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∑
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m
µ±¡������B�j�i�l���u� z

�����V�t~2�?� � ! � ! ��� (/#�+ .&%
	 + $ %�(*' ,/(*.&)�!�# +10

�03"B
E

9",�4
F

_?3
p
+Q,�.0/21�354 9",�4�F+-,�.0/21�3 4 6 )E90;<3F6 4 9",�4 A :

Em → F
_?3 9 6 M 1�1�3"B5/ G ; m

+ T G ,�359J/Z1I9J) ;�� 5�3?,

A(x1, · · · , xm) =
1

m!2m

∑

ε1, · · · , εmA(ε1x1 + · · · + εmxm)m¸ Ú�¹

� 5�3?/-3 B65�3 6�9�1�1 9�B G .J, G 6 B 9���3", L .�/*9"T T εi ∈ {−1, +1}, i = 1, · · · , m ;

< /-.F. L=; ½
¦��[®��f����¡ª�>�����t� �±��¡*�X�����n�u¡ª��·$�
� ®��B¬t�

A(ε1x1 + · · · + εmxm)m =
∑

(n1,··· ,nm)

m!

n1! · · ·nm!
A(ε1x1)

n1 · · · (εnxm)nm

=
∑ m!

n1! · · ·nm!
εn1

1 · · · εnm
m Axn1

1 · · ·xnm
m .
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Àº��¡ª�;���u¡ª¦Ñ²°�K�;®´�5�±���B��²j¦ ∑

εi=±1

ε1 · · · εm
·��
� �V�P�

∑

εi=±1

ε1 · · · εmA(ε1x1 + ... + εmxm)m

= m!
∑

εi=±1

1

n1!...nm!

∑

εi=±1

1≤i≤m

εn1+1
1 ...εnm+1

m Axn1

1 ..xnm
m .

�
¡��c���>¡�¦ ∑
εn1+1
1 · · · εnm+1

n = 0
�d�

ni = 0
�X�����7�t�f�

1 ≤ i ≤ m
z Õ ����©E�

∑

εi=±1 ε2
1 · · · ε

2
m = 2m ·��x� �P�V�l�[®��º�K�c�������B�m�[�B�>��¡����

� z � z 1

m!2m

∑

εi=±1

1≤i≤m

ε1 · · · εmA(ε1x1 + · · ·+ εnxm)m = A(x1, ..., xm). �

Ò ®u�Ê�X��¡�¡��K�¯���u���[®��c�t���V� �5®��3� �¥�9®����t���Q[��u��©]�t���>�c���¶�������V��©P��²°�P�����V�V�Î�9®��
©]¡����;�>�c�

Pa(
mE, F )

�P���
Las(

mE, F ).

�����V�t~2�?� � !�� ! 2 L P ∈ Pa(
mE, F ) 4 B65�3?, B65�3F/-3$3�� G 6 B 6&9 9J, G � 9�3U6 M 1�+1I3CB5/ G ; m

+QT G ,�359J/Z1I9J) A ∈ Las(
mE, F )

6�9�; 5SB65�9�B
P (x) = Axm

L .J/*9"T T x ∈ E ;
< /-.F. L=; Õ �ª�u©P� P ∈ P (mE; F )

·�²j¦¨���cÓ����ª�>���t�o·
P (x) = Axm �X�t�p�7�t� �

A ∈
La(

mE, F )
z\Ò ®u�V�¨�[®��º�7¦°�f� �P�;����ØB�K���ª�t�

As
�P�

A
�7�K������Ó��c�

P (x) = Asx
m.

Ò ®�� �t���^[-�u�V���B�����P�¯�5�u©M®¨� �7¦°� �f�V���>�±©
m
µ±¡����u�c�����i���«�U��� ©]�����>�F[°���c�u©E�f�E�

�[®u�w�§��¡�������ØV�K�����t�«�X�����n�u¡�� z
�

Í ��®t�B¬t�����u�]�g�7�c�V�Ì�9®��j�_�9®��c�����U�_�������Q[-���i©>�t�>���c�>���t�u�u�P�u©V�l²-�P�]���V�V�G�[®��
m
µx®��t� �t�t�V���V�t���g�°��¡�¦°���t�f�ª��¡

P
�E����[®u�p�7¦°�f� �P�;���ª©

m
µ±¡������B�K���l���

A
·§�7�

�[�G�>�f��®�������Øc� �7®u�����
� �\�>�ª�;�

P = Â.

Ò ®u�w�X�t¡�¡��3� �ª���Ã�[®��c�t���V�Ï�U���7�V¡���µ9�V¬°�����V�-� z

�����V�t~2�?� � !
	�! � 5�3 1I9J)�) G ,�K
A ∈ Las(

mE, F ) → Â ∈ Pa(
mE, F )

G 6I9 @�35; B5.0/*68)E90;<3 G 6 .J1�.0/2)�5 G 6<1 ;



� ���������	��
���������������
�����J������� � ! � ! �03?B

E = IK
9",�4

A : Em → F
_?3 9C, M m

+^T G ,�359J/Z1I9J). L B85�3 L .J/<1

A(λ1, · · · , λm) = aλ1 · · ·λm, a ∈ F,

7 5�3?/-3
aλ1 · · ·λm

4J3?,�.JB53?6
(λ1, · · ·λm)a ;�� 5�3F/-3 L .0/ 3 4 9", m

+�5�.01�.FK�3F,�32./9�6
)?.0T M ,�.01 G 9JT P : IK → F G 6 . L B65�3 L .0/<1

P (x) = aλm, a ∈ F.

2 , B:5 G 6 7 9 M 4 GVL F = IK 4 7 3 K?3"B*B85�3 ; T^9J656 G ;29JT m
+�5�.J1�.FK03?,�32./9�6Z)?.0T M ,�.J+1 G 9JT�. L IK G ,�B5. IK ; � 5 G 6 3 ��9J1�)�T^3 1A.JB G @�9�B53F6Z9C, 4���9�6<B G�� 3F6 . 9�/*4�3 � , G B G .J,. L m

+�5 .01�.FK03?,�32./9�6 )F.JT M ,�.01 G 9JT ; N
£ �i�������ª���

P : E → F
�U�n©]��¡�¡��B� � )?.0T M ,�.01 G 9JTn�d�¯�[®��V���Î�>¢°�±�]�I� m�E���

Pk ∈ Pa(
kE, F )

·
k = 0, 1, · · · , m

�7�u©M®m�9®��j�

P = P0 + P1 + · · ·+ Pm.

Ò ®u�¼�V�����ª���ª�t�Ë�E�¯�[®��±�i�N�l�-�t�����]�_�±�]��·*�E���¤� �
Pm 6= 0

���¼�9�B¦m�[®��j�
P

�N�
�w�-�t¡�¦§���t�f����¡��P�¯�K�V�t�>�V�

m
z

Ò ®u�Ã¬V�V©P���t�º�5�u�t©V�Ã�E���P¡�¡¯�-�t¡ª¦°���t�f����¡��p�X�>�t�
E

�9�
F

�*�ª�;®��7�c�>���V©E� �[�
�°�K���°���_����� ¬P�B©E���t�l�V���V�;�K�;���t�¤����¡�¡\²°� ���V�����;�c�«²j¦

Pa(E, F )
z

Í �´®t�B¬t�¤�9®��´�X��¡ª¡ª�3�_�����¾�[�c����¡��Ñ�V��>¢-�;�V���>�ª��� �[���9®��Ë©]¡��t�;�>��©V��¡i�P���Ë�X�K�
���t��� �c�¤�7����©V�V�P· ¸ �5�V�`% y (±·U��® z ×�¹ z
�����V�t~2�?� � !���! �03"B

P : E → F
_F3$9`,J.0, + b 3?/-.7)?.0T M ,�.01 G 9JTD. L 4J32K0/-3<3

m
_?3"B 7 323F,7T .";59JT8T M _F.*9�,�4�354
	 +-62)E90;<3F6

E, F ; � 5�3?,SB65�3 /^3F)�/ 3F623?, B 9�B G .0,

P = P0 + P1 + · · · + Pm
¸�� ¹

G 6 90, G �19�3 ; ;
< /-.F. L=; Ç �i�7�oÔ+©P�c���9��5®u�j� �[®u�K�

P = P0 + P1 + · · ·+ Pm = 0
�N�w��¡����V�

P0 = · · · = Pm = 0.

ÙÁ���;�w�[®��K�l�d�
P (x) = 0

�X���
x ∈ E

·Ì�9®��V�¨�
�f®��B¬t�p�X�t�i�P�°¦
r ∈ IK

P (rx) = P0(x) + rP1(x) · · · + rmPm(x) = 0.

���ª¬°�±���ª���m�[®����t���t®»²3¦
rm � �

r 6= 0
�E���+�l�K�°�����

r → ∞
· ���Î�V²��;�����

Pm = 0
z ½x¦Ñ�N�����u©P�>���t�¤��� �[®��V�¤�V�P�

P0 = P1 = · · ·Pm−1 = 0. �
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yPzUÉ§z �
�t{-}���{-���t�� �¶�0�^�-{u�J�f���J�Q "!I#u�P�º�t� ���V�����;�Ã²j¦
P (mE, F )

·��7®��
¬P�B©E���t�º�7�u�t©V�Ã�P���P¡ª¡g©��t�°�>���§���t�u�

m
µ±®��t� �t�t�V�u�V�t�u� �°��¡�¦°���t�f�ª��¡±�w�X�>�t� �

p
µ

���t��� �c��[�u�t©P�
E
�9�¼�

q
µ±�§�t���f�B��5�u�t©P�

F
�����;®G�[�B�>���c©E�g�[�º�P¡ª¡&�§���ª�-���_�±�>�

¬P�B©E���t�l�V���V�;�K�;�ª����� z_Í �f���������
F = P (◦E, F )

z
Ç �l�U��©]¡��V���l�7®��3���d�

P ∈ P (mE; F )
·Î�9®��P�

sup
{

‖P (x)‖/‖x‖mq/p; x 6= 0, ‖x‖ ≤ 1
}

= sup {‖P (x)‖; ‖x‖ ≤ 1}

= inf{M ≥ 0; ‖P (x)‖ ≤ M‖x‖mq/p}.
#��V�

‖P‖
²°�º�[®��Ã©��t�f� �t�+¬M��¡����¼�E� �7®u�c�>�Î�2[-�u��¡��X�;���c� z�zpÒ ®u�V�

‖P‖
�U�

�
q
µ±�§�t����V�

P (mE, F )
�d�

F
�U���

q
µ��������f�B�m�5���t©E� zgÒ ®����

q
µ±���K���Ï�\��¡�¡

²°� ©>�t�u�>�����V�;�c�«�7®u���t���t®��t�����9®u� �������V� z
Ç �l�U�����t�>¦��9�G�[�V�w�9®u�K�

‖P (x)‖ ≤ ‖P‖‖x‖mq/p .
¸�� ¹

¸ �]�c� % y (X¹ z
£��p�¼©>���X�;�V�>���t�Ë�X���n�9®��Ì©]�t�-�����°���ª��¦¤�P�g�P�

m
µ±®��t� �t�t�V���V�t���n�°��¡ª¦§���t� �±�K¡

�
�Î�����V���V�°�n�[®��Î�X�K¡�¡��K�_�ª�u���9®��V�t�>�V� ²°�E�]�!�P�V�+��µ[���t���f�V�
E
�E�u� [Vµ<���t��� �c�

�7�u�t©P�
F
¸
1 ≥ p, q > 0)

�����V�t~2�?� � !�� ! 	E.J/
P ∈ Pa(

mE; F ) 4 T 3CB
A ∈ Las(

mE; F )
_?3\689�; 5

B85�9�B
P = Â ; � 5�3 L .�T Tc. 7 G ,�KU6NB 9�B23F1�3?, B 6Z9"/ 3 3 � 9 G @ 9�T�3?,�B ;O +10
A ∈ Ls(

mE; F ) ;O�� P P ∈ P (mE; F ) ;O�� 0
P G 6 ;8.0, B G ,�9�./9�6*9 BZB85�3 .?/ G K G , ;O�� 0 � 5�3F/-3 3 � G 6<B56Z9 ; .0, 6 B 9�,�B M > 0

6�9�; 57B85�9�B

‖P (x)‖ ≤ M‖x‖mq/p.
¸�	 ¹

< /-.F. L=; Ò ®��f�d�p��¡��±©P�K�;������� ¸ ��¹
⇒
¸ ²�¹

⇒
¸ ©B¹

⇒
¸ ��¹ �P���w��¬°�����c�-� z

Í �f©>¡����ª� �[®u�K� ¸ ��¹
⇒
¸ ��¹ � Ç �

‖P (x)‖ ≤ M
�X���

‖x‖ ≤ 1
·��d���X��¡�¡��K�_�

�X�>�t��9®u�w�§��¡�������ØB�j�;���t�«�X�����n��¡±�Î�9®��j�

‖A(x1, · · · , xm)‖ ≤ M/m!

�X���
‖xi‖ ≤ 1

m
, i = 1, · · · , m

·�M���«®��V��©P�
A ∈ Ls(

mE; F )
z
�



� ���������	��
���������������
Ö z�� �V{��V~;�J���
�?�B�+�Ì�j~�}���{��  f�����V�t~2�"�

Ò ®u�¯�X�t¡�¡��3�_�����l�7®u�V�t���V� ��¢§���c�u���\�Î��~>}��ª{��  ¥} ���c��~2�F� �9�l¡N�-©V��¡ª¡ª¦n²°���u�u���B�
³�µ<�]�u�t©V�c� z

�����V�t~2�?� � ! � ! O���� ' � .6+*# %�	 � � � +*. $&% '
	�� $� � (/. � ) 0 	E.0/ 9
p
+Q,�.0/21�354

68)E90;<3
E

9",�4 9
q
+ ,J.0/21�3 4768)E90;23

F 4 B85�3 1 9J)�) G ,�K

A ∈ Ls(
mE; F ) → Â ∈ P (mE; F )

G 6Z9 @ 3 ;CB5.0/6 )E90;<3 G 6 .01�.0/2)�5 G 6<1 9",�4 9 5J.01�3<.01�.0/2)�5 G 6 1 . L B:5�3 � / 6 B�.", B5.B85�3 6 35;2.0,�4768):90;<3 ;�� .0/ 32.0@�3?/ 4

‖Â‖ ≤ ‖A‖ ≤
mmq/p

m!
‖Â‖.

¸ y�� ¹

< /-.F. L=; Ò ®��p�V�;�>�P�>�;���K�«�N� �9����¬§���K¡�¡ª¦G�7���u���X��� m = 0, 1
z Õ �Ì���w�V���>�u�f���[®u�K�

m > 1
zxÇ �g�U�_©]¡��V��� �9®u�K� �[®u�l�i�����u����� �U�_�l¬V�V©P���t�Ê�5���t©P�i�N�]�t�f�t�>��®��±�>�Ã·��P�u�

�d���[�P�º���������9��7®��3� �[®u�K�l�[®��f�d���F[°�u��¡ª����¦ ¸ y�� ¹�®��t¡���� z
Í �w®��3¬t�

‖Â‖ ≤ ‖A‖
�7�ª��©P�

‖Â‖ ≤ ‖A‖‖x‖mq/p.Í � �t�>� �[®��f�-�t¡±�K�>��Øc�K�;�ª���¨�X���>�w��¡��Ì�[�G�V�P�l�[®u�w�P�;®��c���N���?[°�u��¡�����¦

‖A(x1, · · · , xm)‖ ≤
1

m!2m

∑

‖Â(ε1x1 + · · · + εnxm)‖

≤
1

m!2m

∑

‖Â‖(‖ε1x1 + · · ·+ εmxm‖)
mq/p

≤
1

m!2m

∑

‖Â‖(‖x1‖ + · · ·+ ‖xm‖)
mq/p

≤
1

m!
‖Â‖(‖x1‖ + · · · + ‖xm‖)

mq/p

�7�ª�u©P�Ê�
�g®��3¬t�
2m �9�V���f�¥�N� �9®����P²��j¬t�Ê�7���f�f�K�;���K� z Å¥�V�u©V�Ê� � ‖xi‖ ≤ 1, i =

1, · · · , m
·��
� �V²��I�K�ª�

‖A‖ ≤
mmq/p

m!
‖Â‖.

¸ yty ¹

�

�
��~��0�^���K~2� � ! � ! 2 L F G 6 9 q
+��Y9J,�90; 5 68):90;<3 4 B85�3?,

P (mE; F ) G 6 9 q
+

� 9J,�90; 5 68)E90;<3 ;
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Ö zªytz � ��� � �c{��V~;�J�ª���F�V� �¥�t� ���u�ª{ �V ��Á{u���0�P~5 ;��� �
�t{� ]}I��{�} mmq/p

m!

!
Ò ®��+�l���

A ∈ Ls(
mE; F ) → Â ∈ P (mE, F )

©��t�u�������V�>�c���P²¶�3¬t�+�U�
�����w�N�Ë�P�c���P�;��¡¯�P� �U�]�t� �P�;��¦ zfÍ �Ì�P¡��>�m�����;�±©E�Î�[®u�K�p�9®��Ì©]�°�KÔ+©V�ª�V�-� mmq/p

m!�N�Æ�9®�� �P²¶�3¬t�Ë�9®��P�t���V� �K�V���P�u���m�V��¡ª¦È�V�
m
·

p
�M���

q
�E��� �t�K�m�V� �[®u�

p
µ����t���f�V���7�u�t©E�

E
�P�u� �9®��

q
µ±���t��� �c� �7�u�t©P�

F
z Ò ®��c���P���t��� �
� ©��K�

©]�t�u�>�����c�
mmq/p/m!

�V�p�f�t{����J�P~5 ;�J�Ê�>�t{� �}I��{-}p�7�V¡±�3�;�������9®��Î©]�t�-�;�ª�°�u�����
m
µ±®��t� �t�t�V�u�V�t�u�Ê�§�K¡�¦-���t� ����¡����P�u���[®u�p©]�t�>���c���¶�K�����ª���Ì�7¦§� �f�P�����±©

m
µ
¡N����µ

�����p�l���u� z Ð ��©��t���;���¼�9®����w©��t���]�I�K�-�w�[�����u�p�V���p�[�m²§�Î�2[-�u��¡¥�9�
mm/m!

� �

E
�P�u�

F
�P���

p
µ±������� �B�¤�7�u�t©E�B� z

Ò ®u�Ñ�X�t¡�¡��3�_����� �>¢���� ��¡��«�7®��j�g�º�9®u�K�Ì�x�m©����������Ì�7�c��¡±��©V�Ñ�[®u�m©>�����]�;���-�

mmq/p/m!
²3¦«�w�7�f��¡�¡��c�l�P���

�����J������� � ! � ! � .0,�6 G 4 3F/ B85�3 F
+ 6<)E90;<3

E = lp (1 ≥ p > 0)
. L 9"T8T683 ��9�3?,�;<3F6

x = (xn)
. L ,*9�1�_03?/56

xn ∈ IK
6�9�; 57B85�9�B

‖x‖ =
∑∞

1 |xn|
p <

∞ ; 	E.J/
m > 0 4 T 3 B A : Em → IK

_?3 B65�3
m
+^T G ,�359J/Z1 9�) 4�3 � ,�3 47_ M

A(x1, · · · , xm) = x1
1x

2
2 · · ·x

m
m;

G�; 3 ; B65�3 )J/-. 4 9�;CBZ. L B85�3 4 G 9JKJ.0,�9�T�. L
x1 = (x1

1, x
1
2, · · · , x1

m, · · · ),

x2 = (x2
1, x

2
2, · · · , x2

m, · · · ),

xm = (xm
1 , xm

2 , · · · , xm
m, · · · ).

� 5�3?,
A G 6*; .J,�B G ,�9�./9�6 ; � 5�3&6 M 1�1�3?B2/ G�b 9�B G .�, As

. L A G 6 ,0. 7 K G @�3",_ M
As(x

1, · · · , xm) =
1

m!

∑

σ

x
σ(1)
1 · · ·xσ(m)

m

7 5�3?/-3 B65�3 6�9�1�1 9�B G .J, G 6A.?@�3?/*9CT8T )"3F/2139 B 9�B G .0,�6 σ
. L {1, 2, · · · , m} ;

	 3 ; TQ9 G 1 B85�9�B
‖As‖ = 1

m!
; 2 , L 9�;CB

‖As(x
1, · · · , xm)‖ ≤

1

m!

∑

σ

(|x
σ(1)
1 | · · · |xσ(m)

m |) ≤
1

m!
‖x1‖1/p · · · ‖xm‖1/p.


 3F,�;<3
‖As‖ ≤ 1

m!
; ��9�B

As(e
1, · · · , em) =

1

m!
.

7 5�3?/-3
ei = (0, · · ·0, 1, 0, · · · ) ; � 5�3?/-3 L .0/-3

‖As‖ = 1/m! .
¸ y Öt¹
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���������������
�E3"B

Âs(x) = As(x, · · · , x) ; � 5�3?,
Âs ∈ P (mE; IK)

9C,�4
Âs(x) = x1 · · ·xm

7 5�3?/-3
x = (x1, · · · , xm, · · · ) ;���G ,�;<3 B65�3 K?32.01�3CB5/ G ; 1A3 9�, . L )?.E6 G B G @�3 ,/9�1�+

_?3?/56 G 6 9"T 7 9 M 6 T 3"656 B85�9J,7.?/ 3 �19�9JT B .`B65�3 9"/ G B 5�1�3?B G ; 1A359J, 4 7 3 5E9�@	3

‖Âs‖
p = |x1|

p · · · |xm|
p ≤

1

mm
(|x1|

p + · · · + |xm|
p)m.

� 5�9�6
‖Âs‖ ≤ 1/mm/p ; 2 L 7 3 B 9 ��3

x = (1/m1/p, · · · , 1/m1/p, 0 · · · ),

7 5�3?/-3
1/m1/p 9C)�):329J/56 G ,\B85�3 � /56 B m

B 3?/21 6 . L x 4 7 3 .?_ B 9 G ,

‖Âs(x)‖ =
1

mm/p
.

¸ y ×�¹

� 5 G 6Y685�. 7 6�B65�9�B ‖Âs‖ = 1
mm/p ,

9",�4 5J3?,�;<3 4

‖As‖ =
mm/p

m!
‖Âs‖

7 5�3?/-3
q = 1

5J3F/-3
N ;

� �"�º��~�� � ! � ! 2 L E G 69&/^3 9�T 
 G T�_E3?/ B 68)E90;23 9",�4 F G 69 � 9J,�90; 5a6 )E90;23
B85�3?,SB85�3 1 9J)�) G ,�K A ∈ Ls(

mE, F ) → Â ∈ P (mE, F )
_"35;2.01�3F6Z9C, G 6 .01+3 B5/ M
; 2 L p = 1

B85�3?,\B85�3�9J, G @	3?/5629JT ;8.0,�6<B29J, B 7 G T T 3 � 9�9JT mm

m!

9",�4UB:5�3�/^3F6&9�TcB
G 6*4 9�3 B .�� 90; 5�_ G , % ÖjÚ:( ; = T�6<. L .�/ Lp(µ), 1 ≤ p, G B G 6*4 9�3&B8. � 9J/-9J, B5.0)0./9�T^6
% Ö � ( ;
Í ���P�V�u�V�;��¡���Øc�i�[®��i�§��¡������ªØB�K�>���t���X�����n�u¡ª�º�X���Ê�[®u�p�7���t���P�\���>�����¼� �Ê�d��9®��

���P¢°���5�B©E�;���t� z

Ö z Ö z � �V{��c~��J�ª���?�c�Ì���0�±��~>���B�j}����t{Ì����~2�n���ª� !�³t���\¡N�°©V�K¡�¡ª¦n²°�t�������c� �7���t©P�c�
E, F

·��E�u�
f : E → F

·Ì¡N�M�

ϕm(f) =
1

m!2m

∑

ε1 · · · εmf(ε1x1 + · · ·+ εmxm)
·
x1, · · · , xm ∈ E

¸ y �-¹

��®��V��� �[®��º�5��� �º�j�����t�¨�N���I¬t�V�i�P¡�¡
εk = 1

�V��µ y ·
k = 1, · · · , m.Ç �

Ak : Ek → F
�U��� �5¦§� �f�P�;�>��©

k
µ�¡ª���u�c�����i���¨�P�u�

Pk = Âk
·¼�9®u�V�

ϕm(Pk) =

{

Am(x1, · · · , xm)
� �

k = m
0

� �
k < m.

¸ y3É ¹
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Í �¾�[®u��¡�¡Î©>��¡�¡
ϕm(f)

�9®u� �°�0����~����B�3};���t{ �E�
f

�\�X�;® �[�c�����c©E�Ë�7�

x1, · · · , xm
z*Í �i®t�B¬t�i�7®��j�_�G�9®����X�����n��¡��w�X�t�¯�9®���©]�t�>�

k = m
�d� Õ �c©P�>���t�

yPzxÇ �
k < m

·«�¼�5�;�����ª�t®-�����t���!���;�Ë©��t�f�����;�K�;�ª��� �7®u�3�g�i�7®��K�
ϕm(Pk) = 0¸ ���P� �7®�� �����°�K�!�P� Ò ®u�V�t���V� yVz Ö¹

× z �����������t�"�
P (E, F )

Í ���P�>���t�j�Â©]�t��©P�V���u�c�¼���ª��®Ã©]�t�-�;�ª�°�u�������°��¡�¦-�u�t�f�ª��¡±�¥�X���t� �
p
µ±�����>�f�B�

�7�u�t©P�
E
�d�����p�

q
µ±���t�>�f�B�¼�7�u�t©E�

F
z #��V�

P (E, F )
�K�P�����;�c�Á�[®��Ê¬V�B©E�;�K�!�7���t©P�

�E�¯�E¡�¡\©]�t�-�;�ª�°���t�u�l�-�t¡�¦-�u���f����¡±���X���t�
E
�N�����

F
z

Ò ®u�w�X��¡ª¡ª�j�¯�����Ã�[®��c�����c�Ï�����3¬§�ª���c���[�t�f� ©]�����;�V���ª�Ì�X�t���7®�� ©]�t�-���ª�§���ª��¦��P�!�
�°�K¡�¦§���t� �±�K¡

P
z

�����V�t~2�?� ��! � ! �03"B
P : E → F

_?3&9 )?.0T M ,�.01 G 9JTY. L 4�32K0/-353 m L /-.019
p
+^,�.0/21�324 6 ):90;<3

E G ,�B2. 9
q
+Q, .0/21�35476 )E90;<3

F
6:9�; 5SB85�9�B

P = P0 + P1 + · · ·+ Pm.

� 5�3?,SB65�3 L .JT Tc. 7 G ,�K 9C/ 3 3 � 9 G @	9JT^3", B��O 9 P P0, P1, · · · , Pm
9C/-3 ;8.0, B G ,�9�./9�6 ;O _ P P G 6 ;8.0, B G ,�9�./9�6 ;O ; P P G 6 ;8.0, B G ,�9�./9�6*9 BZB85�3 .?/ G K G , ;O 4 P P G 6 _?./9�,�4 354S.?,7B85�3 9J, G B*_F9JT T ;

< /-.F. L=; Ò ®��f�d�p��¡��±©P�K�;������� ¸ ��¹
⇒
¸ ²�¹

⇒
¸ ©B¹

⇒
¸ �u¹ �P���p�9���ª¬°����¡ z

Ç �l�[�V�f�����u���9�Ã�[®��j� ¸ �u¹
⇒
¸ �t¹ z Ò ®��������ª¡ª¡�²-�f�5®��3�_�¨²B¦Ñ�N������©E���ª�t� z_Í �

�t�>�w�9®��f�P�V���c�;�K¡\�°�t¡ª�����ªØc�K�;���t�¨�X�����n�u¡ª��P²¶�3¬t� z_Í � �����;� �7®��K�

ϕm(P ) = ϕm(P0) + · · ·+ ϕm(Pm) = ϕm(Pm)
�P�

ϕm(P ) = Am(x1, · · · , xm),

��®��V���
Âm = Pm

z Õ ����©E�
P
�N�_²-�t���u���c�G�V�Ã�[®u���t���ª�c·��
�l®t�3¬t�

‖P (x)‖ ≤
M

�V�¨�[®��f���u�X��²t��¡�¡
‖x‖ < 1

·Ã�X���i�7�t�f�
M > 0

z Ù¥�j�

‖Am(x1, · · · , xm)‖ = ‖ϕm(P )‖ ≤
1

m!
‖P (ε1x1 + · · ·+ εmxm)‖.

ÅÁ�c�u©P� �d�
‖x1‖

1/p + · · ·+ ‖xm‖
1/p ≤ 1

·��[®��V�

‖Am(x1, · · · , xm)‖ ≤
M

m!
��®��±©;®Î�[®��3�g�Á�[®u�K�

Am
�U�¥©]���°�;���§���t�����E�u�º®��c�u©P�

Pm = Âm
�U�¥©��t�-�����-���K��� z

£��
P − Pm

�U� �P¡±�]�´²°���u�u���B���V���[®�����u�X�¼²t��¡�¡5·��7�c�¶�c�K�;���u�¨�9®���9�K�f�
�E���t�u� �V�°�¥�V�¥�E²��B¬t�t·§�
�Ê©>���¼�5®��3���[®��K�

Pm−1
�N�Á©��t�°�>���§���t�u� zÁÇ �����u©P����¬t�P¡�¦t·

�[®u�V�>�P�5�t��� �
�f©>�K��©E¡��u��� �[®u�K�
P0, P1, · · ·Pm

�E���f©]���°�;�ª�°���t��� z
�



Û2� ���������	��
���������������
� z �x��{���� ���e�°}2�V��{ �u���� f�����V�t~<�?� �X�K~f�¶�0���°{��0� �±�J�� 

Ò ®u�¨�X�t¡ª¡ª�j�_�������7®u�V�t���V� ��¢§�>�c�u��� � 9J,�90; 5�+ � B53 G ,�5�9 9�6 B M )E3SB65�3<.0/-3F1 �9�
®��t�f�t�K�c���V�t�u�!�°�t¡ª¦°���t� �±��¡ª�¯²-�P���!�V�V�Ì¡N�-©V��¡ª¡ª¦f²°�t�������c�

F
µ±�]�u�t©V�c����®u�ª©M®Ì�P���

�����l���B©P�c���;���>�ª¡ª¦m¡d�§©P�K¡�¡ª¦«©��t�§¬��V¢ z

�����V�t~2�?� 	�! � ! �03"B
E

_?3 9
p
+��Y9J,�90; 5 6 )E90; 3 4 F

_?3&9
q
+Y,0.0/21�354 6 ):90;<3

9C,�4
(Pn)

_F3`9 683 �19�3",�;23 G , P (mE; F ) ; 2 L P G 6ZB85�3&)?. G , B 7 G 623&T G 1 G B. L B85�3 6 3 ��9�3F,�;<3
(Pn) 4 B85�3?,

P ∈ P (mE; F ) ;
< /-.F. L=; #��P� An ∈ Ls(

mE, F )
²-�´�[�u©I®È�9®u�K�

Ân = Pn
��®��V���

Pn ∈
P (mE; F )

z+Ò ®u�f�-��¡±�����ªØc�K���ª�t�¨�X�����n�u¡ª��· ¸±Õ �B©E�;���t�\� ¹��N�w��¡��ª�c���7®��K�

lim An(x1, · · · , xm)
�>¢§���]�I�l�E�i�>�t©M®«�§���ª�°�

(x1, · · · , xm)
�P�

Em z #u�P�
A = lim An.

Ò ®u�V�
A ∈ Las(

mE, F )
z

Í � ©>¡ª������9®u�K�
A ∈ Ls(

mE, F )
z Õ ����©E�

L(mE, F ) ' L(E, L(m−1E; F )),
�7�V� % ycÉ (�· ���_�x�Î©]�t���>�����V�

(An)
�P�n�¼�[�F[����P�u©V�¼�N�

L(E; L(m−1E; F ))
·¨²B¦

�[®u�+½*���u�t©;®uµ Õ �;�V�ª��®����u�Ñ�[®u�V�t�>�V� �X�t�«¡d���u�c���m�l�������ª�����P·n�
�+�P²��I�K�ª�
A ∈

L((E; L(m−1E, F )).Å¥�V��©P�
A ∈ Ls(

mE, F )
�P�

An ∈ Ls(
mE, F )

�X���º�>�t©;®
n
z Ù¥�3� �x�

®t�B¬t�

P (x) = lim Pn(x) = lim Ân(x) = lim An(x, · · · , x)

= A(x, · · · , x) = Â(x).
Ò ®u�K�i�N�E·

P = Â
z�Ò ®����i©]�t� ��¡��P���c���[®��f�����°��� z

�

�
��~��0�^���K~2� 	J! � ! �:3CB
E

9",�4
F

_?3 9"6 G ,�B:5�3 9C_E.0@:3�B65�3<.0/-3F1 9C,�4
(Pn)_?3 9 683 � 9�3F,�;<3 G , P (E; F ), 7 5�.E6<3 32Tc3F1�3", B 6 . L 4J32K0/-323 � ;�� 5�9�B G 6 4

Pn = Pn0 + Pn1 + · · ·+ Pnk, Pnk 6= 0, n = 1, 2, .
2 L Pi G 6 B85�3�)?. G , B 7 G 6<3T G 1 G B . L B65�3�6 3 ��9�3?,�;<3

(Pni) L .0/A3-90; 5 O��
≤ i ≤ k),B85�3?,

P =
∑k

i=1 Pi ∈ P (E; F ),
9",�47. L 4�32K0/-353 � ;

< /-.F. L=; ½
¦m�V�>�����f���;�ª�t�´�E¡ª¡\�>¡ª�V� �c�-�;�l�P� (Pn)
®t�B¬t� �9®��f�[��� �º�K�V�t�>�c�

k
z

Pn
�N�Ê�9®��º�5�u� �E�¯ÓP���ª�>�f®t��� �t�t�V�u�V�t�u�l�-�t¡�¦§���t�f����¡�� �

Pn = Pn0 + Pn1 + · · ·+ Pnk, Pnk 6= 0, n = 1, 2, ..
��®��V���Î�X��� �>�t©;®

n, Pnm
�P���Ì��µ[®��t�f�t�t�V���t�u�p�-�t¡�¦-���K�f�±��¡��P·

(1 ≤ m ≤ k).ÅÁ�c�u©P� ²j¦p�7®��g�P²¶�3¬t� �[®��V�t���c� ���t©;®
Pnm

�9�P�u�����9�i�g©]�t�-�;���§���t�u�¥�-�t¡ª¦°���t�f���K¡



����� ��� � ����� �
	 �
� ��������	� ����������"��� �  Û �

Pm
z �
�����>�F[-���c�-��¡�¦�·$²j¦ Ò ®��c�����c� × z�y ¸ ²�¹E·&�9®u�º�5���f� ¸

Pn)
����¡ª¡\�[�V�u�¨�9�Ã�9®��

�7���
P ∈ P (E, F ) �.��� �§{����H���B���0���V{-}�� Ò ®��¼�E���;®��t�l�
�t��¡±�¤¡d�X�t�f�[��7®��K�u�m�7®u�f�7�V���V���c� �X�t�

®��±��¬E�K¡��u��²u¡��º�P�u�¨�����P���u¡Á©��t�f� �V�°�I� z

����	
������������
������� = ��S�FMCEWBQ�Rªs��3CMWBOjYBS;Z[RdCEO3T_CMH\`eCEQ¥J3LdA�r¼SMO3SILNFcT5RUT¯RNOÎOBCEOÎLNCV`]SILNLdFº`eCEOVqMAer¼T7J3SM`�A]T]s

�3WBO3`<Z[RdCEO3TxZ[@BA�CED7F�koRdZ7@BCEWcZ\`eCEOVqMAercRdZ�F�`eCMOjYcR Z[RdCEO3T]s��&CED5Z[@��$CMLNLNSMO3Yts-a�SIZ7@BA]Q!S;Z7RU`�T
bPZ[W3YcRNA]T �! #" s%$'&�& " =

� $ ��� = ��S�FMCEWBQ�Rªs ?�@BA)(�A]qPR_JBD7CE^BLNA�Q SMO3Y¨Z7@3AÎD[SEYcRNW3T�CIH�`eCEOVqMA�D[vMA]O3`eAfCIH�S@BCELdC#*
Q�CMD[JB@BRU`�HXWBOj`<Z7RNCMOjTÁCEOnQ�AeZ7D[RU`¯qMA>`<Z[CMD\T7J3SM`�A]T]s,+.-0/01#2�35476�298;:�2�3=<>6�?�2�1'@A+A2�1#@�B0CD6ECGF
H ?#@E?#IJ?#K>L�M�B)1#2�-N+�L�L�KO?#P�6EIQ1�<>6�?�2)<DM�4D?�KDB�sSR�Yt=&b�=&a�SE`9@3SMYcCjsUT;4>3�<D:�KO4WV�?#<D4GCX6E2
Y 1'<DMZF bVJBD[RNOBvMA]D\[�A�D[LNSMv3s0]'^ " s`_ �G ] �ba s  * " $c=

� "���� = ��S�FMCEWBQ�Rªst?�@BAJ(�A]qVR°JBD[CM^3LdA]Q�HXCMDxYcCMQ!SIRNO3T
T5J3D7A>SMY�C;qEA�D
LdCc`�SMLdLNFÊJ3T7A�W3YcCc`�CMOVqMA�r
�3D[`9@BA�Z T7J3SM`�A]T!koRdZ7@ºZ[@BA�^KCMWBOjYcA]Y¼SMJBJBD[C�rVRNQ!S;Z[RdCEO JBD[CMJKA�D7Z�FMs\c;dfe.?�IJL�@�4gPih.1'K>6kj
1#l�@�4!C�s0[�CEL � &3sE_ �G ] "�a s � ^ � * �bm $c=

� ^ ��� = ��S�FMCEWBQ�RªsP?�@BAU(-A�qVRBJBD[CM^BLNA�Q«RdO!O3CMO!LNCV`]SILNLdF¥`eCEOPqEAer�T5A]J3SID9SI^BLNA¶Z7CEJjCELdCEvMRU`�SILcqEA]`�*
Z[CMD&T7J3SM`�AMs Y 1'<DMZdfn03>1'2�-06E2�1#/o6`3>1Bs0poqcsE_ �G # & a s0$  &'*r$  ]B=

� mb��� = ��S�FMCEWBQ�Rªs��¶CMW3O3YcRNOBv�T7WB^3T7AeZ9T-CMHjT5CEQ�A�Q�AeZ[D7RU`uqEA]`<Z[CMD�T5JjSM`eA>T�s�+AK>s�6�/�4utwvf?�K Y 1�<>4gIxj
1'<D6EsyF�[�CML�= � ]X_ �! ]#& a �$C3= � s �!" * � qV=

� p ��� = ��S�FMCEWBQ�RªsV?�@BA$Z7@BA]CMD[FÁCMH�^jCEWBO3YcRNOBvÁT7WB^3T7AeZ9TuCMHtZ7CMJKCMLNCMvERN`]SILBqEA]`eZ7CMD¶T5JjSM`eA>TukoRdZ7@0*
CEWcZ$`eCEOPqEAercRdZ�F¯`eCMOjYcR Z[RdCEO�s�z�?�K5<>:�{�1#@�6`1 Y 1'<DM�=0^0q|_ �G � & a s�$ m *O^o$B=

� q ��� = ��S�FMCEWBQ�Rªs;}�OX�&CELdCEQ�CMD[JB@BRU`S��SI@BO0*r��SIO3SE`9@_A�rPZ[A�O3T7RNCMO Z7@BA]CMD[A�Q SMO3Y_J3D7CEJjA]D5Z[RdA>T
CMHB^jCEWBO3YcRNOBv�SMO3Y*k¶A]S#~PLNFo*�^KCMW3O3YcRNOBv$T7AeZ[T-RdO¥T5CEQ�AuQ�AeZ7D[RU`uqMA>`<Z[CMD°T7J3SE`eA]T]s�z�?�K5<>:�{�1#@�6`1
Y 1'<DM�= ^�pX_ �G ]  �a s " $  * " ^�&B=

� ] ��� = ��S�FMCEWBQ�Rªs��&A�Q!SID>~cTÁCEOwLNRdO3A]SIDÁHXWBO3`eZ7RNCMO3SMLNT�SMO3YpOBA]kËJBD[CVCIH$CMHS�*SILdZ7CEOZ� TÁZ[@BA�C#*
D[A�Q RNOfLdCc`�SMLdLNFn^KCMWBO3YBA]YfT5J3SE`eA>T�s���D7Cc`�A�A]YBRdOBviCIH
� h 20<>4gK>2�1�<>6�?�2�1'@Un�B�IJL#?oC56E:�I�?#2
8;:�2�3�<D6E?#2�1#@�+A2�1'@EB0C56`C\1'2;-7��4g@`1�<D4�-%��?�L�6`3gC]soR�Yt=Bb�=0�xCET7@BRªso�iCMD[LNY_bB`eRNA�OPZ7R`�M`Ms��PSIJjSIO
_ �G # & a scJ�=�$ " ]�*
$�^�p3=

�  ���� = ��S�FMCEWBQ�RªsX}�O«Z[@BAÎOBA]k qEA�D9T5RNCMO¨CIHgZ7@3A��$SM@BO0*r�¶SMO3SM`9@«Z7@3A�CMD[A�QÊs|+A@E{#4Gl�Kr1#CGF
� KO?#:�L�CU1#2�- � 4D?�IJ4gKD<D6E4GCGF H 1�-0KO?#2�6`3�z�KO4!CDCGF�h�?�@�dE�G��F;V�?;d���F��5�G�#������F;�#��jO����d
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