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THE OPERAD OF TWO COMPATIBLE PRE-LIE PRODUCTS
AND POINTED WEIGHTED PARTITIONS

HENRIK STROHMAYER

ABSTRACT. We introduce weighted and pointed weighted partitions and use
them to show the Koszulness of Liea and PreLiea, the operads governing two
compatible Lie brackets and two compatible pre-Lie products, respectively.

1. INTRODUCTION

In [Val07] B. Vallette introduced a new method to show the Koszulness of a class
of set theoretic operads and their associated algebraic operads. By associating a
certain poset to a set theoretic operad, P, and then studying its Cohen-Macaulay
properties, one gets a concrete recipe for checking whether P, and thus also its
Koszul dual operad, is Koszul or not. Studying the posets of unordered and ordered
pointed and multipointed partitions in [CV06], B. Vallette and F. Chapoton were
able to prove the Koszulness of several important operads such as Perm, PreLie,
ComTrias, PostLie, Dias, Dend, Trias, TriDend over a field of any characteristic
and over Z. In [DKO7], A. Khoroshkin and V. Dotsenko constructed a new operad,
Liesa, by considering two compatible Lie brackets (compatible in the sense that
any linear combination of the two Lie brackets is a Lie bracket). In this note we
construct an operad, PreLlies, describing two compatible pre-Lie products. To
show the Koszulness of Lies and PreLlies by the poset method of Vallette we
introduce weighted and pointed weighted partition posets. These posets are not
totally semimodular, therefore we need to refine the arguments of [CV06] in order
to show that they are Cohen-Macaulay.

All vector spaces and tensor products are considered over K, where K is a field
of characteristic 0 or F,,. For n € N, let [n] denote the set {1,...,n} and given a
finite set S we denote the cardinality of S by |S].

2. PreLlies, Lies AND THEIR KOSZUL DUAL OPERADS

In this section we introduce a new operad, PreLies, governing two compatible
pre-Lie products and explicitly describe its Koszul dual operad. We also recall
the definition of the operad Lies from [DKO7] as well as some definitions from
[Val07] related to set theoretic operads.

Definition 2.1. A pre-Lie algebra is a vector space V over K equipped with a
mapping o: V®V — V called a pre-Lie product such that

(aob)oc—ao(boc)=(aoc)ob—ao(cod) ,
for any a,b,c e V.

In [Ger63] M. Gerstenhaber, in his study of the Hochschild cochain complex
of an associative algebra, found a structure on the cochains satisfying the above
condition and gave it the name pre-Lie because the operation

[a,b]o :=aob—Dboa
1
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defines a Lie algebra. The Lie bracket obtained in this way is a part of the Ger-
stenhaber structure on the Hochschild complex. The same structure also appeared
in a paper [Vin63] of E. Vinberg in his study of convex homogeneous cones, thus it
has also been referred to as Vinberg algebra.

Given two pre-Lie products o and e on V' we say that they are compatible if any
linear combination of the two products, (o +/3e)(a,b) := aaob+ Baeb, again is a
pre-Lie product for any a, 8 € K. This property is equivalent to the condition that

(acb)ec—ao(bec)+ (aeb)oc—ae(boc) = (aoc)eb—ao(ceb)+(aec)ob—ae(cob),

for any a,b,c € V.

We now want to describe the operad encoding this structure. To fix the notation
we first give two definitions concerning operads. For an introduction to operads see
e.g. [MSS02].

Definition 2.2. A quadratic operad F(E)/(R) is the free operad on a ¥-module
E modulo relations R C Fig)(E), where Fio)(E) is the weight two part of F'(E),
i.e. trees decorated with exactly two elements of E.

Definition 2.3. Let P = F(E)/(R) be a quadratic operad. Then the Koszul dual
operad P' of P is defined as P' = F(E)/(R™*). Here the Czech dual Y-module E" is
given by EV(n) = E(n)*®sgn,,, sgn,, is the sign representation of 33, and R+ are the
relations orthogonal to R w.r.t. the natural pairing (_,_): F2)(EY) ® F2)(E) — K.

Definition 2.4. Translating the properties of two compatible pre-Lie products into
the language of operads we have that PreLies is the quadratic operad F(E)/(R),
where the X-module F is given by

E(n) = { ?){[22] D K[ZQ] i Z ; ;

It is useful to represent the natural basis of E(2) as four binary corollas
—K | ! )
KT oK% =K A @K A oK A oK A
1 2 2 1 1 2 2 1
with X5 action defined by

1/1\2(12) (12) = {l\l.

= A

Then the relations R can be represented as follows (when described by planar trees)

l l B l B l l 3 l _ l 3 l
ANTINT AT AT AN
O/l\\ — /l\ + ./l\ — /l\ = O/l\\ — /l\ + ./l\ — /l\

2% AN 2% “b/\ SN b a/°\b SN b a/‘\b'

b
The Koszul dual operad PreLies’ is then generated by
A\ l Vv A\ A\
A RN A PR

with Y9 action given by
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It is in fact more natural to work with a different basis in PreLies' defined by

AAATAATAATA

The X5 action is then given on the new basis by

2= A A= A

and the relations Rt are

/K ./K /K f<& /\ <\ /k

/\C a/\ /\b a
)\

‘<K /K <l\ g /’\ /<\ AN

a/"\ /\ a/”\

Since the Koszul dual operad of ’Preﬁze was named Perm (from permutation)
by F. Chapoton [Cha0l], we give the name Perms to the Koszul dual operad
of PreLies. It will be clear from the context whether decorated trees belong to
PreLlies or Perms.

n [Cha0l] Perm(n) was described as Perm(n) = K" with ¥,, acting on the
standard basis {e1,...,en} by €;0 = e,-1(;) for o € X,

Proposition 2.5. Permz(n) = Perm(n) @ --- & Perm(n), where the sum consists
of n terms. In terms of trees decorated with EV a basis for Perma(n) is given by

P
AN

[N 0<i<n—1

1<j<n
where (a1, ...,an-1)=(1,...,7—=1,7+1,....,n).

Denote by C}'; the basis element in Perma(n) corresponding to a given pair (i, 7).
The composition product in Permgy is then given by

(Cn cm Cmn Om1+ t+my

0,57 i1,510 70" lmjn) i1+ tin,matetmy 1+

Proof. Writing an element of F(EY) (i.e. a tree whose vertices are decorated with
elements of E¥) in the plane, we see that the relations R* yield that any decorated
tree is equivalent to one of the above form. The relations also imply that on any
such tree we may permute all but the leftmost index, i.e.

L\

Ap—1 %% (n—1)

G L
aj41 N\ (i+1)

/’\ /\ o
J ay

i %o(1)

for any o € ¥,,_1.

Since the relations are homogenous in the number of white and black dots, this
number is also an invariant under the relations. As there are no other relations, the
class of any decorated tree in Perma(n) is completely determined by its leftmost
index j, which ranges over [n], and the number of black dots ¢, of which there can
be 0 to n — 1. Note that C}'; corresponds to (0,...,0,¢;,0,...,0) with e; in the
i + 1th component of the direct sum.

The definition of the composition in the free operad as grafting of trees with the
obvious numbering of the indices gives the second claim. ([l
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For completeness we recall here the definition of the operad of two compatible
Lie brackets of [DKO07].

Definition 2.6. Lies is the quadratic operad F(E)/(R) where the ¥-module F is
given by

0 ifn#2
We represent a natural basis of E(2) as two binary corollas

sghy B sgn, = K/K EBK/K
1 2 1 2

B(n) = { sgn, dsgn, ifn=2

with 39 action defined by

A=- L A az=-

1 2 1 2 1 2 1 2
Then the relations R are as follows

/<l\c i /<K i /<K - /<l\c i /<J\ i /<l\b -

| | _
a<§+/<\+/<\+ .<b\+ <\+/<\ 0.

Lies' is generated by

l \2 \4
A TEA
with X9 action given by
A= A A= A

From now on we will skip the ¥. The relations R are then given by

)

,A& e <\—x§ <

a b

A /%\ AT A

a

Liey' was given the name Comy in [DKO?]. Though we use the same notation for
Coms as we did for Perms no confusion should arise.

Proposition 2.7. Coma(n) = 1, ®---®1,,, where the sum consists of n terms and
1,, denotes the trivial representation of X,. In terms of trees decorated with EV a
basis for Coma(n) is given by

n

< i+2

i+1
2

Denote by DI the basis element in Comsa(n) corresponding to i black dots. The
composition product in Coms is then given by

n, my m mi+---+m
WD Dt D) = Dy T

Proof. Obvious. O

0<i<n—1
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A Y-set is a collection of sets, S = (S, )nen, equipped with a right action of the
symmetric group 3, on S,. Define a monoidal product in the category of X-sets
by:

SoTn = |_| ( |_| Sk X (Tzl X X le) Xzilx,..xzik En) R

1<k<n \ii+-Fig=n

P
where we consider the coinvariants with respect to the action of Xj given by
(8, (tiys - tiy),0)T = (s7, (i (15 -5 Lir gy ), 7 '0) and 7 is the induced block per-

mutation. A unit I with respect to this product is given by the Y-set defined

by

;o itn=1

Tl 0 ifn#£ 1
Definition 2.8. A set operad is a monoid (P,u: PoP — P,e: I — P) in the
monoidal category (3-sets, o, I).

To any set operad P one can associate an algebraic operad P by considering
formal linear combinations of the elements, i.e. P(n) = K[P,]. To an eclement
(V1. ) € Py X -+- X P;, one can associate a map i,
defined as

.....

/’l‘lll,...,l/k (V) = /’L(U7 Vl? MR Vk?)'
The following definition was introduced in [Val07] since it is a crucial property
for set theoretic operads in order to use the poset method.

Definition 2.9. A set operad P is called a basic-set operad if the map p,, .. ., is
injective for all (v1,...,vy) € P(i1) X + -+ X P(iy).

Lemma 2.10. Permsg and Como come from basic-set operads.

Proof. First we note that Permso comes from a set theoretic operad, Permq = 73,
where P, = {C[';} and the C}; are the basis elements given in Proposition 2.5.

" n M1+ +mn
The map uCil}jl,...,Cmiljn sends Ck»l to Ok+i1+"'+7;n;ml+"'+ml71+jl'

and 0 < js < mg — 1, clearly this map is injective.

Also Coms comes from a set operad Q, where Q,, = {DI'} and the D} are as
in Proposition 2.7. The proof is immediate from the definiton of the composition
product. O

Since mg > 1

3. OPERADIC PARTITION POSETS

To a set operad P one can associate a certain poset encoding important proper-
ties of P, as was done in [Val07]. We present it slightly differently and then recall
the definition of the poset of pointed partitions. See [BW83, Val07] for definitions
of the various notions related to posets.

Definition 3.1. Let P be a set operad. A P-partition of [n] is the following
data {(Bi1,p1),...,(Bs,ps)}, where {Bi,...,Bs} is a partition of [n] and p; €
P(|Bi|). We let IIp(n) denote the set of all P-partitions of [n] and let IIp denote
the collection {IIp(n)}nen. For an algebraic operad O coming from a set operad
P,ie. O = 75, we will write o for IIp.

Remark 3.2. One can think of this as enriching a partition with elements of an
operad or, shifting the perspective, as labeling the input of the operation that an
element p; € P(|B;]) describes with the elements of the block B; instead of with
[|B;|]. E.g. one can identify

1 i
{3,4,7}, /|~ \.
AR ANE

2 3 4 7
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The definition in [Val07] uses ordered sequences of elements of the blocks instead
of unordered blocks and then considers equivalence classes of pairs (Sg,p), where
Sp is an ordered sequence of the elements of a block B where each element appears
exactly once and p € P(|Sg|). E.g

|
D) e )

Our definition corresponds to choosing the representative of a class with the ele-
ments of the sequence in ascending order. In the following we will assume that, given
a partition o = {(A41,p1),..., (4 T,pT)} the elements of a block 4; = {at,...,a’, }

? MMy

are indexed in ascending order Le. af < aJ 11
Next we define a partial order on IIp(n) .
Definition 3.3. Let a = {(A1,p1),...,(Ar,pr)} and 8 = {(B1,q1),--.,(Bs,qs)}
be two P-partitions of [n]. We let a < § if
(i) {A1,...,A,} is a refinement of {Bi,..., B}, i.e. each B, is the union of

one or more A;.
(ii) when B; = A;, U--- U A;, then there exists a p € P; such that ¢; =
w(p;piys- -5 pi, )0 L, where o € ¥B,| is the obvious permutation associ-

ated to
gy
by b‘B ‘ '
al .. ai{llt

We call IIp together with this partial order the operadic partition poset of P.

Remark 3.4. We define the order in the opposite way to the one in [Val07] to
make it correspond to the way it is defined in [CV06]. Note that with this in mind
our definition leads to the same ordering of the corresponding equivalence classes.

Example 3.5. Using the identification in Remark 3.2 we see that in Hpepm,(7)

| A
N L <3 A% N
NN AN

since

DN S

Example 3.6. IIp..,,(3) can be dep1cted as in Figure 1, with greater elements
above.

In [Val07] pointed partitions were introduced to describe I peyy,.

Definition 3.7. A pointed partition of [n] is a partition 8 = {Bi,...,Bs} of
[n] together with a distinguished element b; in each block B;. This element is
emphasized by b; and we define p(B;) := b;. The set {p(B;)|B; € 3} of pointed
elements of 3 is denoted by p(8). We denote the set of all pointed partions of [n]
by II? and denote the collection {IIP },cn by IIP.

We define a partial order relation on II? by a < 3 if « is a refinement of 3 as a
partition and p(3) C p(a). TP together with this partial order is called the poset
of pointed partitions.

Remark 3.8. What we call a pointed partition here is precisely what is called a
pointed partition of type A in [CV06].
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FIGURE 1. The poset IIperm (3)

T23] |T23[ |2/13 23| (32| [3)12

|112)3

FIGURE 2. The poset 11

In [Val07], Vallette studied homological properties of the order complex associ-
ated to the partition poset of an operad. The following is the main result.

Theorem 3.9 (Theorem 9 of [Val07]). Let P be a basic-set quadratic operad, then

the associated algebraic operad P is Koszul iff each subposet [0,7] of each IIp(n) is
Cohen-Macaulay, where 7 is a mazimal element of lp(n).

This theorem was used in [CV06] to show the Koszulness of Perm (over a field
of any characteristic and over Z, it was shown for a field of characteristic 0 in
[CLO1]). There it was shown that for each IT¥ (isomorphic to IIperm (n) by [Val07])
all subposets [0,7] of the form in the above theorem were totally semimodular.
Hence by Corollary 5.2 of [BW83] they are CL-shellable and by Proposition 2.3 of
the same paper shellable from whence it follows that they are Cohen-Macaulay by
Theorem 4.2 of [Gar80]. The chain of implications is
(3.10)

totally semimodular = CL-shellable = shellable = Cohen-Macaulay.
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4. WEIGHTED PARTITIONS, Comso AND Lies

Contrary to the claims in [DKO07], the maximal chains of II¢om, are not totally
semimodular as we will see. To handle posets of this type we introduce a new kind
of partitions which we call weighted partitions. We then use this poset to show the
Koszulness of Coms and Lies via Vallette’s poset method.

Definition 4.1. Given a partition 8 = {Bj,..., Bs} of [n], we assign a weight w;
to each block B; = {b},...,b} }, with 0 < w; < k; — 1. The weight of the block is
denoted by w(B;) := w;. The weight of a partition 3 is w(8) := w(B1)+- - -+w(Bs).
A partition with this extra structure we call a weighted partition and we denote the
set of weighted partions of [n] by IIV. The collection {II% },, ¢y is denoted by IT".
Let n(8) be the number of blocks of 5. Then we can define a partial order on
I by letting o < 3 if
(i) the partition of « is a refinement of the partition of 5 and
(i) w(B) —w(a) <n(e) —n(p).
We call ITV together with this partial order the poset of weighted partitions.

Remark 4.2. We see that the covering relation < of the above partial order is
given by a < g if
(i) the partition of « is a refinement of that of 3 obtained by splitting exactly

one block of § into two and
(i) 0 < w(B) — w(a) < 1.

We denote the maximal elements of IIY by p:, 0 <t < n—1, where t denotes the
weight. Any element o of IV can be described by a = {(A1,w1),..., (Am, wn)}
where {A;,... A, } is a partition of {1,...,n} and w; = w(4,).

We observe that II'Y is a pure poset, i.e. all maximal chains have the same length.

123 123 123

1123

FIGURE 3. The poset IT¥

Remark 4.3. In Figure 3. the weight w of a block B = {b1, ..., bx} is indicated by
b,41, recall that we order the elements b; of a block in increasing order. E.g. the
block {1,2} has weight 0 whereas the block {1,3} has weight 1.

Lemma 4.4. The poset lcom,(n) is isomorphic to I1¥.

Proof. There is an obvious bijection between the elements of Hcom,(n) and ITY

where a block B enriched with an element DlB‘ with 4 black product(s) corresponds
to the same block B with weight 4 in IT}.
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Now let o = {(A41,p1)s---, (Am,Pm)} be a Coma-partition, then 3 covers « iff
ﬁ = {(A] U Akaﬂ(/l\;pjapk))a (Alupl)u ceey (Ajup])u sy (Akupk)u sy (Amupm)}

or
ﬁ = {(AJ U Akvﬂ(/l\;pjvpk))v (A17p1)7 ceey (m)v SR (m)v EER (Amvpm)}'

The first case corresponds to increasing the weight by one when uniting two blocks
of a weighted partition and the second case to keeping it constant, which precisely
is the covering relation of ITY. (]

Definition 4.5. A finite poset P is called semimodular if it is bounded and for
any distinct k, A € P covering a v € P there exists a w € P covering both x and
A. P is said to be totally semimodular if it is bounded and all intervals [(, ] are
semimodular.

Remark 4.6. Ilcom, has maximal intervals which are not totally semimodular.
E.g. consider the elements

(/l\v ) )7(7 7/l\)€ [(7 ) | )7( ./'<J\4)] CHCom2(4)'
1 2 3 4 12 3 4 123 4 VA NE:

They both cover (

|

) but the only element covering both of them is ( /J\ , {J\L )

123 4 1 2 3

o | )7( ./'<J\4)]
12 3 4 1/\\23

which does not belong to the interval [(

Remembering the chain of implications (3.10) at the end of the previous section
we see that it is in fact sufficient to show that the maximal intervals of Ilcom,
are CL-shellable. By Theorem 3.2 of [BW83], showing CL-shellability of a poset
is equivalent to showing that it allows a recursive atom ordering. Recall that the
atoms of a poset are the elements covering 0.

Definition 4.7. A graded poset P admits a recursive atom ordering if the length
of the poset is 1 or if the length is greater than 1 and there is an ordering ay, . . ., am,
of the atoms of P satisfying
(i) For all j € [m], [o;, 1] admits a recursive atom ordering in which the atoms
of [a;, 1] that come first in the ordering are those that cover some ;, where
i<j.
(ii) For all i < j, if ay,;j < A then there is a k < j, not necessarily distinct
from ¢, and an element x < A such that k covers both o; and oy,

Lemma 4.8. IIY allows a recursive atom ordering for any n.

Proof. Since ITY is pure, [0, p1¢] is graded. Now suppose the length of [0, /1] is greater
than 1, otherwise we are done. We may also assume that 0 < ¢t < n — 1, since if
t=0ort=mn—1 we have that [0, ¢] is isomorphic to II,,, the poset of ordinary
partitions of m. This poset is easily seen to be totally semimodular, analogously
to the proof in [CV06] that II? is totally semimodular. Thus by Theorem 5.1 of
[BW83] any ordering of the atoms is a recursive atom ordering.

When denoting pointed weighted partitions we will supress the blocks only con-
taining one element e.g.

{({i. 3}, w), (ks 1} w')} = {({, 3}, w), ({k, 13w, ({13,0), ., ({3},0),

o —

G1H0), ., ({k1,0),- ., ({131,0),..., ({n},0)}.
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Denote the atom {({4,5},w)} by ai’;, where the upper index indicates the weight.
We claim that any atom ordering of the form

(4.9) o Haj o Hal o Hal A Ha) o Haf

41,51 41,51 12,72 12,72 TryJr Gy
fullfills the second criterion of being a recursive atom ordering, with & - § meaning
that « is less than § in the atom ordering.

Let o’} and oy be distinct atoms with o’ —| ;.7 and suppose «

z;’akl <’7

We want to show that there is a § <~ and a o/ 4 a7 such that o}/ »/,oz,” <.
Lemma 1 of [DKO07] shows that this is true, wlth o = o
when i, j, k, [ are distinct and w; = wo.

Now consider this case, i.e. w1 = wy =: w, and let @ be the element of {0,1}\
{w}. By the ordering (4.9) of the atoms, o}’; 4 a}’; implies of’; 4 a}’; and elther

i.j» for all cases except

{{i, 7}, w), ({k, 1}, w)} < and covers a;’; and @y}, in which case we take af J/ =

at), and § = {({i, 3}, w), ({1}, w)}, or {{{i. 3}, @), ({51}, w)} < 7 and covers af,
and aj;, in which case we take o J/ =a; and § = {({i,j},w), {k,1},w)}.

We also have to show that any mterval [ i ] allows a recursive atom ordering
in which the atoms that come first are those that cover some o}, = a3;.

We also need to show that, given the ordering (4.9), [}, pt] satisfies the first
criterion of being a recursive atom ordering. We may identify

i, dh 1,0ty g} ~ [n—1]

and it is easily seen that [a;’;, 1¢] is isomorphic to a maximal interval [0, 1] in

P .- Thus checking the above step is readily done if we may order the atoms in
the same way as above. We only need to show that some way of ordering the atoms
of [a?jj, 1] in pairs as above satisfies that the first atoms are the ones covering some

atom a;f‘,’:j, - a}’;. After that we can proceed by induction.

We may assume that the length of [aj’;, u] is greater than 1, since otherwise
we are done. We may also assume that 0 < ¢ — w < n — 2, since if ¢ = w or
t = n — 2+ w the interval [a}’;, ;] is isomorphic to the interval [{7, j}, [n]] in the
poset of ordinary partitions. In the same way as above we see that any such interval
is is totally semimodular whereby any ordering of the atoms is a recursive atom
ordering. We may therefore freely order the atoms of [« Z“Jj,ut] so that the atoms
that come first are those that cover some atom less than of’; in the ordering (4.9).

Now the atoms are either of the form {({, j}, w), ({k, 1}, )} which we denote by
B, or of the form {({7,j, k},w + v)} which we denote by ﬁk, where v € {0,1}.

We have that i, covers some o/ ;, 4 ;’;, namely o7, = oek p e Aol

1,5

Since by the atom orderlng of [0, y1] we have that ag —| oy iff o ; 4 o, we have

1,57

that B}, covers some o ;, 4 aj; iff ﬂkl covers some oyl i 4 ;.

s where {¢,5'}y € {i, 4, k}.
Agama/ oo <1ffoe, ;1o Hence B coverssomeoz/ oo wffﬁk does.
Thus we may order the atoms of [aj’;, ] by first puttmg all pairs of atoms,
differing only in weight, covering some atom less than «;’; followed by all pairs of
atoms not covering any atom less than «;”;. Using the aforementioned identification

Slmllarlly we have that B may cover some o/ -, 7 a;’

[ ] = [0, 1], we just proceed by mductlon.
O

Theorem 4.10. Comso and Lies are Koszul.

Proof. By Lemma 4.8 IT%V allows a recursive atom ordering and therefore is CL-
shellable. The chain of implications (3.10) thus gives us that IV is Cohen-Macaulay.
Lemma 4.4 yields that this also is true for Il¢om,. By Lemma 2.10 we have that the
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set operad associated to Comy is a basic-set operad. Thus we may apply Theorem
3.9 and conclude that Coms is Koszul and so also its Koszul dual operad Lies. O

5. POINTED WEIGHTED PARTITIONS, Permso AND Prelies

In this section we will prove that PreLies is Koszul by considering its Koszul dual
operad Perms. To prove the Koszulness of Permy via Vallette’s poset method we
have to introduce a new kind of partitions, pointed weighted partitions. The poset
of such partitions combine properties of the poset of pointed partitions of [CV06]
and the poset of weighted partitions from the previous section. By this we obtain a
poset structure which keeps track of both the distinguished input and the number
of occurrences of A_and A in Permo. This process is completely analogous to what
we did in the previous section. We include it in detail for the sake of completeness.

Definition 5.1. Given a partition § = {By,..., Bs} of [n], then in a block B; =
{bi,... b} } one of the b} is pointed out. We denote this by p(B;) := bj. We
denote the set of pointed elements of a partition 3 by p(). We also assign a weight
w; to each block B;, with 0 < w; < k; — 1. The weight of the block is denoted
by w(B;) := w;. The weight of a partition 8 is w(8) := w(B1) + - + w(Bs).
A partition with this extra structure we call a pointed weighted partition and we
denote the set of pointed weighted partions of [r] by II>. The collection {II?*},,cn
is denoted by IIPV
Let n(3) be the number of blocks of 5. We define a partial order on II2¥ by

letting a < 3 if

(i) the partition of « is a refinement of the partition of 3,

(ii) p(8) C p(a) and

(iii) w(8) — w(a) < n(a) —n(s).
We call TV together with this partial order the poset of pointed weighted partitions.

Remark 5.2. We see that the covering relation < is given by a < (3 if

(i) the partition of « is a refinement of that of 3 obtained by splitting exactly
one block of § into two,
(i) p(8) C p(e) and
(ii)) 0 < w(@) - w(a) < 1.

We denote the maximal elements of II?™ by ps ¢, 0 < s,t < n—1, where the first
index is the pointed element and the second is the weight. Any element a of II2¥
can be described by o = {(A1,a1,w1), ..., (Am, @m,wm)} where {A;1,...Ap} is a
partition of {1,...,n}, a, = p(4,) and w, = w(A4,).

We observe that IIP¥ is a pure poset, i.e. all maximal chains have the same
length.

Remark 5.3. In Figure 4. the weight w of a block B = {by,...,b} is indicated
by b, 1, recall that we order the elements b; of a block in increasing order. The
pointed element b; is indicated by b;. E.g. the block {1,3} has weight 1 and the

element 3 is pointed out whereas the block {1,2} has weight 0 and the element 2
is pointed out.

Lemma 5.4. The poset llperm, is isomorphic to I1PY.

Proof. There is an obvious bijection between the elements of Ilpepm, (n) and T
where a block B = {by,...,b,} enriched with an element C}'; with i black prod—
uct(s) corresponds to the element in IIP¥ given by the same block B with weight ¢
and b; pointed out.

Now let a = {(A1,p1),- .., (Am,pm)} be a Perma-partition, then § covers « iff

B = {(AJ U Akaﬂ(/l\ijvpk))v (Alapl)v RN (A/JE)? cees (M)u RN (Amupm)}



12 HENRIK STROHMAYER

1=
™
|

FIGURE 4. The poset II5".

or

B8 = {(A; U Ag, p(As 93 0))s (A1, 91)s s (A5,05)s oy (Ak Da)s -+ (A i)}

or (3 is given as above but with p; and p; switching places in the operadic compo-
sition. The first case corresponds to increasing the weight by one when uniting two
blocks of a weighted partition and the second case to keeping it constant. Which
of p; and p;, that is grafted to the left leg of the corolla corresponds to which of
the pointed elements of the united blocks that stay pointed. This is precisely the
covering relation of IIP". O

As in the previous section we want to show CL-shellability of the maximal in-
tervals of the poset we study and again we do this by showing that they allow a
recursive atom ordering. The proof combines the arguments of Lemma 4.8 and
Lemma 1.10. of [CV06].

Lemma 5.5. Any mazimal interval [0, pis ;] of TIZY allows a recursive atom order-
mng.
Proof. Since IIPY is pure, [(A),,usﬁt] is graded. Now suppose the length of [0, s.t] 1s
greater than 1, otherwise we are done. We may also assume that 0 <t < n — 1,
since if not, we have that [0, u ;] is isomorphic to the interval [0, i) in the poset of
pointed partitions IT2. By [CV06] any such interval is totally semimodular. Thus
by Theorem 5.1 of [BW83] any ordering of the atoms is a recursive atom ordering.
When denoting pointed weighted partitions we will supress the blocks only con-
taining one element e.g.

({3} pow), (U, 11, 0w} = ({6, 3}y w), (B, 13,50, ({13,1,0), ...,
({i},4,0),... ({G 1 4,0), ..., <{k/},?,o>,...,<{ﬁ,z\70>,...,<{n}7n,o>}.

Denote the atom {({,5},p,w)} by of;", where the first upper index indicates the

pointed element and the second the weight.
We claim that any ordering of the form

P10 p1,1 p2,0 p2,1 pr,0 pr,1
(5'6) Y n W n Xis 42 B alz J2 A4 Qi n Qi
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fullfills the second criterion of being a recursive atom ordering, with o + 8 meaning
that (8 is greater than « in the atom ordering.
Let afy"" and o} be distinct atoms with of ;" 4 %" and suppose

a7, azzl’wz < 7 We want to show that there is a 5 <~ and a ap ’w - b
such that § > az, i ,azQZ’wz We have three main cases to consider.

(i) {i,j}={Fk,1}. Since the length of [0, y1s¢] is greater than 1 there must be
at least one m € [n]\ {7,j} such that {i,j,m} is a subset of a block B

in y. Then ¢ = {({i,7,m},p,w)} is an element covering both af*** and
s and which is less than «, where p and w depend on in which of three

subcases we are:

(a) p1 =p2 and w1 # we: p = p(B) if p(B) = p; or p(B) = m otherwise
any of them, and w = max(q, v).

(b) p1 # p2 and w; = we: p = m and w = wy if w(B) = w; and
w = wi + 1 otherwise.

(¢) p1 # p2 and wy # we: p=m and w = max(wy, ws).

(i) {i,4} n{k,1} = {m}, for some m € {i,j}. Let n be the element of {k, 1} \
{m}. Since both atoms are less then v we must have that {i,j,n} is
a subset of a block B in . Then § = {({i,j,n},p,w)} is an element
covering both o' and of*"? and which is less than +, where p and w
depend on in which of four subcases we are:

(a) p1 = p2 and wy; = wa: p = p1 = m, and w = wy if w(B) = w; and
w = wi + 1 otherwise.

(b) p1 = p2 and wy # we: p = p; = m and w = max(wy, wa).

(¢) p1 # p2 and wy = wa: pis any of p; and pe, and w = wy if w(B) = w;
and w = wy + 1 otherwise.

(d) p1 # p2 and wy # we: p is any of p; and po, and w = max(wy, ws).

(iii) {é,5} N{k,1} = 0. Here we have two subcases:

(a) w1 # wz: & = {({4,j},p1,w1), ({k, 1}, p2,w2)} covers both afy™* and
o™ and will always be less than or equal to any -y greater than
both atoms.

(b) w1 = wa: By the ordering of the atoms ofy™ 4 %™ implies

a”)lj’wl 4 a;%"*, where wy is the element in {0, 1} \ {w1}. Now since

apy o™ < v either 6 = {({i, 5}, p1,w1), ({k, 1}, p2,w2)} < 7 or

p1,w1

6 = {({i, 5}, p1, ), ({k,1}, pa,wa)} < v, where & covers ot and

P1,W1 ;Dzywz
]

Pp2,W2

o, whereas 5 covers o and oy

We also need to show that, given an ordering of the form (5.6), any interval
[af_g”, ws,¢] satisfies the first criterion of being a recursive atom ordering. We may
identify

i, dh 1,0ty g n) ~ [n—1]

and we see that [of’ " ¥, 15 ¢] 1s isomorphic to a maximal interval [0 Mgt p—ap] I TIDY
where s’ is the appropriate pointed element after the above identification. Thus
checking the above step is readily done if we may order the atoms in the sarne way
as above. We only need to show that some way of ordering the atoms of o ¢ Y s t]
in parrs as above satisfies that the first atoms are the ones covering some atom
o Aal”. After that we can proceed by induction.

We may assume that the length of o J , s, is greater than 1, since otherwise we
are done. We may also assume that 0 < t—w < n—2,sinceift =wort=n—2+w
then by the same argument as above the interval is totally semimodular whence
it follows that any ordering of the atoms is a recursive atom ordering. Thus we
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may order the atoms of [af J , Whs,t] in accordance with the first criterion of being a
recursive atom ordering.

Now the atoms are either of the form {({¢, j},p, w), ({k,1}, ¢, v) } which we denote
by B/ or of the form {({i, j, k}, ¢, w+v)} which we denote by 3", where v € {0, 1}.
Let © be the element of {0,1} \ {v}.

We have that 3"/ covers some ozp ;” 4 o}, namely ap/’?” = ayy, 1ff apy A
o;’;’. Since by the atom ordering of [0 ps,¢] we have that af 4 o iff a4 ozf]w,

we have that 3] covers some o, ?f’ o iff ﬁkl covers some aj,’ 3’ = ap’J )
P, ; ' p,w y

Similarily we have that " may cover some o) j, 4o, Where {z 7'} C

{1, 4, k} Again of, ?‘,’ o iff of ,’71,’ 4 a}’". Hence 8" covers some oy, 7‘,’ b

i,j
iff " does.

Thus we may order the atoms of [of i ¥ 1s¢] by first putting all pairs of atoms,
differing only in weight, covering some atom less than ol followed by all pairs of
atoms not covering any atom less than of”". Using the aforementloned identifica-

tion [}, p1s 4] = [0, f1s +—w], we just proceed by induction.
O

Theorem 5.7. Permso and PreLlies are Koszul.

Proof. Using Lemma 5.5, Lemma 2.10 and Lemma 5.4 the proof is completely
analogous to the proof of Theorem 4.10. O
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