a continuous real function defined on an open
subset 0 of C™. we say that u is strictly k-convez if there exists a continuous
(1,1)-form ~ defined on Q which admits (n — k)-positive eigenvalues at each
point, and such that the current dd°u — =y is positive on 2.

In what remains we consider u to be a positive exhaustion strictly 0-
convex function on an open subset 2 of C", and set A = u~*{0}. In [8], the
authors discussed the extension of the positive plurisubharmonic currents
across the zero of strictly k-convex functions. With our distinguished choice
of u we generalize their result in the case of strictly 0-convex.

Proposition 4.2. Let Q be an open subset of C™ and Q. = {u(z) < c¢}. Let
T be a positive current of bidimension (p,p) on Q\ Q. such that dd°T < S
on Q\ Q¢ for some positive currents S on Q. If p > 1, then T is of finite
mass near ..

Proof. We can assume that u € C*°(Q2\ A). Indeed, by Richberg’s theorem
there exists a strictly plurisubharmonic function v on §2 satisfies that,

u(z) <wv(z) <u(z) +d(z,A),Yz € Q

implies that A = v=!1{0}. So, from now on in this proof u is smooth on

Q\ A
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Since u is exhaustion, then for each ¢ we can find an open set M, contains
Q. such that M, contained in Q and M., is oriented by outer normal. Now
our aim is to prove that

/ TAPBP <0
MA\A

Let . is the regularization kernel on C" depending only on |z|. Since u is
strictly then there exists a > 0 so that dd“u > af on 2, therefore we can
choose ¢, small enough to make u,, = u * @, satisfies

1
2n Su—un_ﬁandddcunzgﬁ

Let us define
per, = maxy {u, —c— %, 0}

where max. is the convolution of the function (x1,x2) — max(z1,z2) by a
positive regularization kernel on R? depending only on ||(x1,22)|. Notice
that

max.(z1, z2) = max(zy,x2)

outside a neighborhood of x1 = x3. This definition implies that p., = 0 in a
neighborhood Oy, of {2, which is depending on n, and allows us to speak
about p. T on the whole of 2. Now, set

1 1
Fevn={zeM.:u<c+— +2n
On M.\ T.y, we have u, —c — 2% > 0, implies that dd°p.; > S on

M.\ Tty Let us take a function g with support in Q \ Q. such that g =1
in a neighborhood of M., 0 < g < 1 and vanishes in a neighborhood of €)..
Let T;, = Ty, be a smoothing of T" which is of course convergent weakly™
to T, hence

/ TAB << lim T., ANddpe, AP (4.1)
Mc\Fchn M.

Ep—

On the other hand we have
/M T., Nddpe, AP~ = / T., Ndd(per g+ pe, (1 —g)) ABP7!

_/ T., Add(per g) A B!

+ / per (1 — g)dd°Ty, A 3P~ (4.2)
< [ T ndd (o)

M.

+/ Peg(l - g)Sek A ﬁp_l
M.

The nice choice of g makes the sequence (p.; g) converges uniformly to
(u—c¢)g. Moreover, on Supp g N Supp per, the positive current T" has locally
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finite mass. Hence the last right hand side integrals in (4.2) are bounded
independently of ¢ and n. In virtue of (4.1) we deduce that T is of finite
mass on M, \ Q. O

Remark 4.3. In view of the previous proof we used the exhaustion just to
make . CC Q. So, the proof is valid if €}, is relatively compact in €.

Theorem 4.4. Let Q0 be an open subset of C" and set A = u='{0}. Let
T be a positive current of bidimension (p,p), p > 1 on Q\ A such that
dd°T < 8§ on Q\ A for some positive current S on Q, then T exists. If
log(u) is plurisubharmonic then

(1) dT = dT while dT eists.

(2) dd°T exists and dd°T — dd°T is a positive current.

Proof. In the previous proposition we have already proved the existence of
T. Since the problem near A, then we can assume that Q = M where M as
in Proposition 2.4. To prove (1) we use that log(u) = ¢ is plurisubharmonic
and A = {z,log(u(z)) = —oo}. Then there exist u, € psh(Q), 0 < u, <1
such that the sequence w,, is converging locally uniformly to 1 on '\ A and
vanishing near A. Hence lim,, o u,1T = T. We first show that du, AT — 0.

Let ¢ be a smooth (0, 1)-form with support in a compact subset K of Q.
We have to show

/TAdunAgb/\ﬁp‘l —0
Fix ¢ > 0, let U, and U% are neighborhoods of A with U s C U. such that

/ iTAGNGA PP < 2
U,

Since dd°T of finite mass on 2\ A and w,, converging locally uniformly to

1 on 2\ A, then applying Theorem 2.2 for u,, — 1, gives us
2

lim / TAd(up —1) ApABPE
n—oo Q\Ug
< lim (/ T A d(up) A d(uy) A ﬂp‘1> (/ iTAGAGA ﬂp‘1>
n—oo \ JO\U. Q\U.
< Jim C sup [un — 1 (T lasrs, + d&T oy, ) =0
n—00 Q\Us 3 5
Therefore
lim iT ANdup AN ABP~L =0
n—oo Q\U-

On the other hand, Cauchy Schwartz inequality gives

T Adup A AP
U-

1 1
g( T/\dun/\dcun/\ﬁp_1>2</ z’T/\qSAE/\ﬁ”‘l)2
U. U-




EXTENSION AND EMBEDDING OF PLURISUBHARMONIC CURRENTS 15

The second factor in the right hand side from the above inequality is
bounded by e. So it is enough to show that the second integral is uniformly
bounded with respect to n. we can not proceed as the previous part since
we don’t know that dd°T has finite mass near A.

Let x be a smooth compactly supported function on 2 such that 0 < x <1
and x =1 on K. Set

I, := /TX2 A duy A dCup A BP1

By simple computation we get
1
TAM%A&%:aTAM%%—%TAM%n (4.3)
Since u, is positive smooth plurisubharmonic function, then the current
unT A ddu, A BP~1 is positive. So by (4.3), we have

1
@gi/mewﬁAm*
_ 1 c 2 2
= §/dd (X T) Uy,
1
= §/X2ddcTAuiAﬁp‘1 +/ddcx2ATuiAﬁp‘1
—4/XunT/\dun/\dcx/\ﬁp_1

1 (4.4)
< 3 [/dedCT/\ui/\ﬂp_l + ‘/ddcx2/\Tui/\ﬂp_1}

|

+4 /XunT/\alun/\dcx/\ﬁf”_1

< UXQSAuELAﬁp‘l + ‘/dd‘iX?ATun/\ﬁp‘l

N =

+4 /XunT A dun A dSx A P71
Since T exists, S is positive and 0 < u,, < 1, then

1
5 [/XQSAuiAﬂp‘lJr ’/ddCXQ/\Tun/\ﬂp_l

| <o

We still need to estimate the last integral in (4.4). To do so we use again
the nice Cauchy Schwartz inequality, and find

4 /XunT A dug, A dy A BPY

1 1
2 c p—1 2 2 c p—1 2
<4 X1 N duy A du, N B uy T ANdx Ndx N\ B

1
But (f u2T Adyx Adex A ﬁp_1)§ is bounded. Therefore there exist positive

1
real numbers M and C' such that I,, < M + CI;?, and I, is bounded. So we
have proved that T'A du, — 0. Since T is real, then by taking the conjugate
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we get T'Adu, — 0 as well. So, if dT exists, then dT = limg,, o0 un,dI'. But
dT = lim d(u,T) = lim u,dT = dT
Proving our first claim. To prove the second one, we first note that
Updd°T — dd°up, N'T = dd°(u,T) — d(T A d°uy) + d°(T A duy,) (4.5)
From this computation we obtain
Up (dd°T — S) — ddup, AT = —up, S + dd(u, T) — d(T A duy) + d°(T A duy,)
The right hand side converges to —S—+dd°T where S is the trivial extension
of S on Q. Since dd“T" < S and T is Bositivezvthen U (dd“T — S) — ddu, AT
is negative. We then deduce that —S + dd°T" is negative. Thus there exists

a positive current F' on ) such that —S+dd°T = —F. Therefore, dd°T has
order zero because S and F' has locally finite mass near A. But we have

Undd°T = updd°T = up(—F + )

Therefore ddT" has locally finite mass near A.
The right hand side in (4.5) converges to dd°T" — dd°T" and the left hand
side converges to lim,,_,., dd“u, AT, proving that ddeT—ddeT is positive. [

In the proof of (1) and (2) in Theorem 4.4, we followed Dinh and Sibony
in their proof of Theorem 1.3 in [11]. In that result the authors studied the
existence of JEC? when 7' > 0, dd°T < S on Q\ A and T exists. The case
when S = 0 was proved by Dabbek, Elkhadhra and El Mir in [8].

Remark 4.5. In some cases the conditions in Theorem 4.4. can be stronger
than we assumed as we will see in the following remarks.

(1) As we saw in Remark 4.3. we don’t need the exhaustion if A is
relatively compact in €.

(2) If we take u any positive exhaustion strictly O-convex function of
class C? and don’t request any thing from log(u), in this case we can
control the mass of dd“T" outside A. Indeed, let p : R — R be a
smooth positive increasing function such that p(t) = 0 if t < % and
p(t)y=1if t > 1. Put

pr=p(=")

We have p, is of class C2, 0 < p, < 1 and satisfying that
}LI% Pr = 1Q\A

and by Dini’s lemma the convergence is uniformly on each compact
in @\ A. Then T = lim,_,¢ p,T. We want to show that

lin%)T Adp, = 0. (4.6)
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outside A. Let ¢ smooth (0,1)-form with support in a compact
subset K of 2. We have to show

/TAdmA¢A5P1—+0

Fix ¢ > 0 and let U, = {z € Q,u < €} be a neighborhood of A which
is relatively compact in €2, such that

/ iTAGNG < & (4.7)
Ue
For 7 < €2 the function p, is equal to 1 on Q\ U.. Hence

u\z u2 z
dpn(z) = 2242 ()

)du(z) = 0,Vz € Q\ Us
Therefore

lim
n—oo

/ T ANdpr NG ABPH =0
Q\U.

This doesn’t solve the problem since we need also to show (4.6) in
U.. Actually we are not quite sure about the existence of dd°T when
p > 1. We have this feeling since the result have been discussed only
when p > 2, but at the same time nobody has shown -at least in our
knowledge- the sharpness of this condition. However, we can relax
the conditions of Theorem 4.4 and prove our second main result.

Theorem 4.6. Let u be a positive ezhaustion strictly 0-convez function on
an open subset Q of C" and set A ={z € Q:u(z) =0}. Let T be a positive
current of bidimension (p,p) on Q\ A such that dd°T < S on Q\ A for some
positive currents S on Q. Ifp > 1, then T exists. If p > 2, dd®S is of locally
finite mass and u € C?, then dd°T exists and dd°T = dd°T.

Proof. We keep the notations of Proposition 4.2, and set F' = S — dd°T.
Then F is a C-normal current on Q \ A, and as we did in Proposition 4.2,
we define F,, = F * ¢.,. Hence

/ FAPL<S im [ F Addop, A 3P~ (4.8)
M\D, 2 M "

é‘k—>0

On the other hand we have

/M Foy Addpe A BP2 = /M Fe, Ndd*(per g + per (1— g)) A BP~2
= / Fep A ddc(ﬂs;lg) N ﬁp_2
M
4 /M pey (1 — g)dd°Foy A 5P~ (4.9)
= [ By dd(os9) 0 07

+ /M pe%(l - g)ddcssk A ﬁp_2
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The sequence (p.; g) converges uniformly to (u—c)g. Moreover, on Supp gN
Supp pe: the positive current F' has locally finite mass. So by the nice
property of dd°S, we deduce that the last right hand side integrals in (4.9)
are bounded independently of ¢ and n, and from (4.8) the extension F
exists. Implies that ddeT exists, and the theorem follows by applying ([8],

Theorem 4). O

Corollary 4.7. Under the same hypotheses of Theorem 4.4., if log(u) is

plurisubharmonic, S is closed and Hap(A) = 0 then R = dd°T — dd°T is
closed. Moreover R =0 as soon as Hap—2(A) = 0.

Proof. The case when Hs,(A) = 0 follows from Theorem 3.7, since log(u) is
plurisubharmonic. To show the second part we note first that the current
ddeT is closed, so we need to show that dd¢T is so. But S — dd°T is closed

positive current on Q \ A. So by [13], the extension S — dd°T exists and is

closed positive, hence dd°T is closed. Therefore in this case the current R is
C-flat, and since our set A is thin so that Hs,—2(A) = 0 then by the support
theorem R = 0. O

In the end of this section we will return again to the case when S is closed
positive current but this time we will prove the extension over closed set.

Theorem 4.8. Let A be a closed subset of an open subset  of C™ and T be a
positive current of bidimension (p,p) on Q\ A such that dd°T > —S on Q\ A
for closed positive currents S on Q. Assume that Hap—3(SuppT N A) = 0,
then T exists and dd°T = dd°T.

Proof. Let F' = dd°T + S, then F' is closed positive current on Q2 \ A of
bidimension (p — 1,p — 1). Since Ho(—1)—1(SuppT’ N A) = 0, by ([15],

Theorem 6), F exists and cosed positive current on €. Implies that dd¢T
exists, and by ([8], Theorem 5) we obtain our result. O

If S =0, Theorem 4.8 due to Dabbek , Elkhadhra and El Mir [8].

5. OPEN PROBLEMS

(1) Let T be a positive pluriharmonic current of bidimension (p,p) on
a complex manifold © of dimension n and A be a closed complete
pluripolar subset of Q2 such that the Hausdorff measure Hap,—1(A) =
0. Let S be a positive and closed current of bidimension (1,1) on
Q) and smooth on 2\ A. If g is a solution of ddg = S on an open
set U C Q and g; € C®°(U) N psh(U) such that the sequence (g;)
converges to g in C2(U \ A)

o Is S AT well defined? i.e. does dd°g; AT converge?
e Under the same hypotheses, does g;1" converge?
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Is the following assertion true?

Let A be a closed complete pluripolar subset of an open subset
2 C C" and T be a positive current of bidimension (p,p) on 2\ A
such that dd“T < S on 2\ A for some positive currents S on Q. Let
v be a plurisubharmonic function of class C?, v > —1 on € such that

Q' ={zeQ:0(z) <0}

is relatively compact in Q. Let K C € be a compact subset and

let us set
cx = —sup v(z)
zeK

Then there exists a constant > 0 such that for all integer 1 <
s < p and for every plurisubharmonic function u of class C2 on €
satisfying —1 < u < 0 we have,

T A(ddu)? <cg’ [ T A(ddv)® A (ddu)P™" + ]| S]lar

K\A Q\A
In [8] the authors proved the previous problem when S = 0 and used
it in the proof of Lemma 3.4. So one can arise the following problem.

Let A be a closed complete pluripolar subset of an open subset (2
of C" and T a negative current of bidimension (p,p) on 2\ A such
that dd°T > —S on 2\ A for some positive currents S on §2. Assume
that Hap(A N SuppT) = 0. Does T exist?
Let u be a positive exhaustion strictly k-convex function on an open
subset Q of C" and A = u~'{0}. Let T be a positive current of
bidimension (p,p), p > 1 on 2\ A such that dd°T < S on Q\ A for
some positive currents S on 2. can we prove the existence of T and
dd°T?
Can we show Theorem 4.8., when S positive and plurisubharmonic
(resp. dd“-negative) current?
As we saw in Theorem 4.8., the key of the proof was Harvey’s result
for closed positive currents. So once we obtain Harvey’s result for
positive plurisubharmonic currents, we answare this question.

REFERENCES

Abdulaali, Ahmad K., On the extension of purisubharmonic currents. Master

thesis. K.F.U. 2008.

[2] Al Ameer. A., Eztension of plurisubharmonic current across the zero set of a k-convex

function. Master thesis K.F.U 2009.

[3] Alessandrini, L.; Bassanelli, G., Wedge product of positive currents and balanced man-

ifolds. Tohoku Math. J. (2) 60 (2008), no. 1, 123-134.

[4] Ben Messaoud, Hedi; E1 Mir, H., Opérateur de Monge-Ampére et formule de tranchage

pour un courant positif fermé. (French) [Monge-Ampere operator and slicing formula

for

a positive d-closed current] C. R. Acad. Sci. Paris Sér. I Math. 321 (1995), no. 3,

277-282.



20

[5]

AHMAD K. AL ABDULAALI

Dabbek, K., Prolongement d’un courant positif plurisousharmonique. (French) [Ex-
tension of a positive plurisubharmonic current] C. R. Math. Acad. Sci. Paris 342
(2006), no. 11, 819-823.

Dabbek, K.; Elkhadhra, F., Prolongement d’un courant positif a travers une sous-
variété non Levi-plate. (French) [Extension of a positive current across a non-Levi-flat
submanifold] C. R. Math. Acad. Sci. Paris 340 (2005), no. 4, 263-268.

Dabbek, K.; Noureddine, G., Prolongement d’un courant positif quasi-
plurisurharmonique. (French) [Extension of a positive quasi-plurisuperharmonic cur-
rent] Ann. Math. Blaise Pascal 16 (2009), no. 2, 287-304.

Dabbek K.; Elkhadra F.; El Mir H., Ezxtension of plurisubharmonic currents. Math
Zeitschrift 245 | 455- 481 (2003).

Demailly, J.-P., Complex Analytic and differential Geometry. Free accessible book
http://www-fourier.ujf-grenoble.fr

Dinh, T.; Sibony, N., Regularization of currents and entropy. Ann. Sci. Ecole Norm.
Sup. (4) 37 (2004), no. 6, 959-971.

Dinh, T.; Sibony, N., Pull-back currents by holomorphic maps. Manuscripta Math.
123 (2007), no. 3, 357-371.

El Mir, H., Sur le prolongement des courants positifs fermés. (French) [On the exten-
sion of closed positive currents] Acta Math. 153 (1984), no. 1-2, 1-45.

El Mir, H.; Feki, 1., Prolongement et contréle d’un courant positif fermé par ses
tranches. (French) [Extension and mass control of a positive d-closed current by its
slices] C. R. Acad. Sci. Paris Sér. I Math. 327 (1998), no. 9, 797-802.

Federer, H., Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153 Springer-Verlag New York Inc., New York 1969.

Harvey, R., Removable singularities for positive currents. Amer. J. Math. 96 (1974),
67-78.

Hormander, L., An introduction to complex analysis in several variables. Third edi-
tion. North Holland Publishing Company.

Hormander, L., The analysis of linear partial differential operators. 1. Distribution
theory and Fourier analysis. Springer-Verlag.

Shiffman, B., On the removal of singularities of analytic sets. Michigan Math. J. 15
1968 111-120.

THE DEPARTMENT OF MATHEMATICS, STOCKHOLM UNIVERSITY, 106 91 STOCKHLOM,
SWEDEN
E-mail address: ahma@math.su.se



