ISSN: 1401-5617

The number of continuous curves in digital geometry

Shiva Samieinia

Research Reports in Mathematics Number 3, 2008

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2008/3

Date of publication: December 22, 2008 2000 Mathematics Subject Classification: Primary 52C35, Secondary 05A15. Keywords: Digital geometry, Khalimsky topology, Khalimsky plane, Khalimsky-continuous function.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

The number of continuous curves in digital geometry

Shiva Samieinia

Department of Mathematics, Stockholm University

shiva@math.su.se

Abstract

As a model for continuous curves in digital geometry, we study the Khalimsky-continuous functions defined on the integers and with values in the set of integers or the set of natural numbers. We determine the number of such functions on a given interval. It turns out that these numbers are related to the Delannoy and Schröder arrays, and a relation between these numbers is established.

Key words: Digital geometry, Khalimsky topology, Khalimsky plane, Khalimsky-continuous function.

1. Introduction

After the advent of computers, Euclidean geometry is no longer suitable for image processing: all fundamental concepts such as lines, curves and surfaces have to be redefined. A new kind of geometry, taking into account the discrete nature of the pixels building up the images, has to be created— digital geometry is being built up to solve this problem. However, there is in general no unique solution to the problems we face.

Just like the set of all functions R → R is not a good model for curves in Euclidean geometry, the set of all functions Z → Z is not a good model for the curves we want to study in digital geometry. We need some kind of restriction, analogous to continuity or smoothness in the real case.

A suitable model are the continuous functions Z → Z, provided we can define a reasonable topology on the set Z of integers. In this paper we shall do so, choosing the Khalimsky topology, which makes the digital space Z^n connected; see Khalimsky et al. [5].

We shall define the Khalimsky topology on Z^n in subsection 1.1 in a simple way, by just defining open subsets of Z and then going to higher dimensions using the product topology. After equipping the discrete space Z^n with a topology, we are able to speak about a continuous function. We will review the definition of Khalimsky-continuous function in subsection 1.2. For more information in these subjects see Kiselman [6] and Melin [12, 10].

Some combinatorial work has already been done in digital geometry. We can mention here the pioneering work on the number of discrete segments of slope 0 ⩽ α ⩽ 1 and length L which was done by Berenstein and Lavine [2]. Work on the number of digital straight line segments was done by Bédaride et al. [1] and they went on to determine the number of digital segments of given length and height. More information about digital straight line segments can be found in Kiselman [6], Klette and Rosenfeld [8, 9], Melin [11, 10], and Samieinia [13].

Another combinatorial theme in digital geometry is digital curves. One of the articles on this topic is the one by Huxley and Zunić [4], who studied the number of different digital discs consisting of N points and showed an upper bound for it. In earlier papers, Samieinia [13, 14], we have studied the Khalimsky-continuous functions from a combinatorial point of view. We went on to show that these functions, when they have two points in their codomain, yield a new example of the classical Fibonacci sequence. For the case of three or four points in their codomain, some new sequences were presented.

In this paper we shall first determine the number of Khalimsky-continuous functions with codomain Z and show that it has the same recursion relation as the Pell numbers, but with different initial values. This enumeration gives also an example of Delannoy numbers. Then we shall determine the number of Khalimsky-continuous functions with codomain N. In this case we obtain a sequence by summing up of two consecutive numbers of other sequences. We note as a byproduct some relations between the Schröder numbers; see Corollary 3.5. It turns out that there is a relation between the Delannoy and Schröder numbers, studied in section 3. We review the definition of Delannoy and Schröder numbers as well as some of their properties in subsection 1.3.

1.1. The Khalimsky topology

We present the Khalimsky topology using a topological basis. For every even integer m, the set {m − 1, m, m + 1} is open, and for every odd integer n, the singleton set {n} is open. A basis is given by

{{2n + 1}, {2n − 1, 2n, 2n + 1}; n ∈ Z}.

It follows that even points are closed. A digital interval [a, b]_Z = [a, b] ∩ Z with the subspace topology is called a Khalimsky interval. On the digital plane Z^2, the Khalimsky topology is given by the product topology. A point with both coordinates odd is open. If both coordinates are even, the point is closed. These types of points are called pure. Points with one even and one odd coordinate are neither open nor closed; these are called mixed. By the Khalimsky topology we can see easily that the mixed point m = (m_1, m_2) is connected to its four neighbors,

(m_1 ± 1, m_2) and (m_1, m_2 ± 1),

whereas the pure point p = (p_1, p_2) is connected to all 8-neighbors,

(p_1 ± 1, p_2), (p_1, p_2 ± 1), (p_1 + 1, p_2 ± 1) and (p_1 − 1, p_2 ± 1).

More information on the Khalimsky plane and the Khalimsky topology can find in the Lecture notes which written by Kiselman [6]. Erik Melin has worked and developed it in the various directions [10].

1.2. Khalimsky-continuous function

When we equip Z with the Khalimsky topology, we may speak of continuous functions Z → Z, i.e., functions for which the inverse image of open sets are open. It is easily proved that a continuous function f is Lipschitz with constant 1. This is however not sufficient for continuity. It is not hard to prove that f : Z → Z is continuous if and only if (i) f is Lipschitz with constant 1 and (ii) for every x, x ≢ f(x) (mod 2) implies f(x ± 1) = f(x). For more information see [12].

We observe that the following functions are continuous: (1) Z ∋ x → a ∈ Z, where a is constant;

(2) Z ∋ x ∋ x → ±x + c ∈ Z, where c is an even constant; (3) max(f, g) and min(f, g) if f and g are continuous.

Actually every continuous function on a bounded Khalimsky interval can be obtained by a finite succession of the rules (1), (2), (3); see Kiselman [6].

1.3. Delannoy and Schröder numbers

The Delannoy numbers d_{i,j} were introduced by Henri Delannoy [3]. They satisfy d_{i,j} = d_{i−1,j} + d_{i,j−1} + d_{i−1,j−1},

with conditions d_{0,0} = 1 and d_{i,j} = 0 for i < 0 or j < 0. The numbers (d_{i,i})_{i≥0} = (1, 3, 13, 63, 321, 1683, 8989, 48639, . . .) (the sequence number A001850 in Sloane [16]) are known as the central Delannoy numbers. In section 2 we shall show that the number of Khalimsky-continuous functions with codomain Z can give an example of Delannoy numbers. If we consider instead such functions with codomain N then we get an example of the other numbers which are called the Schröder numbers, named for Ernst Schröder. He found these numbers while enumerating unrestricted bracketings of words. We define these numbers by the array r_{i,j} such that r_{i,j} = r_{i−1,j} + r_{i,j−1} + r_{i−1,j−1} with conditions r_{0,0} = 1 and r_{i,j} = 0 if j < 0 or i < j. The numbers (r_{i,i})_{i≥0} = 1, 2, 6, 22, 90, . . . are known as the large Schröder numbers.

Sulanke [17] presented the relation between the central Delannoy numbers and the Schröder numbers as d_{n,n} = ∑ i r_{i,2n−i}. It means that the central

Delannoy number d_{n,n} is the sum of the 2n + 1-st diagonal of the Schröder numbers. We will see also another relation between these two numbers in section 3 which is d_{i,j} = r_{i,j} + r_{i+1,j−1} + · · · + r_{n,0} for i ≥ j.

The other work that deals with the relation between the Delannoy and the Schröder numbers was studied by Joachim Schröder [15]. He introduced generalized Schröder numbers Schr(i, j, l) as the number of lattice paths from (0, 0) to (i, j) with unit steps (1, 0), (0, 1) and (1, 1), which never go below the line y = lx. He showed that Schr(i, j, l) = d_{i,j} − ld_{i+1,j−1} − (l − 1)d_{i,j−1}.

We shall see in sections 2 and 3 that how these two kind of numbers appear in enumerating of digital continuous curves.

2. Continuous curves with codomain Z

There are connections between many matematical problems and the Delannoy numbers. Sulanke (2003) listed 29 different contexts where the central Delannoy numbers appear. A classical example is the number of paths from (0, 0) to (n, n) using the steps (0, 1), (1, 0), and (1, 1). The 30th example was mentioned in Kiselman [7]. We present this example in details in the following theorem.

Theorem 2.1. Let f^s_n, |s| ≤ n, be the number of Khalimsky-continuous functions f : [0, n]_Z → Z such that f(0) = 0 and f(n) = s, and d_{i,j} be the Delannoy numbers. Then we have that f^s_n = d_{i,j} for i =^1_2 (n + s) and j =^1_2 (n − s) where n + s ∈ 2Z.

Proof. We shall use induction to prove the result. It is easy to see that f^0_0 = 1 = d_{0,0}, f^1_1 = 1 = d_{1,0}, f^{−1}_1 = 1 = d_{0,1} and f^0_2 = 3 = d_{1,1}. Suppose that the formula is true for t < 2k. We shall show that the result is true for t = 2k. We consider s such that 2k + s ∈ 2Z; hence s is an even number. For |s| ≠ 2k, the properties of the Khalimsky topology imply

f^s_{2k} = f^{s−1}_{2k−1} + f^s_{2k−2} + f^{s+1}_{2k−1}. (2.1)

By the statement we have

f^{s−1}_{2k−1} + f^s_{2k−2} + f^{s+1}_{2k−1} = d_{i−1,j} + d_{i−1,j−1} + d_{i,j−1}, (2.2)

where 2k + s 2 = i and

2k − s 2 = j (2.3)

Thus by (2.1), (2.2) and (2.3), we get the result. Suppose now |s|02k. Without loss of generality we may assume that s is positive. Using the properties of the Khalimsky topology and the statement we get f^s_{2k} = f^{s−1}_{2k−1} = d_{2k−1,0}. We can see easily that d_{2k−1,0} = d_{2k,0}. Hence we have the result in this case. The proof for t = 2k + 1 can be done in the same way.

The following table shows the values of f^s_n and f_n for 1 ≤ n ≤ 10. 9 1 8 1 1 7 1 1 17 6 1 1 15 15 5 1 1 13 13 113 4 1 1 11 11 85 85 3 1 1 9 9 61 61 377 2 1 1 7 7 41 41 231 231 1 1 1 5 5 25 25 129 129 681 0 1 1 3 3 13 13 63 63 321 321 −1 1 1 5 5 25 25 129 129 681 −2 1 1 7 7 41 41 231 231 −3 1 1 9 9 61 61 377 −4 1 1 11 11 85 85 −5 1 1 13 13 113 −6 1 1 15 15 −7 1 1 17 −8 1 1 −9 1 f_n 1 3 7 17 41 99 239 577 1393 3363

Theorem 2.2. Let f_n be the number of Khalimsky-continuous functions f : [0, n]_Z → Z such that f(0) = 0. Then

f_n = 2f_{n−1} + f_{n−2} for n ≥ 2. (2.4)

Proof. Let f^s_n be the number of Khalimsky-continuous function f : [0, n]_Z → Z such that f(0) = 0 and f(n) = s. We have f_n =

∑_n

s=−n f s n, but with Khalimsky topology we can conclude that we have symmetry for f^s_n, that is, f^s_n = f^{−s}_n for s = 1, . . . , n. Therefore we can consider another formulation for f_n, i.e., f_n = f^0_n + 2 n∑ s=1 f^s_n. (2.5)

Moreover, using properties of the Khalimsky topology, we see that

f^s_{2k} = f^{s−1}_{2k−1} + f^s_{2k−1} + f^{s+1}_{2k−1}, s = 2t for t = 1, . . . , k − 1, f^s_{2k−1}, s = 2t − 1 for t = 1, . . . , k, f^{2k−1}_{2k−1} , s = 2k, f^0_{2k−1} + 2f^1_{2k−1}, s = 0,

(2.6)

and

f^s_{2k+1} = f^{s−1}_{2k} + f^s_{2k} + f^{s+1}_{2k} , s = 2t − 1 for t = 1, . . . , k − 1, f^s_{2k}, s = 2t for t = 0, . . . , k, f^{2k}_{2k} , s = 2k + 1.

(2.7)

We shall show the formula for n = 2k + 1.

f_{2k+1} = f^0_{2k+1} +2

2k+1∑

s=1 f^s_{2k+1} = f^0_{2k+1} +2f^{2k+1}_{2k+1} +2 k∑ t=1 f^{2t}_{2k+1} +2 k∑ t=1 f^{2t−1}_{2k+1}. (2.8)

Equation (2.8) comes from (2.5) and the simple separation of odd and even indices. Plugging equations (2.7) into (2.8) gives us

f_{2k+1} = f^0_{2k} + 2f^{2k}_{2k} + 2 k∑ t=1 f^{2t}_{2k} + 2 k∑ t=1 ( f^{2t−2}_{2k} + f^{2t−1}_{2k} + f^{2t}_{2k} ) , and then with a simple calculation,

f_{2k+1} = f^0_{2k} + 2f^{2k}_{2k} + 2 k∑ t=1 f^{2t}_{2k} + 2 k∑ t=1 f^{2t−2}_{2k} + 2 k∑ t=1 f^{2t−1}_{2k} + 2 k∑ t=1 f^{2t}_{2k}. (2.9)

We have 2 k∑ t=1 f^{2t−2}_{2k} = 2f^0_{2k} + 2 k∑ t=2 f^{2t−2}_{2k} = 2f^0_{2k} + 2 k−1∑ t=1 f^{2t}_{2k}. (2.10)

Therefore, by putting (2.10) in (2.9) and using (2.5);

f_{2k+1} = 2f_{2k} + 2f^{2k}_{2k} + f^0_{2k} + 2 k−1∑ t=1 f^{2t}_{2k} − 2 k∑ t=1 f^{2t−1}_{2k} . (2.11)

Inserting (2.6) into (2.11) gives us

f_{2k+1} = 2f_{2k} + 2f^{2k−1}_{2k−1} + f^0_{2k−1} + 2f^1_{2k−1} + 2 k−1∑ t=1 f^{2t−1}_{2k−1} + 2 k−1∑ t=1 f^{2t}_{2k−1} + 2 k−1∑ t=1 f^{2t+1}_{2k−1} − 2 k∑ t=1 f^{2t−1}_{2k−1}.

(2.12)

By a simple calculation we have the two followings equations,

2f^{2k−1}_{2k−1} + 2 k−1∑ t=1 f^{2t−1}_{2k−1} − 2 k∑ t=1 f^{2t−1}_{2k−1} = 0, (2.13) and 2f^1_{2k−1} + 2 k−1∑ t=1 f^{2t+1}_{2k−1} = 2 k∑ t=1 f^{2t−1}_{2k−1}. (2.14)

Finally, by putting (2.13) and (2.14) into (2.12) and by using (2.5), we obtain the desired formula.

The sequence in Theorem 2.2 is a well-known sequence, and appears as sequence number A078057 in Sloane’s Encyclopedia. It is given by the explicit formula f_n =^1_2 [( 1 + √ 2 )_n + ( 1 − √ 2 )_n] . Actually f_n has the same recursion formula as the Pell numbers P_n, but with different initial values. The sequence (P_n) is defined as

P_n =

0, n = 0, 1, n = 1, 2P_{n−1} + P_{n−2}, n ≥ 2.

The reader can find more information about this sequence in item (A000129) of the encyclopedia.

From Theorem 2.2 we can easily conclude that f_n tends to the Silver Ratio 1 + √ 2 as n tends to infinity.

Corollary 2.3. Let f_n be the number of Khalimsky-continuous functions f : [0, n]_Z → Z such that f(0) = 0. Then f_n/f_{n−1} → 1 + √ 2 as n → ∞.

Proof. We define the sequence (t_n) by the equation t_n = f_nγ^{−n} for n ≥ 1. By using (2.4) we have

γ^2t_n = 2γt_{n−1} + t_{n−2},

thus t_n − t_{n−1} = ( 2 γ − 1 ) t_{n−1} + 1 γ^2 t_{n−2}. (2.15)

We are interested in having the sum of the two coefficients in (2.15) to be zero. Hence, we conclude that γ is the positive solution of the equation γ^2 − 2γ − 1 = 0. Thus, γ = 1 + √ 2. |t_n − t_{n−1}| = γ^{−2}|t_{n−1} − t_{n−2}| = γ^{−2(n−2)}|t_2 − t_1|.

The sequence (t_n) is a Cauchy sequence and hence it converges. Thus

f_n f_{n−1} = t_n t_{n−1} γ → 1 + √ 2 as n → ∞.

3. Continuous curves with codomain N

In the next theorem we shall see how Schröder numbers appear in the numeration of Khalimsky-continuous functions with codomain N.

Theorem 3.1. Let g^s_n = card{g : [0, n] → N; g(0) = 0, g(n) = s} for s ∈ N and s ≤ n, and r_{i,j} be the Schröder numbers. Then we have that g^s_n = r_{i,j} for i =^1_2 (n + s) and j =^1_2 (n − s), where n + s ∈ 2N.

Proof. We shall use induction. The result for n = 1, 2 can be obtained easily, i.e., g^0 = r_{0,0} and g^1 = r_{1,0}. Suppose that the formula is true for t < 2k. We shall show the result for t = 2k. We consider s such that 2k + s ∈ 2N, hence s is an even number. Using properties of the Khalimsky topology, we see that

g^s_{2k} = { g^{s−1}_{2k−1} + g^s_{2k−2} + g^{s+1}_{2k−1}, s ≠ 0 and s is even; g^0_{2k−2} + g^1_{2k−1}, s = 0.

(3.1)

Let s ≠ 0. By the statement we have

g^s_{2k} = r_{i−1,j} + r_{i,j−1} + r_{i−1,j−1} where i =

2k + s 2 , j =

2k − s 2 . (3.2)

Thus for the case s ≠ 0 we are done.

Suppose now s = 0. Using (3.1) and the statement imply that

g^0_{2k} = g^0_{2k−2} + g^1_{2k−1} = r_{i−1,j−1} + r_{i,j−1} where i = 2k 2 , j = 2k 2 . (3.3)

Since i−1 < j, we have r_{i−1,j} = 0. Thus by adding it to the equation (3.3) we get the result in this case. The proof for t = 2k +1 can be done similarly.

In the following theorem, we see that the Delannoy numbers appears also in the enumerating of continuous curves with codomain N. Then by Theorems 3.2 and 3.1, we conclude a relation between the Delannoy and Schröder arrays.

Theorem 3.2. Let g^s_n be the number of Khalimsky-continuous functions g : [0, n] → N such that g(0) = 0 and g(n) = s for s ∈ N and s ≤ n.

Let p_{t,n} = n−t 2∑ i=0 g^{t+2i}_n where 0 ≤ t ≤ n and n + t ∈ 2N. Then p_{t,n} = d_{i,j} where i =^{n+t}_2 , j =^{n−t}_2 and d_{i,j} is Delannoy numbers.

Proof. We use induction to prove. For t = n = 0 and t = n = 1 the result is clear. First we consider that n = 2k and the formula in the statement is true for n < 2k. By the statement we have p_{t,2k} = g^t_{2k} + g^{t+2}_{2k} + · · · + g^{2k−2}_{2k} + g^{2k}_{2k} .

Let t ≠ 0. The properties of the Khalimsky topology imply that p_{t,2k} = g^{t−1}_{2k−1} + g^{t+1}_{2k−1} + g^t_{2k−2}

+g^{t+1}_{2k−1} + g^{t+3}_{2k−1} + g^{t+2}_{2k−2} + . . . +g^{2k−3}_{2k−1} + g^{2k−1}_{2k−1} + g^{2k−2}_{2k−2} +g^{2k−1}_{2k−1} .

(3.4)

The definition of p_{t,n} and equation (3.4) lead us to p_{t,2k} = p_{t−1,2k−1} + p_{t+1,2k−1} + p_{t,2k−2}. (3.5) By the statement and (3.5) we have

p_{t,2k} = d_{i−1,j} + d_{i,j−1} + d_{i−1,j−1} for i = n + t 2 and j = n − t 2 . That is the result for n = 2k and when t ≠ 0. We can prove similarly for the other cases.

Corollary 3.3. Let r_{i,j} and d_{i,j} be the Schröder numbers and Delannoy num-

bers, respectively. Then d_{i,j} = j∑ l=0 r_{i+l,j−l} for i ≥ j.

Proof. Theorem 3.2 leads us to the following equation for 0 ≤ t ≤ n and n + t ∈ 2N;

d_{i,j} = g^t_n + g^{t+2}_n + · · · + g^n where i = n + t 2 and j = n − t 2 . (3.6)

By Theorem 3.1 and equation (3.6) we have

d_{i,j} = r_{i,j} + r_{i+1,j−1} + · · · + r_{n,0},

which is equal to j∑ l=0 r_{i+l,j−l}.

The following table shows the values of p_{t,n} and consequently we can see the relation between these numbers and the Delannoy numbers.

t \ n 0 1 2 3 4 5 6 7 8 9 0 1 3 13 63 321 1 1 5 25 129 681 2 1 7 41 231 3 1 9 61 377 4 1 11 85 5 1 13 113 6 1 15 7 1 17 8 1 9 1 Proposition 3.4. Let g^s_n be the number of Khalimsky-continuous functions g : [0, n]_Z → N such that g(0) = 0 and g(n) = s for s ∈ N and s ≤ n. Then

g^0_{2k} = 2 k∑ i=1 g^{i−1}_{2k−i−1};

g^1_{2k+1} = 2 k∑ i=1 ( g^{i−1}_{2k−i−1} + g^i_{2k−i} ) ;

g^s_{2k+s} = 2 k∑ i=1 s∑ j=0 g^{i+j−1}

2k−i+j−1, 2k + s ∈ 2N.

Proof. The proof steps consist of an induction. First we prove the result for g^0_{2k}. Using properties of the Khalimsky topology imply that g^0_{2k} = g^0_{2k−2} + g^1_{2k−1} = g^0_{2k−2} + (g^0_{2k−2} + g^1_{2k−3} + g^2_{k−2}) = 2g^0_{2k−2} + g^1_{2k−3} + g^2_{k−2}.

(3.7)

From the properties of the Khalimsky topology we see that g^2_{k−2} = g^1_{2k−3} + g^2_{k−4} + g^3_{2k−3}. (3.8) We insert (3.7) into (3.8) to get g^0_{2k} = 2g^0_{2k−2} + 2g^1_{2k−3} + g^2_{k−4} + g^3_{2k−3}. (3.9) We can continue in the same way to get g^0_{2k} = 2g^0_{2k−2} + · · · + 2g^{k−3}_{k+1} + 2g^{k−2}_k + 2g^{k−1}_{k−1} = 2 ∑_k

i=1 g^{i−1}_{2k−i−1}.

(3.10)

We now prove the statement for s while we assume that the formula is correct for the natural numbers less than s.

The properties of the Khalimsky topology and the induction assumption imply that g^s_{2k+s} = g^{s−1}_{2k+s−1} + g^s_{2k+s−2} + g^{s+1}_{2k+s−1} = 2 k∑ i=1 s−1∑ j=0 g^{i+j−1}

2k−i+j−1 + g s 2k+s−2 + g s+1 2k+s−1.

(3.11)

Using again the properties of the Khalimsky topology we get g^{s+1}_{2k+s−1} = g^s_{2k+s−2} + g^{s+1}_{2k+s−3} + g^{s+2}_{2k+s−2}. (3.12) If we insert (3.12) into (3.11), we get

g^s_{2k+s} = 2 k∑ i=1 s−1∑ j=0 g^{i+j−1}

2k−i+j−1 + 2g s 2k+s−2 + g s+1 2k+s−3 + g s+2 2k+s−2.

If we go on until we have g^{k+s−1}_{k+s+1}, then we get

g^s_{2k+s} = 2 k∑ i=1 s−1∑ j=0 g^{i+j−1}

2k−i+j−1+2g s 2k+s−2 +· · ·+2g k+s−3 k+s+1 +g k+s−2

k+s +g^{k+s−1}_{k+s+1}. (3.13)

By properties of the Khalimsky topology

g^{k+s−1}

k+s+1 = g k+s−2

k+s + g^{k+s−1}_{k+s−1} + g^{k+s}_{k+s}. (3.14)

We need just to observe the equations (3.13) and (3.14) to get the following equation

g^s_{2k+s} = 2 k∑ i=1 s−1∑ j=0 g^{i+j−1}

2k−i+j−1 + 2g s 2k+s−2 + · · · + 2g k+s−2

k+s + g^{k+s−1}_{k+s−1} + g^{k+s}_{k+s}.

The definition of g^s_n imply that g^{k+s−1}_{k+s−1} = g^{k+s}_{k+s}. Therefore

g^s_{2k+s} = 2 k∑ i=1 s∑ j=0 g^{i+j−1}

2k−i+j−1.

As a consequence of Proposition 3.4 and Theorem 3.1 we see some relation between the Schröder numbers, which we show them as follows:

Corollary 3.5. Let r_{i,j} be the Schröder numbers. Then

r_{k,k} = 2 k∑ i=1 r_{k−1,k−i};

r_{k+1,k} = 2 k∑ i=1 (r_{k−1,k−i} + r_{k,k−i}) ;

r_{k+s,k} = 2 k∑ i=1 s∑ j=0 r_{k+j−1,k−i}.

The results in Corollaries 3.3 and 3.5 can of course also be obtained by simple inductions. Here they were obtained as a byproduct of our study of digital curves.

In the following theorem we will see that the number of Khalimskycontinuous functions with codomain N can obtain by summing up of two consecutive numbers of other sequences.

Theorem 3.6. Let g_n be the number of Khalimsky-continuous functions g : [0, n] → N such that g(0) = 0. Let p_n = p_{0,n} for n even and p_n = p_{1,n} for n odd, where p_{t,n} are the numbers defined in Theorem 3.2. Then

g_n = p_n + p_{n−1}. (3.15)

Proof. Let g^s_n = card{g : [0, n] → N; g(0) = 0 and g(s) = n}. Therefore it is clear that

g_n = n∑ s=0 g^s_n. (3.16)

Moreover, by using the properties of the Khalimsky topology we obtain

g^s_{2k} = g^{s−1}_{2k−1} + g^s_{2k−1} + g^{s+1}_{2k−1}, s = 2t for t = 1, . . . , k − 1 g^0_{2k−1} + g^1_{2k−1}, s = 0 g^{2k−1}_{2k−1} , s = 2k g^s_{2k−1}, s = 2t − 1 for t = 1, . . . , k

(3.17)

and g^s_{2k+1} = g^{s−1}_{2k} + g^s_{2k} + g^{s+1}_{2k} , s = 2t − 1 for t = 1, . . . , k g^s_{2k}, s = 2t for t = 0, . . . , k g^{2k}_{2k} , s = 2k + 1

(3.18)

Suppose that n = 2k. By (3.16) we have

g_{2k} = k∑ t=0 g^{2t}_{2k} + k∑ t=1 g^{2t−1}_{2k} . (3.19)

By the definition of the sequence p_n we have g_{2k} = p_{2k} + p_{2k−1}. (3.20) The proof for n = 2k + 1 can be obtained in the same way.

In the following table we can see the values of g^s_n, g_n and p_n.

s\n 0 1 2 3 4 5 6 7 8 9 10 0 1 1 2 2 6 6 22 22 90 90 394 1 0 1 1 4 4 16 16 68 68 304 304 2 0 0 1 1 6 6 30 30 146 146 714 3 0 0 0 1 1 8 8 48 48 264 264 4 0 0 0 0 1 1 10 10 70 70 430 5 0 0 0 0 0 1 1 12 12 96 96 6 0 0 0 0 0 0 1 1 14 14 126 7 0 0 0 0 0 0 0 1 1 16 16 8 0 0 0 0 0 0 0 0 1 1 18 9 0 0 0 0 0 0 0 0 0 1 1 10 0 0 0 0 0 0 0 0 0 0 1 11 0 0 0 0 0 0 0 0 0 0 0 12 0 0 0 0 0 0 0 0 0 0 0 g_n 1 2 4 8 18 38 88 192 450 1002 2364 p_n 1 1 3 5 13 25 63 129 321 681 1683

Acknowledgments

I wish to thank Christer Kiselman, who supported me with his ideas and time throughout the writing of this paper. I appreciate his interesting idea on the relation between the number of Khalimsky-continuous functions and the Delannoy numbers.

References

[1] Bédaride, Nicolas; Domenjoud, Eric; Jamet, Damien; Rémy, Jean-Luc.

2007. On the number of balanced words of given length and height over a two-letter alphabet. Words 2007 – Sixth International Conference on Words. September 17–21, 2007, CIRM, Marseille, France.

[2] Berenstein, C. A; Lavine, D. 1988. On the number of digital straight line segments. P.A.M.I. 10(6), 880–887.

[3] Delannoy, H[enri]. 1895. Emploi de l’échiquier pour la résolution de certains problèmes de probabilité. Comptes rendus du congrès annuel de l’Association Française pour l’avancement des sciences 24, Bordeaux, 70– 90. [4] Huxley, Martin N; Zunić, Jovisa. 2007. The number of N-point digital discs. IEEE Transactions on Pattern Analysis and Machine Intelligence. Vol. 29, No. 1.

[5] Khalimsky, Efim; Kopperman, Ralph; Meyer, Paul R. 1990. Computer graphics and connected topologies on finite ordered sets. Topology Appl. 36, No. 1, 1–17.

[6] Kiselman, Christer O. 2004. Digital geometry and mathematical morphology. Lecture notes, Uppsala University (2004).

[7] Kiselman, Christer O. 2008. Functions on discrete sets holomorphic in the sense of Ferrand, or monodiffric functions of the second kind. Science in China. Series A. Mathematics. Vol 51. No 4, 481–826.

[8] Klette, Reinhard; Rosenfeld, Azriel. 2004a. Digital Geometry. Geometric Methods for Digital Picture Analysis. Elsevier. xiii + 656 pp.

[9] Klette, Reinhard; Rosenfeld, Azriel. 2004b. Digital straightness -a review.

Discrete Applied Mathematics 139, 197–230.

[10] Melin, Erik. 2008. Digital Geometry and Khalimsky Spaces. Ph.D. Thesis, Uppsala Dissertations in Mathematics, No. 54. Uppsala: Uppsala University (2008).

[11] Melin, Erik. 2005a. Digital straight lines in the Khalimsky plane. Mathematica Scandinavica 96, 49–64.

[12] Melin, Erik. 2005b. Extension of continuous functions in digital spaces with the Khalimsky topology. Topology Appl. 153, 52–65.

[13] Samieinia, Shiva. 2007. Digital straight line segments and curves. Licentiate Thesis. Stockholm University, Department of Mathematics, Report 2007:6. Stockholm: Stockholm University.

[14] Samieinia, Shiva. ms. The number of Khalimsky-continuous functions on intervals. Rocky Mountain J. Math. (to appear).

[15] Schröder, Joachim. 2007. Generalized Schröder numbers and the rotation principle, J. Int. Sequences. Vol. 10, Article 07.7.7.

[16] Sloane, Neil J. A. 2008. The On-Line Encyclopedia of Integer Sequences, http://www.research.att.com/~njas/sequences/.

[17] Sulanke, Robert A. 2003. Objects counted by the central Delannoy numbers. J. Int. Sequences. Vol. 6, Article 03.1.5.