ISSN: 1401-5617

Theory of Polynomials in F-Spaces

Aboubakr Bayoumi

Research Reports in Mathematics Number 6, 2006

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2006/6

Date of publication: August 25, 2006 2000 Mathematics Subject Classification: Primary 32K15, Secondary 46A16. Keywords: Infinite dimensional Spaces, Non locally convex spaces, Banach-Steinhaus theorem, Polynomials.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

TH EO RY OF PO LY N O M IA LS IN F-SPAC ES

ABOUBAKR BAYOUMI

Abstract. Theory of polynomials plalys fundamental roles in most branches of Mathematical Sciences and their applications. In this paper we build up a new theory of polynomials in spaces which are not necessarily locally convex, and give some of their applications .

1. Introduction and Notation

During our work towards more foundations of Com plex Analysis in non locally convex spaces we found ourself in a great need to a theory of polynom ials between F-spaces, that is, without convexity condition (cf. references). For theory of polynom ials in Banach spaces several mathem aticians have worked with it, see for exam ple[17 − 25] .

Multilinear maps play a fundam ental role in our study of polynom ials and other topics like Diœ erential maps and Holom orphy. In [15] we present the basic facts ab out multilinear maps of p-Banach spaces and give conditions for a multilinear map to be continuous. We have also introduced the p-Banach space of all continuous multilinear maps (0 < p ≤ 1 ). By a p-Banach space we mean a com plete p-norm ed space. A vector space with a p-norm is called a p-norm ed space.

Our approach in this pap er for the study of polynom ials is the multilinear mappings between spaces which are not necessarily locally convex. Continuous polynom ial mappings with resp ect to the given top ologies on non locally convex spaces play a fundam ental role in the study of Com plex and Functional Analysis. For exam ple polynom ials are used to approxim ate all holom orphic mappings.T hey represent the sim plest holom orphic functions. We deøne a hom ogenous polynom ial on a pnorm ed space as the restriction of a sym m etric multilinear map to be the diagonal one. In this pap er we give several necessary and suŒ cient conditions for a polynom ial to be continuous (Sections 2,3 ).

A generalized universal constant app ears relating the continuous mhom ogeneous polynom ials and the corresp onding sym m etric m-linear maps between locally bounded spaces (Section 3 ). For norm ed spaces it is due to Nachbin [26 ]. Further we have paid attention to study the 1

2 ABOUBAKR BAYOUMI

Banach-Steinhaus theorem for polynom ials between locally bounded F-spaces (Section 4).

1.1. Sym m etric Multilinear Maps. In this section we study the space of sym m etric multilinear maps between Locally bounded Spaces. A locally bounded space is deøned by a p-norrm (1 ≥ p > 0), (see [? ]), and it is called a p-norm ed space.

A p-norm on a vector space E over IK is a mapping ||.|| from E to IR_+ satisfying

(i) ||x|| = 0 if and only if x=0 (ii) ||λx|| = |λ|^p||x||, for every λ ∈ IK, x ∈ E (iii) ||x + y|| ≤ ||x|| + ||y||, for every x, y ∈ E. Let now E_i be p_i-norm ed spaces, (1 ≥ p_i > 0), (1 ≤ i ≤ m). If the p_i-norm ed spaces E_1, · · · , E_m are equal to a p- norm ed space E, we denote,

L(^mE; F ) = L(E_1, · · · E_m; F ).

the space of continuous maps between the product E^m and F .

An m-linear map A : E^m → F is called sym m etric if

A(x_1, · · · , x_m) = A(x_{σ(1)}, · · · , x_{σ(m)}),

for any perm utation σ of (1, · · · , m).

Let L_{as}(^mE; F ) denote the vector space of all algebraic sym m etric m-linear maps of E^m into F , and let

L_s(^mE; F ) = L(^mE, F ) ∩ L_{as}(^mE, F ).

Then it is easy to check that L_s(^mE; F ) is a closed subspace of L(^mE; F ) and hence L_s(^mE; F ) is a p-Banach space if F is a p-Banach space.

For m = 0 we write L^0(E, F ) = L_s(^0E, F ) = F , and for sim plicity, when F = IK we write

L(^mE) = L(^mE; IK), L_s(^mE) = L_s(^mE, IK).

For each m- linear map A : E^m → F we deøne A_s : E^m → F by

A_s(x_1, · · · , x_m) = 1 m! ∑ σ A(x_{σ(1)}, · · · , x_{σ(m)}) (1) where the sum m ation is over the m! perm utation σ of (1, · · · , m). Hence A_s is a sym m etric m-linear map, and it is called the sym - metrization of A.

THEORY OF POLYNOMIALS IN F-SPACES 3

If A ∈ L_s(^mE, F ), then it is clear that A = A_s. We note that the map A → A_s is a continuous map of L(^mE, F ) onto L_s(^mE; F ) since ‖A_s‖ ≤ ‖A‖.

1.2. Multilinear Formula. Let A ∈ L_a(E_1, · · · , E_m; F ), 0 ≤ n ≤ m, and (x_1, · · · , x_n) ∈ E_1 × · · · × E_n.

We deøne A(x_1, · · · , x_n) by the follow ing formulas : (1) If n = m, A(x_1, · · · , x_n) = A(x_1, · · · , x_m). (2) If n < m, A(x_1, · · · , x_n) : E_{n+1} × · · · × E_m → F is a mapping deøned by (x_{n+1}, · · · , x_m) → A(x_1, · · · x_n, x_{n+1}, · · · , x_m).

That is, A(x_1, · · · , x_n) is an (m − n)-linear map of E_{n+1} × · · · × E_m into F .W hen A ∈ L_{as}(^mE, F ) and x = x_1 = · · · = x_n, we write

Ax^n = A(x, · · · , x). (2) We deøne, for convenience Ax^∘ = a. This show s that Ax^n ∈ L_a(^{m−n}E; F ) all n, 0 ≤ n ≤ m.

Let A ∈ L_a(^mE, F ), 0 ≤ k ≤ m, x_1, · · · , x_k ∈ E and n_1, · · · , n_k ∈ N with n_1 + · · · + n_k = n ≤ m. Then we deøne

Ax^{n1}_1 · · · x^{nk}_k = A(x_1, · · · , x_1, x_2, · · · , x_2, · · · , x_k, · · · , x_k) where x_1 app ears n_1 tim es, x_k app ears n_k tim es, and so on.

Lem m a 1.1. (M ultinom ial Form ula) If A ∈ L_a(^nE, F ), then

A(x_1 + · · · + x_k)^n =

∑ n!

n_1! · · · n_k!

Ax^{n1}_1 · · · x^{nk}_k (3) where the sum m ation is over all k-tuples (n_1, · · · , n_k) satisfying n_1 + · · · + n_k = n.

Proof. The procedure is obvious for n = 0 and n = 1. We shall prove the lem m a by induction. Assum ing the form ula is valid for a certain n>1, one can readily establish it for n + 1. Note that if A ∈ L_a(^{n+1}E; F ) then one can write

A(x_1 + · · · + x_k)^{n+1} = A(x_1 + · · · + x_k)^n(x_1 + · · · + x_k)^1

4 ABOUBAKR BAYOUMI

where in this case n_1 + ... + n_k = n + 1 in (3). ■

As a sp ecial case of Lem m a 2.1, when k = 2, we have the follow ing fam iliar Binom ial Formula

A(x + y)^n = n∑ k=0 ( n k ) Ax^ky^{n−k}. (4) 1.3. Polynom ials. Let E, F be vector spaces over the sam e øeld IK. A mapping P : E → F is said to be an m-hom ogeneous polynom ial or a hom ogeneous polynom ial of degree m if there exists an m-linear map A : E^m → F such that

P (x) = Ax^m (5) for all x ∈ E.

For m = 1, an m-hom ogeneous polynom ial is sim ply a linear map of E into F . If P : E → F is an m-hom ogeneous polynom ial, then P (rx) = r^mP (x) for any r ∈ IK.

We shall denote by P_a(^mE; F ) the vector space of all m- hom ogeneous polynom ials of E into F . (T he index a in P_a(^mE; F ) is to indicate that the m- hom ogeneous polynom ials in this space are not necessarily continuous). For convenience, we agree to write F = P_a(^∘E, F ).

1.4. Polarization Form ula. The follow ing theorem provides us with an interesting formula. It relates m- hom ogeneous polynom ials and sym m etric m-linear maps.

Theorem 1.2. (Polarization Form ula)

Let E and F be p-norm ed and q-norm ed spaces, and A : E^m → F be a sym m etric m- linear map. Then

A(x_1, · · · , x_m) = 1 m!2^m ∑ ϵ_1, · · · , ϵ_mA(ϵ_1x_1 + · · · + ϵ_mx_m)^m (6) where the sum m ation is taken for all ϵ_i ∈ {−1, +1}, i = 1, · · · , m.

Proof. By the multinom ial formula, we have

A(ϵ_1x_1 + · · · + ϵ_mx_m)^m = ∑ (n_1,··· ,n_m) m! n_1! · · · n_m!

A(ϵ_1x_1)^{n1} · · · (ϵ_nx_m)^{nm}

= ∑ m!

n_1! · · · n_m!

ϵ^{n1}_1 · · · ϵ^{nm}_m Ax^{n1}_1 · · · x^{nm}_m .

THEORY OF POLYNOMIALS IN F-SPACES 5

Multiply both sides by ∑ ϵ_i=±1

ϵ_1 · · · ϵ_m, we get ∑ ϵ_i=±1

ϵ_1 · · · ϵ_mA(ϵ_1x_1 + ... + ϵ_mx_m)^m

= m! ∑ ϵ_i=±1 1 n_1!...n_m! ∑ ϵi=±1

1≤i≤m

ϵ^{n1+1}_1 ...ϵ^{nm+1}_m Ax^{n1}_1 ..x^{nm}_m .

Clearly ∑ ϵ^{n1+1}_1 · · · ϵ^{nm+1}_n = 0 if n_i = 0 for som e 1 ≤ i ≤ m. Since ∑ ϵ_i=±1 ϵ 2 1 · · · ϵ^2_m = 2^m, we get the desired result;

i.e. 1 m!2^m ∑ ϵi=±1

1≤i≤m

ϵ_1 · · · ϵ_mA(ϵ_1x_1 + · · · + ϵ_nx_m)^m = A(x_1, ..., x_m). ■

The following theorem show s the unique corresp ondence between the classes P_a(^mE, F ) and L_{as}(^mE, F ).

Theorem 1.3. If P ∈ P_a(^mE, F ), then there exists a unique sym - metric m-linear map A ∈ L_{as}(^mE, F ) such that P (x) = Ax^m for all x ∈ E.

Proof. Since P ∈ P (^mE; F ), by deønition, P (x) = Ax^m for som e A ∈ L_a(^mE, F ). Then the sym m etrization A_s of A satisøes P (x) = A_sx^m.

The uniqueness of such a sym m etric m-linear map is a consequence of the polarization formula. ■

We have just seen that there is a unique corresp ondence between the m- hom ogeneous polynom ial P and the sym m etric m-linear map A, so to em phasize this we write P = Â.

The follow ing theorem is self-evident. Theorem 1.4. The mapping A ∈ L_{as}(^mE, F ) → Â ∈ P_a(^mE, F ) is a vector space isom orphism .

6 ABOUBAKR BAYOUMI

Exam ple 1.1. Let E = IK and A : E^m → F be any m-linear map of the form A(λ_1, · · · , λ_m) = aλ_1 · · · λ_m, a ∈ F, where aλ_1 · · · λ_m denotes (λ_1, · · · λ_m)a. Therefore, an m-hom ogeneous polynom ial P : IK → F is of the form P (x) = aλ^m, a ∈ F.

In this way, if F = IK, we get the classical m-hom ogeneous polynomial of IK into IK. This exam ple motivates and justifies our definition of m-hom ogeneous polynom ial.▲

A mapping P : E → F is called a polynom ial if there exists m and P_k ∈ P_a(^kE, F ), k = 0, 1, · · · , m such that P = P_0 + P_1 + · · · + P_m.

The addition of this is pointw ise, and if P_m ≠ 0 we say that P is a polynom ial of degree m.

The vector space of all polynom ials from E to F with resp ect to pointw ise vector op eration will be denoted by P_a(E, F ).

We have the follow ing result as extension to the classical one for norm ed spaces, ( see [1],C h.3).

Theorem 1.5. Let P : E → F be a non-zero polynom ial of degree m betw een locally bounded F-spaces E, F . Then the representation P = P_0 + P_1 + · · · + P_m (7) is unique. . Proof. It suŒ ces to show that

P = P_0 + P_1 + · · · + P_m = 0 im plies P_0 = · · · = P_m = 0. Note that if P (x) = 0 for x ∈ E, then we have for any r ∈ IK

P (rx) = P_0(x) + rP_1(x) · · · + r^mP_m(x) = 0.

Dividing through by r^m if r ≠ 0 and making r → ∞, we obtain P_m = 0. By induction we then get P_0 = P_1 = · · · P_{m−1} = 0. ■

THEORY OF POLYNOMIALS IN F-SPACES 7

1.5. Continuous Polynom ials. Let us denote by P (^mE, F ), the vector space of all continuous m-hom ogeneous polynom ials from a pnorm ed space E to a q-norm ed space F with resp ect to all pointw ise vector op erations. We write F = P (^∘E, F ) .

It is clear that if P ∈ P (^mE; F ), then sup { ‖P (x)‖/‖x‖^{mq/p}; x ≠ 0, ‖x‖ ≤ 1 } = sup {‖P (x)‖; ‖x‖ ≤ 1} = inf{M ≥ 0; ‖P (x)‖ ≤ M‖x‖^{mq/p}}.

Let ‖P ‖ be the com m on value of these equalities.. Then ‖P ‖ is a q-norm on P (^mE, F ) if F is a q-norm ed space. This q-norm will be considered throughout the pap er.

It is easy to see that

‖P (x)‖ ≤ ‖P ‖‖x‖^{mq/p} . (8) (see [1 ]).

As a criterion for the continuity of an m-hom ogeneous polynom ial we present the follow ing theorem between p-norm ed E and q-norm ed space F (1 ≥ p, q > 0)

Theorem 1.6. For P ∈ P_a(^mE; F ), let A ∈ L_{as}(^mE; F ) be such that P = Â. The follow ing statem ents are equivalent.

(a) A ∈ L_s(^mE; F ). (b) P ∈ P (^mE; F ).

(c) P is continuous at the origin. (d) There exists a constant M > 0 such that

‖P (x)‖ ≤ M‖x‖^{mq/p}. (9)

Proof. The im plications (a) ⇒ (b) ⇒ (c) ⇒(d) are evident.

We claim that (d) ⇒ (a): If ‖P (x)‖ ≤ M for ‖x‖ ≤ 1, it follows from the polarization formula that

‖A(x_1, · · · , x_m)‖ ≤ M/m!

for ‖x_i‖ ≤^1_m , i = 1, · · · , m, and hence A ∈ L_s(^mE; F ). ■

8 ABOUBAKR BAYOUMI

2. Generalized Martin’s Theorem The follow ing theorem extends Martin’s theorem to locally bounded F-spaces.

Theorem 2.1. (G eneralized Martin’s theorem ) For a p-norm ed space E and a q- norm ed space F , the mapping

A ∈ L_s(^mE; F ) → Â ∈ P (^mE; F )

is a vector space isom orphism and a hom eom orphism of the first onto the second space. Moreover,

‖Â‖ ≤ ‖A‖ ≤ m^{mq/p} m! ‖Â‖.

(10)

Proof. The assertion is trivially true for m = 0, 1. So we assum e that m > 1. It is clear that the mapping is a vector space isom orphism , and it rem ains to show that the inequality (10) holds.

We have ‖Â‖ ≤ ‖A‖ since ‖Â‖ ≤ ‖A‖‖x‖^{mq/p}. We use the polarization form ula to get the other inequality

‖A(x_1, · · · , x_m)‖ ≤ 1 m!2^m ∑ ‖Â(ϵ_1x_1 + · · · + ϵ_nx_m)‖ ≤ 1 m!2^m ∑ ‖Â‖(‖ϵ_1x_1 + · · · + ϵ_mx_m‖)^{mq/p} ≤ 1 m!2^m ∑ ‖Â‖(‖x_1‖ + · · · + ‖x_m‖)^{mq/p} ≤ 1 m! ‖Â‖(‖x_1‖ + · · · + ‖x_m‖)^{mq/p}

since we have 2^m term s in the ab ove sum m ation. Hence if ‖x_i‖ ≤ 1, i = 1, · · · , m, we obtain

‖A‖ ≤ m^{mq/p} m! ‖Â‖.

(11) ■ Corollary 2.2. If F is a q-Banach space, then P (^mE; F ) is a q- Banach space.

THEORY OF POLYNOMIALS IN F-SPACES 9

2.1. The Generalized Nachbin’s Universal Constant^{mmq/p}_{m!} . The map A ∈ L_s(^mE; F ) → Â ∈ P (^mE, F ) considered ab ove is not in general an isom etry. We also notice that the coeŒ cient^{mmq/p}_{m!} in the ab ove theorem dep ends only on m, p and q and not on the p-norm ed space E and the q-norm ed space F . Therefore we can consider m^{mq/p}/m! as a universal constant relating the continuous m-hom ogeneous polynom ials and the corresp onding sym m etric m- linear maps. Of course this constant turns out to be equal to m^m/m! if E and F are p-norm ed spaces.

The follow ing exam ple show s that we cannot replace the constant m^{mq/p}/m! by a sm aller one Exam ple 2.1. Consider the F -space E = l^p (1 ≥ p > 0) of all sequences x = (x_n) of num bers x_n ∈ IK such that ‖x‖ =

∑_∞ 1 |x_n|^p < ∞. For m > 0, let A : E^m → IK be the m-linear map defined by A(x^1, · · · , x^m) = x^1x^2 · · · x^m;

i.e. the product of the diagonal of x^1 = (x^1, x^1_2, · · · , x^1_m, · · · ), x^2 = (x^2_1, x^2, · · · , x^2_m, · · · ), x^m = (x^m_1 , x^m_2 , · · · , x^m, · · · ).

Then A is continuous. The sym m etrization A_s of A is now given by A_s(x^1, · · · , x^m) = 1 m! ∑ σ x^{σ(1)}_1 · · · x^{σ(m)}_m

where the sum m ation is over all perm utations σ of {1, 2, · · · , m}.

W e claim that ‖A_s‖ =^1_{m!} . In fact

‖A_s(x^1, · · · , x^m)‖ ≤ 1 m! ∑ σ (|x^{σ(1)}_1 | · · · |x^{σ(m)}_m |) ≤ 1 m! ‖x^1‖^{1/p} · · · ‖x^m‖^{1/p}.

Hence ‖A_s‖ ≤^1_{m!} . But

A_s(e^1, · · · , e^m) = 1 m! . where e^i = (0, · · · 0, 1, 0, · · · ). Therefore ‖A_s‖ = 1/m! .

(12)

10 ABOUBAKR BAYOUMI

Let Â_s(x) = A_s(x, · · · , x). Then Â_s ∈ P (^mE; IK) and Â_s(x) = x_1 · · · x_m where x = (x_1, · · · , x_m, · · · ). Since the geom etric mean of positive num - bers is alw ays less than or equal to the arithm etic mean, we have

‖Â_s‖^p = |x_1|^p · · · |x_m|^p ≤ 1 m^m

(|x_1|^p + · · · + |x_m|^p)^m.

Thus ‖Â_s‖ ≤ 1/m^{m/p}. If we take x = (1/m^{1/p}, · · · , 1/m^{1/p}, 0 · · · ), where 1/m^{1/p} appears in the first m term s of x, we obtain

‖Â_s(x)‖ = 1 m^{m/p} . (13)

This show s that ‖Â_s‖ =^1_{mm/p} ,and hence,

‖A_s‖ = m^{m/p} m! ‖Â_s‖ where q = 1 here ▲.

Rem ark 2.1. If E is a real Hilbert space and F is a Banach space then the mapping A ∈ L_s(^mE, F ) → Â ∈ P (^mE, F ) becom es an isom - etry. If p = 1 then the universal constant will equal^{mm}_{m!} and the result is due to Nachbin [26 ].Also for L^p(μ), 1 ≤ p, it is due to Sarantopouls [28 ].

We generalize the polarization formula for the sake of using it in the next section.

2.2. Generalized Polarization Formula. For locally bounded spaces E, F , and f : E → F , let

φ_m(f) = 1 m!2^m ∑ ϵ_1 · · · ϵ_mf(ϵ_1x_1 + · · · + ϵ_mx_m) , x_1, · · · , x_m ∈ E

(14)

where the sum m ation is over all ϵ_k = 1 or -1, k = 1, · · · , m.

If A_k : E^k → F is a sym m etric k-linear map and P_k = Â_k, then

φ_m(P_k) = { A_m(x_1, · · · , x_m) if k = m 0 if k < m.

(15)

THEORY OF POLYNOMIALS IN F-SPACES 11

We shall call φ_m(f) the polarization of f with resp ect to x_1, · · · , x_m. We have show n the formula for the case k = m in Section 1. If k < m, a straightforward com putation show s that φ_m(P_k) = 0 (see the proof of Theorem 1.2 )

3. The Space P (E, F ) We are now concerned with continuous polynom ials from a p-norm ed space E into a q-norm ed space F . Let P (E, F ) denotes the vector space of all continuous polynom ials from E into F .

The following theorem provides som e criteria for the continuity of a polynom ial P .

Theorem 3.1. Let P : E → F be a polynom ial of degree m from a p-norm ed space E into a q-norm ed space F such that P = P_0 + P_1 + · · · + P_m.

Then the follow ing are equivalent :

(a) P_0, P_1, · · · , P_m are continuous. (b) P is continuous.

(c) P is continuous at the origin. (d) P is bounded on the unit ball.

Proof. The im plications (a) ⇒(b) ⇒ (c) ⇒ (d) are trivial.

It rem ains to show (d) ⇒ (a). This will be show n by induction. We use the general polarization formula ab ove. We note that φ_m(P ) = φ_m(P_0) + · · · + φ_m(P_m) = φ_m(P_m) or φ_m(P ) = A_m(x_1, · · · , x_m),

where Â_m = P_m. Since P is bounded on the unit, we have ‖P (x)‖ ≤ M on the unit ball ‖x‖ < 1, for som e M > 0. Now

‖A_m(x_1, · · · , x_m)‖ = ‖φ_m(P )‖ ≤ 1 m! ‖P (ϵ_1x_1 + · · · + ϵ_mx_m)‖.

Hence if ‖x_1‖^{1/p} + · · · + ‖x_m‖^{1/p} ≤ 1, then

‖A_m(x_1, · · · , x_m)‖ ≤ M m! which show s that A_m is continuous and hence P_m = Â_m is continuous.

As P − P_m is also bounded on the unit ball, rep eating the sam e argum ent as ab ove, we can show that P_{m−1} is continuous. Inductively, therefore we conclude that P_0, P_1, · · · P_m are continuous. ■

12 ABOUBAKR BAYOUMI

4. Banach-Steinhaus Theorem for Polynom ials

The follow ing theorem extends Banach-Steinhaus type theorem to hom ogeneous polynom ials between locally bounded F -spaces which are not necessarily locally convex.

Theorem 4.1. Let E be a p-Banach space, F be a q- norm ed space and (P_n) be a sequence in P (^mE; F ). If P is the pointw ise lim it of the sequence (P_n), then P ∈ P (^mE; F ).

Proof. Let A_n ∈ L_s(^mE, F ) be such that Â_n = P_n where P_n ∈ P (^mE; F ). The polarization formula, (Section 4 ) im plies that lim A_n(x_1, · · · , x_m) exists at each point (x_1, · · · , x_m) of E^m. Let A = lim A_n.

Then A ∈ L_{as}(^mE, F ).

We claim that A ∈ L_s(^mE, F ). Since L(^mE, F ) ≃ L(E, L(^{m−1}E; F )),

see [15 ],if we consider (A_n) as a sequence in L(E; L(^{m−1}E; F )), by the Banach-Steinhaus theorem for linear mappings, we obtain A ∈ L((E; L(^{m−1}E, F )).

Hence A ∈ L_s(^mE, F ) as A_n ∈ L_s(^mE, F ) for each n. Now we have

P (x) = lim P_n(x) = lim Â_n(x) = lim A_n(x, · · · , x) = A(x, · · · , x) = Â(x).

That is, P = Â. This com pletes the proof. ■

Corollary 4.2. Let E and F be as in the above theorem and (P_n) be a sequence in P (E; F ), whose elem ents of degree k. That is, P_n = P_{n0} + P_{n1} + · · · + P_{nk}, P_{nk} ≠ 0, n = 1, 2, .

If P_i is the pointw ise lim it of the sequence (P_{ni}) for each (1≤ i ≤ k), then P =

∑_k

i=1 P_i ∈ P (E; F ), and of degree k.

Proof. By assum ption all elem ents of (P_n) have the sam e degree k.

P_n is the sum of ønite hom ogeneous polynom ials:

P_n = P_{n0} + P_{n1} + · · · + P_{nk}, P_{nk} ≠ 0, n = 1, 2, ..

where for each n, P_{nm} are m-hom ogenous polynom ials, (1 ≤ m ≤ k). Hence by the ab ove theorem each P_{nm} tends to a continuous polynom ial

THEORY OF POLYNOMIALS IN F-SPACES 13

P_m. Consequently, by Theorem 3.1(b), the sum s (P_n ) will tend to the sum P ∈ P (E, F ) ■.

Acknow ledgm ent: The author would like to thank the referee for his valuable and useful com m ents.

References

[1] A.Bayoumi, Foundations of complex analysis in non locally convex spaces, Functions theory without convexity conditions, North Holland, Mathematics Studies 193, 2003.

[2] A.Bayoumi, The Levi problem and the radius of convergence of a holomorphic functions on metric vector spaces, Advance in Functional Analysis, Holomorphy and Approximation theory, Ed. S. Machado, Lecture Notes in Math,Springer Verlag, 843,(1981),9-32.

[3] A.Bayoumi, The Levi problem for domains spread over locally pseudoconvex Frchet spaces with the bounded approximation property, J.Complex Variables, Vol 10,(1983),141-152.

[4] A.Bayoumi, The Levi problem in non locally convex separable topological vector space, Math.Scandinavica, 67,(1990), 290-298.

[5] A.Bayoumi, Bounding subsets of some metric vector spaces, Arkive fǒr Matematik, Vol. 18 (1980) No.1, 13-17.

[6] A.Bayoumi, The theory of bounding subsets of topological vector spaces without convexity condition, Portugalia Math. 47 (1990), 25-42.

[7] A.Bayoumi, On Holomorphic Hahn-Banach extension theorem and properties of bounding and weakly-bounding sets in some metric vector spaces, Portugalia Math.46 (1989), 329-340.

[8] A.Bayoumi, Remarks on linear functionals and new proof of Kalton’s theorem in locally bounded spaces, Proceeding of: International Symposium on Functional Analysis and Related Topics, Ed. S. Koshi, World Scientiøc, Japan (1990), p. 238-246.

[9] A.Bayoumi, On the new version of the Hahn-Banach theorem, Algebras, Groups and Geomerties, Hadronic Press, Vol.13, No.1, (1996), 25-39.

[10] A.Bayoumi, Mean-Value Theorem for real locally bounded spaces, Journal of Natural Geometry, London,10 (1996), 157-162.

[11] A.Bayoumi, Mean-Value Theorem for complex locally bounded spaces, Communication in Applied Non-Linear Analysis 4(1997), No.4, 91-103.

[12] A.Bayoumi, Fundamental Theorem of Calculus for locally bounded spaces, Journal of Natural Geometry, London,15, No.1-2, (1999),101-106.

[13] A.Bayoumi, New separation theorems and Krein-Mailman Theorem in locally bounded spaces, Journal of Natural Geometry, London, 15, No1-2, (1999),107- 118.

[14] A.Bayoumi, Fixed points of holomorphic mappings on non-convex bounded domains of IC^n, Bull. Soc. Sci. Lett.Lodz, Ser. Deform.XXVI, (1998),63-69 [15] A.Bayoumi, Multilinear maps between locally bounded F-spaces,Bull. Soc. Sci.

Lett.Lodz, Ser. Deform.XXVI, (2004), 35-40.

[16] A.Bayoumi, Inønite-dimensional holomorphy without convexity condition, I- The Levi problem in non locally convex spaces, New Frontiers in Algebra, Group and Geometries, Editor G.T.Tsagas, Hadronic press, Florida, (1996), 287-306.

14 ABOUBAKR BAYOUMI

[17] P.Bistrom; J.A.Jaramillo; M.Linstrom, Polynomial compactness in Banach spaces, Rocky Mtn. J. Math. 28, No. 4, (1998), 1203-1226.

[18] F.Bombal; M.Fernandez., Polynomial properties and symmetric tensor products of Banach spaces, Arch.Math.47, No. 1, (2000), 40-49.

[19] S.B. Chae, Holomorphy and calculus in normed spaces, Marcel Dekker 29, New Yourk, (1985).

[20] S. Dineen, Complex analysis in inønite dimensional spaces, Springer-Verlage, London, (1999).

[21] L.A. Harris, Bounds of derivativesof holomorphic functions of vectors, in: Colloque d’Analyse (Rio de Janerio, 1972), L.Nachbin (ed), Actualites Sci, Indust. 1367, Hermann, Paris, 1975, pp. 145-163.

[22] M.Fabian ; D.Preises; J.H.M.Whiteøeld;V.E.Zizler, Separating polynomials on Banach spaces. Q.J.Math.,Oxf. II. Ser. 40. No. 160, (19 89) 409-422.

[23] M.Gonzalez; R.Gonzalo, Banach spaces admitting a separating polynomials and L_p spaces, Monatsh. Math. 235, No. 2 (2002) 97-113.

[24] S.Lassalle; I.Zaluendo, To what extend does the dual spaces E^′ determine the polynomials over E ? Ark.Mat. 38 (2000), No.2, 343-353.

[25] G.Munoz; Y.Sarantopoulos; A.Tonge, Complexiøcations of real Banach spaces, Polynomials and multilinear maps, Studia Math. 134 (1999), No. 1, 1-33.

[26] L.Nachbin, Topology on space of Holomorphic Mappings, Erg. der. Math.

Springer verlag 47, Berlin (1969).

[27] S.Rolewicz, Metric Linear Spaces, Instytut Matematyczny, Polskiej Akademi Nauk., Mongraøe Matematyczne (1972).

[28] I. Sarantopoulos, Estimates for polynomial norms on L^p(μ) spaces, Math. Porc.

Phil. Soc., 99 (1986), pp. 263-271.

[29] A.V.Zagorodnyuk; On polynomial orthogonality on Banach spaces. Mat.

Stud.14, No. 2 (2000), 18 9-198.

King Saud University, Mathem atics Dept. P.O . Box 2455, Riyadh 11451, Saudi Arabia em ail: Ab oubakr@ ksu.edu.sa. .