ISSN: 1401-5617

Minimizers and symmetric minimizers for problems with critical Sobolev exponent

Shoyeb Waliullah

Research Reports in Mathematics Number 2, 2008

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2008/2

Date of publication: April 23, 2008 2000 Mathematics Subject Classification: Primary 35J60.

Keywords: Concentration-compactness principle, critical Sobolev exponent, symmetric solutions of elliptic equations, Sobolev embeddings in weighted spaces.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

MINIMIZERS AND SYMMETRIC MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT

SHOYEB WALIULLAH

Abstract. In this paper we will be concerned with the existence and non-existence of constrained minimizers in Sobolev spaces D^{k,p}(R^N ), where the constraint involves the critical Sobolev exponent. Minimizing sequences are not, in general, relatively compact for the embedding D^{k,p}(R^N ) → L^{p∗} (R^N , Q) when Q is a non-negative, continuous, bounded function. However if Q has certain symmetry properties then all minimizing sequences are relatively compact in the Sobolev space of appropriately symmetric functions. For Q which does not have the required symmetry, we give a condition under which an equivalent norm in D^{k,p}(R^N ) exists so that all minimizing sequences are relatively compact. In fact we give an example of a Q and an equivalent norm in D^{k,p}(R^N ) so that all minimizing sequences are relatively compact.

1. Introduction

In this paper we will be concerned with the existence and non-existence of constrained minimizers in Sobolev spaces D^{k,p}(R^N ), where p > 1 and the constraint involves the critical Sobolev exponent. It is well known that such minimizers correspond to non-trivial solutions of nonlinear elliptic partial differential equations. After the minimization problem has been formulated one can easily state conditions under which non-trivial solutions to the minimization problem will not exist. One can then go on to state conditions under which the problem will have a solution. In general these conditions are not easy to check, but in some cases this can be done.

We would also like to mention that some of the problems we look at here have already been considered by other authors, but the results presented here are improvements of the existing results, and our method is technically somewhat simpler.

The paper is organized as follows. We initially consider the problem of finding a minimizer associated with the embedding D^{k,p}(R^N ) → L^{p∗} (R^N , Q), with the usual norm in D^{k,p}(R^N ). To this end, we use some preliminary results to establish the well known concentration-compactness lemma. We then give a proof of the known result, that minimizers in general do not exist if Q is not constant and Q ≥ 0, and in this case minimizing sequences concentrate at the maximum of Q. However, such concentration does not take place if Q has certain symmetry properties, which will be defined later on, and provided we can show that a certain inequality is strict. Examples

Date: February 2008.

2000 Mathematics Subject Classification. 35J60.

Key words and phrases. Concentration-compactness principle, critical Sobolev exponent, symmetric solutions of elliptic equations, Sobolev embeddings in weighted spaces. 1

2 SHOYEB WALIULLAH

show the existence of Q so that the afore mentioned inequality is strict. In section 7 we apply our results to non-linear partial differential equations to show the existence of solutions. There, we derive some more conditions on Q so that solutions to the partial differential equations exist, and give a result which improves a result given in [6].

In the section following that one we obtain results concerning the weighted Sobolev embedding D^{k,p}(R^N , H) → L^{p∗} (R^N , Q), where we choose the weight H to be a continuous bounded positive function such that inf_{x∈R}N H > 0. This ensures that D^{k,p}(R^N , H) is just the space D^{k,p}(R^N ) equipped with an equivalent norm. We proceed by first proving the existence of minimizers, provided a certain condition is satisfied. An example is then provided to verify the existence of functions H and Q so that the above mentioned condition is satisfied. Before ending the section with a treatment of the symmetric case, we give conditions under which minimizers do not exist.

The final section is devoted to problems with singular weights. These problems arise from the well-known Caffarelli-Kohn-Nirenberg inequality. Our work here generalizes the work in [30] and improves a result in [11].

2. Notation and conventions

In order to keep ourselves from repeating let us state here some notation and conventions we will use throughout this papper. Q will denote a continuous, bounded, non-negative function in R^N . Q_0 := Q(0), Q_∞ := lim_{|x|→∞} Q(x) and if we write Q_∞ = lim_{|x|→∞} Q(x) we assume that the limit exists. This distinction is made because many of our results do not require the existence of this limit.

We will denote by G any subgroup of O(N), the group of orthogonal transformations, with the property that Fix(G) = {0}, where Fix(G) := {x ∈ R^N : gx = x for all g ∈ G} is the fixed point set of the action of G on R^N .

As usual, D^{k,p}(R^N ) is the completion of C^∞_0 (R^N ) under the norm

‖∇^ku‖_p := ( ∑ |α|=k ∫ R^N

|D^αu|^pdx)^{1/p} (2.1)

and |∇^ku|^p := ∑ |α|=k|D

αu|^p.

The equivalent norm for 1 < p < ∞ which will be useful is the following one:

‖(−Δ)^{k/2}u‖_p if k is even

‖∇(−Δ)^{(k−1)/2}u‖_p if k is odd.

(2.2)

This is a consequence of the inequality ‖∇^2u‖_p ≤ C‖Δu‖_p, which can be found in [15, 22, 24]. Since many of our results are independent of the norm used in D^{k,p}(R^N ), we will denote both of them by ‖u‖_{k,p}. Where necessary we will specify which norm is being used.

For the sake of convenience we will write L^p(R^N , Q) = L^p(Qdx) where the norm is denoted by ‖u‖_{p,Q} = ( ∫ |u|^pQdx)^{1/p}. Also we wil usually write ∫ Ω u instead of ∫ Ω u(x) dx, and if no region of integration is mentioned then the integration is to be taken over R^N . Further, following the notations used in distribution theory, we will use the notation μ(ϕ) to mean ∫ R^N ϕdμ.

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 3

3. Preliminary remarks

We will begin by considering the following minimization problem:

S̄ = inf{‖u‖^p_{k,p} : u ∈ D^{k,p}(R^N ), ∫ Q|u|^{p∗} = 1}, (3.1)

where p^∗ :=^{Np}_{N−kp} is the critical Sobolev exponent and pk < N. As we have mentioned, one can use any one of the norms (2.1) or (2.2) in (3.1).

Remark 3.1. By applying the Lagrange multiplier method, we see that any properly normalized minimizer of (3.1), when k = 1, solves − ∑ |α|=1

D^α(|D^αu|^{p−2}D^αu) = Q|u|^{p∗−2}u,

if we use the norm in (2.1) and

−div(|∇u|^{p−2}∇u) = Q(x)|u|^{p∗−2}u,

if we use the norm in (2.2). Of course, the value of the constant S̄ depends on the norm as well.

Remark 3.2. For general Q we will show that minimizers of (3.1) do not always exist. This is a well-known fact which can be deduced from the work of Lions [20, 21]. Our motivation for presenting it here is to show the contrast between the results when Q does and does not have any symmetry.

When Q is invariant under the action of G we have the following minimization problem

S̄_G = inf{‖u‖^p_{k,p} : u ∈ D^{k,p}_G (R^N ), ∫ Q|u|^{p∗} = 1}. (3.2)

Here D^{k,p}_G (R^N ) is the subspace of D^{k,p}(R^N ) consisting of functions which are G-symmetric (or G-invariant). We say that u : R^N → R is G-symmetric if u(gx) = u(x) for all g ∈ G and a.e. x ∈ R^N . In the sequel the minimizers of (3.2) will be called symmetric minimizers.

The partial differential equation associated with (3.2) was studied in [6] when p = 2, k = 1 and the second norm was used. There the authors used the mountain-pass theorem and the principle of symmetric criticality [31, Theorem 1.28] to show the existence of G-symmetric solutions. Here we will not appeal to the mountain-pass theorem but will use more direct methods. In fact, the results we obtain improve the results given there.

The case when Q = 1 was studied by Lions in [20], where it was shown that there exists a u ≠ 0 which achieves

S = inf

u∈D^{k,p}(R^N )

u≠0

‖u‖^p_{k,p} ( ∫ |u|^{p∗}

)_{p/p}∗ .

Equivalently we have

S = inf{‖u‖^p_{k,p} : u ∈ D^{k,p}(R^N ), ∫ |u|^{p∗} = 1}. (3.3)

4 SHOYEB WALIULLAH

The crucial tool here is the concentration-compactness lemma, originally due to Lions, with extensions made by Bianchi, Chabrowski, Szulkin, Ben- Naoum, Troestler, Willem [6, 20, 21, 31]. 4. The concentration-compactness lemma Before we go on to state and prove the concentration-compactness lemma, we prove a few preliminary results. We note that for every ϵ > 0 there exists a constant C(ϵ, p) > 0 such that ||x + y|^p − |x|^p| ≤ ϵ|x|^p + C(ϵ, p)|y|^p ∀x, y ∈ R. (4.1) Proposition 4.1. Suppose kp < N, |α| = k, ξ ∈ C^∞_0 (R^N ) and u_n ⇀ 0 in D^{k,p}(R^N ), then lim_{n→∞} ∫ R^N

|D^α(ξu_n)|^pdx = lim_{n→∞} ∫ R^N

|ξD^αu_n|^pdx.

Proof. The Leibniz formula gives D^α(ξu_n) = ξD^αu_n + ∑ 0<β≤α

C_{α,β}D^βξD^{α−β}u_n.

For ϵ > 0 put x = ξD^αu_n and y = ∑ 0<β≤α Cα,βD

βξD^{α−β}u_n in (4.1) to get ||D^α(ξu_n)|^p − |ξD^αu_n|^p| ≤ ϵ|ξD^αu_n|^p + C(ϵ, p)| ∑ 0<β≤α

C_{α,β} D^βξD^{α−β} u_n|^p.

Now an application of Höder’s inequality (for sums) gives

||D^α(ξu_n)|^p − |ξD^αu_n|^p| ≤ ϵ|ξD^αu_n|^p + C_1(ϵ, p) ∑ 0<β≤α

|C_{α,β}D^βξD^{α−β}u_n|^p.

Since D^βξ ∈ C^∞_0 (R^N ), we have D^βξD^{α−β} u_n → 0 in L^p(R^N ) for 0 < β ≤ α, by the Rellich-Kondrachov theorem. So lim_{n→∞}| ∫ R^N

|D^α(ξu_n)|^pdx − ∫ R^N

|ξD^αu_n|^pdx|

≤ lim_{n→∞} ∫ R^N

||D^α(ξu_n)|^p − |ξD^αu_n|^p|dx

≤ ϵ lim_{n→∞} ∫ R^N

|ξD^αu_n|^pdx.

Since ϵ is arbitrary, we reach the desired conclusion. □ We next give a proposition which is an essential part in the proof of the concentration-compactness lemma. We provide a slightly different argument than that in Lions [20].

Proposition 4.2. Let μ,ν be two bounded nonnegative measures on R^N satisfying for some constant C ≥ 0 ( ∫ R^N

|ϕ|^qdν

)_{1/q} ≤ C ( ∫ R^N

|ϕ|^pdμ

)_{1/p}

, ∀ϕ ∈ C^∞_0 (R^N ) (4.2)

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 5

where 1 ≤ p < q < ∞, and let μ_s be the atomic part of μ. Then there exists an at most countable set (x_j )_{j∈J} of distinct points in R^N and a set of numbers (ν_j )_{j∈J} in ]0, ∞[ such that ν = ∑ j∈J ν_jδ_{xj} , μ_s ≥ C^{−p} ∑ j∈J ν^{p/q}_j δ_{xj} .

Proof. From inequality (4.2) we obtain (ν(A))^{p/q} ≤ C^pμ(A) for all Borel sets A.

We decompose ν into the atomic and non-atomic parts, i.e. we write ν = ν̃ + ∑ j∈J ν_j δ_{xj} .

The set J is at most countable since ν is a bounded measure. Since ν({x}) = lim_{ϵ→0} ν(B(x, ϵ)), we have (ν_j )^{p/q} = ν({x_j })^{p/q} ≤ C^pμ({x_j }).

We further conclude that ν̃ is absolutely continuous with respect to μ, and by the Radon-Nikodym theorem ν̃ = fμ where f ∈ L^1_+(μ). For μ- a.e. x which is not an atom of μ we have

C^{−p}f(x)^{p/q} = lim_{ρ→0}

C^{−p} ( ∫ B_ρ(x) dν̃

)_{p/q} ( ∫ B_ρ(x) dμ

)_{p/q} ≤ lim_{ρ→0} ( ∫ B_ρ(x) dμ )_{(q−p)/q} = 0,

Since ν̃ is atom free and μ has at most countably many atoms, the result follows. □ We point out here that if the reverse inequality in (4.2) also holds then μ and ν concentrate at a single point (see [20]). Recall the definition (3.1) of S̄ and let M(RN ) denote the space of finite measures in RN . Lemma 4.3. (Concentration-compactness lemma). Let Q be a non-negative continuous bounded function on R^N and {u_n}^∞_{n=1} ⊂ D^{k,p}(R^N ) be a sequence such that u_n ⇀ u in D^{k,p}(R^N ) |∇^k(u_n − u)|^{p ∗}−⇀ μ in M(R^N ) Q|(u_n − u)|^{p∗ ∗}−⇀ ν in M(R^N ) u_n → u a.e. on R^N and define μ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

|∇^ku_n|^p ,

ν_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

Q|u_n|^{p∗} .

(4.3)

If μ_s is the atomic part of μ, then it follows that ν = ∑ j∈J ν_j δ_{xj} , (4.4)

6 SHOYEB WALIULLAH

‖ν‖^{p/p∗} ≤ S̄^{−1}‖μ_s‖, (4.5) ν^{p/p∗}_∞ ≤ S̄^{−1}μ_∞, (4.6) lim_{n→∞}‖u_n‖^p_{k,p} ≥ ‖u‖^p_{k,p} + ‖μ_s‖ + μ_∞, (4.7)

lim_{n→∞}‖u_n‖^{p∗}_p∗_{,Q} = ‖u‖^{p∗}_p∗_{,Q} + ‖ν‖ + ν_∞. (4.8)

Moreover, if u = 0 and ‖ν‖^{p/p∗} = S̄^{−1}‖μ‖, then ν and μ are concentrated at a single point.

Proof. Our argument is patterned on the proof of Lemma 1.40 in [31]. i) Assume first u = 0. Let ξ ∈ C^∞_0 (R^N ), then we have ( ∫ Q|ξu_n|^{p∗} dx)^{p/p∗} ≤ S̄^{−1} ∫ |∇^k(ξu_n)|^pdx.

Taking limits on both sides and using Proposition 4.1 gives ( ∫ |ξ|^{p∗} dν)^{p/p∗} ≤ S̄^{−1} ∫ |ξ|^pdμ. (4.9)

Inequality (4.5) and equation (4.4) now follow from Proposition 4.2 and the strict concavity of the map λ → λ^{p/p∗} .

ii) For R > 1, let ψ_R ∈ C^∞(R^N ) be such that ψ_R(x) = 1 for |x| > R + 1, ψ_R(x) = 0 for |x| < R and 0 ≤ ψ_R(x) ≤ 1 on R^N . We then obtain ( ∫ Q|ψ_Ru_n|^{p∗} dx)^{p/p∗} ≤ S̄^{−1} ∫ |∇^k(ψ_Ru_n)|^pdx.

Since D^{α−β}u_n → 0 in L^p_{loc}(R^N ) and D^βψ_R ∈ C^∞_0 (R^N ) for 0 < β ≤ α, we obtain the following inequality by applying Proposition 4.1:

lim_{n→∞}( ∫ Q|ψ_Ru_n|^{p∗} dx)^{p/p∗} ≤ S̄^{−1} lim_{n→∞} ∫ |∇^ku_n|^pψ^p_Rdx. (4.10)

We also have that ∫ |x|>R+1

|∇^ku_n|^pdx ≤ ∫ |∇^ku_n|^pψ^p_Rdx ≤ ∫ |x|>R

|∇^ku_n|^pdx

and ∫

|x|>R+1

Q|u_n|^{p∗} dx ≤ ∫ Q|u_n|^{p∗} ψ^{p∗}_R dx ≤ ∫ |x|>R

Q|u_n|^{p∗} dx.

Hence

μ_∞ = lim_{R→∞} lim_{n→∞} ∫ |∇^ku_n|^pψ^p_Rdx, ν_∞ = lim_{R→∞} lim_{n→∞} ∫ Q|u_n|^{p∗} ψ^{p∗}_R dx.

Inequality (4.6) now follows from (4.10).

iii) Further assume that ‖ν‖^{p/p∗} = S̄^{−1}‖μ‖. From Hölder’s inequality we have, for ξ ∈ C^∞_0 (R^N ) ( ∫ |ξ|^pdμ)^{1/p} ≤ ‖μ‖^{k/N} ( ∫ |ξ|^{p∗} dμ)^{1/p∗} .

Combining this with (4.9) gives ( ∫ |ξ|^{p∗} dν)^{1/p∗} ≤ S̄^{−1/p}‖μ‖^{k/N} ( ∫ |ξ|^{p∗} dμ)^{1/p∗} .

The above inequality gives ν ≤ S̄^{−p∗/p}‖μ‖^{kp∗/N} μ, which combined with the equality ‖ν‖^{p/p∗} = S̄^{−1}‖μ‖ implies

ν = S̄^{−p∗/p}‖μ‖^{kp∗/N} μ and μ = S̄‖ν‖^{−pk/N} ν.

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 7

So for ξ ∈ C^∞_0 (R^N ) we have from (4.9) ( ∫ |ξ|^{p∗} dν)^{p/p∗} ≤ ∫ |ξ|^p‖ν‖^{−pk/N} dν

and ‖ν‖^{k/N} ( ∫ |ξ|^{p∗} dν)^{1/p∗} ≤ ( ∫ |ξ|^pdν)^{1/p}.

(4.11)

Hence for each open set Ω ⊂ R^N

ν(Ω)^{1/p∗} ν(R^N )^{k/N} ≤ ν(Ω)^{1/p}.

It follows that either ν(Ω) = 0 or ν(R^N ) ≤ ν(Ω). Therefore ν is concentrated at a single point, and so is μ.

iv) Consider now the general case. Set v_n = u_n −u, then v_n ⇀ 0 in D^{k,p}(R^N ) and inequality (4.5) follows from part (i) of the proof.

v) For any ϵ > 0, set x = D^αu_n and y = −D^αu in inequality (4.1) to obtain, ||D^αv_n|^p − |D^αu_n|^p| ≤ ϵ|D^αu_n|^p + C(ϵ, p)|D^αu|^p.

It follows that | ∫ |x|>R ( |∇^kv_n|^p − |∇^ku_n|^p ) dx| = | ∫ |x|>R ∑ |α|=k ( |D^αv_n|^p − |D^αu_n|^p ) dx| ≤ ∫ |x|>R ∑ |α|=k ( ||D^αv_n|^p − |D^αu_n|^p| ) dx ≤ ϵ ∫ |x|>R ∑ |α|=k

|D^αu_n|^pdx + C(ϵ, p) ∫ |x|>R ∑ |α|=k

|D^αu|^pdx = ϵ ∫ |x|>R

|∇^ku_n|^pdx + C(ϵ, p) ∫ |x|>R

|∇^ku|^pdx.

Since ϵ is arbitrary, by letting n → ∞ and R → ∞, we conclude that

lim_{R→∞} lim_{n→∞} ∫ |x|>R

|∇^kv_n|^p = μ_∞.

From the Brézis-Lieb lemma (see [31, Lemma 1.32]) we have

lim_{n→∞}( ∫ |x|>R

Q|u_n|^{p∗} dx − ∫ |x|>R

Q|v_n|^{p∗} dx) = ∫ |x|>R

Q|u|^{p∗} dx. So lim_{R→∞} lim_{n→∞} ∫ |x|>R

Q|v_n|^{p∗} = ν_∞.

Inequality (4.6) now follows from part (ii) of the proof. vi) There exists a finite measure μ̃ such that |∇^ku_n|^{p ∗}−⇀ μ̃ in M(R^N ).

Let ϕ_η ∈ C^∞_0 (B(x_j, η)), 0 ≤ ϕ ≤ 1 and ϕ(x_j ) = 1 where x_j is an atom of μ. Set x = D^αv_n and y = D^αu in inequality (4.1) to get

|μ̃(ϕ_η) − μ(ϕ_η)| ≤ lim_{n→∞} ∫ R^N ∑ |α|=k

ϕ_η||D^αu_n|^p − |D^αv_n|^p|

≤ lim_{n→∞} ∫ R^N ∑ |α|=k ( ϵϕ_η|D^αv_n|^p + C(ϵ, p)ϕ_η|D^αu|^p )

= ϵμ(ϕ_η) + C(ϵ, p) ∫ R^N

|∇^ku|^pϕ_η.

(4.12)

8 SHOYEB WALIULLAH

Letting η → 0 we have

|μ̃_s({x_j }) − μ_s({x_j })| ≤ ϵμ_s({x_j }).

From the fact that ϵ is arbitrary, we see that the atomic part of μ̃ is equal to μ_s. Since ξD^αu_n ⇀ ξD^αu in L^p(R^N ) for all positive ξ ∈ C^∞_0 (R^N ), we have lim_{n→∞} ∫ |ξ∇^ku_n|^p ≥ ∫ |ξ∇^ku|^p.

Now, |∇^ku|^p seen as a measure is relatively singular to the Dirac measures δ_{xj} , and it follows that

‖μ̃‖ ≥ ‖u‖^p_{k,p} + ‖μ_s‖. (4.13) For R > 1 we have

lim_{n→∞} ∫ |∇^ku_n|^p = lim_{n→∞} ( ∫ ψ_R|∇^ku_n|^p + ∫ (1 − ψ_R)|∇^ku_n|^p ) . As R → ∞, by Lebesgue’s dominated convergence theorem we have

lim_{n→∞}‖u_n‖^p_{k,p} = μ_∞ + ‖μ̃‖ ≥ μ_∞ + ‖u‖^p_{k,p} + ‖μ_s‖. (4.14)

An application of the Brézis-Lieb lemma gives, for R > 1

lim_{n→∞} ∫ Q|u_n|^{p∗} = lim_{n→∞} ( ∫ ψ_RQ|u_n|^{p∗} + ∫ (1 − ψ_R)Q|u_n|^{p∗} )

= lim_{n→∞} ∫ ψ_RQ|u_n|^{p∗} + ∫ (1 − ψ_R)dν + ∫ (1 − ψ_R)Q|u|^{p∗} .

As R → ∞, lim_{n→∞}‖u_n‖^{p∗}_p∗_{,Q} = ‖u‖^{p∗}_p∗_{,Q} + ‖ν‖ + ν_∞

follows from Lebesgue’s dominated convergence theorem. Hence we have proved (4.7) and (4.8). □

It is important to make the following remarks.

Remark 4.4. There are many variants of the above Lemma as we will see later on. We mention here two of them. It is clear that we could have used the norm in (2.2). The only difference in this case would be that the conclusion of Proposition (4.1) needs to be replaced by lim_{n→∞}‖(−Δ)^{k/2}(ψ_nu)‖_p = lim_{n→∞}‖ψ(−Δ)^{k/2}u‖_p (even k) and lim_{n→∞}‖∇(−Δ)^{(k−1)/2}(ψ_nu)‖_p = lim_{n→∞}‖ψ∇(−Δ)^{(k−1)/2}u‖_p (odd k). The argument is similar. Secondly, we may change the space D^{k,p}(R^N ) to D^{k,p}_G (R^N ), in which case we would also have to replace S̄ with S̄_G as defined in (3.2).

Remark 4.5. Looking back at the proof of the above lemma, we see that part (vi) is rather cumbersome and forces (4.7) to be an inequality rather than an equality. However, in the case when p = 2, we can avoid the argument in part (vi) of the proof above by using the following argument which exploits the Hilbert structure of D^{k,2}(R^N ).

lim_{n→∞} ∫ |∇^kv_n|^2ψ^2_Rdx = lim_{n→∞} ∫ |∇^ku_n|^2ψ^2_Rdx − ∫ |∇^ku|^2ψ^2_Rdx,

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 9

since the Brézis-Lieb lemma holds when a.e. convergence is replaced by weak convergence (see [31, Remarks 1.33]). Hence,

lim_{R→∞} lim_{n→∞} ∫ |∇^kv_n|^2ψ^2_Rdx = lim_{R→∞} lim_{n→∞} ∫ |∇^ku_n|^2ψ^2_Rdx = μ_∞.

For R > 1 we have, once again by the Brézis-Lieb lemma

lim_{n→∞} ∫ |∇^ku_n|^2 = lim_{n→∞} ( ∫ ψ_R|∇^ku_n|^2 + ∫ (1 − ψ_R)|∇^ku_n|^2 )

= lim_{n→∞} ∫ ψ_R|∇^ku_n|^2 + ∫ (1 − ψ_R)dμ + ∫ (1 − ψ_R)|∇^ku|^2.

As R → ∞, by Lebesgue’s dominated convergence theorem we have

lim_{n→∞}‖u_n‖^2_{k,p} = μ_∞ + ‖μ‖ + ∫ |∇^ku|^2. (4.15)

So we arrive at the stronger conclusion

lim_{n→∞}‖u_n‖^2_{k,2} = ‖u‖^2_{k,2} + ‖μ‖ + μ_∞.

Further, one can replace μ_s with μ in inequality (4.5). We point out that in this case Proposition 4.2 is redundant, since the fact that ν = ∑ j∈J ν_j δ_{xj} will not be used in our applications as we will see.

Remark 4.6. If u = 0, then by definition, μ̃ = μ. Hence it follows from (4.14) that lim_{n→∞}‖u_n‖^p_{k,p} = μ_∞ + ‖μ‖.

If {u_n}^∞_{n=1} ⊂ D^{k,p}(R^N ) is a bounded sequence such that Q|(u_n−u)|^{p∗ ∗}−⇀ ν, then we may assume that |u_n − u|^{p ∗}−⇀ γ. Hence, by defining γ_∞ in the same way as ν_∞, we see that ν({x}) = Q(x)γ({x}) and ν_∞ ≤ Q_∞γ_∞. So γ and ν concentrate at exactly the same points, if Q > 0. Further, ν_∞ = Q_∞γ_∞ if Q_∞ = lim_{|x|→∞} Q(x).

5. Non-existence result

The proposition given below is the essential part in showing that for general Q a minimizer of (3.1) does not exist.

Proposition 5.1. If Q is a bounded nonnegative continuous function in R^N , then S = S̄‖Q‖^{p/p∗}∞ .

Proof. We have,

S̄ = inf

u∈D^{k,p}(R^N ) u≠0

∫ |∇^ku|^p ( ∫ Q|u|^{p∗}

)_{p/p}∗ ≥ inf

u∈D^{k,p}(R^N ) u≠0

∫ |∇^ku|^p ‖Q‖^{p/p∗}_∞ ( ∫ |u|^{p∗}

)_{p/p}∗ = S ‖Q‖^{p/p∗}_∞ .

So, S ≤ S̄‖Q‖^{p/p∗}_∞ follows. Let u be a function which achieves S in (3.3) and for x_0 ∈ R^N set

u_ϵ(x) = ϵ^{−Np∗} u ( x − x_0 ϵ ) . Through a variable substitution we have

S̄ ≤ ∫ |∇^ku_ϵ|^pdx ( ∫ Q(x)|u_ϵ|^{p∗} dx

)_{p/p}∗ = ∫ |∇^ku|^pdy ( ∫ Q(ϵy + x_0)|u|^{p∗} dy

)_{p/p}∗ .

10 SHOYEB WALIULLAH

As ϵ → 0, by Lebesgue’s dominated convergence theorem we obtain

S̄ ≤ S Q(x_0)^{p/p∗} . The assertion follows, since we have (Q(x_0))^{p/p∗}S̄ ≤ S ≤ S̄‖Q‖^{p/p∗}_∞ , ∀x_0 ∈ R^N . □ To see that minimizers of (3.1) usually do not exist, assume that u is such a minimizer. Then in view of Proposition 5.1 we have ( ∫ Q|u|^{p∗}

)_{p/p}^∗ ≤ ‖Q‖^{p/p∗}_∞ ( ∫ |u|^{p∗}

)_{p/p}^∗

≤ ‖Q‖^{p/p∗}_∞ S^{−1} ∫ |∇^ku|^p = ( ∫ Q|u|^{p∗}

)_{p/p}^∗ . So it follows that ( ∫

R^N

(‖Q‖_∞ − Q)|u|^{p∗} ) = 0.

We now deduce that if the set E = {x ∈ R^N : ‖Q‖_∞ = Q(x)} has measure zero, then a minimizer of (3.1) does not exist. We can further conclude, since the minimizers for S are positive everywhere when p > 1, k = 1 or p = 2 and k > 2 (see Section 7), that the minimizers of (3.1) exist if and only if Q is constant. We state these observations in the following proposition.

Proposition 5.2. If the set E = {x ∈ R^N : ‖Q‖_∞ = Q(x)} has measure zero, then problem (3.1) has no minimizer. Further, when p > 1, k = 1 or when p = 2, k ≥ 2, minimizers of (3.1) exist if and only if Q is constant.

6. Sufficient condition for existence of minimizers

We now give a sufficient condition for the existence of symmetric minimizers for problem (3.2). We will then give an example which shows that there are functions Q so that the condition holds.

Theorem 6.1. If S̄_G max{Q^{p/p∗}_0 , Q^{p/p∗}_∞ } < S then problem (3.2) has a minimizer.

Proof. Let {u_n} be a minimizing sequence for S̄_G such that ‖u_n‖_p∗_{,Q} = 1. For some subsequence, still denoted {u_n}, we may assume that the conditions of the modified version of Lemma 4.3, as mentioned in Remark 4.4, are fulfilled and so the conclusion holds with S̄ replaced by S̄_G. We need to show that ‖ν‖ = ν_∞ = 0. We have S̄_G = lim_{n→∞}‖u_n‖^p_{k,p} ≥ ‖u‖^p_{k,p} + ‖μ_s‖ + μ_∞

and 1 = lim_{n→∞}‖u_n‖^{p∗}_p∗_{,Q} = ‖u‖^{p∗}_p∗_{,Q} + ‖ν‖ + ν_∞.

Combining these with inequalities (4.5) and (4.6) gives S̄_G(‖u‖^{p∗}_{p∗,Q} + ‖ν‖ + ν_∞)^{p/p∗} ≥ ‖u‖^p_{k,p} + ‖μ_s‖ + μ_∞

≥ S̄_G((‖u‖^{p∗}_p∗_{,Q})^{p/p∗} + ‖ν‖^{p/p∗} + ν^{p/p∗}_∞ ).

(6.1)

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 11

So, only one of the three quantities, ‖u‖^{p∗}_p∗_{,Q}, ‖ν‖ and ν_∞, is equal to 1 and the other two are zero. If Q_∞ ≠ 0 and ν_∞ = 1, then using the hypothesis, Remark 4.6, (6.1) and (4.6) with Q = 1 (i.e. S̄ = S) we have

S(γ_∞)^{p/p∗} > S̄_G(Q_∞γ_∞)^{p/p∗} ≥ S̄_G(ν_∞)^{p/p∗}

≥ μ_∞ ≥ S(γ_∞)^{p/p∗} ,

a contradiction. So ν_∞ = 0. If Q_0 ≠ 0 and ‖ν‖ = 1 then u = 0 and ‖ν‖^{p/p∗} = S̄^{−1}_G ‖μ‖, and so ν is concentrated at a single point. Since the set of concentration points of ν are G-invariant and Fix(G) = {0}, we conclude that ν and μ are concentrated at the origin. Once again we get a contradiction, since

S(γ({0}))^{p/p∗} > S̄_G(Q_0γ({0}))^{p/p∗} = S̄_G(ν({0}))^{p/p∗}

≥ ‖μ_s‖ ≥ S(γ({0}))^{p/p∗} .

It follows that ‖u‖_p∗_{,Q} = 1, and u is a minimizer of (3.2). If Q^{p/p∗}_0 = Q^{p/p∗}∞ = 0 then it is easy to see that ‖ν‖ = ν_∞ = 0 and we are done. □

Remark 6.2. The results presented above are independent of the norm chosen on D^{k,p}(R^N ). But we still have to show that there are functions Q for which the above theorem holds. To this end, we will assume that the norm used on D^{k,p}(R^N ) is the norm given in (2.2). This will guarantee that there are radially symmetric, nonnegative and decreasing minimizers of problem (3.3), (see [20, Corollary I.2]). Now, if

S_G = inf{‖u‖^p_{k,p} : u ∈ D^{k,p}_G (R^N ), ∫ |u|^{p∗} = 1}, (6.2)

then S_G = S. This is because there exists a radially symmetric and hence G-symmetric function which minimizes S and S ≤ S_G.

We observe that if u is a function which achieves S = S_G in (6.2) then

u_ϵ(x) = ϵ^{−Np∗} u ( x ϵ ) , also achieves S_G. Through a variable substitution we have

S̄_G ≤ ‖u^ϵ‖ p k,p ( ∫ Q(x)|u_ϵ|^{p∗} dx

)_{p/p}∗ =

‖u‖^p_{k,p} ( ∫ Q(ϵy)|u|^{p∗} dy

)_{p/p}∗

By Lebesgue’s dominated convergence theorem we may take the limit under the integral sign. Hence by letting ϵ go to 0 or ∞, we obtain, S̄_G max{Q^{p/p∗}_0 , Q^{p/p∗}_∞ } ≤ S, provided Q_∞ = lim_{|x|→∞} Q(x). Since^S_{‖Q‖p/p∗∞} ≤

S̄_G (see the argument of Proposition 5.2), we may conclude that S ‖Q‖^{p/p∗}_∞

≤ S̄_G ≤ S min{Q^{−p/p∗}_0 , Q^{−p/p∗}_∞ }.

We further observe that if ‖Q‖^{−p/p∗}∞ = min{Q^{−p/p∗}_0 , Q^{−p/p∗}∞ } then the assumption of Theorem 6.1 cannot be satisfied. In this case we can state a result similar to Proposition 5.2.

12 SHOYEB WALIULLAH

We now give two simple examples. In the next section we will show how to find conditions on the behavior of Q at zero and infinity so that the assumption of Theorem 6.1 is satisfied.

Example 6.3. The most trivial example is when Q_0 = Q_∞ = 0. This condition immediately guarantees that concentration cannot occur at zero or infinity, and the assumption of Theorem 6.1 is satisfied.

The following example shows that the condition S̄_G max{Q^{p/p∗}_0 , Q^{p/p∗}_∞ } < S = S_G, is not always necessary to conclude that minimizers of S̄_G exist.

Example 6.4. Suppose that Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) > 0 for all x ∈ R^N , then it is clear that S̄_G max{Q^{p/p∗}_0 , Q^{p/p∗}∞ } ≤ S_G = S. If strict inequality holds then a minimizer of S̄_G exists by Theorem 6.1. On the other hand if S̄_G max{Q^{p/p∗}_0 , Q^{p/p∗}_∞ } = S_G then a minimizer of S̄_G also exists. To see this, let u be a minimizer for S_G. We then have

S̄_G ≤ ‖u‖ p k,p ‖u‖^p∗_{,Q} ≤ ‖u‖^p_{k,p}

Q^{p/p∗}_0 ‖u‖^p∗ = S_G

Q^{p/p∗}_0

= S̄_G. (6.3)

So u is a minimizer for S̄_G as well.

The two examples above show that we require very little knowledge of Q to guarantee the existence of symmetric solutions to a large class of partial differential equations of arbitrary order. We state the above observation in the next corollary.

Corollary 6.5. Problem (3.2) has a solution if Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) ≥ 0 for all x ∈ R^N .

The above corollary together with Proposition 5.2 shows that S̄ < S̄_G if E = {x ∈ R^N : ‖Q‖_∞ = Q(x)} has measure zero and Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) > 0 for all x ∈ R^N .

7. Application to partial differential equations

7.1. The case p = 2, k = 1. In [6] the authors studied the solutions to the following problem

−Δu = Q(x)|u|^{2∗ −2}u in R^N , u ∈ D^{1,2}_G (R^N ), (7.1)

where N > 2, 2^∗ =^{2N}_{N−2} and Q is G-symmetric. We know that any minimizer of problem (3.2) with p = 2 and k = 1 will then give a solution of the above problem. In Proposition 2 in [6] the authors show that a solution to problem (3.2) exists if S̄_G max{Q^{2/2∗}_0 , Q^{2/2∗}_∞ , |G|^{−2/N} ‖G‖^{2/2∗}_∞ } < S where |G| = inf_{x∈R}N_{,x≠0}|G_x| and |G_x| is the cardinality of the set G_x = {gx : g ∈ G}. Comparing this to Theorem 6.1 shows that our result is an improvement upon the result given there.

We can now state some conditions on Q which will guarantee that the assumption of Theorem 6.1 is satisfied. The proofs are similar to those of Corollary 1 and 2 in [6].

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 13

Corollary 7.1. Suppose that Q is G-symmetric, Q_0 ≥ Q_∞ > 0 and either (i) Q(x) ≥ Q_0 + ϵ|x|^N for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N, |x| small and ∫ R^N

(Q(x) − Q_0)|x|^{−2N} dx > 0.

Then there exists a nontrivial solution to problem (7.1).

Proof. We know that the instanton v(x) = (1 + |x|^2)^{−N/2∗} is the unique minimizer for (3.3) with k = 1 and p = 2, up to translation and dilation. In view of Theorem 6.1 it suffices to show that for some η > 0

S̄^{−2∗/2} G ≥ ∫ R^N

Q(x)|Av(x/η)|^{2∗} > ∫ R^N

Q_0|Av(x/η)|^{2∗} = Q_0S^{−2∗/2},

where A > 0 is a constant chosen so that ‖Av(x/η)‖_{1,2} = 1. Of course this is equivalent to showing that for some η > 0 ∫ R^N

Q(x) ( 1 η^2 + |x|^2

)_N − ∫ R^N

Q_0 ( 1 η^2 + |x|^2

)_N

> 0.

(i) By the hypothesis, for some δ > 0, ∫ |x|≤δ

(Q(x) − Q_0) ( 1 η^2 + |x|^2

)_N ≥ ϵ ∫ |x|≤δ ( |x| η^2 + |x|^2

)_N → ∞ as η → 0. On the other hand, for all η > 0 we have | | | ∫ |x|>δ

(Q(x) − Q_0) ( 1 η^2 + |x|^2 )_N | | ≤ C_1 ∫ |x|>δ 1 |x|^{2N}

= C_2

for some constants C_1, C_2 greater than zero and independent of η. We now obtain the required conclusion.

(ii) By the hypothesis, |Q(x) − Q_0||x|^{−2N} ∈ L^1(R^N ), and by Lebesgue’s dominated convergence theorem we have ∫ R^N

(Q(x) − Q_0) ( 1 η^2 + |x|^2

)_N → ∫ R^N

(Q(x) − Q_0)|x|^{−2N}

as η → 0. Hence, we deduce the required conclusion. □

Corollary 7.2. Suppose that Q is G-symmetric, Q_∞ = lim_{|x|→∞} Q(x), Q_∞ ≥ Q_0 > 0 and either (i) Q(x) ≥ Q_∞ + ϵ|x|^{−N} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N, |x| large and ∫ R^N

(Q(x) − Q_∞)dx > 0.

Then there exists a nontrivial solution to problem (7.1).

Proof. As mentioned in the proof of the previous corollary, in view of Theorem 6.1 it suffices to show that for some η > 0

S̄^{−2∗/2} G ≥ ∫ R^N

Q(x)|Av(x/η)|^{2∗} > ∫ R^N

Q_∞|Av(x/η)|^{2∗} = Q_∞S^{−2∗/2}.

(i) Hence, we need to show that ∫ R^N

(Q(x) − Q_∞) ( 1 1 + |x/η|^2

)_N > 0

14 SHOYEB WALIULLAH

for some η > 0. By the hypothesis, we can find R > 0 such that Q(x) ≥ Q_∞ + ϵ|x|^{−N} for all |x| ≥ R. It follows that ∫ |x|>R

(Q(x) − Q_∞) ( 1 1 + |x/η|^2

)_N → ∞ as η → ∞. We also have | | | ∫ |x|≤R

(Q(x) − Q_∞) ( 1 1 + |x/η|^2 )_N | | | ≤ C^1

where C_1 > 0 is independent of η. By putting these two observations together, we obtain the desired result.

(ii) By the hypothesis, |Q(x) − Q_∞| ∈ L^1(R^N ) and so

lim_{η→∞} ∫ R^N

(Q(x) − Q_∞) ( 1 1 + |x/η|^2

)_N = ∫ R^N

(Q(x) − Q_∞)dx > 0,

we immediately conclude the desired result. □

Remark 7.3. We observe that Q_∞ = lim_{|x|→∞} Q(x) is now a part of the assumption.

7.2. The case p = 2 and k > 1. We continue with a higher order variant of the above example. We wish to find non-trivial solutions to the following non-linear partial differential equation

(−Δ)^ku = Q(x)|u|^{2∗ −2}u in R^N , u ∈ D^{1,2}_G (R^N ), (7.2)

where N > 2k, 2^∗ =^{2N}_{N−2k} and Q is G-symmetric. Keeping in mind the norm (2.2), a minimizer for (3.2) with p = 2, will then give a solution of the above problem. In the previous example, by knowing explicitly the instanton which minimizes (3.3), we could state explicit conditions on Q under which problem (3.2) has a minimizer. We do the same thing here, since we know that up to translation and dilation the instanton v(x) = (1 + |x|^2)^{−N/2∗} is a minimizer for (3.2) (see [26]). By the same arguments as in Corollary 7.1 and 7.2 we see that the following results hold.

Corollary 7.4. Suppose that Q is G-symmetric, Q_0 ≥ Q_∞ > 0 and either (i) Q(x) ≥ Q_0 + ϵ|x|^N for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N, |x| small and ∫ R^N

(Q(x) − Q_0)|x|^{−2N} dx > 0.

Then there exists a nontrivial solution to problem (7.2).

Corollary 7.5. Suppose that Q is G-symmetric, Q_∞ = lim_{|x|→∞} Q(x), Q_∞ ≥ Q_0 > 0 and either (i) Q(x) ≥ Q_∞ + ϵ|x|^{−N} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N, |x| large and ∫ R^N

(Q(x) − Q_∞)dx > 0.

Then there exists a nontrivial solution to problem (7.2).

For some results in the non-critical case we refer to [5] and references therein.

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 15

7.3. The case p > 1 and k = 1. Here we obtain an equation involving the p-Laplace operator. We have

−Δ_pu = Q(x)|u|^{p∗−2}u in R^N , u ∈ D^{1,2}_G (R^N ), (7.3)

where Δ_pu = div(|∇u|^{p−2}∇u), N > p, p^∗ =^{Np}_{N−p} and Q is G-symmetric. It is known from the work of Aubin [2] and Talenti [29] that v(x) = (1 + |x|^{p/(p−1)})^{−N/p∗} is the unique minimizer up to translation and dilation, for problem (3.3) with k = 1. In this case also Corollaries 7.1 and 7.2 hold with minor changes. Since the proofs are similar we skip them.

Corollary 7.6. Suppose that Q is G-symmetric, Q_0 ≥ Q_∞ > 0 and either (i) Q(x) ≥ Q_0 + ϵ|x|^{N/(p−1)} for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N/(p − 1), |x| small and ∫

R^N

(Q(x) − Q_0)|x|^{−pN/(p−1)}dx > 0.

Then there exists a nontrivial solution to problem (7.3).

Corollary 7.7. Suppose that Q is G-symmetric, Q_∞ = lim_{|x|→∞} Q(x), Q_∞ ≥ Q_0 > 0 and either (i) Q(x) ≥ Q_∞ + ϵ|x|^{−N} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N, |x| large and ∫ R^N

(Q(x) − Q_∞)dx > 0.

Then there exists a nontrivial solution to problem (7.3).

The p-Laplace operator in equation (7.3) has been the object of many studies, where both critical and non-critical exponents have been considered. We refer the reader e.g. to [1, 12, 23, 25, 27] and the references therein.

7.4. The p-biharmonic operator. Let

F (u) = 1 p ∫ R^N

|Δu|^p,

then F^′(u)ϕ = 1 p ∫ R^N

|Δu|^{p−2}ΔuΔϕ ∀ϕ ∈ C^∞_0 (R^N ),

i.e. any minimizer of problem (3.2) with k = 2 will satisfy

Δ(|Δu|^{p−2}Δu) = Q|u|^{p∗−2}u in R^N , u ∈ D^{2,p}_G (R^N ). (7.4) In this case the explicit form of the minimizers of S_G is not known, therefore we are not able to give explicit conditions on Q so that a solution to (7.4) exists. However, by using Corollary 6.5 we may conclude that if Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) ≥ 0 then equation (7.4) has a Ginvariant solution.

The operator Δ(|Δu|^{p−2}Δu) is called the p-biharmonic operator. In comparison to the p-Laplace operator, very little is known about it. However see [13, 14, 28].

16 SHOYEB WALIULLAH

8. Double Weights

In this section, we will apply the methods developed in the previous sections to a more general problem. Let H be a bounded continuous function in R^N . Assume that H̄ = inf_{x∈R}N H(x) > 0 and H_∞ := lim_{|x|→∞} H(x) exists. We will look at the following problem:

I = inf{‖u‖^p_{k,p,H} : u ∈ D^{k,p}(R^N ), ‖u‖_p∗_{,Q} = 1}. (8.1)

Here ‖u‖_{k,p,H} can either be ‖∇^ku‖_{p,H} or ‖(−Δ)^{k/2}u‖_{p,H} when k is even and ‖∇(−Δ)^{(k−1)/2}u‖_{p,H} when k is odd. There is no problem in doing so since our hypothesis on H shows that for even k ∫ R^N

H|Δ^{k/2}u|^p ∼ ∫ R^N

|Δ^{k/2}u|^p ∼ ∫ R^N

|∇^ku|^p ∼ ∫ R^N

H|∇^ku|^p,

where ∼ indicates the equivalence of norms. The same is true for odd k. Similarly as in Section 4, we first assume that ‖u‖_{k,p,H} = ‖∇^ku‖_{p,H} .

We note that the condition H̄ > 0 guaranties the positivity of I and also that ‖·‖_{k,p,H} is an equivalent norm to ‖·‖_{k,p} in D^{k,p}(R^N ). To keep things simple we will also assume that Q_∞ := lim_{|x|→∞} Q(x). It is easy to see that the methods applied in the previous sections can be adapted to handle the case of double weights.

This type of problems with double weights have been studied by some authors. We refer the reader to [3, 4, 9, 16] and references therein.

We start by studying the effect of dilation and translation in order to obtain a relationship between the values I and S. Let u be a function which achieves S in (3.3) and for x_0 ∈ R^N set

u_ϵ(x) = ϵ^{−Np∗} u ( x − x_0 ϵ ) . Through a variable substitution we have I ≤ ∫ H(x)|∇^ku_ϵ|^pdx ( ∫ Q(x)|u_ϵ|^{p∗} dx

)_{p/p}∗ = ∫ H(ϵy + x_0)|∇^ku|^pdy ( ∫ Q(ϵy + x_0)|u|^{p∗} dy

)_{p/p}∗ .

As ϵ → 0, by Lebesgue’s dominated convergence theorem we obtain, I ≤ SH(x_0) Q(x_0)^{p/p∗} . Since the above inequality holds for all x_0 ∈ R^N , we conclude I ≤ S inf_{x∈R}N^{H(x)}_{(Q(x))p/p}∗ . On the other hand, we have ( ∫ Q|u|^{p∗} )^{p/p∗} ≤ ‖Q‖^{p/p∗}_∞ ( ∫ |u|^{p∗} )^{p/p∗} ≤ S^{−1}

‖Q‖^{p/p∗}_∞ H̄ ∫ H|∇^ku|^p

for all u ∈ D^{k,p}(R^N ). Hence we deduce that S H̄ ‖Q‖^{p/p∗}∞

≤ I ≤ S inf_{x∈RN}

H(x) (Q(x))^{p/p∗}

. (8.2)

Next, we require the concentration-compactness lemma, which gives us information regarding weakly converging sequences and in particular minimizing sequences. Since Proposition 4.1 holds even when we use Hdx as weights,

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 17

we can state another version of the concentration-compactness lemma. Since the proof is similar to that of Lemma 4.3 we omit it.

Lemma 8.1. (Concentration-compactness lemma). Assume that our hypothesis on H and Q hold, and {u_n}^∞_{n=1} ⊂ D^{k,p}(R^N ) is a sequence such that u_n ⇀ u in D^{k,p}(R^N ) H|∇^k(u_n − u)|^{p ∗}−⇀ μ in M(R^N )

Q|(u_n − u)|^{p∗ ∗}−⇀ ν in M(R^N ) u_n → u a.e. on R^N and define μ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

H|∇^ku_n|^p ,

ν_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

Q|u_n|^{p∗} .

(8.3)

If μ_s is the atomic part of μ, then it follows that ν = ∑ j∈J ν_j δ_{xj} , (8.4)

‖ν‖^{p/p∗} ≤ I^{−1}‖μ_s‖, (8.5) ν^{p/p∗}_∞ ≤ I^{−1}μ_∞, (8.6) lim_{n→∞}‖u_n‖^p_{k,p,H} ≥ ‖u‖^p_{k,p} + ‖μ_s‖ + μ_∞, (8.7) lim_{n→∞}‖u_n‖^{p∗}_p∗_{,Q} = ‖u‖^{p∗}_p∗_{,Q} + ‖ν‖ + ν_∞. (8.8) Moreover, if u = 0 and ‖ν‖^{p/p∗} = I^{−1}‖μ‖, then ν and μ are concentrated at a single point.

Remark 8.2. Those changes mentioned in remark 4.4 can also be made here. Remark 8.3. If {u_n}^∞_{n=1} ⊂ D^{k,p}(R^N ) is a bounded sequence such that H|∇^k(u_n − u)|^{p ∗}−⇀ μ, Q|(u_n − u)|^{p∗ ∗}−⇀ ν, then we may assume that |∇^k(u_n − u)|^{p ∗}−⇀ α, and |(u_n − u)|^{p∗ ∗}−⇀ β. Hence, by defining α_∞ and β_∞ in the way μ_∞ is defined, we see that μ({x}) = H(x)α({x}), ν({x}) = Q(x)β({x}), μ_∞ = H_∞α_∞ and ν_∞ = Q_∞β_∞.

We can now state a result which basically, is a necessary and sufficient condition for all minimizing sequences to be relatively compact. That it is sufficient follows from the following theorem. To see that this is also necessary we refer the reader to the work of Lions [18, 19]. We would like to mention that the hypothesis of the next theorem is hard to check, but we give an example which will show that the theorem is not empty, i.e. there exist H and Q such that the assumption is satisfied.

Theorem 8.4. If I < S inf_{x∈R}N^{H(x)}_{(Q(x))p/p}∗ then all minimizing sequences are relatively compact. In particular, a minimizer for I exists.

18 SHOYEB WALIULLAH

Proof. Let {u_n}^∞_{n=1} ⊂ D^{k,p}(R^N ) be a minimizing sequence for I. Arguing exactly as in Theorem 6.1 we see that only one of the three quantities, ‖u‖^{p∗}_p∗_{,Q}, ‖ν‖ and ν_∞, is equal to 1 and the other two are zero.

i) If ν_∞ = 1, then

I = I(ν_∞)^{p/p∗} = I(Q_∞β_∞)^{p/p∗} ≥ μ_∞ = H_∞α_∞ ≥ SH_∞(β_∞)^{p/p∗} = S

H_∞ Q^{p/p∗}_∞ . Hence, I ≥ S^{H∞}_{Qp/p}∗_∞ ≥ S inf_{x∈R}N^{H(x)}_{(Q(x))p/p}∗ contradicts our assumption.

ii) If ‖ν‖ = 1, then u = 0, I_1‖ν‖^{p/p∗} ≥ ‖μ‖ and so by the previous lemma ν concentrates at a point x ∈ R^N . We now have

I = I(ν({x}))^{p/p∗} = I(Q(x)β({x}))^{p/p∗} ≥ μ({x} = H(x)α({x}) ≥ SH(x)(β({x}))^{p/p∗} .

Once again I ≥ S^{H(x)}_{(Q(x))p/p}∗ will contradict our assumption. It follows that ‖u‖^{p∗}_p∗_{,Q} = 1 and so the proof is complete. □

We now give the example mentioned above.

Example 8.5. Let k = 1 and H = Q^{p/p∗} . We shall construct a Q such that

I < S inf_{x∈RN}

H(x) (Q(x))^{p/p∗}

= S.

Set u(x) = (1 + |x|^{p/(p−1)})^{−N/p∗} , so that |∇u|^p = C|x|^{p/(p−1)}|u|^{p∗} and S = ∫ |∇u|^p ( ∫ |u|^{p∗}

)_{p/p}∗ .

For some small η > 0, let 1 ≤ Q(x) ≤ 1 + η and set Q(x) = 1 if |x| > 2δ, Q(x) = 1 + η if |x| < δ. We shall show that δ > 0 can be chosen such that I ≤ ∫ Q^{p/p∗} |∇u|^p ( ∫ Q|u|^{p∗}

)_{p/p}∗ < S. (8.9)

We have ∫ Q^{p/p∗} |∇u|^p = ∫ |x|<δ

(1 + η)^{p/p∗} |∇u|^p + ∫ δ<|x|<2δ

Q^{p/p∗} |∇u|^p + ∫ 2δ<|x|

|∇u|^p = ∫ |x|<δ

(1 + η)^{p/p∗} |∇u|^p + ∫ δ<|x|<2δ

Q^{p/p∗} |∇u|^p + ∫ |∇u|^p − ∫ |x|<2δ

|∇u|^p = ∫ |x|<δ

((1 + η)^{p/p∗} − 1)C|x|^{p/(p−1)}|u|^{p∗} + ∫ δ<|x|<2δ

(Q^{p/p∗} − 1)C|x|^{p/(p−1)}|u|^{p∗} + S ( ∫ |u|^{p∗}

)_{p/p}∗

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 19 ≤ p p^∗ ηCδ^{p/(p−1)} ∫ |x|<δ

|u|^{p∗} + C p p^∗ η(2δ)^{p/(p−1)} ∫ δ<|x|<2δ

|u|^{p∗} + S ( ∫ |u|^{p∗}

)_{p/p}∗ ≤ p p^∗ ηCδ^{p/(p−1)} ∫ |x|<δ

|u|^{p∗} + C_1 p p^∗ η(2δ)^{p/(p−1)} ∫ |x|<δ

|u|^{p∗} + S ( ∫ |u|^{p∗}

)_{p/p}∗ . We have used the inequalities (1 + η)^{p/p∗} ≤ 1 +^p_{p∗} η and ∫ δ<|x|<2δ|u| p^∗ ≤

C_2 ∫ |x|<δ|u| p^∗ . The second one follows easily from the fact that u is decreasing

in |x|. Also, ( ∫ Q|u|^{p∗}

)_{p/p}∗ = ( η ∫ |x|<δ

|u|^{p∗} + ∫ δ<|x|<2δ

(Q − 1)|u|^{p∗} + ∫ |u|^{p∗}

)_{p/p}∗

≥ ( η ∫ |x|<δ

|u|^{p∗} + ∫ |u|^{p∗}

)_{p/p}∗ . Taylor expansion of f(x) = x^{p/p∗} about ∫ |u|^{p∗} gives ( ∫ Q|u|^{p∗}

)_{p/p}∗ ≥ ( ∫ |u|^{p∗}

)_{p/p}∗ + p p^∗ ( ∫ |u|^{p∗}

)_{p/p}∗_{−1} η ∫ |x|<δ

|u|^{p∗} + o ( (η ∫ |x|<δ

|u|^{p∗} )^2 ) . So we see that (8.9) holds if we can show that p p^∗ ηCδ^{p/(p−1)} ∫ |x|<δ

|u|^{p∗} + C_1 p p^∗ η(2δ)^{p/(p−1)} ∫ |x|<δ

|u|^{p∗} < S p p^∗ ( ∫ |u|^{p∗}

)_{p/p}∗_{−1} η ∫ |x|<δ

|u|^{p∗} + o ( (η ∫ |x|<δ

|u|^{p∗} )^2 ) Since ∫ |x|<δ|u| p^∗ = o(δ), the above inequality can be re-written in the form

A_1δ^{p/(p−1)} < A_2 + o(δ). Hence it suffices to choose δ > 0 small enough.

Remark 8.6. The above theorem together with the example reveals a rather surprising fact regarding the embedding D^{k,p}(R^N ) → L^{p∗} (R^N , Q). In Section 5 we saw that in general not all minimizing sequences are relatively compact if the norms (2.1) or (2.2) are used in D^{k,p}(R^N ). But, there may exist an equivalent norm in D^{k,p}(R^N ) so that all minimizing sequences are relatively compact.

Returning to inequality (8.2) we see that if

inf_{x∈RN}

H(x) (Q(x))^{p/p∗} = H̄ ‖Q‖^{p/p∗}∞ then the hypothesis of Theorem 8.4 cannot be satisfied. In this case minimizing sequences are not relatively compact and minimizers do not exist. More precisely, we have the following proposition which of course is a straight forward generalization of the observations made in Section 5.

Proposition 8.7. Suppose that I =^{SH̄}_{‖Q‖p/p}∗_∞ . If E_Q = {x ∈ R^N : ‖Q‖_∞ =

Q(x)} or E_H = {x ∈ R^N : H̄ = H(x)} has measure zero, then there are no minimizers to problem (8.1).

20 SHOYEB WALIULLAH

Proof. We argue as we did in Proposition 5.2. Suppose that I = S^{H̄}_{‖Q‖p/p}∗_∞

and u ∈ D^{k,p}(R^N ) is a minimizer for I. Then ( ∫ Q|u|^{p∗}

)_{p/p}^∗ ≤ ‖Q‖^{p/p∗}_∞ ( ∫ |u|^{p∗}

)_{p/p}^∗ ≤ S^{−1}‖Q‖^{p/p∗}_∞ H̄ ∫ H̄|∇^ku|^p

= I^{−1} ∫ H̄|∇^ku|^p ≤ I^{−1} ∫ H|∇^ku|^p = ( ∫ Q|u|^{p∗}

)_{p/p}^∗

So it follows that ∫ (‖Q‖_∞ − Q)|u|^{p∗} dx = 0 and ∫ (H − H̄)|∇^ku|^p = 0. Hence there are no minimizers. □ Remark 8.8. Combining the above proposition and Theorem 8.4 gives another interesting result. Suppose that E_Q = {x ∈ R^N : ‖Q‖_∞ = Q(x)} or E_H = {x ∈ R^N : H̄ = H(x)} has measure zero, then I < inf_{x∈R}N^{H(x)}_{(Q(x))p/p}∗ implies I >^{SH̄}_{‖Q‖p/p}∗_∞ .

Now we turn to the problem of finding symmetric minimizers. Assuming that H and Q are G-invariant, we consider the following problem

I_G = inf{‖u‖^p_{k,p,H} : u ∈ D^{k,p}_G (R^N ), ‖u‖_p∗_{,Q} = 1}, (8.10)

where ‖u‖_{k,p,H} = ‖(−Δ)^{k/2}u‖_{p,H} when k is even and ‖∇(−Δ)^{(k−1)/2}u‖_{p,H} when k is odd. We can now state the conditions under which a minimizer to the above problem exists. We use the same notation for H as we do for Q. Theorem 8.9. If I_G < min{^{H0}_{Qp/p}∗_0 ,^{H∞}_{Qp/p}∗_∞ }S then the infimum in (8.10) is attained.

The above theorem is a straight forward generalization of Theorem 6.1 and the proof is an obvious adaptation of that of Theorem 6.1. From the above theorem we can immediately conclude that if Q_0 = Q_∞ = 0 then a minimizer to problem (8.10) exists. By using explicitly the properties of the minimizers of problem (3.3) we can state explicit conditions on H and Q so that the minimizer of problem (8.10) exists.

The following corollaries are generalizations of Corollaries 7.6 and 7.7.

Corollary 8.10. Assume that H and Q are G-symmetric functions,^{H0}_{Qp/p}∗_0 <

H_∞ Q^{p/p∗}_∞

and H_0 = sup H. If either

(i) Q(x) ≥ Q_0 + ϵ|x|^{N/(p−1)} for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N/(p − 1), |x| small and ∫

R^N

(Q(x) − Q_0)|x|^{−pN/(p−1)}dx > 0

then there exists a minimizer for problem (8.10) with p > 1 and k = 1.

Proof. We know that the instanton v(x) = (1+|x|^{p/(p−1)})^{−N/p∗} is the unique minimizer for problem (3.3) with k = 1 and p > 1, up to translation and dilation. In view of Theorem 8.9,

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 21

I_G ≤ ∫ H|∇A(v(x/η))|^p ( ∫ Q|Av(x/η)|^{p∗} )^{p/p∗} < H_0 ∫ |∇(Av(x/η))|^p (Q_0 ∫ |Av(x/η)|^{p∗} )^{p/p∗} = S H_0 Q^{p/p∗}_0 , where A > 0 is a constant chosen so that ‖Av(x/η)‖_{1,p} = 1. Since ∫ H|∇(Av(x/η))|^p ≤ H_0 ∫ |∇(Av(x/η))|^p, it suffices to show that for some η > 0 ∫ R^N

(Q(x) − Q_0) ( 1 η^{p/(p−1)} + |x|^{p/(p−1)}

)_N

> 0.

The proof is as in Corollary 7.1 (cf. Corollary 7.6). □

Corollary 8.11. Assume that H and Q are G-symmetric functions,^{H∞}_{Qp/p}∗_∞ <

H_0 Q^{p/p∗}_0

and H_∞ = sup H. If either

(i) Q(x) ≥ Q_∞ + ϵ|x|^{−N} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N, |x| large and ∫ R^N

(Q(x) − Q_∞)dx > 0,

then there exists a minimizer for problem (8.10) with p > 1 and k = 1.

Proof. The instanton v(x) = (1 + |x|^{p/(p−1)})^{−N/p∗} is the unique minimizer for problem (3.3) with k = 1 and p > 1, up to translation and dilation. In view of theorem 8.9, we have to show that for some η > 0

I_G ≤ ∫ H|∇A(v(x/η))|^p ( ∫ Q|Av(x/η)|^{p∗} )^{p/p∗} < H_∞ ∫ |∇(Av(x/η))|^p (Q_∞ ∫ |Av(x/η)|^{p∗} )^{p/p∗} = S H_∞ Q^{p/p∗}_∞ , where the A > 0 is a constant chosen such that ‖Av(x/η)‖_{1,2} = 1. Since ∫ H|∇A(v(x/η))|^p ≤ H_∞ ∫ |∇(Av(x/η))|^p, it suffices to show that for some η > 0 ∫ R^N

(Q(x) − Q_∞) ( 1 1 + |x/η|^{p/(p−1)}

)_N

> 0.

The proof is as in Corollary 7.2 (cf. Corollary 7.7). □

We see that similar proofs to the ones given for the two preceding corollaries above is valid even when p = 2 and k ≥ 1, and so we have

Corollary 8.12. Assume that H and Q are G-symmetric functions,^{H0}_{Q2/2}∗_0 <

H_∞ Q^{2/2∗}_∞

and H_0 = sup H, 2^∗ =^{2N}_{N−2k} . If either (i) Q(x) ≥ Q_0 + ϵ|x|^N for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N, |x| small and ∫ R^N

(Q(x) − Q_0)|x|^{−2N} dx > 0.

Then there exists a minimizer for problem (8.10) with p = 2 and k ≥ 1.

Corollary 8.13. Assume that H and Q are G-symmetric functions,^{H∞}_{Q2/2}∗_∞ <

H_0 Q^{2/2∗}_0

and H_∞ = sup H, 2^∗ =^{2N}_{N−2k} . If either

22 SHOYEB WALIULLAH

(i) Q(x) ≥ Q_∞ + ϵ|x|^{−N} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N, |x| large and ∫ R^N

(Q(x) − Q_∞)dx > 0.

Then there exists a minimizer for problem (8.10) with p = 2 and k ≥ 1.

9. Singular weights

Let D^{1,2}_a (R^N ) be the completion of C^∞_0 (R^N ) under the norm ( ∫ R^N ||x|

−a∇u|^2 dx)^{1/2}. We define,

S(a, b) := inf

u∈D^{1,2}_a (R^N ) u≠0

∫ R^N ||x|

−a∇u|^2 dx ( ∫ R^N ||x|

−bu|^p dx)^{2/p}

, (9.1)

and S(a, b, λ) := inf_{u∈D1,2}

a (R^N ) u≠0

∫ R^N ||x|

−a∇u|^2 + λ||x|^{−(a+1)}u|^2 dx ( ∫ R^N ||x|

−bu|^p dx)^{2/p}

, (9.2)

where N ≥ 3, 0 ≤ a < (N − 2)/2, a ≤ b < a + 1,

p = p(a, b) := 2N N − 2 + 2(b − a) and λ is a real parameter. Due to an inequality by Caffarelli, Kohn and Nirenberg [7] S(a, b) and S(a, b, λ) are positive for a ≤ b ≤ a + 1 and suitable λ (see [30]).

The first problem was studied in [17] when a = 0, and for positive a it was studied in [10]. There one can also find an explicit form of the minimizer. Both problems were then studied in [30] by using a different method. There the authors proved the existence of minimizers provided −S(a, a + 1) < λ < 0. Some results can also be found in [8]. Due to these results, the method we have developed in the previous sections allows us now to study

I(a, b) = inf

u∈D^{1,2}_a (R^N ) u≠0

∫ R^N ||x|

−a∇u|^2 dx ( ∫ R^N Q||x|

−bu|^p dx)^{2/p}

(9.3) and I(a, b, λ) = inf_{u∈D1,2a (RN )}

u≠0

∫ R^N ||x|

−a∇u|^2 + λ||x|^{−(a+1)}u|^2 dx ( ∫ R^N Q||x|

−bu|^p dx)^{2/p}

. (9.4)

In a recent paper by Deng and Jin [11] the authors studied the second problem when a = 0 and Q is G-symmetric. Our method will allow us to improve the results given in [11]. We mention here that the above problems are delicate when a = b since then we are dealing with the critical Sobolev constant.

In our present work, we are mainly interested in the case when Q is Gsymmetric, but as an illustration of the advantage of our method, we give the following simple result. Since problems (9.1) and (9.2) are dilation invariant,

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 23

we have by the same argument as in the beginning of the previous section that S(a, b) ‖Q‖^{2/p}_∞

≤ I(a, b) ≤ min{(Q_0)^{−2/p}, (Q_∞)^{−2/p}}S(a, b) and S(a, b, λ) ‖Q‖^{2/p}∞

≤ I(a, b, λ) ≤ min{(Q_0)^{−2/p}, (Q_∞)^{−2/p}}S(a, b, λ)

provided Q_∞ = lim_{|x|→∞} Q(x) exists. This shows that the assumption of the following proposition is satisfied by some Q. With this in mind, we state conditions under which minimizers to problems (9.3) and (9.4) will not exist. Proposition 9.1. If I(a, b) =^{S(a,b)}_{‖Q‖2/p∞} , I(a, b, λ) =^{S(a,b,λ)}_{‖Q‖2/p∞} and if E = {x ∈ R^N : Q(x) = ‖Q‖_∞} has measure zero then there are no minimizers for I(a, b) and I(a, b, λ).

Proof. The argument is the same as in Proposition 8.7 but somewhat simpler. □ Assume now that Q is a G-symmetric function. Denote by D^{1,2}_{a,G}(R^N ) the subspace of D^{1,2}_a (R^N ) consisting of G-symmetric functions. S_G(a, b), S_G(a, b, λ), I_G(a, b) and I_G(a, b, λ) will denote the infima as in (9.1) - (9.4), but with D^{1,2}_a (R^N ) replaced by D^{1,2}_{a,G}(R^N ). Of course we have a similar result to Proposition 9.1 with identical proof, in this symmetric case. Proposition 9.2. If I_G(a, b) =^{SG(a,b)}_{‖Q‖2/p∞} , I_G(a, b, λ) =^{SG(a,b,λ)}_{‖Q‖2/p∞} and if E = {x ∈ R^N : Q(x) = ‖Q‖_∞} has measure zero then there are no minimizers for I_G(a, b) and I_G(a, b, λ).

We start by stating one more version of the concentration-compactness lemma.

Lemma 9.3. (Concentration-compactness lemma). Assume that Q is a Gsymmetric continuous, bounded function and let N ≥ 3, 0 ≤ a < (N − 2)/2, a ≤ b < a + 1, p = p(a, b) and −I(a, a + 1) < λ. Let {u_n}^∞_{n=1} ⊂ D^{1,2}_{a,G}(R^N ) be a sequence such that u_n ⇀ u in D^{1,2}_{a,G}(R^N ) ||x|^{−a}∇(u_n − u)|^{2 ∗}−⇀ μ in M(R^N ) Q||x|^{−b}(u_n − u)|^{p ∗}−⇀ ν in M(R^N ) ||x|^{−a}∇(u_n − u)|^2 + λ||x|^{−(a+1)}u − u_n|^{2 ∗}−⇀ γ in M(R^N ) u_n → u a.e. on R^N and define μ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

||x|^{−a}∇u|^2 ,

ν_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

Q||x|^{−b}u|^p ,

γ_∞ := lim_{R→∞} lim_{n→∞} ∫ |x|>R

||x|^{−a}∇u|^2 + λ||x|^{−(a+1)}u|^2.

(9.5)

24 SHOYEB WALIULLAH

Then it follows that ‖ν‖^{2/p} ≤ I_G(a, b)^{−1}‖μ‖, (9.6)

‖ν‖^{2/p} ≤ I_G(a, b, λ)^{−1}‖γ‖, (9.7)

ν^{2/p}_∞ ≤ I_G(a, b)^{−1}μ_∞, (9.8)

ν^{2/p}_∞ ≤ I_G(a, b, λ)^{−1}γ_∞, (9.9)

lim_{n→∞}‖|x|^{−a}∇u_n‖^2 = ‖|x|^{−a}∇u‖^2 + ‖μ‖ + μ_∞, (9.10)

lim_{n→∞}‖|x|^{−a}∇u_n‖^2 + λ‖|x|^{−(a+1)}u_n‖^2

= ‖|x|^{−a}∇u_n‖^2 + λ‖|x|^{−(a+1)}u_n‖^2 + ‖μ‖ + μ_∞,

(9.11)

lim_{n→∞}‖u_n‖^p_{,Q} = ‖u‖^p_{,Q} + ‖ν‖ + ν_∞. (9.12)

Further, suppose u = 0, then ‖ν‖^{p/p∗} = I_G(a, b)^{−1}‖μ‖ implies that ν, μ are concentrated at a single point and ‖ν‖^{p/p∗} = I_G(a, b, λ)^{−1}‖γ‖ implies that ν, γ are concentrated at a single point. This point must be the origin.

The last statement follows from the fact that, if concentration occurs at x, then it must occur at g(x) for all g ∈ G. The proof is similar to that of Lemma 4.3, keeping in mind that D^{1,2}_{a,G}(R^N ) is a Hilbert space, and so Remark 4.5 is applicable. The only technical point is the verification of a result similar to Proposition 4.1. This can be easily deduced by using the following lemma, which is actually similar to Lemma 2 in [30] and its proof is easily adapted.

Lemma 9.4. Let N ≥ 3 and 0 ≤ a < (N − 2)/2. If u_n ⇀ u in D^{1,2}_{a,G}(R^N ) then |x|^{−a}u_n → |x|^{−a}u in L^2_{loc}(R^N ).

Remark 9.5. If {u_n}^∞_{n=1} ⊂ D^{1,2}_{a,G}(R^N ) is a bounded sequence such that Q||x|^{−b}(u_n − u)|^{p ∗}−⇀ ν then we may assume that ||x|^{−b}(u_n − u)|^{p ∗}−⇀ α, for some α. Hence, by defining α_∞ in the way ν_∞ is defined, we see that ν({x}) = Q(x)α({x}) and ν_∞ ≤ Q_∞α_∞ where Q_∞ = lim_{|x|→∞} Q(x). Further, ν_∞ = Q_∞α_∞ if Q_∞ = lim_{|x|→∞} Q(x) = lim_{|x|→∞} Q(x).

With concentration-compactness lemma at our disposal, we may proceed to compare I_G(a, b) and S_G(a, b) as required by our method. We know from [10] that function u(x) = (1 + |x|^{2a−bp+2})^{N−2a−22a−bp+2} (9.13) is, up to dilation and multiplication by a constant, a minimizer for S(a, b). Since S(a, b) ≤ S_G(a, b) and the above minimizer is radially symmetric, we have S(a, b) = S_G(a, b).

The following theorem is the main result of this section.

Theorem 9.6. If I_G(a, b) < min{Q^{−2/p}_0 , Q^{−2/p}∞ }S_G(a, b) then all minimizing sequences are relatively compact. In particular, there is a minimizer for I_G(a, b).

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 25

Proof. The argument is similar to the ones given in the previous sections. Therefore we omit some details. Let {u_n}^∞_{n=1} ⊂ D^{1,2}_{a,G}(R^N ) be a minimizing sequence for I_G(a, b). Going if necessary to a subsequence, still denoted by u_n, we may assume that the conditions of Lemma 9.3 are fullfilled. Hence I_G(a, b) = lim_{n→∞}‖|x|^{−a}∇u_n‖^2 = ‖|x|^{−a}∇u‖^2 + ‖μ‖ + μ_∞ and 1 = lim_{n→∞}‖u_n‖^p_{,Q} = ‖u‖^p_{,Q} + ‖ν‖ + ν_∞.

So we have using inequalities (9.6) and (9.8)

I_G(a, b)(‖u‖^p_{,Q}+‖ν‖ + ν_∞)^{2/p} = ‖|x|^{−a}∇u‖^2 + ‖μ‖ + μ_∞ ≥ I_G(a, b)((‖u‖^p_{,Q})^{2/p} + ‖ν‖^{2/p} + ν^{2/p}_∞ ).

Since p > 2, we deduce that only one of the quantities ‖u‖^p_{,Q}, ‖ν‖ and ν_∞ is 1 and the other are zero. Suppose Q_∞ ≠ 0. If ν_∞ = 1, we obtain a contradiction, since from Remark 9.5 and Lemma 9.3 we have

S_G(a, b)(α_∞)^{2/p} > I_G(a, b)(Q_∞α_∞)^{2/p} ≥ I_G(a, b)(ν_∞)^{2/p} ≥ μ_∞ ≥ S_G(a, b)(α_∞)^{2/p}.

If Q_0 ≠ 0 and ‖ν‖ = 1 then u = 0 and ‖ν‖^{p/p∗} = I_G(a, b)^{−1}‖μ‖ and so ν is concentrated at the origin. Once again we obtain a contradiction since S_G(a, b)(α({0}))^{2/p} > I_G(a, b)(Q_0α({0}))^{2/p} = I_G(a, b)(ν({0}))^{2/p} ≥ ‖μ‖ ≥ S_G(a, b)(α({0}))^{2/p} .

So it follows that ‖u‖^p_{,Q} = 1 and we reach the desired conclusion. When Q_0 = 0 then ‖ν‖ = 0 and when Q_∞ = 0 then ν_∞ = 0, so we will have ‖u‖^p_{,Q} = 1. □

Set u_η(x) = u(x/η) = (1 + |x/η|^{2a−bp+2})^{N−2a−22a−bp+2} , then

S_G(a, b) = ∫ R^N ||x|

−a∇u_η|^2 dx ∫ R^N ||x|

−bu_η|^p dx

∀η > 0.

If we assume that Q_∞ = lim_{|x|→∞} Q(x) then by letting η tend to 0 and ∞, we obtain I_G(a, b) ≤ min{Q^{−2/p}_0 , Q^{−2/p}∞ }S_G(a, b). At this point we can easily deduce that if min{Q^{−2/p}_0 , Q^{−2/p}_∞ } = ‖Q‖^{−2/p}_∞ then by Proposition 9.2, minimizers in general will not exist. However, we have the following corollary to Theorem 9.6, which is similar to Corollary 6.5. Corollary 9.7. If Q is G-symmetric, Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) ≥ 0 then there is a minimizer for I_G(a, b).

Proof. If I_G(a, b) < min{Q^{−2/p}_0 , Q^{−2/p}_∞ }S_G(a, b) then we are done by theorem 9.6. If I_G(a, b) = min{Q^{−2/p}_0 , Q^{−2/p}∞ }S_G(a, b) let u be the function in (9.13). u is then a minimizer of S_G(a, b), and

26 SHOYEB WALIULLAH

I_G(a, b) ≤ ∫ R^N ||x|

−a∇u|^2 dx ( ∫ R^N Q||x|

−bu|^p dx)^{2/p} ≤ ∫ R^N ||x|

−a∇u|^2 dx

Q^{2/p}_0 ( ∫ R^N ||x|

−bu|^p dx)^{2/p} = S_G(a, b)

Q^{2/p}_0

= I_G(a, b).

It follows that u is a minimizer of I_G(a, b). This concludes the proof. □

Of course knowing the explicit form of the minimizer for S_G(a, b) allows us to give conditions on Q, similar to those given in the previous sections, so that minimizers exist.

Corollary 9.8. Suppose that Q is G-symmetric, Q_0 ≥ Q_∞ > 0 and either (i) Q(x) ≥ Q_0 + ϵ|x|^{N−bp} for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α > N − bp, |x| small and ∫ R^N

(Q(x) − Q_0)|x|^{−2N+bp}dx > 0.

Then there exists a minimizer for I_G(a, b).

Corollary 9.9. Suppose that Q is G-symmetric, Q_∞ ≥ Q_0 > 0 and either (i) Q(x) ≥ Q_∞ + ϵ|x|^{−N+bp} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α > N − bp, |x| large and ∫

R^N

(Q(x) − Q_∞)|x|^{−bp}dx > 0.

Then there exists a minimizer for I_G(a, b).

The proofs are similar to the proofs of Corollaries 7.1 and 7.2. Since we do not know whether there is a minimizer for S_G(a, b, λ) when a > 0, we are not able to compare I_G(a, b, λ) and S_G(a, b, λ). However, in the case when a = 0 and 0 > λ > λ̄ = −(^{n−2}_2 )^2 we know from [11] that, up to multiplication by a constant and dilation, S(0, b, λ) is achieved by

u(x) = 1 |x| √_{−λ̄−β}

(1 + |x|

(2−bp)β

√_{−λ̄}

)^{n−22−bp} , where β = (λ − λ̄)^{1/2}. Since the above function is radially symmetric, we deduce that S_G(0, b, λ) has a minimizer. We may now continue by stating the following straightforward variants of Theorem 9.6 and its corollary.

Theorem 9.10. If I_G(0, b, λ) < min{Q^{−2/p}_0 , Q^{−2/p}∞ }S_G(0, b, λ) then all minimizing sequences are relatively compact. In particular, there exists a minimizer for I_G(0, b, λ).

Corollary 9.11. If Q is G-symmetric, Q(x) ≥ Q_0 = Q_∞ = lim_{|x|→∞} Q(x) ≥ 0 then I_G(0, b, λ) has a minimizer.

In Deng’s and Jin’s article (see [11, Theorem 2.1]) the authors presented a result which in effect says that there exists a minimizer for I_G(0, b, λ) provided that

I_G(0, b, λ) < min{Q^{−2/p}_0 , Q^{−2/p}_∞ , T }S_G(0, b, λ).

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 27

Here, the third term T depends on |G| = inf_{x∈R}N_{,x≠0}|G_x|, where |G_x| is the cardinality of the set G_x = {gx : g ∈ G}. We see that Theorem 9.10 improves this result, since our condition does not require any knowledge of |G|.

Since we know the explicit form of the extremal function for S(0, b, λ), we may proceed to formulate explicit conditions on Q so that a minimizer for I_G(0, b, λ) exists.

Corollary 9.12. Suppose that Q is G-symmetric Q_0 ≥ Q_∞ > 0 and either (i) Q(x) ≥ Q_0 + ϵ|x|^{2β(N−bp)N−2} for some ϵ > 0 and |x| small or (ii) |Q(x) − Q_0| ≤ C|x|^α for some constant C > 0,α >^{2β(N−bp)}_{N−2} , |x| small and ∫

R^N

(Q(x) − Q_0)|x|^{−N− 2β(N−bp)N−2} dx > 0.

Then there exists a minimizer for I_G(0, b, λ).

Corollary 9.13. Suppose that Q is G-symmetric Q_∞ ≥ Q_0 > 0 and either (i) Q(x) ≥ Q_∞ + ϵ|x|^{− 2β(N−bp)N−2} for some ϵ > 0 and |x| large or (ii) |Q(x) − Q_∞| ≤ C|x|^{−α} for some constant C > 0,α >^{2β(N−bp)}_{N−2} , |x| large and ∫

R^N

(Q(x) − Q_∞)|x|^{n− 2β(N−bp)N−2} dx > 0.

Then there exists a minimizer for I_G(0, b, λ).

The proofs are similar to those of Corollaries 7.1 and 7.2.

Acknowledgment

I would like to thank my supervisor Andrzej Szulkin for his invaluable guidance. I also thank Catherine Bandle for suggesting the problem with double weights. Also Shaheen Ahmed and my father Hasan Baqir for their support.

References

[1] Gianni Arioli and Filippo Gazzola, Some results on p-Laplace equations with a critical growth term, Differential Integral Equations 11 (1998), no. 2, 311–326. MR 1741848 (2001b:35128) [2] Thierry Aubin, Problèmes isopérimétriques et espaces de Sobolev, J. Differential Geometry 11 (1976), no. 4, 573–598. MR 0448404 (56 #6711) [3] C. Bandle, A. Brillard, and M. Flucher, Green’s function, harmonic transplantation, and best Sobolev constant in spaces of constant curvature, Trans. Amer. Math. Soc. 350 (1998), no. 3, 1103–1128. MR 1458294 (98g:35045) [4] C. Bandle, L. A. Peletier, and S. Stingelin, Best Sobolev constants and quasi-linear elliptic equations with critical growth on spheres, Math. Nachr. 278 (2005), no. 12-13, 1388–1407. MR 2169690 (2006h:35068) [5] Elvise Berchio and Filippo Gazzola, Best constants and minimizers for embeddings of second order Sobolev spaces, J. Math. Anal. Appl. 320 (2006), no. 2, 718–735. MR 2225989 (2007c:46036) [6] Gabriele Bianchi, Jan Chabrowski, and Andrzej Szulkin, On symmetric solutions of an elliptic equation with a nonlinearity involving critical Sobolev exponent, Nonlinear Anal. 25 (1995), no. 1, 41–59. MR 1331987 (96f:35041) [7] L. Caffarelli, R. Kohn, and L. Nirenberg, First order interpolation inequalities with weights, Compositio Math. 53 (1984), no. 3, 259–275. MR 768824 (86c:46028)

28 SHOYEB WALIULLAH

[8] Florin Catrina and Zhi-Qiang Wang, On the Caffarelli-Kohn-Nirenberg inequalities:

sharp constants, existence (and nonexistence), and symmetry of extremal functions, Comm. Pure Appl. Math. 54 (2001), no. 2, 229–258. MR 1794994 (2001k:35028) [9] J. Chabrowski, Degenerate elliptic equation involving a subcritical Sobolev exponent, Portugal. Math. 53 (1996), no. 2, 167–177. MR 1397453 (97d:35083) [10] Kai Seng Chou and Chiu Wing Chu, On the best constant for a weighted Sobolev- Hardy inequality, J. London Math. Soc. (2) 48 (1993), no. 1, 137–151. MR 1223899 (94h:46052) [11] Yinbin Deng and Lingyu Jin, On symmetric solutions of a singular elliptic equation with critical Sobolev-Hardy exponent, J. Math. Anal. Appl. 329 (2007), no. 1, 603– 616. MR 2306826 [12] P. Drábek, The p-Laplacian—mascot of nonlinear analysis, Acta Math. Univ. Comenian. (N.S.) 76 (2007), no. 1, 85–98. MR 2331056 [13] Pavel Drábek and Mitsuharu Ôtani, Global bifurcation result for the p-biharmonic operator, Electron. J. Differential Equations (2001), No. 48, 19 pp. (electronic). MR 1846664 (2002f:35182) [14] Abdelouahed El Khalil, Siham Kellati, and Abdelfattah Touzani, On the spectrum of the p-biharmonic operator, Proceedings of the 2002 fez conference on partial differential equations, 2002, pp. 161–170 (electronic). MR 1976693 (2004d:35191) [15] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order, Classics in Mathematics, Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition. MR 1814364 (2001k:35004) [16] Francois van Heerden and Zhi-Qiang Wang, On a class of anisotropic nonlinear elliptic equations in R^N , Commun. Pure Appl. Anal. 7 (2008), no. 1, 149–162. MR 2358361 [17] Elliott H. Lieb, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of Math. (2) 118 (1983), no. 2, 349–374. MR 717827 (86i:42010) [18] P.-L. Lions, The concentration-compactness principle in the calculus of variations.

The locally compact case. I, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), no. 2, 109–145. MR 778970 (87e:49035a) [19] , The concentration-compactness principle in the calculus of variations. The locally compact case. II, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), no. 4, 223–283. MR 778974 (87e:49035b) [20] , The concentration-compactness principle in the calculus of variations. The limit case. I, Rev. Mat. Iberoamericana 1 (1985), no. 1, 145–201. MR 834360 (87c:49007) [21] , The concentration-compactness principle in the calculus of variations. The limit case. II, Rev. Mat. Iberoamericana 1 (1985), no. 2, 45–121. MR 850686 (87j:49012) [22] Vladimir G. Maz’ja, Sobolev spaces, Springer Series in Soviet Mathematics, Springer- Verlag, Berlin, 1985. Translated from the Russian by T. O. Shaposhnikova. MR 817985 (87g:46056) [23] Didier Smets, A concentration-compactness lemma with applications to singular eigenvalue problems, J. Funct. Anal. 167 (1999), no. 2, 463–480. MR 1716204 (2002c:35202) [24] Elias M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series, No. 30, Princeton University Press, Princeton, N.J., 1970. MR 0290095 (44 #7280) [25] Jiabao Su, Zhi-Qiang Wang, and Michel Willem, Weighted Sobolev embedding with unbounded and decaying radial potentials, J. Differential Equations 238 (2007), no. 1, 201–219. MR 2334597 [26] Charles A. Swanson, The best Sobolev constant, Appl. Anal. 47 (1992), no. 4, 227– 239. MR 1307010 (96h:46043) [27] Andrzej Szulkin and Michel Willem, Eigenvalue problems with indefinite weight, Studia Math. 135 (1999), no. 2, 191–201. MR 1690753 (2000c:35039) [28] Mohamed Talbi and Najib Tsouli, Existence and uniqueness of a positive solution for a non homogeneous problem of fourth order with weights, Proceedings of the 2005

MINIMIZERS FOR PROBLEMS WITH CRITICAL SOBOLEV EXPONENT 29

oujda international conference on nonlinear analysis, 2006, pp. 231–240 (electronic). MR 2316121 [29] Giorgio Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (4) 110 (1976), 353–372. MR 0463908 (57 #3846) [30] Z.-Q. Wang and M. Willem, Singular minimization problems, J. Differential Equations 161 (2000), no. 2, 307–320. MR 1744147 (2001d:35075) [31] Michel Willem, Minimax theorems, Progress in Nonlinear Differential Equations and their Applications, 24, Birkhäuser Boston Inc., Boston, MA, 1996. MR 1400007 (97h:58037)

Department of Mathematics, Stockholm University, 106 91 Stockholm, Swe- den E-mail address: shoyeb@math.su.se