ISSN: 1401-5617

The Module of Derivations Preserving a Monomial Ideal

Yohannes Tadesse

Research Reports in Mathematics Number 10, 2007

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2007/10

Date of publication: November 26, 2007 2000 Mathematics Subject Classification: Primary 13N15, Secondary 16S32, 16D25. Keywords: Module of Derivations on a Monomial Ideal.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

On the Module of Derivations Preserving a Monomial Ideal

Yohannes Tadesse

December 18, 2007

Dissertation presented to Stockholm University in partial fulfillment of the requirements for the Degree of Licentiate of Philosophy (Filosofie licentiatexamen), to be presented on Tuesday, 2007-12-18 at 10:15 in Room 306, Building 6, Department of Mathematics, Stockholm University (Kräftriket).

Principal Advisor: Rolf Källström Second Advisors: Rikard Bøgvad and Demissu Gemeda

Stockholm University, 2007

Let I be a monomial ideal in a polynomial ring A = k[x_1, · · · , x_n] over a field k of characteristic 0 and m be the graded maximal ideal of A. An explicit geometric description of the structure of the module T_{A/k}(I) of kderivations of A preserving I is given, building on [1]. If ∇_A denotes the A-algebra generated by the operators x_1∂_{x1} , ..., x_n∂_{xn} , we note that any ∇_Asubmodule of A, which is the same as a monomial ideal, is cyclic. We show that T_{A/k}(I) preserves the integral closure of a monomial ideal and also, in the two variables case, that it preserves the multiplier ideals of I. Let Δ_A(I) denote the A-algebra generated by T_{A/k}(I). We study the problem of finding minimal sets of monomial generators of the Δ_A(I)-module I, and determine the canonical cyclic generators of I. If I is m-primary and satisfies a certain condition, we prove l_{ΔA(I)}(A/I^l) = dim_k(A/I^l).

Acknowledgment

I would like to express my deepest gratitude towards my advisors Rolf Källström and Rikard Bøgvad for introducing this subject to me and all their support during this work. Without their valuable ideas and encouragement I would not have gone this far. I am deeply grateful to Rolf for our pleasant brainstorming meetings and for his accurate perusal of the innumerable version of my thesis. Apart from that, I want to give my special thanks to Rikard for he is the reason where I am today. I wish to thank Demissu Gemeda for encouraging me to be part of this project and taking care of all the administrative matters in Addis.

I wish to thank the International Program of Mathematical Sciences (IPMS) for the fellowship which enabled my visits to Stockholm University, without which this work would not have been possible.

There are also other people who contributed to the success of this thesis. My heartfelt thanks to you all:

To my whole family for everything you all have done for me. To all employees at the Department of Mathematics, Addis Ababa University, specially to Adinew Alemayehu for his total cooperation for the many things I asked and to the university adminstration for giving me the permission to study leave.

Finally, my time at Stockholm University has been a joy, thanks to all the wonderful employees and graduate students. It has been one heck of life experience for me. Tusen tack till alla.

Contents

Contents

1 Introduction 5 2 On the Ring of Differential Operators 7 2.1 Definition and Properties of D_A . . . . . . . . . . . . . . . . . 7 2.2 The Ring of Differential Operators on A = k[x_1, ..., x_n] . . . . 8 3 The Module of Derivations Preserving a Monomial Ideal 9 4 Preservation of Associated Ideals 14 4.1 Ratliff-Rush Closure of an Ideal . . . . . . . . . . . . . . . . . 15 4.2 Integral Closure of an Ideal . . . . . . . . . . . . . . . . . . . 15 4.3 Multiplier Ideals of a Monomial Ideal . . . . . . . . . . . . . . 17 5 Differential Reduction 22 6 Length of the Δ_A(I)-Module A/I^{l+1} 25

On the Module of Derivations Preserving a Monomial Ideal Yohannes Tadesse

1 Introduction

Differential operators are fundamental tools in many areas of mathematics. Unfortunately, their use in commutative algebra has often been ineffective due to the difficulty of computing rings of differential operators in general. Different attempts have been made remedy this situation [1,4,5,9,10,16,17, 19]. In this thesis we will take one small step in the study of such applications to monomial ideal theory.

Throughout this thesis k denotes a field of characteristic 0 and A is the polynomial ring k[x_1, . . . , x_n]. The ring D_A of differential operators on A, the Weyl Algebra, is

D_A = ∪^∞_{l=0}D^l_A,

where D^0_A = A and for l ≥ 1,

D^l_A = {δ ∈ End_k(A) | [δ, D^0_A] ∈ D^{l−1}_A }

where for δ_1, δ_2 ∈ D_A, [δ_1, δ_2] = δ_1δ_2 − δ_2δ_1 is the commutator. The set of all k-linear derivations on A is

T_{A/k} = {δ ∈ End_k(A) | δ(ab) = aδ(b) + bδ(a); ∀a, b ∈ A}.

This is clearly an A-submodule of D_A which moreover is a Lie algebra. For an ideal I of A, the module of I-preserving k-derivations is

T_{A/k}(I) = {δ ∈ T_{A/k} | δ(I) ⊆ I}.

This is also a Lie algebra. The subalgebra of D_A generated by A and T_{A/k}(I) is denoted by Δ_{A/k}(I). This is a subalgebra of the idealizer D_A(I) = {δ ∈ D_A | δ(I) ⊆ I} of I. Put ∇_{xj} = x_j ∂_{xj} and let ∇_A ⊂ D_A be the A-subalgebra generated by the ∇_{xj} , j = 1, ..., n.

We can now outline the content of this thesis. In section 2 we recall some generalities concerning the rings D_A and Δ_{A/k}(I). In Section 3, we consider the module of derivations preserving a monomial ideal I of A. The main result of P. Brumatti and A. Simis [1] is a precise description of T_{A/k}(I). It states that a derivation δ =

∑_n

j=1 f_j∂_{xj} of A preserves I if and only if f_j ∈ [I : [I : x_j]] for all j = 1, ..., n. We refine their result by describing the ideals [I : [I : x_j]] in a geometric way as follows. Let H_j be the coordinate hyperplane x_j = 0 in the real space R^n and e_j = (0, ..., 0, 1, 0, ..., 0) be the standard basis element of R^n. Let I be a monomial ideal of A having {X^{α1} , ..., X^{αt} } as its

1 Introduction

unique minimal set of monomial generators where we write X^{αi} for a monomial x^{ai1}_1 ...x^{ain}_n , i = 1, ..., t, and put exp(I) = {α ∈ Z^n_{≥0} | X^α ∈ I}. Then we prove:

(1) If H_j ∩ exp(I) = ∅, then [I : [I : x_j ]] = (x_j), for j = 1, ..., n.

(2) If H_j ∩ exp(I) ≠ ∅, then [I : [I : x_j]] = (x_j ) + I_{xj} , where j = 1, ..., n and I_{xj} := t⋂ i=1 (X^{αi −aij ej} ) ∩ ({X^{αl−alj ej} : a_{lj} < a_{ij} }^t_{l=1}) X^{αi−aij ej} . (3) T_{A/k}(I) = (∇_{x1} , ..., ∇_{xn} ) + ∑ I_{xj} ∂_{xj}

where the sum runs through all j = 1, ..., n for which H_j ∩ exp(I) ≠ ∅.

Note that H_j ∩ exp(I) = ∅ if and only if I = x_jI^′ for some monomial ideal I^′. This description of T_{A/k}(I) is basic to all our results.

For a (monomial) ideal I in A, Ī denotes the integral closure and Ĩ the Ratliff-Rush closure of I. For a rational number r > 0 let I(r · I) denotes the multiplier ideal of I (see section 4 for the precise definitions). In section 4 we prove the following inclusions for monomial ideals:

(1) T_{A/k}(I) ⊆ T_{A/k}(I^l) for all l ∈ Z_{>0} where equality holds if I = [I^l :

I^{l−1}],

(2) T_{A/k}(I) ⊆ T_{A/k}(Ĩ),

(3) T_{A/k}(I) ⊆ T_{A/k}(Ī),

(4) T_{A/k}(I) ⊆ T_{A/k}(I(r · I)).

Here the inclusions in (1) and (2) are elementary and the argument applies to any ideal, while (3) can be proven using the blow-up of I [10], moreover, a proof of (4) is indicated in [loc. cit]. Here a simple and direct proof of (3) is given for monomial ideals. The inclusion (4) is proved in the two variable case A = k[x, y]. The proof, which is based on Howald’s description of I(r · I) in [6], is perhaps the most technical part of the thesis.

Section 5 deals with differential reductions of a monomial ideal I, that is an ideal J contained in I such that Δ_A(I) · J = I. Alternatively, we are looking for generators of I as Δ_{A/k}(I)-module. We are in particular interested in minimal differential reductions, i.e. a minimal set of generators. We note that monomial ideals, which are the same as ∇_A-modules, are always cyclic; this is surely known, but we have included a proof for the lack of suitable reference. A procedure for computing the unique minimal monomial differential reduction of I is given. Assume that J is the minimal monomial differential reduction of I generated by the unique set of monomials {X^{α1} , ..., X^{αt} }. Following from the result in section 3, we prove that any minimal differential reduction of I is a principal ideal generated by a polynomial of the form,

f(X) = t∑ i=1 k_iX^{αi} where k_1, ..., k_t ∈ k \ {0}.

Note that any cyclic generator f of the Δ_A(I)-module I will have at least t non-zero monomial terms.

Denote the graded maximal ideal of A by m. Section 6 deals with the length of the Δ_A(I)-module A/I^l where I is an m-primary monomial ideal. It is easy to see that l_{ΔA(I)}(A/I^l) ≤ dim_k(A/I^l).

We prove that equality holds if x_i /∈ I_{xj} for all i, j = 1, ..., n. Moreover, if I = m^d for an integer d > 0, then l_{ΔA(m)}(A/I^l) = dl, hence in this case we do not get equality.

2 On the Ring of Differential Operators

Definitions and properties stated in this section can be found in e.g. [9, 12].

2.1 Definition and Properties of D_A Let k be a commutative domain containing the field Q of rational numbers and A be a commutative k-algebra of finite type. Every element a ∈ A defines a k-linear endomorphism ϕ_a : A → A by ϕ_a(x) = ax. For any δ ∈ End_k(A), we write aδ and δa for ϕ_aδ and δϕ_a respectively. The ring D_A of differential operators on A is defined by D_A = ∪^∞_{l=0}D^l_A, where D^0_A = A and for l ≥ 1, define D^l_A = {δ ∈ End_k(A) | [δ, D^0_A] ∈ D^{l−1}_A } where for δ_1, δ_2 ∈ D_A, [δ_1, δ_2] = δ_1δ_2 − δ_2δ_1 is the usual commutator. This definition gives the structure of a filtered ring, since D^l_A ⊆ D^{l+1}_A , and D^l_AD^r_A ⊆ D^{l+r}_A for all l, r ≥ 0.

The order of an element δ ∈ D_A is the least non-negative integer l such that δ ∈ D^l_A. Clearly D_A is an A-module with the action defined in a natural way. The set of all k-linear derivations on A is defined by

T_{A/k} = {δ ∈ End_k(A) | δ(ab) = aδ(b) + bδ(a); ∀a, b ∈ A}.

This too is an A-submodule of D_A, for if δ ∈ T_{A/k} and a ∈ A, then [δ, a] = δ(a). It is also a Lie-algebra with the Lie bracket as the above commutator.

For an ideal I of A, the set of I-preserving k-derivations is

T_{A/k}(I) = {δ ∈ T_{A/k} | δ(I) ⊆ I}.

This is a submodule of T_{A/k} and we have I · T_{A/k} ⊆ T_{A/k}(I). The idealizer of I is the subalgebra D_A(I) = {δ ∈ D_A | δ(I) ⊆ I} ⊆ D_A. The subalgebra of D_A generated by A and T_{A/k}(I) is denoted by Δ_A(I). The filtration of D_A induces a filtration on Δ_A(I) and D_A(I):

Δ^l_A(I) = D^l_A ∩ Δ_A(I) ⊆ D^l_A(I) = D^l_A ∩ D_A(I) ⊆ D^l_A.

2.2 The Ring of Differential Operators on A = k[x_1, ..., x_n] In this sub-section we recall few properties of terms defined above when A = A = k[x_1, ..., x_n]. Then D_A is the Weyl Algebra, that is the free associative algebra

k < x_1, x_2, ..., x_n, ∂_{x1} , ..., ∂_{xn} >

modulo the relations x_ix_j −x_j x_i = ∂_{xi} ∂_{xj} −∂_{xj} ∂_{xi} = 0 and ∂_{xi} x_j −x_j ∂_{xi} = δ_{ij} where δ_{ij} is the Kronecker delta and we write ∂_{xj} in place of^∂_{∂xj} . For α = (a_1, a_2, ..., a_n) ∈ Z^n_{≥0}, denote the differential operator^{∂a1}_{∂x}a_{11}^{∂a2}_{∂x}a_{22} ...^{∂an}_{∂x}a_{nn} simply by ∂^α. The non-commutative k-algebra D_A has the k-basis

{X^α∂^β | β, α ∈ Z^n_{≥0}}.

It follows that D_A is provided with a Z^n_{≥0}-grading, where the degree of an operator X^β ∂^α is β − α. It also follows that T_{A/k} ∼= ⊕^n_{j=1}A∂_{xj} is a free A-submodule and that the k-algebra D_A is generated by A and T_{A/k}.

If I is an ideal and B = A/I, then we have an isomorphism

T_{B/k} ∼= T_{A/k}(I)/I · T_{A/k},

see e.g. [1, 17]. The idealizer D_A(I) is the largest subalgebra of D_A containing I · D_A as a two sided ideal, and we have an isomorphism D_B ∼= D_A(I)/I · D_A, see e.g. [16, Theorem 1.6].

Let I = (X^{α1} , ..., X^{αt} ) be a monomial ideal. In [19], the following assertions are proven:

(1) ∩^t_{i=1}D_A(X^{αi} A) is Noetherian,

(2) D_A(I) and D_{A/I} are right Noetherian,

(3) D_A(I) is left Noetherian if and only if I is principal.

If I is a squarefree monomial ideal, then the structure of D_A(I) and D_{A/I} are given in [5, 18] as

D_A(I) = ⨁ α [I : [I : X^α]]∂^α and D_{A/I} = ⨁ α [I : [I : X^α]] I ∂^α

with examples showing that these descriptions need not hold if I is not a squarefree. Note also that Δ_A(I) is a finitely generated algebra but D_A(I) is far from being finitely generated, [18, Example 4.3]. This is a reason to study Δ_A(I)-modules instead of D_A(I)-modules.

Lemma 2.1. If I is a monomial ideal, then ∇_A ⊆ Δ_A(I) and equality holds if √ I = (x_1x_2 · · · x_n).

Proof. Clearly ∇_{xi} ∈ Δ_A(I). Assume that √ I = (x_1x_2 · x_n) and X^α∂^β ∈ Δ_A(I) where α = (a_1, ..., a_n) and β = (b_1, ..., b_n). It suffices to show that α − β ∈ Z^n_{≥0}. Assume that there exists j such that a_j − b_j < 0. Let X^θ be a monomial where θ = (c_1, ..., c_n), c_j > 0 is the minimum exponent of x_j such that X^θ ∈ I. Then X^α∂^β (x^{bj −aj −1}_j X^θ) = k_0^{Xα+θ−β−ej}_{xaj −bjj} /∈ I, for

some k_0 ∈ k, since the exponent of x_j in this monomial is c_j − 1. Hence ∇_A ⊆ Δ_A(I) ⊆ ∇_A.

3 The Module of Derivations Preserving a Monomial Ideal

Let I be a monomial ideal in A. We frequently use the fact that there exists a unique minimal set of monomials {X^{α1} , X^{α2} , ..., X^{αt} } generating I. To make our work easier we denote X^{αi} = x^{ai1}_1 x^{ai2}_2 ...x^{ain}_n for each i = 1, ..., t. We alternatively denote a monomial by either X^β or x^{b1}_1 x^{b2}_2 ...x^{bn}_n and the total degree of X^β = x^{b1}_1 x^{b2}_2 ...x^{bn}_n by |β| = b_1 + b_2 + ... + b_n. To every monomial ideal I, the set

(3.1) exp(I) = {β | X^β ∈ I } ⊆ Z^n_{≥0}.

associates the set of multi-degrees of monomials which belong I with points in Z^n_{≥0}. Note that each monomial term of a polynomial f ∈ I is a product of some X^{αi} , (i = 1, ..., t) and some other monomial term, hence a polynomial belongs to I if and only if each of its monomial terms belongs to I.

For any j = 1, ..., n, we denote the coordinate hyperplane of R^n by H_j = {(x_1, x_2, ..., x_n) ∈ R^n_{≥0} | x_j = 0} and {e_1, ..., e_n} is the standard basis

3 The Module of Derivations Preserving a Monomial Ideal

of the real vector space R^n. For a monomial X^β we define supp(X^β ) = {x_j | x_j divides X^β}. The following lemma suggests that for a monomial ideal I, to study the module structure and certain properties of T_{A/k}(I), it suffices to work with derivations of the form X^{βj} ∂_{xj} for some monomial X^{βj} ∈ A and j = 1, ..., n. It is a precise formulation of a part of [1, Theorem 2.2.1].

Lemma 3.1. Let I be a monomial ideal, for j = 1, ..., n define polynomials f_j = ∑ θ_j ∈Ω_j kθj X θ_j ∈ A, where k θ_j ≠ 0, as a sum of distinct monomial

terms. Then a derivation δ =

∑_n j=1 f_j∂_{xj} ∈ T_{A/k}(I) if and only if X^{θj} ∂_{xj} ∈ T_{A/k}(I) for all j = 1, ..., n and for all multi-degrees θ_j ∈ Ω_j.

Proof. The converse is easy to see. Assume δ =

∑_n j=1 f_j∂_{xj} ∈ T_{A/k}(I).

Then for any g ∈ I, we have δ(g) =

∑_n j=1 f_j∂_{xj} (g) ∈ I. In particular for any monomial X^α ∈ I one has

∑_n

j=1 f_j∂_{xj} (X^α) ∈ I. Now assume that there exists θ_j ∈ Ω_j and a monomial X^α ∈ I such that X^{θj} ∂_{xj} (X^α) /∈ I. Then write

δ(X^α) = n∑ j=1 ∑ θ^′_j ∈Ω^′_j

k_θ′_j X^{θ′j}

X^α x_j + n∑ j=1 ∑ θ^{′′}_j ∈Ω^{′′}_j

k_θ′′_j X^{θ′′j}

X^α x_j

∈ I.

Here^{Xα}_{xj} is defined to be 0 when ∂_{xj} (X^α) = 0. In the first double-sum we have collected all monomial terms which belong to I and in the second we have all monomial terms which may not belong to I. Since X^{θ′j Xα}_{xj} ∈ I we have X^{θ′j} ∂_{xj} (X^α) ∈ I for all θ^′_j ∈ Ω^′_j. Since also the second double-sum belongs to I but by assumption none of its monomial terms belongs to I, it follows that_n ∑ j=1 ∑ θ^{′′}_j ∈Ω^{′′}_j

k_θ′′_j X^{θ′′j}

X^α x_j

= 0.

Since for each j = 1, ..., n,^{Xα}_{xj} is a fixed monomial multiplying different monomial terms of f_j, the above equation implies n∑ j=1 ∑ θ^{′′}_j ∈Ω^{′′}_j

k_θ′′_j

X^{θ′′j} x_j

= 0.

This equation holds if and only if x_j ∈ supp(X^{θ′′j} ). Hence X^{θ′′j} ∂_{xj} (X^α) = X^{θ′′j −ej} ∇_{xj} (X^α) ∈ I for all θ^{′′}_j ∈ Ω^{′′}_j resulting in a contradiction.

The following proposition is another version of a result due to P. Brumatti and A. Simis [1, Theorem 2.2.1]. It gives us a more geometric structure of [I : [I : x_j]]. In particular, if H_j ∩ exp(I) ≠ ∅, then the ideal I_{xj} (≠ 0) has an important role in studying modules over Δ_A(I) in the remaining sections of the thesis. Note that H_j ∩ exp(I) = ∅ if and only if I = x_jI^′ where I^′ = [I : x_j ].

3 The Module of Derivations Preserving a Monomial Ideal

Proposition 3.2. Let I ⊆ A be a monomial ideal.

(1) If H_j ∩ exp(I) = ∅, then [I : [I : x_j]] = (x_j ), for j = 1, ..., n.

(2) If H_j ∩ exp(I) ≠ ∅, then [I : [I : x_j ]] = (x_j) + I_{xj} , where j = 1, ..., n and (3.2) I_{xj} = t⋂ i=1 (X^{αi−aij ej} ) ∩ ({X^{αl −alj ej} : a_{lj} < a_{ij} }^t_{l=1}) X^{αi −aij ej} .

(3) T_{A/k}(I) = (∇_{x1} , ..., ∇_{xn} ) + ∑ I_{xj} ∂_{xj}

and the sum runs through all j = 1, ..., n for which H_j ∩ exp(I) ≠ ∅.

Before proving the proposition, we note that if H_j ∩ exp(I) = ∅, then I_{xj} = (0), and if H_j ∩ exp(I) ≠ ∅, then the generators of the ideal I_{xj} are monomials in the polynomial ring k[x_1, ..., x̂_j , ..., x_n]. This is because of the following: In the former case, consider a point β = (b_1, ..., b_n) ∈ exp(I) such that b_j ≤ a_{ij} for all i = 1, ..., t. Now for any monomial 0 ≠ X^θ ∈ A with x_j /∈ supp(X^θ) we have X^θ∂_{xj} (X^β ) = b_j X^{β+θ−ej} /∈ I, implying that the k-derivation X^θ∂_{xj} /∈ T_{A/k}(I). In the later case, it could be seen from the definition of I_{xj} that for any monomial generator X^β of I_{xj} , one has x_j /∈ supp(X^β ).

Proof. (1): Note that [I : x_j] = (X^{α1−ej} , X^{α2−ej} , ..., X^{αt −ej} ). Since H_j ∩ exp(I) = ∅, each of X^{αi−ej} ∈ A are monomials i = 1, ..., t; and x_j[I : x_j] ⊆ I ⇒ (x_j ) ⊆ [I : [I : x_j ]]. To show that equality holds, consider β = (b_1, ..., b_n) ∈ exp(I) such that b_j ≤ a_{ij} for all i = 1, ..., t. Then β − e_j ∈ exp(I : x_j )\ exp(I). Therefore, for any monomial 0 ≠ X^θ ∈ A with x_j /∈ supp(X^θ) (i.e. x^θ /∈ (x_j)), one has X^θx^β /∈ I, for otherwise it will contradict the minimality of a_j. Thus, X^β /∈ [I : [I : x_j ]]. (2): Clearly (x_j ) ⊆ [I : [I : x_j ]]. By construction of I_{xj} a monomial X^θ ∈ I_{xj} if and only if θ + β − e_j ∈ exp(I) for all X^β ∈ I with x_j ∈ supp(X^β ) and this is equivalent to θ ∈ exp([I : [I : x_j]]), hence (x_j ) + I_{xj} ⊆ [I : [I : x_j ]]. Conversely, If X^θ ∈ [I : [I : x_j ]] where x_j ∈ supp(X^θ), then X^θ ∈ (x_j ) and if x_j /∈ supp(X^θ), then by definition θ ∈ exp([I : [I : x_j]]) if and only if θ + β − e_j ∈ exp(I) for all X^β ∈ I implying that X^θ ∈ I_{xj} . (3): Assume that X^β∂_{xj} ∈ T_{A/k}(I). If x_j ∈ supp(X^β ), then X^β ∂_{xj} ∈ (∇_{x1} , ..., ∇_{xn} ). And if x_j /∈ supp(X^β ), then X^βX^{αi′ −ej} ∈ I for every i^′ = 1, ..., t. In particular, there exists an i ∈ {1, 2, ..., t} having the property that a_{ij} is the maximum of all a_{lj} ’s, l = 1, ..., t, such that a_{ij} > a_{lj} and that X^β X^{αi−ej} = X^{θl} · X^{αl} for some monomial X^{θl} . Thus X^β =^{Xαl−alj ej}_{Xαi−aij ej} X^{θl′} for some monomial X^{θl′} . On the other hand assume that X^β ∈ (x_j ) + I_{xj} is a monomial. If x_j ∈ supp(X^β ), then obviously X^β ∂_{xj} ∈ T_{A/k}(I). Suppose

3 The Module of Derivations Preserving a Monomial Ideal

otherwise, then X^β ∈ I_{xj} which implies X^β = X^{αl′ −al′j ej} · X^{θl′} for every l^′ = 1, ..., t, and for some monomial X^{θl′} . Now for a monomial generator X^{αi} of I, if x_j /∈ supp(X^{αi} ), then X^β∂_{xj} (X^{αi} ) = 0 ∈ I; and if x_j ∈ X^{αj} , then choose the maximum l such that a_{ij} > a_{lj} . Finally X^β∂_{xj} (X^{αi} ) = X^β X^{αi−ej} = X^{αl−alj ej} X^{αi −ej} X^{θl′} = X^{αl} · X^{αi−(alj +1)ej} · X^{θl′} ∈ I.

It is interesting to see the structure of T_{A/k}(I) in the two variables case. Assume that I = (x^{a1} y^{b1} , x^{a2} y^{b2} , ..., x^{at} y^{bt} ) ⊆ A = k[x, y] is a monomial ideal, with a_i < a_{i+1} and b_i > b_{i+1} for each i = 1, 2, ..., t − 1. Then define the width w(I)_x and w(I)_y of I in the direction of x and y respectively by

w(I)_x = max{a_{i+1} − a_i}^t_{i=1} and w(I)_y = max{b_i − b_{i+1}}^{t−1}_{i=1}.

It is easy to see from (3.2) and the remark which follows that I_x = (y^{w(I)y} ), when H_x ∩ exp(I) ≠ ∅. Similarly I_y = (x^{w(I)x} ) when H_y ∩ exp(I) ≠ ∅. This gives the following corollary.

Corollary 3.3. Assume that A = k[x, y]. Consider a monomial ideal I = (x^{a1} y^{b1} , x^{a2} y^{b2} , ..., x^{at} y^{bt} ) ⊆ A, with a_i < a_{i+1} and b_i > b_{i+1} for each i = 1, 2, ..., t.

(1) If √ I = (xy), then T_{A/k}(I) = (∇_x, ∇_y).

(2) If I is (x)-primary, then T_{A/k}(I) = (∇_x, ∇_y, y^{w(I)y} ∂_x).

(3) If I is (y)-primary, then T_{A/k}(I) = (∇_x, ∇_y, x^{w(I)x} ∂_y).

(4) If I is (x, y)- primary , then T_{A/k}(I) = (∇_x, ∇_y, y^{w(I)y} ∂_x, x^{w(I)x} ∂_y).

x y

� � � �

� �

� � � �

� �

� �

�

� �

� �

�

� �

� �

� � � �

� �

� � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � � � (a_1, b_1) � � � x^{w(I)x} ∂_y �

� (a_i, b_i) � � � y^{w(I)y} ∂_x � � (a_t, b_t)

At this point we give some guideline how to compute T_{A/k}(I), where I = (X^{α1} , ..., X^{αt} ), X^{αi} = x^{ai1}_1 x^{ai2}_2 · · · x^{ain}_n for i = 1, ..., t. Since for any monomial X^β ∈ I we have ∇_{xj} (X^β ) = x_j∂_{xj} (X^β ) = k_0X^β if x_j ∈ supp(X^β ) and 0 otherwise, we get (x_j ). The ”non-trivial” set of derivations (i.e. the ones whose coefficients are in I_{xj} ), however, occur if there exists x_j /∈ supp(X^{αi} ) for some i = 1, ..., t. Let x_j be such a variable. Induce the ordering of the integers 0 = a_{1j} ≤ a_{2j} ≤ ... ≤ a_{tj} into ”ordering of the set {X^{αi} }^t_{i=1}” of monomials as X^{α1} ≺ X^{α2} ≺ · · · ≺ X^{αt} . Take X^{αi} with a_{ij} > 0, and look for all monomials X^β, with x_j /∈ supp(X^β ) such that X^β ∂_{xj} (X^{αi} ) = X^{β+αi−ej} ∈ I. This is equivalent to collecting all Z-linearly independent vectors β on the hyperplane plane x_j = a_{ij} − 1 with initial point α_i − e_j and terminal point at the boundary of exp(({X^{αl} | a_{ij} > a_{lj} }^t_{l=1}))∩(x_j = a_{ij} −1).

Example 3.4. Consider the ideal I = (x^4, x^2y^3, xy^4z, z^2) ∈ A = Q[x, y, z]. Then all I_x, I_y, I_z ≠ (0) since x /∈ supp(z^2) and y, z /∈ supp(x^3). We compute I_z and leave I_x and I_y to the reader. Consider the ordering x^4 ≺ x^2y^3 ≺ xy^4z ≺ z^2. Since ∂_z annihilates the first two monomials, there is nothing to be done. On the plane z = 1 − 1 = 0, (1, 0, 0) is the only vector we need which is associated with xy^4z; and on the plane z = 2 − 1 = 1, (1, 4, 0), (2, 3, 0), (4, 0, 0) are the vectors associated with z^2. Thus I_z = (x) ∩ (xy^4, x^2y^3, x^4) = (xy^4, x^2y^3, x^4). Then T_{A/Q}(I) = (∇_x, ∇_y, ∇_z) + [(z) ∩ (z^2, yz) ∩ (z^2, y^3z)]∂_x + [(x^2, z^2) ∩ (x, z)]∂_y + [(x) ∩ (x^4, xy^4, x^2y^3)]∂_z = (∇_x, ∇_y, ∇_z)+(y^3z, z^2)∂_x+(x^2, z^2)∂_y+(x^4, xy^4, x^2y^3)∂_z.

Example 3.5. Consider I = (y^8, x^2y^6, x^5y^4, x^7y^2, x^8y, x^{12}) ⊆ Q[x, y]. Then w(I)_x = 4, w(I)_y = 2 and T_{A/k}(I) = (∇_x, ∇_y) + (y^2)∂_x + (x^4)∂_y.

Proposition 3.6. A proper ideal I of A is a ∇_A-submodule if and only if it is a monomial ideal. Moreover, I is a cyclic ∇_A-module.

Consider the finite dimensional commutative Lie-algebra G generated by the ∇_{xj} . The fact that monomial ideals in A are the same as ∇_A-submodules is due to the fact that A is a semi-simple G-module. The argument below shows that all the monomial terms of a polynomial in I also belong to I.

Proof. Clearly, any monomial ideal is a ∇_A-module. Now assume that I is a proper ∇_A-submodule of A.

Claim 1. We show that any polynomial f ∈ I does not contain a constant term. Suppose that f =

∑_l i=1 k_{θi} X^{θi} + c_1 ∈ I for some non-zero c_1 ∈ k, k_{θi} ≠ 0 and θ_i = (b_{i1}, ..., b_{in}), i = 1, ..., l. First we prove by induction on l that every monomial term of f could be written as X^{θi} = δ_i(f) for some δ_i ∈ ∇_A.

Since each monomial term in f has different multi-degree, the rank of the matrix ( b_{11} b_{12} ... b_{1n} b_{21} b_{22} ... b_{2n} )

is 2 implying that there exists r < s = 1, ..., n such that A_{rs} = b_{1r}b_{2s} − b_{2r}b_{1s} ≠ 0. Assume that b_{1r}, b_{1s} ≠ 0 for otherwise since one of them, say b_{1r} is non-zero, we have ∇_{xs} (f) ∈ I. Hence by induction assumption, X^{θi} = δ_i∇_{xs} (f) for some δ_i ∈ ∇_A for all i = 2, ..., l. Now acting ∇_{xr} and ∇_{xs} on f we obtain,

(3.3) ∇_{xr} (f) = l∑ i=1 k_{θi} b_{ir}X^{θi} and ∇_{xs} (f) = l∑ i=1 k_{θi} b_{is}X^{θi} .

Solving the above two equations simultaneously to eliminate x^{θ1} gives:

(3.4) [b_{1s}∇_{xr} − b_{1r}∇x_s](f) = l∑ i=2,

k_{θi} (b_{1s}b_{ir} − b_{1r}b_{is})X^{θi} ∈ I.

By induction assumption we obtain X^{θi} = δ_i(f) for some δ_i ∈ ∇_A, i = 2, ..., l. Putting

δ_1 = 1 k_{θ1}

[b_{1s}∇_{xr} − b_{1r}∇_{xs} − ( l∑ i=2 k_{θi} (b_{1s}b_{ir} − b_{1r}b_{is})δ_i)] ∈ ∇_A

one obtains, X^{θ1} = δ_1(f). Hence c_1 = f −

∑_l i=1 k_{θi′} δ_i(f) ∈ I ⇒ I = A.

This contradicts the assumption that I is a proper ideal of A.

Claim 2. We prove that I is a monomial ideal. Now assume that I is generated by a minimal set {f_1, ..., f_t} of polynomials with f_i = ∑ α_i∈Ω_i kαi X α_i ,

k_{αi} ≠ 0 is an expression of each polynomial f_i as a k-linear combination of distinct monomials in a unique way. Let I^′ be the monomial ideal generated by the set {X^α | α ∈ ∪^t_{i=1}Ω_i}. It suffices to show that I = I^′. From the discussion above, one have I^′ ⊆ I. Conversely,

α_i ∈ Ω_i ⇒ X^{αi} ∈ I^′ for all α_i ∈ Ω_i ⇒ f_i ∈ I^′ ⇒ I ⊆ I^′.

Hence I = I^′ and I is a monomial ideal.

Finally assume X^{β1} , ..., X^{βr} is the unique minimal set of generators of I and consider the polynomial f(X) =

∑_r

i=1 X^{βi} ∈ I. Then there exists δ_i ∈ ∇_A such that X^{βi} = δ(f) ⇒ ∇_A(f) = I. This completes the proof.

4 Preservation of Associated Ideals

Let I be any ideal of a commutative Noetherian k-algebra A. Then I is a Δ_A(I)-submodule of A. It is natural to ask if certain natural operations on I results in new Δ_A(I)-modules. We will investigate this question in the case of monomial ideals, in relation to Ratliff-Rush closure, integral closure and the formation of multiplier ideals.

4 Preservation of Associated Ideals

4.1 Ratliff-Rush Closure of an Ideal Let A be a commutative Noetherian ring and I be an ideal of A. There exist ideals Ĩ which are maximal with respect to the property that Ĩ^l = I^l for large l. Ratliff and Rush proved [13, Theorem 2.1], that if I is a regular ideal (i.e. it contains a non-zero divisor), then there exists a unique largest such ideal. It can be expressed as Ĩ = ∪^∞_{l=1}[I^{l+1} : I^l] = [I^{L+1} : I^L] for L >> 0.

When I is not regular, the result fails [14]. If I is an m-primary ideal of a local ring (A, m, k), then the ideal Ĩ can also be characterized as the unique largest ideal containing I having the same Hilbert polynomial as I. The ideal Ĩ is the Ratliff-Rush closure of I. If I is a regular ideal such that I = Ĩ, then I is a Ratliff-Rush closed ideal. Results about these ideals can be found in [3, 13, 14, 20].

Proposition 4.1. Let A be a commutative k-algebra of finite type and I be an ideal of A.

(1) T_{A/k}(I) ⊆ T_{A/k}(I^l) for any integer l > 0. Moreover, Equality holds if I = [I^l : I^{l−1}].

(2) T_{A/k}(I) ⊆ T_{A/k}(Ĩ).

Proof. (1) The first part is clear. To prove the second part, if δ ∈ T_{A/k}(I^l) then for every a ∈ I, we have δ(a^l) = la^{l−1}δ(a) ∈ I^l hence δ(a) ∈ [I^l : I^{l−1}] = I. (2) Consider δ ∈ T_{A/k}(I) and a ∈ A such that aI^L ⊆ I^{L+1} for L >> 0, then ab ∈ I^{L+1} for some b ∈ I^L and by (1) δ(ab) ∈ I^{L+1}, hence bδ(a) = δ(ab) − aδ(b) ∈ I^{L+1}.

If I is a monomial ideal of A = k[x, y] and l > 0 is an integer, it is not obvious how w(I^l)_x and w(I^l)_y depend on l.

Corollary 4.2. If I ⊆ k[x, y] is a monomial ideal, then w(I)_x ≥ w(I^l)_x and w(I)_y ≥ w(I^l)_y and equality holds when I = [I^l : I^{l−1}].

Proof. This follows from Proposition 4.1 (1) and Corollary 3.3.

4.2 Integral Closure of an Ideal Given a commutative Noetherian ring A and an ideal I of A. An element x ∈ A is said to be integral over I if x satisfies the equation

(4.1) x^d + a_1x^{d−1} + ... + a_{d−1}x + a_d = 0 where a_i ∈ I^i and i = 0, 1, ..., d.

The set of all elements in A which are integral over I, denoted by Ī, is the integral closure of I. Moreover, I is integrally closed if Ī = I. The following lemma is Proposition 2.1.2 in [21].

4 Preservation of Associated Ideals

Lemma 4.3. Let I be a monomial ideal in A. Then Ī is also a monomial ideal. More precisely, a monomial X^β is in Ī if and only if (X^β )^l ∈ I^l for some integer l > 0.

Proof. For the proof that Ī is monomial ideal, see [loc.cit]. We prove only the second statement.Consider the equation of integral dependence (X^β )^d + f_1(X^β )^{d−1} + f_2(X^β )^{d−2} + ... + f_d = 0, where the f_i’s are polynomials in I^i. Since each I^i is a monomial ideal, considering the multi-degree deg((X^β )^d), we obtain an equation

(X^β )^d + k_1X^{θ1} (X^β )^{d−1} + ... + k_dX^{θd} = 0

for some monomial X^{θi} ∈ I^i, i = 1, ..., d and some k_1, ..., k_d ∈ k. Some coefficient k_l must be different from 0, thus (X^β )^d = k_0k_lX^{θd−l} (X^β )^l with X^{θd−l} ∈ I^{d−l} and k_0 ∈ k, so (X^β )^l ∈ I^l. Conversely, x^l − (X^β )^l = 0 gives us the equation of the integral dependence of X^β.

If I is a monomial ideal, the Newton Polytope of I denoted conv(I) consists of all points in R^n belonging to the convex hull of exp(I) [2, 7, 8, 21, 22].

In general it is difficult to use the integral dependence (4.1) to prove that T_{A/k}(I) ⊆ T_{A/k}(Ī). In [10] the inclusion is proved using the blow-up of I. Hence

(4.2) T_{A/k}(I) ⊆ T_{A/k}(Ĩ) ⊆ T_{A/k}(Ī) ⊆ T_{A/k}( √ I) where the last inclusion was first noted in [15]. We prove these inclusions for monomial ideals in a direct and elementary way.

Proposition 4.4. The inclusions in (4.2) hold for monomial ideals.

Proof. The first inclusion follows from Proposition 4.1. To prove the second, consider a monomial ideal J such that I ⊆ J ⊆ Ī. Let δ = X^{βj} ∂_{xj} ∈ T_{A/k}(J), and X^θ ∈ Ī = J̄ be a monomial with x_j ∈ supp(X^θ). Then (X^θ)^l ∈ J^l for some l > 0. By Proposition 4.1,

δ ∈ T_{A/k}(J^l) ⇒ δ((X^θ )^l) = l(X^θ)^{l−1}δ(X^θ) ∈ J^l.

Clearly δ((X^θ )^l) is a monomial. We have

X^{βj} ∂_{xj} [l(X^θ)^{l−1}X^{βj} ∂_{xj} (X^θ)] = δ[l(X^θ)^{l−1}δ(X^θ )] = l(l − 1)(X^θ)^{l−2}(δ(X^θ ))^2 + l(X^θ)^{l−1}δ^2(X^θ)

which is a monomial in J^l split into the sum of two monomials of the same multi-degree. It follows that l(l − 1)(X^θ )^{l−2}(δ(X^θ ))^2 ∈ J^l. Similarly,

δ[l(l−1)(X^θ )^{l−2}(δ(X^θ ))^2] = l(l−1)(l−2)(X^θ )^{l−3}(δ(X^θ )^3)+2l(l−1)δ(X^θ )δ^2(X^θ)

4 Preservation of Associated Ideals

is a monomial in J^l, hence l(l − 1)(l − 2)(X^θ)^{l−3}(δ(X^θ ))^3 ∈ J^l. Continuing this computation, we get l!(δ(X^θ ))^l ∈ J^l ⇒ (δ(X^θ ))^l ∈ J^l. Hence δ(X^θ ) ∈ J̄ = Ī, as required. To prove the last inclusion, assume that δ = Xβj ∂_{xj} ∈ T_{A/k}(Ī), and X^θ ∈ √ I be any monomial with x_j ∈ supp(X^θ). Then (X^θ)^l ∈ I ⊆ Ī for some l > 0 we have δ((X^θ )^l) ∈ Ī. A similar computation as above shows that (δ(X^θ ))^l ∈ Ī. Hence δ(X^θ) ∈ √ Ī = √I.

Remark 4.5. The inclusions in (4.2) can be strict. For T_{A/k}(I) ⊊ T_{A/k}(Ĩ) see [10]. For T_{A/k}(Ĩ) ⊊ T_{A/k}(Ī), consider the ideal I = (y^8, x^3y^5, x^7y, x^8) ⊆ Q[x, y]. Then Ĩ = I + (x^6y^2) (see [20]), and Ī = (x, y)^8. Thus y∂_x, x∂_y ∈ T_{A/k}(Ī) \ T_{A/k}(Ĩ). For the ideal I = (x^2, y^4) ⊆ Q[x, y], we have √ I = (x, y) and Ī = (x^2, xy^2, y^4). Then y∂_x, x∂_y ∈ T_{A/k}( √ I) \ T_{A/k}(Ī). This last inclusion fails if Char(A) = p > 0. Indeed, if I = Ī = (x^py^p), then √ I = (xy) and ∂_x, ∂_y ∈ T_{A/k}(Ī) \ T_{A/k}( √ I). Remark 4.6. Assume that Char k = p > 0. The second and the third inclusions in (4.2) hold if the generators of I satisfy the following conditions:

1. I is generated by monomials whose exponents are not divisible by p,

2. for Ī = (X^{α1} , X^{α2} , ..., X^{αt} ), and l_i = min{l ∈ Z_{>0} | (X^{αi} )^{li} ∈ I^{li} }, (1 ≤ i ≤ t), then l_i! is not divisible by p.

Let I be a monomial ideal and J = Ĩ or J = Ī. The following example shows that T_{A/k}(I) = T_{A/k}(J) does not imply I = J.

Example 4.7. Consider an ideal I = (x^2y^{12}, x^4y^{10}, x^7y^7, x^9y^5) ⊆ A = Q[x, y]. Then Ĩ = (x^2y^{12}, x^4y^{10}, x^6y^9, x^7y^7, x^9y^5), Ī = x^2y^5(x, y)^7, √ I = (xy) and I ⊂ Ĩ ⊂ Ī ⊂ √ I. By Corollary 3.3 T_{A/Q}(I) = T_{A/Q}(Ĩ) = T_{A/Q}(Ī) = T_{A/Q}( √ I) = (∇_x, ∇_y).

4.3 Multiplier Ideals of a Monomial Ideal

Given a smooth complex variety X and an ideal I of the structure sheaf O_X , one can attach to I a collection of multiplier ideals I(r · I) depending on a rational parameter r > 0. These ideals and the vanishing theorems they satisfy have found interesting applications in recent years. For a formal definition and properties of multiplier ideals, see [11]. Although multiplier ideals enjoy excellent formal properties, they are hard to compute in general. An important exception is for the case of a monomial ideal, whose multiplier ideals are described by a simple combinatorial formula by Howald [6].

Consider the standard topology on R^n. Given a set of lattice points P ⊆ Z^n_{≥0} ⊆ R^n_{≥0}, Int(P ) denote the interior of P with respect to this topology, and for any rational number r > 0 define

r · P = {rα | α ∈ P }.

4 Preservation of Associated Ideals

Given a monomial ideal I, we regard the Newton polytope conv(I) as a subset of the real vector space R^n.

Theorem 4.8. (Howald [6]) Let I be a monomial ideal, and let conv(I) be its Newton Polytope. Then I(r · I) is a monomial ideal containing the following set of monomials:

{X^α | α + (1, 1, ..., 1) ∈ Int(r · conv(I) ∩ Z^n_{≥0})}.

Example 4.9. The figure below shows the graphical description of I = (y^6, x^2y^3, x^5y, x^8) and I(r · I) = (y^8, xy^7, x^2y^5, x^3y^4, x^5y^3, x^6y^2, x^8y, x^{10}), where r =^{31}_{18} .

x y

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

�

� � �

⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄ ⋄

I I(r · I)

Proposition 4.10. If I ⊆ A = k[x, y] is a monomial ideal and r ≥ 0 is a rational number, then T_{A/k}(I) ⊆ T_{A/k}(I(r · I)).

Proof. If √ I = (xy), then by Corollary 3.3 T_{A/k}(I) = A∇_x + A∇_y, so the assertion easily follows from the fact that I(r · I) is a monomial ideal. Assume that √ I = (x, y). By Corollary 3.3 it suffices to prove

(4.3) w(I)_x ≥ w(I(r · I))_x and w(I)_y ≥ w(I(r · I))_y.

Since conv(I) = conv(Ī) implies I(r · I) = I(r · Ī), one can assume that I is integrally closed. Let P_0(a_0, b_0), P_1(a_1, b_1), ..., P_t(a_t, b_t), P_{t+1}(a_{t+1}, b_{t+1}) ∈ Z^2_{≥0} where 0 = a_0 < a_1 < ... < a_t < a_{t+1} and b_0 > b_2 > ... > b_t > b_{t+1} = 0 be coordinates of vertices of conv(I). For each i = 1, ..., t + 1, let P_i be the convex region in R^2_{≥0} bounded by the lines x ≥ a_i, y ≥ b_{i+1} and y ≥ m_i(x − a_i) + b_i, where m_i =^{bi+1−bi}_{ai+1−ai} < 0 (see the figure below). This definition gives us t convex subsets P_i of conv(I) corresponding to the different segments P_iP_{i+1}. Let I_{Pi} be a monomial ideal generated by

{x^ay^b | (a, b) ∈ P_i ∩ Z^2_{≥0}}.

4 Preservation of Associated Ideals

x y

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

� � � � � � � � � � � � � �

I_{Pi}

I(r · I_{Pi} ) �

�

(ra_i, rb_i)

P_i(a_i, b_i) � � �

� � � �

P_{i+1}(a_{i+1}, b_{i+1}) � �

(ra_{i+1}, rb_{i+1}) � � � � � � �

� � � � � �

By definition exp(I_{Pi} ) = conv(I_{Pi} ) ∩ Z^2_{≥0} = P_i ∩ Z^2_{≥0}, consequently I_{Pi} is integrally closed. Moreover, one can easily see that

(a, b) ∈ conv(I) ⇐⇒ a ≥ a_i, b ≥ b_{i+1} and b ≥ m_i(a − a_i) + b_i

for some i = 0, ..., t. Thus conv(I) = ∪^t_{i=0}conv(I_{Pi} ) = ∪^t_{i=0}P_i, and since I is integrally closed, it follows that I =

∑_t

i=0 I_{Pi} . By the definition of I_{Pi} , it is easy to see that

w(I)_x = max{w(I_{Pi} )_x}^t_{i=0} and w(I)_y = max{w(I_{Pi} )_y}^t_{i=0}.

(4.4)

The set r · conv(I) = {(ra, rb) | (a, b) ∈ conv(I)}

is an open convex region having boundary vertices (ra_0, rb_0), ..., (ra_{t+1}, rb_{t+1}), where for each i = 0, ..., t, the segments containing the pair [(a_i, b_i), (a_{i+1}, b_{i+1})] and [(ra_i, rb_i), (ra_{i+1}, rb_{i+1})], respectively, are parallel with slope m_i. By a similar agrement as above, one has r · conv(I) = ∪^t_{i=0}r · conv(I_{Pi} ), and since I(r · I) is integrally closed, I(r · I) =

∑_t

i=1 I(r · I_{Pi} ). Again it is clear that

w(I(r · I))_x = max{w(I(r · I_{Pi} ))_x}^t_{i=0} and w(I(r · I))_y = max{w(I(r · I_{Pi} ))_y}^t_{i=0}.

(4.5)

Because of (4.4) and (4.5) it follows that (4.3) holds if we prove

w(I_{Pi} )_x ≥ w(I(r · I_{Pi} ))_x and w(I_{Pi} )_y ≥ w(I(r · I_{Pi} ))_y

for all i = 0, ..., t. Therefore the proof will be complete with the lemma below.

4 Preservation of Associated Ideals

Lemma 4.11. Let (c, d), (e, f) ∈ Z^2_{≥0} such that c < e, d > f, m =^{f−d}_{e−c} < 0, P ⊆ R^2_{≥0} be a convex region bounded by the lines x ≥ c, y ≥ f and y ≥ m(x − c) + d, and I_P ⊆ k[x, y] be a monomial ideal generated by the set

{x^py^q | (p, q) ∈ P ∩ Z^2_{≥0}}.

Then

w(I_P )_x ≥ w(I(r · I_P ))_x and w(I_P )_y ≥ w(I(r · I_P )_y).

Proof. Let {x^{c1} y^{d1} , ..., x^{cs} y^{ds} } where c = c_1 < ... < c_s = e and d = d_1 > d_2 > ... > d_s = f be the unique minimal set of generators of I_P . Since I_P is integrally closed, either c_{i+1} −c_i = 1 or d_i −d_{i+1} = 1 [21]. Moreover, for each i = 1, ..., t one has 0 ≤ d_i −(m(c_i −c)+c) < 1. Let P = (c, d) and Q = (e, f) and the equation of the line joining them is y = m(x − c) + d(see the figure below). Let P^′ and Q^′ be the points with coordinates (rc, rd) and (re, rf) respectively and the equation of the line joining them is y = m(x − rc) + rd.

x y

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � �

�P

�

Q �

P^′

Q^′ r · I^o_P

�

Let r · I^o_P be the monomial ideal generated by the set

{x^py^q | (p, q) ∈ Int(r · conv (I_P )) ∩ Z^2_{≥0}}.

According to Theorem 4.8, x^{p−1}y^{q−1} belongs to I(r · I) if and only if x^py^q belongs to r · I^o_P , and x^py^q belongs to the minimal set of generators of r · I^o_P if and only if

(4.6) 0 < q − (m(p − rc) + rd) ≤ 1.

Hence

(4.7) w(I(r · I))_x = w(r · I^o_P )_x and w(I(r · I))_y = w(r · I^o_P )_y;

therefore it suffices to prove

w(I_P )_x ≥ w(r · I^o_P )_x and w(I_P )_y ≥ w(r · I^o_P )_y.

The proof of these inequalities is divided into three cases depending on the slope m. It is clear from the definitions of slope and the ideal I_P that

w(I_P )_x =

{_1 |m| if^1_m ∈ Z ⌊^1_{|m|} ⌋ + 1 if^1_m /∈ Z

w(I_P )_y = { |m| if m ∈ Z ⌊|m|⌋ + 1 if m /∈ Z

(4.8)

Case 1: m < −1. We show that w(I_P )_x = w(r · I^o_P )_x = 1. It is evident that w(I_P )_x = 1. Assume on the contrary that w(r · I^o_P )_x > 1. Let x^{pi} y^{qi} and x^{pi+1} y^{qi+1} be monomials in the minimal set of generators of r · I^o_P such that w(r · I^o_P )_x = p_{i+1} − p_i. Then

p_{i+1} − p_i > 1 ⇒ p_i = p_{i+1} − L_x − 1

for some L_x ∈ Z_{>0}. First we show that q_i −q_{i+1} = 1. If we assume otherwise, we will show that the lattice point (p_{i+1} − 1, q_i − 1) belongs to exp(r · I^o_P ), contradicting the assumption w(r·I^o_P )_x = p_{i+1}−p_i (see the left figure below).

x y

x y (p_i, q_i)�

� (p_{i+1}, q_{i+1})

� r · I^o_P (p_i, q_i)

(p_{i+1}, q_{i+1}) � � � r · I^o_P � � � � � � � � � �

To see this, by (4.6)

0 <q_i − (m(p_i − rc) + rd) = q_i − (m(p_{i+1} − L_x − 1 − rc) + rd) = q_i − (m(p_{i+1} − 1) − rc) + rd) + mL_x = (q_i − 1) − (m(p_{i+1} − 1 − rc) + rd) + mL_x + 1 ⇐⇒ 0 < −(mL_x + 1) < (q_i − 1) − (m(p_{i+1} − 1 − rc) + rd),

where the first inequality in the last line follows since m < −1. Hence

(p_{i+1} − 1, q_i − 1) belongs to exp(r · I^o_P ). Next again by (4.6),

0 < q_i − (m(p_i − rc) + rd) = q_{i+1} + 1 − (m(p_{i+1} − 1 − L_x − rc) + rd) = q_{i+1} − (m(p_{i+1} − rc) + rd) + (m + mL_x + 1) ⇐⇒ − (m + mL_x + 1) < q_{i+1} − (m(p_{i+1} − rc) + rd).

Since m+mL_x+1 < −1, this contradicts (4.6) (see the right diagram above). Therefore L_x = 0 and w(r · I^o_P )_x = p_{i+1} − p_i = 1.

To show w(r · I^o_P )_y ≤ w(I_P )_y: Suppose, on the contrary, that w(r · I^o_P )_y > w(I_P )_y. Let x^{pj} y^{qj} , x^{pj+1} y^{qj+1} be monomials in the minimal set of generators of r · I^o_P such that w(r · I^o_P )_y = q_j − q_{j+1} = w(I_P )_y + L_y for some integer L_y > 0. By (4.6) we have q_j − (m(p_j − rc) + rd) < 1 and by (4.8) we have 1 ≤ m + w(I_P )_y + L_y. Combining these inequalities we obtain

q_j − (m(p_j − rc) + rd) < m + w(I_P )_y + L_y ⇒ q_{j+1} − (m(p_{j+1} − rc) + rd) < 0

which results in a contradiction, since (p_{j+1}, q_{j+1}) ∈ exp(r · I^o_P ). Therefore, L_y = 0, and hence w(r · I^o_P )_y ≤ w(I_P )_y.

Case 2: m = −1. One can easily prove that w(I_P )_x = w(I_P )_y = w(r · I^o_P )_x = w(r · I^o_P )_y = 1. Clearly we have c + d = e + f, thus the minimal generating set of I_P contains elements of the form x^cy^d, x^{c+1}y^{d−1}, ..., x^{c+v} y^{d−v}, where e = c + v, f = d − v, v ∈ Z_{>0}, and they all belong to the line P Q. The result follows from the fact that the lines P Q and P^′Q^′ are parallel.

Case 3: −1 < m < 0. This follows by symmetry from case 1.

5 Differential Reduction

An ideal I of a k-algebra A can be considered as a Δ_A(I)-module. By Proposition 3.6, any ∇_A-submodule I of a A is a monomial ideal. Moreover, I is a cyclic ∇_A-module. In this section we construct a principal ideal J = (f) of A such that J ⊆ I and Δ_A(I) · J = I.

If J ⊆ I are ideals of a k-algebra A, then Δ^1_A(I) · J is an ideal of A lying between J and I. Similarly, Δ^l_A(I) · J ⊆ Δ^{l+1}_A (I) · J ⊆ I. Thus we have the following increasing sequence of ideals of A:

(5.1) Δ^0_A(I) · J ⊆ Δ^1_A(I) · J ⊆ Δ^2_A(I) · J ⊆ · · · ⊆ Δ^l_A(I) · J ⊆ · · · ⊆ I.

By the Noetherian property, there exists an integer L ≥ 0 such that Δ^L_A(I) · J = Δ_A(I) · J.

If J ⊆ I be ideals of A, then J is a differential reduction of I if Δ_A(I)·J = I. A differential reduction of I is called a minimal differential reduction if it is minimal with respect to inclusion.

5 Differential Reduction

If a differential reduction is generated by monomials, then it is monomial differential reduction. A minimal monomial differential reduction of I is a monomial ideal which is minimal among the monomial differential reductions of I.

Lemma 5.1. If J ⊆ I ⊆ A are monomial ideals, then so is Δ_A(I) · J.

Proof. By induction it suffices to prove that Δ^1_A(I) · J is a monomial ideal. By Proposition 3.2 we have T_{A/k}(I) =

∑_n

j=1((x_j ) + I_{xj} )∂_{xj} , where I_{xj} = (0) if H_{xj} ∩ exp(I) = ∅. Assume that Ω = {i_1, ..., i_r } ⊆ {1, ..., n} such that H_{xij} ∩ exp(I) ≠ ∅ for all j = 1, ..., r. Then T_{A/k}(I) · J =

∑_n j=1((x_j ) + I_{xj} )∂_{xj} (J) = J + ∑ i_j ∈Ω xij ∂xi_j (J) + ∑ i_j ∈Ω(Ixj )∂xj (J). We can see that

each of the ideals in the summand are monomial.

Remark 5.2. If I is a monomial ideal, then T_{A/k}(I) · I = I since ∇_{xj} ∈ T_A(I) for all j = 1, ..., n. Moreover, if √ I = (x_1x_2 · · · x_n), then I is the only monomial differential reduction of itself (Lem. 2.1).

Lemma 5.3. A monomial ideal I = (X^{α1} , ..., X^{αt} ) in A has a proper monomial differential reduction if there exists a derivation δ = X^β ∂_{xj} , where X^β ∈ I_{xj} for some j = 1, ..., n and i_1, i_2 = 1, ..., t with i_1 ≠ i_2, such that X^β X^{αi}1 = x_jX^{αi}2 .

Proof. If X^βX^{αi}1 = x_j X^{αi}2 , then δ(X^{αi}1 ) = k_0X^{αi}2 for some k_o ∈ k. The ideal J = ({X^{α1} , ..., X^{αt} } \ {X^{αi}2 }) is a proper monomial differential reduction of I.

Proposition 5.4. A monomial ideal in A has a unique minimal monomial differential reduction.

Proof. Let I = (X^{α1} , ..., X^{αt} ) ⊆ A be a monomial ideal. If √ I = (X), then I is the only monomial differential reduction of itself (c.f Remark 5.2). If there is no derivation δ = X^β ∂_{xj} where X^β ∈ I_{xj} and i_1, i_2 = 1, ..., t with i_1 ≠ i_2, such that X^β X^{αi}1 = x_j X^{αi}2 , then we assert that I is a minimal monomial differential reduction of itself. Supposing otherwise, we first define the monomial ideal J_1 = ({X^{α1} , ..., X^{αt} } \ {X^{αi}2 }). By Lemma 5.3, J_1 ⊆ I is a monomial differential reduction. By induction define a monomial ideal J_{l+1} generated by all monomials of J_l except those monomial generators X^{β2} of J_l such that X^β ∂_{xj} (X^{β1} ) = X^{β2} for some monomial X^β ∈ I_{xj} and some monomial generator X^{β1} of J_l. This gives a decreasing sequence

· · · ⊆ J_{l+1} ⊆ J_l ⊆ · · · ⊆ J_1 ⊆ I.

This sequence terminates after a finite number of steps since I is generated by a finite number of monomials. Now consider the monomial ideal J = ∩^∞_{l=1}J_l = J_{lo} for some l_o having the unique minimal set of generators X^{β1} , ..., X^{βr} . For any j = 1, ..., n by construction of J one has

5 Differential Reduction

X^θX^{βi′}1 ≠ x_j X^{βi′}2 for each X^θ ∈ I_{xj} and i^′_1 ≠ i^′_2 = 1, ..., r implying that if J^′ = ({X^{β1} , ..., X^{βr} } \ {X^{βi′} }) then X^{βi′} /∈ Δ_A(I) · J^′ ⊆ Δ_A(I) · J = I for all i^′ = 1, ..., r. Hence J is a minimal monomial differential reduction. Uniqueness follows from the construction.

Example 5.5. Consider the monomial ideal I = (y^7, xy^6, x^2y^4, x^5y^3, x^8y^2, x^{10}y, x^{12}) ⊆ Q[x, y]. Then T_{Q[x,y]/Q}(I) = (x, y^2)∂_x, +(x^3, y)∂_y (see the diagram below ).

x y

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � � � � � � � � �

� � � � � � J I

Since y^2(x^2y^4) = x(xy^5), x^3(x^2y^4) = y(x^5y^3) and x^3(x^5y^3) = y(x^8y^2); the minimal monomial differential reduction of I is J = (y^7, x^2y^4, x^{10}y, x^{12}).

Proposition 5.6. Let I be a monomial ideal in a A, and J be the unique minimal monomial differential reduction of I having monomial generators X^{α1} , ..., X^{αt} . Then for k_1, ..., k_t ∈ k \ {0} the polynomial

f(X) = t∑ i=1 k_iX^{αi}

is a cyclic generator of the Δ_A(I)-module I. Moreover such polynomials are the cyclic generators with the fewest possible non-zero monomial terms.

Proof. By Proposition 3.6, for each i = 1, ..., t there exists δ_i ∈ ∇_A ⊆ Δ_A(I) such that X^{αi} = δ_i(f). Thus I ⊆ Δ_A(I)(f) ⊆ I. Minimality of the number of terms in f follows from the minimality of the generators {X^{α1} , ..., X^{αt} } of J.

Example 5.7. Consider the monomial ideal I = (y^7, x^2y^5, x^5y^4, x^7y^2, x^8). Then T_{A/k}(I) = (x, y^2)∂_x + (y, x^3)∂_y and J = (y^7, x^2y^5, x^8) is the minimal monomial differential reduction of I. Moreover, if f = x^8 + x^2y^5 + y^7, then Δ_A(I)(f) = I, since x^8 =^1_{320} (5∇^2_x −2∇_x∇_y)(f), y^7 =^{−1}_{98} (5∇_x∇_y −2∇^2_y)(f), and x^2y^5 = (^1_2 ∇_x −^8_{320} (5∇^2_x − 2∇_x∇_y))(f).

Proposition 5.8. Let m denote the graded maximal ideal and put I = m^d for an integer d > 0. Then any monomial ideal J = (X^{α1} , ..., X^{αt} ) in A with |α_1| = ... = |α_t| = d is a differential reduction of I. Moreover, every principal ideal generated by a monomial X^α, where |α| = d, is a minimal differential reduction of I.

Proof. By Proposition 3.2, we have T_{A/k}(I) = ⊕^n_{j=1}m∂_{xj} . For any i, j = 1, ..., n and l = 1, ..., t, if x_j ∈ supp(X^{αl} ), then x_i∂_{xj} (X^{αl} ) is a monomial of total degree d. Thus Δ^1_A(I) · J is an ideal generated by monomials of total degree d. By induction, Δ_A(I)·J ⊆ m^d. Conversely, if X^β = x^{b1}_1 x^{b2}_2 · · · x^{bn}_n /∈ I with b_1 + b_2 + ... + b_n = d, then b_j − a_{lj} ≠ 0 for some j = 1, ..., n and any l = 1, ..., t. Now fix such an l = 1, ..., t and define δ_i by

(5.2) δ_i = { x^{|bi−ali|} i if b_i − a_{li} > 0

∂^{|bi−a}li^| ∂^{|bi−ali|}x_i if bi − ali < 0.

i = 1, ..., n.

Without loss of generality, assume that δ_1, ..., δ_i′ ∈ A, and δ_i′_{+1}, ..., δ_n ∈ k[∂_{x1} , ..., ∂_{xn} ], otherwise permute them so that the first set of operators are monomials and the last are differential operators. Since |β| = d, the total degree of the monomial δ_1...δ_i′ is the same as the order of δ_i′_{+1}...δ_n and if X^α ∈ I, the total degree of δ_1...δ_n(X^α) = |α| ≥ d implying that δ = δ_1...δ_n ∈ Δ_A(I), and δ(X^{αl} ) = k_0X^β for some k_0 ∈ k. This concludes the proof.

Let J be a monomial ideal and I be either J̄ or J̃. It is known that Δ_A(I) · J ⊆ I. One might ask when equality holds. The following examples show that this is not always the case.

Example 5.9. Let I ⊆ Q[x_1, ..., x_n] be a monomial ideal. If exp(I) ∩ (∪^n_{i=1}H_i) = ∅, then I = Δ^l_{Q[x1...,xn]}(Ī) · I for all l ≥ 1. Consequently, if I ≠ Ī then Δ_{Q[x1,...,xn]}(Ī) · I ≠ Ī . We also have a similar result for an (x, y)-primary ideal I. Consider I = (y^7, x^4y^2, x^6y, x^8) ⊆ Q[x, y]. Then Ī = (y^7, xy^6, x^2y^5, x^3y^4, x^4y^2, x^6y, x^8) and T_{A/Q}(Ī) = (x, y^2)∂_x + (x^2, y)∂_y. Here the sequence (5.1) terminates to Δ^2_{Q[x,y]}(Ī)·I = (y^7, x^2y^6, x^3y^4, x^4y^2, x^6y, x^8) ≠ Ī. Thus Δ_A(Ī) · I ⊊ Ī.

Example 5.10. Consider I = (y^8, x^3y^5, x^7y, x^8) ⊆ Q[x, y]. Then Ĩ = I + (x^6y^2) and Δ^l_{Q[x,y]}(Ĩ) · I = I + (x^4y^4) for all l ≥ 1. We can see that x^6y^2 ∈ Ĩ\Δl_{Q[x,y]}(Ĩ)·I for all l. Note in this case that Ī = (x, y)8 and Δ_{Q[x,y]}(Ī)·I = Ī. 6 Length of the Δ_A(I)-Module A/I^{l+1}

In this section m denotes the graded maximal ideal of A. We study the length of Δ_A(I)-modules A/I^{l+1}, where l > 0 is an integer and I an mprimary monomial ideal.

Proposition 6.1. Let I be a monomial m-primary ideal.

(1) If I = m^d where d ≥ 1 is an integer, then l_{ΔA(m)}(I^l/I^{l+1}) = d for any l ≥ 0.

6 Length of the Δ_A(I)-Module A/I^{l+1}

(2) If x_i /∈ I_{xj} for all i, j = 1, ..., n, then l_{ΔA(I)}(I^l/I^{l+1}) = dim_k(I^l/I^{l+1}) for each integer l ≥ 0.

Remark 6.2. The condition x_i /∈ I_{xj} for all i, j = 1, ..., n in the proposition implies that all degree-zero elements of Δ_A(I) belong to ∇_A. To see this, let δ = X^α∂^β ∈ Δ_A(I), X^θ ∈ I and k_0 ∈ k. Then

δ(X^θ) = k_0X^θ ⇐⇒ α + θ − β = θ ⇐⇒ α − β = 0.

We need two lemmas for the proof of Proposition 6.1.

Lemma 6.3. Let I be a monomial ideal in A. Then for any integer l ≥ 0, a Δ_A(I)-submodule of I^l/I^{l+1} has the form J/I^{l+1} where J is a monomial ideal of A such that J ⊆ I^{l+1}.

Proof. Since A ⊆ Δ_A(I), it is clear that J is an ideal of A containing I^{l+1}. Now assume that f = ∑ α k_αX^α ∈ J ⊆ I^l. Then X^α ∈ I^l ⊆ I for all α and thus X^α∂^α ∈ Δ_A(I). Now let α_1 be a multi-degree of terms of f such that |α_1| is maximum total degree among the monomials that appear in f. Then X^{α1} = k_0X^{α1} ∂^{α1} (f) ∈ J, for some k_0 ∈ k. Now consider f(X) − X^{α1} ∈ J and apply the same procedure. We eventually obtain all the monomials of f and consequently have the result.

Lemma 6.4. Let I be an m-primary monomial ideal and l ≥ 0 be an integer.

(1) There exists a monomial X^α ∈ I^l\I^{l+1} such that x_j X^α ∈ I^{l+1} for every j = 1, ..., n.

(2) For every monomial X^α satisfying the condition in (1) and a δ ∈ Δ_A(I), either δ(X^α) ∈ I^{l+1} or x_j δ(X^α) ∈ I^{l+1} for all j = 1, ..., n.

Proof. (1): Clearly there exists the smallest integer d > 0 such that m^d(I^l/I^{l+1}) = 0. Then the monomial representatives of m^{d−1}(I^l/I^{l+1}) in I^l gives the required monomial X^α. (2): Let δ = X^{βi} ∂_{xi} ∈ T_{A/k}(I) where X^{βi} ∈ (x_i)+I_{xi} . If δ(X^α) ∈ I^{l+1}, there is nothing to prove. Assume that δ(X^α) /∈ I^{l+1}. For any j = 1, ..., n

x_jδ(X^α) = δ(x_j X^α) − δ(x_j )X^α = δ(x_j X^α) − k_0X^{βi} X^α∂_{xi} (x_j ).

By Proposition 4.1 (1) we have δ(x_j X^α) ∈ I^{l+1}, and since supp(X^{βi} ) ≠ ∅, by the assumption on X^α in (1), one has k_0X^{βi} X^α∂_{xl} (x_j) ∈ I^{l+1}. Hence x_jδ(X^α) ∈ I^{l+1}.

Note that l_{ΔA(I)}(I^l/I^{l+1}) ≤ dim_k(I^l/I^{l+1}) where equality holds if every composition factor of the module I^l/I^{l+1} is a one-dimensional k-vector space. The following example shows that we can obtain strict inequality if the condition in (1) of Proposition 6.1 is not satisfied.

6 Length of the Δ_A(I)-Module A/I^{l+1}

Example 6.5. Consider I = (x^5, z^4, yz^3, z^2y^2, y^3z, y^4) in A = Q[x, y, z]. Clearly I ≠ m^d for any d ≥ 1. Now Δ_A(I) is generated by A and T_{A/Q}(I) = [(x) + (y, z)^4]∂_x + [x^5, y, z]∂_y + [x^5, y, z]∂_z . Then J_1 = Δ_A(I)(x^4z^7) + I^2 = (x^4z^7, x^4yz^6, x^4y^2z^5, x^4y^3z^4) + I^2. Hence dim_Q(J_1/I^2) = 4. On the other hand, y∂_z(J_1\I^2) = z∂_y(J_1\I^2) = J_1\I^2, that is J_1/I^2 is a simple Δ_A(I)- submodule of I/I^2.

Proof of Proposition 6.1. (1): By Proposition 5.8, for any r = 0, 1, ..., d, if a proper Δ_A(I)-module J_r containing I^{l+1} contains a monomial X^α with |α| = dl + r, then all monomials with total degree dl + r also belong to J_r. By Lemma 6.3, each J_r is a monomial ideal. Thus a composition series of I^l/I^{l+1} will be:

J_d/I^{l+1} ⊆ J_{d−1}/I^{l+1} ⊆ J_{d−2}/I^{l+1} ⊆ · · · ⊆ J_1/I^{l+1} ⊆ J_0/I^{l+1}

where J_r = ({X^α | |α| = dl + r}) for r = 0, 1..., d.

(2): Let Ω_1 be the set of all monomials in I^l \ I^{l+1} satisfying the condition in (1) of Lemma 6.4. By Remark 6.2 and the condition in (2) of Lemma 6.4, there exists a monomial X^{α1} ∈ Ω_1 such that Δ_A(I) · (X^{α1} ) = (X^{α1} ) + I^{l+1}. Define J_1 = (X^{α1} ) + I^{l+1}. Then J_1/I^{l+1} = kX^{α1} ( mod I^{l+1}) is a simple Δ_A(I)-submodule. Let Ω_2 be the set of all monomials in I^l \J_1 satisfying the condition in (1) of Lemma 6.4. Similarly there exists a monomial X^{α2} ∈ Ω_2 such that Δ_A(I) · (X^{α2} ) = (X^{α2} ) + J_1. Define J_2 = (X^{α1} , X^{α2} ) + I^{l+1}. Then J_2/J_1 = kX^{α2} ( mod J_1) is a simple Δ_A(I)-submodule. Continuing this construction gives a composition series of I^l/I^{l+1}. This gives a bijection between the set of k-linearly independent monomials in I^l \ I^{l+1} and the number of steps in a composition series of the module I^l/I^{l+1}. Hence l_{ΔA(I)}(I^l/I^{l+1}) = dim_k(I^l/I^{l+1}). □

We have a more general condition on I in two variables to get the maximal possible length.

Proposition 6.6. Let I be an m-primary monomial ideal of A = k[x, y] such that I ≠ m^d for every integer d ≥ 1. Then

l_{ΔA(I)}(I^l/I^{l+1}) = dim_k(I^l/I^{l+1}).

Proof. Let I = (x^{a0} y^{b0} , x^{a1} y^{b1} , ..., x^{at} y^{bt} ) where 0 = a_0 < a_1 < ... < a_t and b_0 > b_1 > ... > b_t = 0. Given I^d ≠ m for all d ∈ Z_{≥0} we have w(I)_x > 1 or w(I)_y > 1; say w(I)_x > 1.

Let d_1 ≥ 0 be the smallest integer such that x^{c1} y^{d1} ∈ I^l \ I^{l+1} satisfies (1) of Lemma 6.4 and y^{w(I)y} ∂_x(x^{c1} y^{d1} ) ∈ I^{l+1}. The existence of such an integer follows from Lemma 6.4 (2). Define

J_1 = Δ_A(I) · (x^{c1} y^{d1} ) + I^{l+1} = (x^{c1} y^{d1} ) + I^{l+1}.

6 Length of the Δ_A(I)-Module A/I^{l+1}

By construction, J_1/I^{l+1} = kx^{c1} y^{d1} ( mod I^{l+1}) is simple since it is a onedimensional k-vector space. Let d_2 ≥ 0 be the smallest integer such that x^{c2} y^{d2} ∈ I^l\J_1 satisfies Lemma 6.4 (1) and y^{w(I)y} ∂_x(x^{c2} y^{d2} ) ∈ J_1. Then

J_2 = Δ_A(I) · (x^{c2} y^{d2} ) + J_2 = (x^{c1} y^{d1} , x^{c2} y^{d2} ) + I^{l+1}

is a Δ_A(I)-submodule of I^l/I^{l+1} and J_2/J_1 = kx^{c2} y^{d2} ( mod J_1) is onedimensional k-vector space. This construction terminates since dim_k(I^l/I^{l+1}) < ∞. Moreover, each k-linearly independent monomial in I^l\I^{l+1} corresponds to a Δ_A(I)-submodule of I^l/I^{l+1} which occurs in a composition series of I^l/I^{l+1}.

A Question: It is easy to see that for an m-primary monomial ideal I one has

l_{ΔA(I)}(A/I^l) = l∑ i=1 l_{ΔA(I)}(I^{i−1}/I^i).

Recall that l_A(A/I^l) is a polynomial in l for l ≫ 0 (the Hilbert Polynomial). One may ask if the function l → l_{ΔA(I)}(A/I^l) is a polynomial in l for l ≫ 0. This clearly is true if I satisfies the condition in Proposition 6.1, but in general we only have

dl ≤ l_{ΔA(I)}(A/I^l) ≤ dim_k(A/I^l),

where d is the minimum total degree of a monomial generator in I.

References

[1] P. Brumatti and A. Simis, The module of derivations of a Stanley-Reisner ring, Proc.

Amer. Math. Soc. 123 (1995), no. 5, 1309–1318. MR 1243162 (95f:13014) [2] D. Eisenbud, Commutative algebra, Graduate Texts in Mathematics, vol. 150, Springer-Verlag, New York, 1995. With a view toward algebraic geometry. MR 1322960 (97a:13001) [3] J. Elias, On the computation of the Ratliff-Rush closure, J. Symbolic Comput. 37 (2004), no. 6, 717–725. MR 2095368 (2005j:13022) [4] E. Eriksen, Differential operators on monomial curves, J. Algebra 264 (2003), no. 1, 186–198. MR 1980691 (2004i:16035) [5] A. Eriksson, The ring of differential operators of a Stanley-Reisner ring, Comm.

Algebra 26 (1998), no. 12, 4007–4013. MR 1661236 (2000b:13032) [6] J. A. Howald, Multiplier ideals of monomial ideals, Trans. Amer. Math. Soc. 353 (2001), no. 7, 2665–2671 (electronic). MR 1828466 (2002b:14061) [7] A. Corso, C. Huneke, and W. V. Vasconcelos, On the integral closure of ideals, Manuscripta Math. 95 (1998), no. 3, 331–347. MR 1612078 (99b:13010) [8] C. Huneke and I. Swanson, Integral closure of ideals, rings, and modules, London Mathematical Society Lecture Note Series, vol. 336, Cambridge University Press, Cambridge, 2006. MR 2266432

6 Length of the Δ_A(I)-Module A/I^{l+1}

[9] J.-E. Björk, Analytic D-modules and applications, Mathematics and its Applications, vol. 247, Kluwer Academic Publishers Group, Dordrecht, 1993. MR 1232191 (95f:32014) [10] R. Källström, Liftable derivations for generically separably algebraic morphisms of schemes, to appear in Trans. Amer. Math. Soc.

[11] R. Lazarsfeld, Positivity in algebraic geometry. II, Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics, vol. 49, Springer- Verlag, Berlin, 2004. Positivity for vector bundles, and multiplier ideals. MR 2095472 (2005k:14001b) [12] J. C. McConnell, On completions of non-commutative Noetherian rings, Comm. Algebra 6 (1978), no. 14, 1485–1488. MR 0506419 (58 #22163) [13] L. J. Ratliff Jr. and D. E. Rush, Two notes on reductions of ideals, Indiana Univ.

Math. J. 27 (1978), no. 6, 929–934. MR 0506202 (58 #22034) [14] M. E. Rossi and I. Swanson, Notes on the behavior of the Ratliff-Rush filtration, Commutative algebra (Grenoble/Lyon, 2001), Contemp. Math., vol. 331, Amer. Math. Soc., Providence, RI, 2003, pp. 313–328. MR 2013172 (2005b:13006) [15] G. Scheja and U. Storch, Fortsetzung von Derivationen, J. Algebra 54 (1978), no. 2, 353–365 (German). MR 514074 (80a:13004) [16] S. P. Smith and J. T. Stafford, Differential operators on an affine curve, Proc. London Math. Soc. (3) 56 (1988), no. 2, 229–259. MR 922654 (89d:14039) [17] W. N. Traves, Differential operators on monomial rings, J. Pure Appl. Algebra 136 (1999), no. 2, 183–197. MR 1674776 (2000i:13028) [18] , Nakai’s conjecture for varieties smoothed by normalization, Proc. Amer.

Math. Soc. 127 (1999), no. 8, 2245–2248. MR 1486755 (99j:13021) [19] J. R. Tripp, Differential operators on Stanley-Reisner rings, Trans. Amer. Math. Soc.

349 (1997), no. 6, 2507–2523. MR 1376559 (97h:13020) [20] Veronica Crispin Quiñonez, Ratliff-Rush Monomial Ideals, available at arXiv:math.

AC/0608261.

[21] , Integral Closure and Related Operations on Monomial Ideals, Ph.D thesis, Department of Mathematis, Stockholm University, 2006.

[22] R. H. Villarreal, Monomial algebras, Monographs and Textbooks in Pure and Applied Mathematics, vol. 238, Marcel Dekker Inc., New York, 2001. MR 1800904 (2002c:13001)

Yohannes Tadesse Department of Mathematics Stockholm University SE 106-91, Stockholm, Sweden tadesse@math.su.se

Permanent Address:

Department of Mathematics Addis Ababa University P.Box: 1176 (office), 80006 (private) Addis Ababa Ethiopia yohannest@math.aau.edu.et