ISSN: 1401-5617

On the essential spectrum of a class of singular matrix differential operators. II Weyl’s limit circles for Hain-Lüst operator whenever quasiregularity conditions are not satisfied

Pavel Kurasov Igor Lelyavin Serguei Naboko

Research Reports in Mathematics Number 4, 2006

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2006/4

Date of publication: March 20, 2006 Keywords: Hain-Lüst operator, singularity spectrum.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

On the essential spectrum of a class of singular matrix differential operators. II Weyl’s limit circles for Hain-Lüst operator whenever quasiregularity conditions are not satisfied

Pavel Kurasov, Igor Lelyavin, and Serguei Naboko

Abstract. The essential spectrum of the singular matrix differential operator of mixed order determined by the following operator matrix − d dx ρ(x) d dx + q(x) d dx β(x) x − β(x) x d dx m(x) x^2 .

is studied. Investigation of the essential spectrum of the corresponding self-adjoint operator is continued but now without assuming that the quasiregularity conditions are satisfied. New conditions that guarantee that the operator is semibounded from below are derived. It is proven that the essential spectrum of any selfadjoint operator associated with the matrix differential operator is given by range (_{mρ−β2} ρx^2 ) in the case where the quasiregularity conditions are not satisfied.

1. Introduction

Matrix differential operators of mixed order attracted a lot of attention recently due to their interesting and unexpected spectral properties. Investigating problem related to magnetohydrodynamics it has been discovered that such operators may have so-called singularity essential spectrum - the essential spectrum connected entirely with the singular point of the operator [4, 10, 11, 12, 14, 19, 27]. Mathematically rigorous studies of matrix differential operators of mixed order have been carried out in [2, 3, 7, 8, 9, 13, 18, 21, 22, 23, 29]. In 1

order to investigate the phenomenon of singularity essential spectrum it was suggested in [17](see this article for a detailed description of recent developments in this area) to study the following matrix ordinary differential operator

(1) L = − d dx ρ(x) d dx + q(x) d dx β(x) x − β(x) x d dx m(x) x^2 in the Hilbert space H = L_2[0, 1] ⊕ L_2[0, 1]. This operator is singular if the function β is not equal to zero or the function m does not have second order zero at the origin. It is natural to use the following assumptions on the coefficients (2) ρ, q, β, m ∈ C^2[0, 1], and that the density function ρ is positive definite

(3) ρ(x) ≥ ρ_0 > 0.

Singular matrix differential operators with coefficients of mixed order appear in different problems related to applications in physics and engineering, in particular in magnetohydrodynamics. It appeared that these operators have interesting structure of the spectrum and therefore attracted attention of specialists in spectral theory. The operators appearing in realistic problems are rather complicated and their spectral analysis leads to tedious calculations which make it difficult to study the interplay between the matrix coefficients. It appears to us that the operator (1) is the simplest matrix differential operator possessing the following spectral property: its essential spectrum can not be obtained as a limit as ϵ → 0^+ of the essential spectrum of the same differential operator restricted to the interval [ϵ, 1]. Note that the differential order of the coefficients and the orders of the singularities cancel in the formal determinant of the operator L: the differential order of the product of the diagonal coefficients is 2 + 0 and of the antidiagonal is 1 + 1. Similar for the orders of the singularities 0 + 2 = 1 + 1. This property allows the unusual interplay between the matrix coefficients.

It has been proven that the essential spectrum of the corresponding operator L is bounded if and only if the following quasiregularity conditions are satisfied (4) ρm − β^2|_{x=0} = 0, d dx ( ρm − β^2 ) |_{x=0} = 0.

It appears that under these conditions the essential spectrum consists of two parts: regularity and singularity spectra. The first part of the essential spectrum is determined by the behavior of the coefficients in the whole interval x ∈ [0, 1] and is given by

(5) R ( ρm − β^2 ρx^2 ) . This spectrum can be obtained by considering the sequence of regular matrix differential operators on the intervals (ϵ, 1] as ϵ → 0. The second part of the essential spectrum is called the singularity spectrum is determined by the limits of the coefficients at the origin, i.e. exclusively by the singularity. This spectrum cannot be obtained as a limit described above. The singularity spectrum is equal to (6) [ l_0 4 +^{ρ(0)}_{m(0)} , l_0

ρ(0) m(0) ]

where l_0 = lim_{x→0} (_{ρm−β2} mx^2 ) . A similar operator has been studied later in [18] under quasiregularity conditions as well.

In the current article we study the case where the essential spectrum of the matrix differential operator is not necessarily bounded, but the operator is just semibounded from below. This assumption is natural in numerous physical applications.

The differential expression L does not determine the self-adjoint operator in H uniquely and therefore on the first step it is natural to associate with L a certain minimal operator L_{min}. Since the end point x = 1 is regular for the matrix differential operator we decided to define L_{min} on the set of functions from C^∞_0 (0, 1] ⊕ C^∞_0 (0, 1] satisfying certain symmetric boundary condition at the end point x = 1. Consider the transformed derivative

(7) w_U (x) = −ρ(x)u^′_1(x) + β(x) x u_2(x).

Then any symmetric boundary condition at the regular point x = 1 can be written as [29, 17]

(8) w_U (1) = h_1u_1(1), h_1 ∈ R ∪ {∞}.

So the minimal operator L is defined by (1) on the domain

(9) Dom (L_{min}) = {U ∈ C^∞_0 (0, 1] ⊕ C^∞_0 (0, 1], w_U (1) = h_1u_1(1)} .

Note that the domain includes infinitely many times differentiable functions vanishing in a neighborhood of the origin. In what follows we are going to keep the same notation for the closure of the operator L_{min} in H. In the current article we concentrate our attention to the case where the quasiregularity conditions are not satisfied. It is proven in the following section that the differential operator is semibounded from below if and only if conditions (10-12) are satisfied. These condition include quasiregularity conditions as a special case. Then the Friedrichs extension of the minimal operator is described. Finally it is proven that the essential spectrum of any self-adjoint operator associated with (1) is given just by (5) in the case where conditions (10-12) are satisfied but the quasiregularity conditions not. Thus the following striking fact is proven: the singularity essential spectrum (6) for the matrix differential operator is present only if the quasiregularity conditions are satisfied, provided that the the operator is singular and semibounded. Under the same assumptions it is proven that the singularity spectrum appears if and only if the Hain-Lüst operator is in the limit point case at the singular point following Weyl’s classification.

2. Semiboundedness

It has been proven in [17] that the essential spectrum of any selfadjoint operator associated with the differential expression (1) is bounded if and only if the quasiregularity conditions (4) are satisfied.

Proposition 1. ([17], Lemma 3.1) Under the assumptions (2) and (3) on the coefficients ρ, β, m, and q the quasiregularity conditions are fulfilled if and only if the essential spectrum of at least one (and hence any) self-adjoint extension of L_{min} is bounded.

Therefore if the quasiregularity conditions are not satisfied, every self-adjoint operators associated with (1) has an unbounded essential spectrum. It is natural to examine the questions under which conditions this essential spectrum is semibounded from below. It is more or less clear that the deficiency indices of the minimal operator are finite (This fact will be proven mathematically rigorously later.) Therefore just the same conditions on the coefficients guarantee that both the minimal operator and any its self-adjoint extension are semibounded from below.

Lemma 1. The operator L_{min} is semibounded from below if and only if one of the following three conditions is satisfied

(10) ρm − β^2 | |_{x=0} > 0,

(11) ρm − β^2 |_{x=0} = 0, d dx ( ρ(x)m(x) − β^2(x) )| x=0 > 0,

(12) ρm − β^2 | x=0 = 0, d dx ( ρ(x)m(x) − β^2(x) )| x=0 = 0.^1

Proof. We are going to prove sufficiency and necessity of these conditions separately.

Sufficiency It is enough to show that the quadratic form associated with the minimal operator L_{min} is semibounded from below under conditions (10-12), i.e. that the following inequality holds

(13) ⟨L_{min}U, U⟩ ≥ C ‖ U ‖^2_H

with a certain real constant C.

Let U ∈ C^∞_0 (0, 1]⊕C^∞_0 (0, 1] and satisfy the boundary condition (8) at x = 1, then the quadratic form can be calculated using integration by parts (14) ⟨LU, U⟩ = ⟨ρu^′_1, u^′_1⟩ + w_U (0)u_1(0) + ⟨qu_1, u_2⟩ − 2ℜ⟨^β_x u_2, u^′_1⟩ + ⟨^m_{x2} u_2, u_2⟩

= ‖^1√_ρ w_U ‖^2 +h_1|u_1(1)|^2 + ⟨_{ρm−β2} ρx^2 u2, u2 ⟩ + ⟨qu_1, u_1⟩. Note that we used the fact that the support of U does not contain the origin and the function U satisfies symmetric boundary condition (8) at x = 1. The second term in (14) vanishes in the special case h_1 = ∞ (Dirichlet boundary condition at x = 1). Let us show that under conditions (10-12) the quadratic form is semibounded from below.

We are going to prove first that the sum of the first two terms is bounded from below with respect to ‖ U ‖^2 . This proof is trivial if h_1 > 0 (both terms are nonnegative) and h_1 = ∞ (the second term is absent and the first term is non-negative).

Consider the case h_1 < 0. Let us prove that |u_1(1)|^2 is infinitesimally bounded with respect to ‖ u^′_1 ‖_{L2(1/2,1)} and ‖ U ‖_{L2(1/2,1)} (inequality (15) below). We consider the following obvious estimate

|u_1(1)|^2 ≤ 2

∫_1 x |u_1(t)u^′_1(t)|dt + |u_1(x)|^2

1Note that this condition (12) just coincides with the quasiregularity condition, which guarantees boundedness (from above and from below) of the essential spectrum.

and integrate it over the interval [1/2, 1] 1 2 |u_1(1)|^2 ≤ 2

∫_1 1/2 ∫_1 1/2 |u_1(t)u^′_1(t)|dtdx + ∫_1 1/2 |u_1(x)|^2dx

≤ 1 2 ( ϵ ‖ u^′_1 ‖^2_{L2(1/2,1)} + 4 ϵ ‖ u_1 ‖^2_{L2(1/2,1)} ) + ‖ u_1 ‖^2_{L2(1/2,1)} .

This inequality implies that

(15) |u_1(1)|^2 ≤ ϵ ‖ u^′_1 ‖^2_{L2(1/2,1)} + ( 4 ϵ + 2 ) ‖ u_1 ‖^2_{L2(1/2,1)} .

On the other hand the first term in (14) (which is clearly positive) can be estimated from below using triangle inequality and the fact that the following function is uniformly bounded^{β(x)}√_{ρ(x)x} ≤ C_1 for x ∈ [1/2, 1]

(16)

‖^1√_ρ w_U (x) ‖^2_{L2(0,1)} ≥ ‖^1√_ρ w_U (x) ‖^2_{L2(1/2,1)} ≥ ‖ √ ρu^′_1 ‖^2_{L2(1/2,1)} − ‖^β√_{ρx} u_2 ‖^2 ≥ ρ_0 ‖ u^′_1 ‖^2_{L2(1/2,1)} −C_1 ‖ U ‖^2 .

In the case h_1 < 0 choosing ϵ =^{ρ0}_{|h1|} we conclude that the sum of the first two terms in (14) is semibounded from below with respect to the norm in H.

The third term ⟨_{ρm−β2} x^2ρ u2, u2 ⟩ in (14) is uniformly bounded if the quasiregularity condition (12) is satisfied. If one of the conditions (10) or (11) is satisfied, then the function^{ρm−β2}_{x2ρ} is positive in a certain neighborhood of the origin, say [0, r], so that the scalar product can be decomposed into the sum of two integrals, one positive and one uniformly bounded in the norm of H: ⟨ ρm − β^2 x^2ρ u_2, u_2 ⟩ = ∫_r 0 ρm − β^2 x^2ρ

|u_2|^2dt +

∫_1 r ρm − β^2 x^2ρ |u_2|^2dt. The last term ⟨qu_1, u_1⟩ is bounded as well, since the function q is uniformly bounded.

We have proven that under conditions (10), (11), or (12) the quadratic form of the minimal operator is semibounded from below. Necessity Suppose that (10-12) are not satisfied, i.e. parameters of the operator satisfy one of the following two conditions: (17) ρm − β^2 | x=0 < 0, (18) ρm − β^2 | |_{x=0} = 0, d dx ( ρm − β^2 )| x=0 < 0.

If one of these conditions is satisfied, then the function ρm − β^2 is negative in a certain interval (0, ϵ) ⊂ (0, 1). It may be equal to zero at the origin, but the order of the zero cannot be higher than 1. It follows, that there exists a certain positive number C_2 > 0 such that the following inequality holds (19) ρm − β^2 < −C_2ρx ⇒ ρm − β^2 x^2ρ < − C_2 x , for all x ∈ (0, ϵ). Using this fact we are going to construct a sequence of functions U^k ∈ Dom (L_{min}) ⊂ H with the following properties: 1. ‖ U^k ‖ is uniformly bounded; 2. ⟨L_{min}U^k, U^k⟩ tends to −∞ as k → ∞.

The last term in (14) is uniformly bounded, since q is a bounded function, and therefore does not affect the divergence of ⟨LU^k, U^k⟩ to −∞. In addition the sequence we are going to construct will have the following property

(20) w_U k ≡ 0 ⇔ (u^k_1)^′ = β(x) xρ(x) u^k_2.

The second component of U^k can be chosen equal to

u^k_2 = { sin(ln x − ln ϵ), x ∈ (ϵe^{−2πk}, ϵ), 0, otherwise.

Then in order to satisfy (20) we choose the first component equal to

u^k_1(x) = ∫_x 0 β(t) tρ(t) u^k_2(t)dt. It is clear that the functions u^k_2 are uniformly bounded and therefore ‖ u^k_2 ‖ are uniformly bounded as well. Due to oscillation properties of u^k_2 the functions u^k_1 are uniformly bounded as well. This implies that both |u^k_1(1)|^2 and ‖ u^k_1 ‖ are uniformly bounded. We conclude that the sequence ‖ U^k ‖ is uniformly bounded. The corresponding quadratic form ⟨LU^k, U^k⟩ given by (14) tends to −∞, since the first term in (14) vanishes, the second and fourth terms are uniformly bounded and the third term due to (19) can be estimated as ⟨ ρm − β^2 ρx^2 u_2, u_2 ⟩ ≤ −C_2 ⟨ 1 x u^k_2, u^k_2 ⟩

= −C_2 ∫_ϵ ϵe^{−2πk} sin^2(ln x − ln ϵ) x dx ↘ 0, and therefore tends to −∞. The sequence constructed satisfies conditions 1 and 2, but it does not belong to the domain of L, since the functions are not infinitely many times differentiable at the points x = ϵe^{−2πk}, ϵ. To get infinitely differentiable functions one can smooth U^k out without changing drastically the norm and the value of the quadratic form. □

Thus we have proven that the matrix differential operator L is semibounded from below if only if conditions (10-12) are satisfied. The assumption that the operator is semibounded is standard in studied of different physical problems.

3. Deficiency indices of the minimal operator

The following theorem has already been proven in [17]. We decided to reformulate it in order to adjust it to the notations used in the current article.^2

Proposition 2. (Following Theorem 4.1 from [17]) The operator L_{min} is a symmetric operator in the Hilbert space H with finite equal deficiency indices.

1) If the operator matrix L is singular quasiregular (i.e. m(0) ≠ 0 and quasiregularity conditions are satisfied), then the deficiency indices of L_{min} are trivial and the operator L_{min} is self-adjoint. 2) If the operator matrix is regular or is not quasiregular then the deficiency indices of L_{min} are equal to (1, 1). The self-adjoint extensions of L_{min} are described by boundary conditions using the following alternatives covering all possibilities:

a) If ρ(0)m(0) − β^2(0) ≠ 0 or β(0) = 0, then the first component u_1 of any vector from the domain of the adjoint operator L^∗_{min} is continuous in the closed interval [0, 1]. All self-adjoint extensions of the operator L_{min} are described by the standard boundary condition at x = 0^3

(21) ω_U (0) = h_0u_1(0), h_0 ∈ R ∪ {∞}.

b) If ρ(0)m(0) − β^2(0) = 0, d dx ( ρm − β^2 ) (0) ≠ 0, and β(0) ≠ 0, then the first component u_1 of any vector from the domain of the adjoint

2Notation L_{min} was used in [17] to denote the symmetric operator determined by the differential expression L on the domain C^∞_0 (0, 1) ⊕ C^∞_0 (0, 1) consisting of functions with compact support separated from the point x = 1. In the current article the domain of L_{min} contains functions with support not necessarily separated from x = 1, but satisfying the standard boundary condition (7) at this endpoint.

3 In the case h_0 = ∞, the corresponding boundary condition should be written as u_1(0) = 0 or c_U = 0

operator L^∗_{min} admits the asymptotic representation

(22) u_1(x) = kw_U (0) ln x + c_U + o(1), as x → 0,

where k = − β^2(0) ρ(0) 1 d dx (ρm − β^2) |_{x=0} and c_U is an arbitrary constant

depending on U. Then all self-adjoint extensions of the operator L_{min} are described by the nonstandard boundary condition^3

(23) ω_U (0) = h_0c_U , h_0 ∈ R ∪ {∞}.

Information concerning the deficiency indices of L_{min} and self-adjoint local boundary conditions is collected in the following table ρ(0)m(0) − β^2(0) ≠ 0 ρ(0)m(0) − β^2(0) = 0 d dx (ρm − β^2) |_{x=0} ≠ 0^d_{dx} (ρm − β^2) |_{x=0} = 0 β(0) = 0 indices (1,1) indices (1,1) indices (1,1) standard b.c. (21) standard b.c. (21) standard b.c. (21) β(0) ≠ 0 indices (1,1) indices (1,1) indices (0,0) standard b.c. (21) nonstandard b.c. (23) self-adjoint

This proposition implies in particular that deficiency indices of L_{min} are always finite and equal. Therefore there always exists a family of self-adjoint operators associated with the differential expression L. Every operator from such family is an extension of L_{min} and the essential spectrum does not depend on the particular extension chosen.

4. Friedrichs extension

We have seen that the differential expression L does not necessarily determine a unique self-adjoint operator in H. In the case L_{min} is semibounded it is natural to associate with L the Friedrichs extension of L_{min}. This extension is studied in the current section. Note that this question has already been studied in a more general context in [16], but we provide a detailed analysis for the operator under investigation.

Theorem 1. The Friedrichs extension of the symmetric operator L_{min} is described by boundary conditions at x = 0 depending on the their type (and properties of the coefficients of course) as follows:

A) If the operator L_{min} is self-adjoint, then no boundary condition at the origin is needed and the Friedrichs extension just coincides with L_{min}. This case occurs if the coefficients of the operator matrix satisfy the following conditions

(24) ρm − β^2 | |_{x=0} = 0 d dx ( ρm − β^2 )| x=0 = 0 and β(0) ≠ 0.

B) If the extensions of L_{min} are described by the standard boundary condition at the origin (see (21)), then the Friedrichs extension corresponds to the condition

(25) u_1(0) = 0.

This case occurs if the coefficients of the operator matrix satisfy one of the following two conditions

(26) ρm − β^2 | x=0 > 0, or (27) ρm − β^2 | |_{x=0} = 0, d dx ( ρm − β^2 )| x=0 > 0 and β(0) = 0.

C) If the extensions of L_{min} are described by the non-standard boundary condition at the origin (see (23)), then the Friedrichs extension corresponds to the condition

(28) w_U (0) = 0.

This case occurs if the coefficients of the operator matrix satisfy the following conditions

(29) ρm − β^2 | |_{x=0} = 0, d dx ( ρm − β^2 )| x=0 > 0 and β(0) ≠ 0.

Proof. The statement formulated in part A is trivial and is included for the sake of completeness only. We are going to consider the two remaining cases separately, but the same idea will be used. It will be proven that every function from the domain of the Friedrichs extension necessarily satisfies one of the boundary conditions ((25) or (28) depending on their type) describing self-adjoint extensions of L_{min}. This will be enough to determine the boundary conditions describing the Friedrichs extension, since the operator L_{min} is closed and has deficiency indices (1, 1). Really every function satisfying the boundary conditions corresponding to two different self-adjoint extensions necessarily belongs to the domain of the original symmetric operator L_{min}. Therefore to establish the boundary conditions describing the Friedrichs extension it is enough to prove that the functions from the domains of these extensions satisfy (25) and (28) respectively.

B) To construct the Friedrichs extension one has to consider the closure of the domain Dom (L_{min}) with respect to the following quadratic form which is positive for all sufficiently large values of A (30) [U, U] ≡ ⟨(L_{min} + A)U, U⟩ = ⟨L_{min}U, U⟩ + A ‖ U ‖^2 =‖ 1 √ ρ w_U ‖^2 +⟨ ρm − β^2 x^2ρ u_2, u_2⟩ + ⟨qu_1, u_1⟩ + h_1|u_1(1)|^2 + A ‖ U ‖^2 .

The terms ⟨qu_1, u_1⟩ and h_1|u_1(1)|^2 can be estimated through the other terms. Indeed the estimate for ⟨qu_1, u_1⟩ is trivial

(31) |⟨qu_1, u_1⟩| ≤ max |q(x)| ‖ u_1 ‖^2≤ max |q(x)| ‖ U ‖^2 .

To get the estimate for h_1|u_1(1)|^2 consider the triangle inequality

‖^1√_ρ w_U ‖^2 ≥ ‖ 1 √ ρ w_U ‖^2_{L2(1/2,1)}

≥ √ ρ_0 2 ‖ u^′_1 ‖^2_{L2(1/2,1)} −const ‖ 1 x u_2 ‖^2_{L2(1/2,1)} .

Then using (15) we get

(32)

|u_1(1)|^2 ≤ ϵ ‖ u^′_1 ‖^2_{L2(1/2,1)} + ( 4 ϵ + 2 ) ‖ u_1 ‖^2_{L2(1/2,1)}

≤ ϵ 2 √ ρ_0 ‖ 1 √ ρ w_U ‖^2_{L2(1/2,1)} +const(ϵ) ‖ U ‖^2_{L2(1/2,1)}

≤ ϵ 2 √ ρ_0 ‖ 1 √ ρ w_U ‖^2 +const(ϵ) ‖ U ‖^2 .

It follows that the quadratic form [U, U] given by (30) for sufficiently large values of A is equivalent to the following quadratic form (33) Q(U, U) =‖ 1 √ ρ w_U ‖^2 +B⟨ ρm − β^2 x^2ρ u_2, u_2⟩ + A ‖ U ‖^2,

where A and B are certain positive real numbers. (The parameter A appeared here may differ slightly from the one used in (30).)

Let us study the two possible cases (26) and (27) separately: Case 1 Let condition (26) be satisfied: ρm − β^2|_{x=0} > 0. On a certain interval (0, ϵ), ϵ > 0 the function^{ρm−β2}_ρ is strictly positive. Consider any sequence U^k ∈ Dom (L_{min}), k = 1, 2, ... having support on (0, ϵ) and converging in the norm given by Q(U, U). Since the form Q can be estimated from below as follows Q(U, U) ≥ C_3 ‖ 1 x u_2 ‖^2_{L2(0,ϵ)}, C_3 > 0 and therefore for any sequence U^k converging with respect to Q(U, U) the sequence^1_x u^k_2 is a Cauchy sequence in L_2(0, ϵ). On the other hand the same quadratic form can also be estimated as (34) Q(U, U) ≥‖ 1 √ ρ w_U ‖^2_{L2(0,ϵ)}=‖ − √ ρu^′_1 + β √ ρ 1 x u_2 ‖^2_{L2(0,ϵ)} .

Therefore − √ ρ(u^k_1 )^′ is a Cauchy sequence in L_2(0, ϵ). Taking into account that Q(U, U) ≥ C_4 ‖ u_1 ‖^2_{L2(0,ϵ)}, C_4 > 0, we conclude that u^k_1 is a Cauchy sequence with respect to the norm of W^1_2 (0, ϵ). Every function u^k_1 is equal to zero at the origin and therefore the limit function u_1 satisfies the Dirichlet boundary condition (25).

The assumption that the support os U^k belongs to (0, ϵ) is not very restrictive. Let U^k be any sequence from Dom (L_{min}) converging in the norm Q(U, U). Consider in addition any cut-off function ψ ∈ C^∞_0 (0, 1], identically equal to 1 on the interval [ϵ, 1]. Then the sequence ψU^k converges to a function from Dom (L_{min}) and therefore the sequence (1 − ψ)U^k is a Cauchy sequence with respect to Q(U, U) having support on the interval (0, ϵ). We have proven that every such sequence converges to a function satisfying Dirichlet condition at the origin. It follows that the limit of U^k satisfies the same condition. Thus the Friedrichs extension of the operator L_{min} is described by (25) in this case.

Case 2 Let condition (27) be satisfied: ρm−β^2|_{x=0} = 0,^d_{dx} (ρm − β^2)|_{x=0} > 0 and β(0) = 0. Again there exists ϵ > 0 such that the function ρm − β^2 > 0 for x ∈ (0, ϵ). Consider an arbitrary sequence U^k ∈ Dom (L_{min}), k = 1, 2, ... converging in the norm given by Q(U, U). We assume again that supports of all functions U^k belong to (0, ϵ). Condition (27) imply that for a certain ϵ > 0 the following estimate holds

(35) Q(U, U) ≥ C_5 ‖ 1 √ x u_2 ‖^2_{L2(0,ϵ)}, C_5 > 0,

and therefore^{1√}_x u^k_2 is a Cauchy sequence in L_2(0, ϵ). The estimate (34) can be modified as Q(U, U) ≥‖ − √ ρu^′_1 + β √ ρ 1 √ x × 1 √ x u_2 ‖^2_{L2(0,ϵ)} .

Since β ∈ C^1(0, 1) and β(0) = 0, the function^β√_ρ^{1√}_x is bounded and therefore − √ ρ(u^k_1)^′ is a Cauchy sequence in L_2(0, ϵ). Taking into account that u^k_1 is a Cauchy sequence we conclude that u^k_1 converges with respect to the norm of W^1_2 (0, ϵ) and therefore satisfy Dirichlet boundary condition (25) at the origin. The same reasoning as in Case 1 may be applied to modify the proof for sequences U^k not necessarily having support in (0, ϵ). Thus the Friedrichs extension of the operator L_{min} is also described by (25).

C) Under condition (29) the form [U, U] is again equivalent to the form Q(U, U). As in Case 2, there exists esilon > 0, such that ρm − β^2 > 0 for x ∈ (0, ϵ). Consider any sequence U^k ∈ Dom (L_{min}), k = 1, 2, ... converging in the norm given by Q(U, U). The estimate (35) holds and it follows that^{1√}_x u^k_2 is a Cauchy sequence in L_2(0, ϵ). On the other hand^1√_ρ w_U k is also a Cauchy sequence in L_2(0, ϵ), as well, since √ x 1 √ ρ w_U k = − √ ρ √ xu^k_1^′ + β √ ρ 1 √ x u_2.

It follows that √ xu^k_1^′ is a Cauchy sequence in L_2(0, ϵ). It follows that the functions belonging to the domain of the Friedrichs extension in particular satisfy

(36) √ xu^′_1 ∈ L_2(0, ϵ).

Let us remind that in the case under investigation every function from the domain of the adjoint operator L^∗_{min} as well as its Friedriches extension possesses the asymptotic representation (22). Every function possessing this representation satisfies (36) if and only if w_U (0) = 0, i.e. only if the function satisfies the non-standard boundary condition (28). It follows that the Friedrichs extension is the extension described by the boundary condition (28). □ 5. The essential spectrum: the quasi-regularity conditions are not fulfilled

This is the main section of the article and it is devoted to the calculation of the essential spectrum of any self-adjoint operator associated with the differential expression L. This question has been solved in the case where the quasiregularity conditions are satisfied (see [17]). These condition guarantee that the operator is bounded. Therefore in this section we concentrate our attention to the case where the quasiregularity conditions (4) are not satisfied, but conditions (10-12) are fulfilled.

Theorem 2. Let L_{min} be semi-bounded from below. Suppose that the quasi-regularity conditions (4) are not satisfied. Then the essential spectrum of any self-adjoint extension L of the operator L_{min} is given by (37) σ_{ess}(L) = R{ m −^{β2}_ρ x^2 }.

Proof. Let us make the change of variables

(38) x → y { x = e^{−y}, dx = −e^{−y}dy = −xdy, which transforms the interval [0, 1] into the semiaxis [0, ∞). The points 0 and 1 are mapped into the points ∞ and 0 respectively. This change of variables determines the following unitary correspondence between the Hilbert spaces L_2(0, 1) and L_2(0, ∞):

(39) Φ : ψ(x) → ~ψ(y) = ψ(e^{−y})e^{− y2} ; Φ^{−1} : ~ψ(y) → ψ(x) = 1 √ x ~ψ(− ln x). The differential operator L is transformed into the following differential operator K acting on two-component functions on [0, ∞): (40)

K = − d dy ρ x^2 d dy + (q(x) + ρ^′_x 2x − 3ρ 4x^2 ) − d dy β x^2 + β 2x^2 β x^2 d dy + β 2x^2 m x^2 ≡ ( A C^∗ C D ) .

In what follows we are going to use both variables x and y simultaneously hoping that this will not lead to misunderstanding.

Let us consider the minimal (symmetric) operator K_{min} being the closure of the differential operator K considered on the domain of functions from C^∞_0 [0, ∞) ⊕ C^∞_0 [0, ∞) (arbitrarily many times differentiable functions with compact support on [0, ∞) not necessarily separated from the origin) satisfying the standard boundary condition at the origin, which can be recalculated from (8)

(41) ~ω_U (0) = ~h_1~u_1(0), where ~h_1 = h_1 − ρ(1) 2 ∈ R ∪ {∞}. The analysis of the operator K_{min} is equivalent to the analysis of the operator L_{min} carried out in the preceding sections, since these two operators are connected by the unitary transformation (39). Hence the deficiency indices of the operator K_{min} are (0, 0) or (1, 1) depending on the properties of the coefficients as y → ∞. It is not hard to reformulate these conditions but we are not going to do that, since our aim is to calculate the essential spectrum, which does not depend on the particular extension of the minimal operator - all extensions have just the same essential spectrum, since the deficiency indices are finite.

Consider the resolvent equation (K_{min} − μ)^{−1}F = U for sufficiently small negative values of μ ≪ −1. For smooth F and U F ∈ R(K_{min}|_{Dom (Kmin)∩C}∞_{0 [0,∞)⊕C}∞_{0 [0,∞)});

U ∈ C^∞_0 [0, ∞) ⊕ C^∞_0 [0, ∞) the equation can be written as

f_1 = (A − μ)u_1 + C^∗u_2, f_2 = Cu_1 + (D − μ)u_2.

Using the fact that the operator D − μ =^m_{x2} − μ is invertible for sufficiently small negative μ ≪ −1 ( m|_{x=0} > 0 or m^′ |_{x=0} > 0 if m|_{x=0} = 0 ) component u_2 can be excluded from the system by first resolving the second equation u_2 = (D − μ)^{−1}f_2 − (D − μ)^{−1}Cu_1 and then substituting this expression into the first equation (42) f_1 = ((A − μ) − C^∗(D − μ)^{−1}C)u_1 + C^∗(D − μ)^{−1}f_2. Hence in order to calculate u_1 one needs to invert the so-called Hain- Lüst operator (43) T (μ) = (A − μI) − C^∗(D − μI)^{−1}C. Let us consider the minimal operator T_{min} corresponding to this differential expression and defined on the functions from the domain C^∞_0 (0, ∞). This operator can be written in the following form: (44) T_{min}(μ) = − d dy ( ρ x^2 − β^2 x^2(m − μx^2) ) d dy +{q(x) + ρ^′_x 2x − 3ρ 4x^2 − β^2 4x^2(m − μx^2) − x d dx ( β^2 2x^2(m − μx^2) ) − μ}

= − d dy V_μ d dy + W_μ, where we use the following notations:

(45) V_μ = ^v_μ x^2

, W_μ = 1 4 ^v_μ x^2 + x 2 d dx ( ^v_μ x^2 ) + q(x) − μ,

(46) ^v_μ = ρm − β^2 − ρμx^2 m − μx^2 .

In what follows it will be convenient to separate the three only possible sets of parameters which guarantee that the operator L_{min} is semibounded from below but the quasiregularity conditions are not satisfied

• Case A (47) (ρm − β^2)|_{x=0} > 0.

(This condition implies in particular that m(0) > 0.) • Case B (48) (ρm − β^2)|_{x=0} = 0, (ρm − β^2)^′_x|_{x=0} > 0 and m(0) = 0.

(This condition implies in particular that m^′_x(0) > 0.) • Case C (49) (ρm − β^2)|_{x=0} = 0, (ρm − β^2)^′ |_{x=0} > 0 and m(0) > 0.

In what follows we are going to refer to these cases as Case A, B or C. Lemma 2. Under conditions of Theorem 2 the action of the operator T_{min} can be written using one of the following two representations

(50) T_{min}(μ) = e^y(− d dy v_μ d dy + w_μ)e^y,

with (51) w_μ = 1 4 ^v_μ − 1 2 x(^v_μ)^′_x + (q − μ)x^2, v_μ = ^v_μ, and (52) T_{min}(μ) = e^{y2} (− d dy v_μ d dy + w_μ)e^{y2} ,

(53) w_μ = (q − μ)x, v_μ = ^v_μ x . Comment The first representation (50) will be used in Cases A and B. In the Case C the function v̂_μ is vanishing at zero and therefore it is natural to use the function v_μ = v̂_μ/x (instead of v_μ = v̂_μ). This leads to the second representation (52). Therefore in what follows we are going to use the definition (51) for the function v_μ in the Cases A and B, and definition (53) - in the Case C.

Proof. We are going to prove representations (50) and (52) separately starting from the first one. Consider formula (44) for the Hain- Lüst operator T_{min}(μ) = − d dy v_μ x^2 d dy + W_μ = − d dy e^yv_μe^y d dy + W_μ

Using the following commutation relation for the operator of multiplication by a certain differentiable function φ(y) and the operator of the first differentiation

(54) d dy φ = φ d dy + φ^′_y, the expression for T_{min} can be transformed as follows T_{min}(μ) = −e^y d dy v_μe^y d dy − e^yv_μe^y d dy + W_μ

= −e^y d dy v_μ d dy e^y − e^yv_μ d dy e^y + e^y d dy v_μe^y + e^yv_μe^y + W_μ

= e^y(− d dy v_μ d dy + (v_μ)^′_y + v_μ + x( 1 4 v_μ x^2 + x 2 d dx ( v_μ x^2 ) + q(x) − μ)x)e^y. Taking into account that^d_{dy} = −x^d_{dx} and^d_{dx} (^{vμ}_{x2} ) =^{(vμ)′x}_{x2} −^{2vμ}_{x3} we get the desired representation T_{min}(μ) = e^y(− d dy v_μ d dy + 1 4 v_μ − 1 2 x(v_μ)^′_x + (q − μ)x^2)e^y.

To get representation (52) we use similar calculations to obtain first

T_{min}(μ) = e^{y2} (− d dy v_μ d dy + 1 2 (v_μ)^′_y + 1 4 v_μ + xW_μ)e^{y2} ,

and then T_{min}(μ) = e^{y2} (− d dy v_μ d dy + (q − μ)x)e^{y2} . □ The following Lemma proves that the function v_μ is always positive definite for negative μ with sufficiently large absolute value.

Lemma 3. Let conditions of Theorem 2 be satisfied. Then the function v_μ is positive definite for sufficiently small μ ≪ −1, i.e. there exist c > 0 and μ_0 ∈ R, such that

(55) μ ≤ μ_0 ⇒ v_μ(x) ≥ c.

Proof. The function v_μ is given by different formulas (51) and (53) in the cases A, B and C. Therefore let us separate the proof into three parts corresponding to these three situations.

Case A Let condition A be satisfied. Then the function v_μ is given by (56) v_μ = ρm − β^2 − ρμx^2 m − μx^2 . Choose negative μ satisfying the following two inequalities:

(57) μ < m(x) x^2 and μ < 1 ρ_0 ρ(x)m(x) − β^2(x) x^2 . This is possible, since the functions m(x) and ρ(x)m(x) − β^2(x) are continuous in [0, 1] and attain positive values at the origin. This implies in particular that the functions are positive in a certain interval [0, ϵ], ϵ > 0. Therefore having in mind negative values of the spectral parameter μ, it can be chosen satisfying the inequalities (57) in the interval x ∈ [ϵ, 1], where the quotients are continuous functions and therefore are bounded from below.^4

Under these conditions both the numerator and the denominator of the function v_μ are continuous positive definite functions. Thus the function v_μ is positive definite as well.

Case B Let condition B be satisfied. The function v_μ is again given by formula (56). Choose μ satisfying the following two inequalities

(58) μ < m^′(x) 2x and μ < 1 ρ_0

(ρ(x)m(x) − β^2(x))^′ 2x , which is possible, since the functions m^′(x) and (ρ(x)m(x) − β^2(x))^′ are continuous and attain positive values at the origin.

Under these conditions the function v_μ is given by a quotient of two functions which are positive definite for any positive x. Moreover the limit of v_μ as x → 0 is positive

lim_{x→0} v_μ(x) =

(ρm − β^2)^′_x|_{x=0} m^′_x|_{x=0} > 0. Therefore the function v_μ can be considered as a continuous function on the compact interval [0, 1] and therefore attains its minimum, which is clearly positive, since the function has positive limits at the end points of the interval [0, 1] and is positive everywhere inside the open interval (0, 1). Therefore this function is positive definite.

Case C Let condition C be satisfied. The function v_μ is now given by formula (53)

v_μ = ρm − β^2 − ρμx^2 x(m − μx^2) . 4The same reasoning will be used in Cases B and C below.

Choose μ satisfying the following two inequalities

(59) μ < m(x) x^2 and μ < 1 ρ_0

(ρ(x)m(x) − β^2(x))^′ 2x and apply the same arguments as in Cases A and B.

The function v_μ is then again given by a quotient of two functions which are positive for any x ∈ (0, 1]. Moreover the limit of v_μ as x → 0 is positive lim_{x→0} v_μ(x) =

(ρm − β^2)^′_x|_{x=0} m(0) > 0. The same argument as in the Case B leads to the conclusion that the function v_μ is positive definite. □ Lemma 4. Let conditions of Theorem 2 be satisfied. Then in the Cases A and B the function w_μ is positive definite for sufficiently small μ ≪ −1, i.e. the following inequality is satisfied (60) w_μ(x) ≥ c > 0 with a certain positive constant c. In the Case C the function w_μ/x is positive definite, i.e. the following inequality is satisfied (61) w_μ(x) ≥ cx, where c is a certain positive constant.

Proof. Let us consider the cases A, B and C separately. Cases A and B The function w_μ is given by

w_μ = 1 4 v̂_μ − 1 2 x(v̂_μ)^′_x + (q − μ)x^2.

The function h(x) ≡^1_4v̂_μ −^1_2 x(v̂_μ)^′_x is a continuous function on [0, 1] attaining positive value at the origin h(0) =^1_4 v_μ(0) > 0. Therefore there exists μ_1 such that h(x)−μ_1x^2 is positive definite, i.e. there exists c > 0 such that h(x) − μx^2 > c. It follows that for μ < μ_1− ‖ q ‖_∞ the function w_μ is positive definite, i.e. satisfies (60).

Case B The function w_μ is now given by w_μ = (q − μ)x. Choosing μ < − ‖ q ‖_∞ we guarantee that w_μ > cx, where c is a certain positive constant. □ Lemma 5. Let conditions of Theorem 2 be satisfied. Then the operator T_{min}(μ) is positive definite for all sufficiently small μ ≪ −1 uniformly with respect to μ, i.e. the following estimate is valid (62) T_{min} ≥ c > 0.

Proof. Cases A and B Consider the quadratic form of the operator T_{min}. Let u ∈ C^∞_0 then ⟨u, T_{min}u⟩ = ⟨ d dy e^yu, v_μ d dy e^yu⟩ + ⟨e^yu, w_μe^yu⟩ ≥ min w_μ(x) ‖ e^yu ‖^2≥ c ‖ u ‖^2,

where the constant c taken from the estimate (60) from Lemma 4. The estimate is valid uniformly with respect to μ, provided it is sufficiently small.

Case C The quadratic form may be estimated as ⟨u, T_{min}u⟩ = ⟨ d dy e^{y/2}u, v_μ d dy e^{y/2}u⟩ + ⟨e^{y/2}u, w_μe^{y/2}u⟩

≥ inf w_μ(x) x ‖ u ‖^2≥ c ‖ u ‖^2, where c is the positive constant from (61). □

This Lemma implies in particular that the operator T_{min} is boundedly invertible. Let us denote by T (μ) the Friedrichs extension of the minimal operator T_{min} - an extension having the same lower bound as the minimal operator. This extension will be called Hain-Lüst operator in what follows.

Consider the following resolvent operator (63) M(μ) ≡ (K_{min} − μ)^{−1} = ( T^{−1}(μ) −T^{−1}(μ)[C^∗(D − μI)^{−1}] −[(D − μI)^{−1}C]T^{−1}(μ) (D − μI)^{−1} + [(D − μI)^{−1}C]T^{−1}(μ)[C^∗(D − μI)^{−1}] )

=: ( G_{11}(μ) G_{12}(μ) G_{21}(μ) G_{22}(μ) ) . In what follows we are going to show that the operators G_{11}(μ), G_{12}(μ), and G_{21}(μ) are compact for sufficiently small negative values of the spectral parameter μ, which will imply that the essential spectrum of M(μ) is determined exclusively by G_{22}(μ).^5

5This is in contrast to the case where the quasiregularity conditions (4) are satisfied. In that case the essential spectrum is determined by the operator G_{11}(μ) as well [17].

Lemma 6. Let conditions of Theorem 2 hold true. Then the operator G_{11}(μ) ≡ T^{−1}_{min}(μ) is compact for sufficiently small values of μ ≪ −1. Proof. To proof this lemma we are going to show that the operator T^{−1}_{min}(μ) maps every bounded set to a compact set. In other words, we are going to show that every set bounded in the graph norm of T_{min}(μ) is compact in L_2[0, ∞) for sufficiently small negative values of μ. Let u, ‖ u ‖≤ 1 is mapped by T^{−1}_{min}(μ) to v

v = T^{−1}_{min}(μ)u ⇒ T_{min}(μ)v = u ⇒ ⟨v, T_{min}(μ)v⟩ = ⟨u, v⟩. Then Lemma 5 implies that every set bounded in the graph norm is bounded in the norm associated with the quadratic form of the operator c ‖ v ‖^2≤ |⟨v, T_{min}v⟩| ≤‖ v ‖ ‖ u ‖ ⇒ ⟨v, T_{min}v⟩ ≤ C. We conclude that to proof this lemma it is enough to show, that every bounded with respect to the quadratic form ⟨v, T_{min}v⟩ subset of Dom (T_{min}) is compact in the Hilbert space L_2[0, ∞). In other words it is enough to show that the set of functions { u ∈ C^∞_0 [0, ∞)|u(0) = 0, ⟨ e^{αy} ( − d dy v_μ d dy + w_μ ) e^{αy}u, u ⟩ ≤ 1 }

is compact, where α = 1 in the Cases A and B, and α = 1/2 in the Case C. Taking into account estimates on the functions v_μ and w_μ (Lemmas 3 and 4) we conclude that for sufficiently small μ to prove the compactness of T_{min}(μ) it is enough to show the compactness of the following sets: Cases A and B

(64) S_{AB} ≡ { u ∈ C^∞_0 [0, ∞)|u(0) = 0, ‖ d dy (e^yu) ‖^2 + ‖ e^yu ‖^2≤ 1 }

and Case C

(65) S_C ≡ { u ∈ C^∞_0 [0, ∞)|u(0) = 0, ‖ d dy ( e^{y/2}u ) ‖^2 + ‖ u ‖^2≤ 1 }

Let us construct a compact ϵ-net for these sets. Consider a set of cut-off functions χ_N with the following properties

χ_N ∈ C^∞_0 [0, ∞), χ_N (y) = { 1, y ≤ N, 0, y ≥ N + 1.

Then the tails (1 − χ_N )u of functions from the sets S_{AB,C} can be estimated as follows: Cases A and B. ‖ e^yu ‖≤ 1 ⇒ e^N ‖ (1 − χ_N )u ‖≤ 1 →‖ (1 − χ_N )u ‖≤ e^{−N} . Case C. e^{y/2}u(y) = ∫_y 0 (e^{ỹ/2}u(ỹ))^′dỹ

⇒ |e^{y/2}u(y)| ≤ ∫_y 0 |(e^{ỹ/2}u(ỹ))^′|dỹ ≤ √∫_y 0 1dỹ ∫_y 0 |(e^{ỹ/2}u(ỹ))^′|^2dỹ ≤ √ y

⇒ |u(y)| ≤ √ ye^{−y/2} ⇒ ∫_∞ N |u(y)|^2dy ≤ (N + 1)e^{−N} ⇒‖ (1 − χ_N )u ‖≤ √ N + 1e^{−N/2}. These estimates show that taking sufficiently large N the sets χ_N S_{AB,C} ≡ {χ_N u|u ∈ S_{AB,C} } the sets approximate the sets S_{AB,C} with arbitrary precision ϵ. The set S_{AB,C} are bounded in the metrics of W^1_2 [0, N + 1]. Since the embedding of W^1_2 [0, N + 1] into L_2[0, N + 1] is compact for any finite N (Rellich Theorem), these sets form a compact ϵ-net for the set S. Hence the operator T_{min}(μ) is compact. □

Lemma 7. Under the conditions of Theorem 2 the operators^d_{dy} T^{−1}_{min}(μ) and T^{−1}_{min}(μ)^d_{dy} are compact for sufficiently small negative values of μ.

Proof. The two operators under consideration d dy T^{−1}_{min}(μ) and T^{−1}_{min}(μ) d dy are formally mutually adjoint. Therefore it is enough to proof the compactness of only one of them, say^d_{dy} T^{−1}_{min}(μ). This operator is compact if and only if it maps every bounded set, say B_1 ≡ {u; ‖ u ‖≤ 1} onto a compact set. For arbitrary u consider the function v = T^{−1}_{min}(μ)u. Then the operator^d_{dy} T^{−1}_{min}(μ) is compact if and only if the set S ≡ {v :‖ T_{min}(μ)v ‖≤ 1} is compact in the norm of W^1_2 [0, ∞). During the proof of the previous lemma we have already shown that the sets χ_N S form an ϵ-net for the set S in the norm of L_2[0, ∞). Let us show that these sets form an ϵ-net even in the norm of W^1_2 [0, ∞). It remains to show that for sufficiently large N the first derivatives can be estimated uniformly. Let α = 1 in the Cases A and B and α = 1/2 in the Case C, then we have ‖ d dy [(1 − χ_N )v] ‖

=‖ d dy [ (1 − χ_N )e^{−αy}e^{αy}v ] ‖

≤‖ (1 − χ_N )^′v ‖ + ‖ (1 − χ_N )(−α)v ‖ + ‖ (1 − χ_N )e^{−αy} d dy (e^{αy}v) ‖

≤ (c + α) ‖ v ‖_{L2[N,∞)} +e^{−αN} ‖ d dy (e^{αy}v) ‖, where c = max |χ^′_N |. We have already proven that the first term tends to zero as N → ∞. The sets χ_N S are compact since the estimate in the Cases A and B ⟨T_{min}v, v⟩ ≥ C ‖ d dy (e^yu) ‖^2 + ‖ e^yu ‖^2

implies that T^{−1/2}_{min} (μ) is a bounded operator from L_2[0, N] onto W^1_2 [0, N]. It follows that the operator T^{−1}_{min}(μ) is a bounded operator from L_2[0, N] onto W^2_2 [0, N]. Similar estimate holds in the Case C. Therefore the operator^d_{dy} T^{−1}_{min}(μ) is a bounded operator from L_2[0, N] onto W^1_2 [0, N] and it is a compact operator as an operator in L_2[0, N], since the embedding of W^1_2 [0, N] in L_2[0, N] is compact. □ The last two lemmas imply that the operators G_{12}(μ) and G_{21}(μ) are compact. Really the operator G_{12}(μ) can be written as

G_{12}(μ) = T^{−1}_{min}(μ) d dy β m − μx^2 − T^{−1}_{min}(μ) β 2(m − μx^2) . In the Cases A and C the C^1-function m(x) has positive value at the origin. In the Case B the derivative m^′(0) is positive. Hence the function m − μx^2 is positive definite for sufficiently small values of μ. Therefore the operator B_1 =^β_{m−μx2} is bounded and thus the operator

G_{12}(μ) = T^{−1}_{min}(μ) d dy B − 1 2 T^{−1}_{min}(μ)B

is compact. The operator

G_{21}(μ) = −B d dy T^{−1}_{min}(μ) − 1 2 BT^{−1}_{min}(μ)

is compact as well.

Thus the essential spectrum of the matrix operator M(μ) coincides with the essential spectrum of the operator G_{22}(μ) up to the spectral point μ = 0, which may be ignored during the calculation of the essential spectrum of the operator K.

Consider the Cases A and B first. Then the operator G_{22}(μ) has the form

G_{22}(μ) = 1 D − μI + 1 D − μI CT^{−1}(μ)C^∗ 1 D − μI = x^2 m − μx^2 + β m − μx^2 ( d dy + 1 2 ) T^{−1}(μ) ( − d dy + 1 2 ) β m − μx^2 ˙= x^2 m − μx^2 − β m − μx^2 d dy T^{−1}(μ) 1 2 β m − μx^2 ˙= x^2 m − μx^2 + βe^{−y} m − μx^2 d dy 1 d dy v_μ^d_{dy} − w_μ d dy βe^{−y} m − μx^2 , where we used representation (50) and commutation relation (54) to get the last expression.

In what follows we are going to use the calculus of pseudodifferential operators and therefore Fourier transform on R. Let us consider a new operator M(μ) defined in the space L_2(R) ⊕ L_2 (R) by the same matrix differential expression (63), where all functions involved are extended as even functions to the whole real axis. The essential spectrum of the new operator coincides up to multiplicity with the essential spectrum of the original operator [24]. Using the operator p =^1_i^d_{dy} the operator G_{22}(μ) can now be written as follows

Ĝ_{22} ˙= x^2 m − μx^2 + βe^{−y} m − μx^2 p 1 pv_μp + w_μ p βe^{−y} m − μx^2 . Let us use the following fact proven in [17] Proposition 3. (Lemma 8 from [17]) Let the real valued function f(y) be positive bounded and separated from zero 0 < c ≤ f(y) ≤ C for some c, C ∈ R_+. Let the function g(y) be bounded and the operator L ≡ pf(y)p + g(y) be self-adjoint and invertible in L_2(R). Suppose that the operator pL^{−1}p be bounded. Then for any bounded function h(y) such that lim_{y→∞}h(y) = 0 the following equality holds in Calkin algebra

pL^{−1}ph .= h f .

Applying this proposition to the operator Ĝ_{22} we get

(66)

Ĝ_{22} ˙= x^2 m − μx^2 + βx m − μx^2 1 v_μ xβ m − μx^2 = x^2 m − μx^2 + βx m − μx^2 m − μx^2 ρm − β^2ρμx^2 xβ m − μx^2 = ρx^2 ρm − β^2 − ρμx^2 = 1 m x^2 − β^2 ρx^2 − μ .

Using Weyl’s theorem for compact perturbations [15] and Dunford spectral mapping theorem [5] we conclude that the essential spectrum of any self-adjoint extension of the operator K_{min} and therefore any self-adjoint extension of L_{min} can be calculated as

(67) σ_{ess}(L) = Range{ m −^{β2}_ρ x^2 }.

In the Case C similar calculations can be carried out. The operator G_{22}(μ) given by

G_{22}(μ) =^{x2}_{m−μx2} +^1_{m−μx2} ( β^d_{dy} + β/2 ) e^{−y/2} ( −^d_{dy} v_μ^d_{dy} + w_μ )_{−1} e^{−y/2} ( −^d_{dy} β + β/2 )_1 m−μx^2

may be continued as a pseudodifferential operator to the whole axis

Ĝ_{22}(μ) ˙= x^2 m − μx^2 + 1 m − μx^2 βpe^{−y/2} (pv_μp + w_μ)^{−1} e^{−y/2}pβ 1 m − μx^2 ˙= x^2 m − μx^2 + 1 m − μx^2 βe^{−y/2}p (pv_μp + w_μ)^{−1} pe^{−y/2}β 1 m − μx^2 ˙= x^2 m − μx^2 + 1 m − μx^2 β √ x 1 v_μ √ xβ 1 m − μx^2 =^{x2}_{m−μx2} +^1_{m−μx2} β^{2 x2(m−μx2)} ρm−β^2−ρμx^2 1 m−μx^2 = 1 m x^2 − β^2 ρx^2 − μ , where we again used commutation relations (54) and representations (53) and (45) for the function v_μ. This accomplishes the proof.^6 □

It is clear that the set R (_{ρm−β2} ρx^2 ) is unbounded from above in all three Cases A,B and C. On the other hand if the quasiregularity conditions are satisfied, then the essential spectrum is bounded from above as well as from below, but in addition to the described branch of essential spectrum a new branch of essential spectrum is present. This new branch of the essential spectrum has been called singularity spectrum, since it cannot be obtained as a limit of the essential spectra of differential operators given by restrictions of the differential operators L to intervals (ϵ, 1]. This singularity spectrum is absent if the quasiregularity conditions are not fulfilled. In the following section we are going to discuss the relations between the singularity spectrum and properties of Hain-Lüst operator.

6. Weyl circles for Hain-Lüst operator and quasiregularity conditions

In this section we are going to investigate the relations between the quasiregularity conditions and the properties of the Hain-Lüst operator,

6Note that in the considered case the entries G_{11}, G_{12} an G_{21} are compact operators. This case differs drastically from the case where the quasiregularity conditions are satisfied [17]. In the latter case a certain more elaborated technique had to be used (Lemma on the essential spectrum of the triple sum of operators in Banach space, [17], see also [25, 26]).

which is a second order differential operator on the interval x ∈ [0, 1]. This operator is given by the following differential expression

(68) T (μ) = − d dx ( ρm − β^2 m − μx^2 − ρμ m − μx^2 x^2 ) d dx + q(x) − μ. In order to avoid inessential difficulties we are going to study this operator for sufficiently small values of the parameter μ, i.e. we assume that μ ≤ μ_0 ≪ −1. The minimal operator T_{min}(μ) determined by (68) is defined on C^∞(0, 1) - the set of smooth functions with compact support separated from the end points of the interval x ∈ [0, 1]. The maximal operator - adjoint to T_{min}(μ) in L_2[0, 1] is defined by the same differential expression (68) on the domain {f ∈ L_2[0, 1] : T (μ)f ∈ L_2[0, 1]} . The operator T (μ) is formally symmetric and it can be made selfadjoint by introducing proper boundary conditions at the end points. The endpoint x = 1 is always regular and we assume that certain symmetric condition is imposed at this point. The point x = 0 is singular and in order to investigate it Weyl’s limit point-limit circle theory [6, 28] will be used. These studies will tell us whether it is necessary to introduce additional boundary condition at the origin in order to make T (μ) self-adjoint (provided μ is negative and sufficiently small). It will be more convenient to use the y-representation (38). In this representation the singulat point x = 0 corresponds to y = +∞.

Theorem 3. Let standard assumptions (2) and (3) on the coefficients of the operator L given by (1) be satisfied. Suppose that the operator L is semibounded. Then the Hain-Lüst operator T (μ) is in the limit point case at x = 0 (y = ∞) for sufficiently small values of μ, i.e. for μ ≪ −1, if and only if the quasiregularity conditions (4) are satisfied, but the operator is not regular. In other words, the Hain-Lüst operator is in the limit circle case at x = 0 (y = ∞) for sufficiently small values of μ ≪ −1 if and only if either the quasiregularity conditions (4) are not satisfied or the operator L is regular.

Proof. We are going to consider five different cases covering all possible values of the coefficients. The Cases A,B and C coincide with the ones introduced first during the proof of Theorem 2. The Case D covers all coefficients satisfying quasiregularity conditions, but which are not regular. The last case (Case E) is added for the sake of completeness and corresponds to the regular operator L.

Cases A and B Suppose that conditions (47) or (48) are satisfied. Then in accordance with Lemma 2 the operator T (μ) can be written in the form

(50) T (μ) = e^y ( − d dy v_μ d dy + w_μ ) e^y with the functions v_μ and w_μ given by (51). These functions satisfy the following inequalities due to Lemmas 3 and 4: v_μ(x) ≥ c > 0, w_μ(x) ≥ c > 0, for sufficiently small values of μ. Let us study the asymptotics as y → ∞ of the solutions to the equation (69) T (μ)f = if, which is a second order differential equation. Straightforward calculations transform this equation into the standard form (70) d^2 dy^2 f + ( 2 + ( d dy v_μ)/v_μ ) d dy f + ( 1 2 ( d dy v_μ)/v_μ + 3 4 + μ − q + i e^{2y}v_μ ) f = 0. The functions (^d_{dy} v_μ)/v_μ and^{μ−q+i}_{e2y vμ} are exponentially small as y → ∞ and therefore it is natural to expect that the asymptotics of the solutions is just the same as for the equation

d^2 dy^2 f + 2 d dy f + 3 4 f = 0 ⇒ f(y) = C_1e^{− 12 y} + C_2e^{− 32 y}.

Let us discuss how to prove this fact for general second order differential equation [20]

(71) d^2 dy^2 f + (a_1 + g_1(y)) d dy f + (a_2 + g_2(y)) f = 0,

where a_1, a_2 are certain real constants and g_{1,2} are real valued functions tending to zero exponentially fast as y → ∞. One may get rid of the first derivative by introducing the new function h as follows (72) f(y) = e^{− 12 (a1y+∫ y g1(ỹ)dỹ)}h(y). The equation (71) transforms as

(73) d^2 dy^2 h + ( − 1 4 (a_1 + g_1)^2 − 1 2 g^′_{1y} + a_2 + g_2 ) h = 0. It will be more convenient to introduce the following notations

(74) c = √ 1 4 a^2_1 − a_2; g = 1 2 a_1g_1 + 1 4 g^2_1 + 1 2 g^′_{1y} − g_2.

Using these notations equation (73) can be written as follows

(75) d^2 dy^2 h − c^2h − g(y)h = 0. We are interested to prove that the solutions to this equation have the same asymptotics as solution to the free equation

(76) d^2 dy^2 h − c^2h = 0 ⇒ h = C_1e^{cx} + C_2e^{−cx}.

Suppose that the potential g satisfies the following estimate (77) |g(y)| ≤ a(y)e^{−2cy}, where a is a certain L_1 - function. Then the growing solution to equation (75) satisfies the following Volterra type equation

(78) h(y) = e^{cy} + ∫_∞ y 1 2c ( e^{c(y−ỹ)} − e^{−c(y−ỹ)} ) g(ỹ)h(ỹ)dỹ. This integral equation has a solution having the asymptotics h_1(y) ∼ e^{cy} if the potential q satisfies the estimate (77). In this case the solution may be obtained by the method of successive approximations. Then there is another linear independent solution with the asymptotics h_2(y) ∼ e^{−cy}. This follows easily from the fact that h_1 and h_2 are solutions to one and the same second order differential equation and therefore their Wronskian is constant.

Let us return back to the studies of equation (70). Comparison with equation (71) gives us

a_1 = 2, g_1 = ( d dy v_μ ) /v_μ, a_2 = 3 4 , g_2 = 1 2 ( d dy v_μ ) /v_μ + μ − q + i v_μ e^{−2y},

⇒ c = √ 1 4 4 − 3 4 = 1 2 g = 1 2 ( d dy v_μ ) /v_μ + 1 4 (( d dy v_μ ) /v_μ )_2

+ 1 2 d dy (( d dy v_μ ) /v_μ ) − μ − q + i v_μ e^{−2y}. The potential g can be simplified as g = ( − 1 4 ( v^′_{μx} v_μ )_2 + 1 2 v^{′′}_{μxx} v_μ − μ − q + i v_μ ) e^{−2y}.

Since the function v_μ never vanish for sufficiently small μ ≪ −1 and all functions are two times differentiable, the expression in brackets is uniformly bounded. It follows that g satisfies the necessary estimate |g(y)| ≤ const e^{−2y}. Hence solutions to (75) have asymptotics

h_1 ∼ e^{12 y} and h_2 ∼ e^{− 12 y}.

The corresponding solutions to (69) have the following behavior

(79) f_1 ∼ e^{− 12 y} and f_2 ∼ e^{− 32 y}.

Both solutions are square integrable in the neighborhood of y = +∞, i.e. the case of Weyl’s limit circle occurs.

Case C This case can be investigated using similar method. The Hain-Lüst operator can be written in the form (52) T (μ) = e^{y/2} ( − d dy v_μ d dy + w_μ ) e^{y/2} with the coefficients satisfying (53) v_μ ≥ c > 0, w_μ ≥ cx, c > 0 for sufficiently small values of μ. Then the equation (69) can be transformed into d^2 dy^2 f + ( 1 + ( d dy v_μ)/v_μ ) d dy f + ( 1 4 + 1 2 ( d dy v_μ)/v_μ + μ − q + i e^yv_μ ) f = 0. Comparison with equation (71) gives

a_1 = 1, g_1 = ( d dy v_μ ) /v_μ, a_2 = 1 4 , g_2 = 1 2 ( d dy v_μ ) /v_μ + μ − q + i v_μ e^{−y},

⇒ c = √ 1 4 4 − 3 4 = 1 2 g = 1 4 (( d dy v_μ ) /v_μ )_2 + 1 2 d dy (( d dy v_μ ) /v_μ ) − μ − q + i v_μ e^{−y}. The potential g can be simplified as g = ( − 1 4 e^{−y} ( v^′_{μx} v_μ )_2 + 1 2 v^′_{μx} v_μ + 1 2 e^{−y} v^{′′}_{μxx} v_μ − μ − q + i v_μ ) e^{−y}.

The expression in brackets is again uniformly bounded. It follows that g satisfies the necessary estimate |g(y)| ≤ const e^{−y}. Hence solutions to (75) have asymptotics

h ∼ C_1y + C_2.

The corresponding solutions to (69) have the following behavior

(80) f ∼ (C_1y + C_2)e^{− 12 y}

and both solutions are square integrable in the neighborhood of y = +∞, i.e. the operator T (μ) is in the limit circle case.

Case D under construction Assume that the coefficients satisfy quasiregularity conditions (4) but the operator is not regular. This implies in particular that m|_{x=0} ≠ 0. Otherwise the quasiregularity conditions would imply that β|_{x=0} = 0 and therefore m has second order zero at the origin.

The coefficients V_μ and W_μ of the Hain-Lüst operator (44) T (μ) = − d dy V_μ d dy + W_μ are uniformly bounded and positive definite functions for sufficiently small values of μ ≪ −1. It follows that the quadratic form of T (μ) is equivalent to the quadratic form of the second derivative operator −^{d2}_{dy2} + 1. The later operator is in the limit point case at y = +∞. Hence the Hain-Lüst operator is in the limit point case as well.

Case E Suppose that the operator L is regular, i.e. the functions β and m have first order, respectively second order zeroes at the origin. In this case v̂_μ is uniformly bounded and positive definite for sufficiently small values of μ, i.e. μ ≪ −1. Therefore this case is similar to Cases A and B just considered. The asymptotics of the solution is given by the same formula (79) and all solutions are square integrable. □

This theorem implies that the singularity spectrum for the operator L appears if and only if the Hain-Lüst operator is in the limit point case at the singular point. We believe that this observation is crucial for the existence of the singularity spectrum even in a more general settings. It is planned to continue studies of this phenomena for more sophisticated singular matrix differential operator.

Acknowledgments. The research was supported by the following organizations: The Swedish Research Council (P.K.), The Swedish Royal Academy of Sciences (P.K. and S.N.), Lund Institute of Technology (P.K. and S.N.)

References

[1] Akhiezer, N.I. and Glazman,I.M., Theory of linear operators in Hilbert space, Pitman, Boston, 1981.

[2] Atkinson,F.V., Langer,H., Mennicken,R., and Shkalikov,A., The Essential Spectrum of Some Matrix Operators, Math. Nachr., 167 (1994), 5-20.

[3] Brown, M.; Langer, M.; Marletta, M., Spectral concentrations and resonances of a second-order block operator matrix and an associated λ-rational Sturm- Liouville problem, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 460 (2004), 3403–3420.

[4] Descloux, J. and Geymonat, G., Sur le spectre essentiel d’un operateur relatif á la stabilité d’un plasma en géometrie toroidal, C.R. Acad. Sci. Paris 290 (1980), 795–797.

[5] Dunford, N. and Schwartz, J.T., Linear operators, John Wiley & Sons, Inc., New York, 1988.

[6] Everitt,W.N. and Bennewitz,C., Some remarks of the Titchmarsch-Weyl mcoefficient, in Tribute to Åke Pleijel, Univ. of Uppsala, 1980.

[7] Faierman,M., Lifschitz,A., Mennicken,R., and Möller,M., On the essential spectrum of a differentially rotating star ZAMM Z. Angew. Math. Mech., 79 (1999), 739–755.

[8] Faierman,M., Mennicken,R., and Möller,M., The essential spectrum of a system of singular ordinary differential operators of mixed order. I. The general problem and an almost regular case, Math. Nachr., 208 (1999), 101–115.

[9] Faierman,M., Mennicken,R., and Möller,M., The essential spectrum of a system of singular ordinary differential operators of mixed order. II. The generalization of Kako’s problem, Math. Nachr., 209 (2000), 55–81.

[10] Faierman, M.; Mennicken, R.; Möller, M., The essential spectrum of a model problem in 2-dimensional magnetohydrodynamics: a proof of a conjecture by J. Descloux and G. Geymonat. Math. Nachr. 269/270 (2004), 129–149.

[11] Hain,K. and Lüst,R., Zur Stabilität zylindersymmetrischer Plasmakonfigurationen mit Volumenströmmen, Z. Naturforsch., 13a (1958), 936–940.

[12] Hardt,V., Mennicken,R., and Naboko,S., System of Singular Differential Operators of Mixed Order and Applications to 1-dimensional MHD Problems, Math. Nachr., 205 (1999), 19–68.

[13] Hassi, S.; Möller, M.; de Snoo, H., Singular Sturm-Liouville problems whose coefficients depend rationally on the eigenvalue parameter. J. Math. Anal. Appl. 295 (2004), no. 1, 258–275.

[14] Kako,T., On the essential spectrum of MHD plasma in toroidal region, Proc.

Japan Acad. Ser. A Math. Sci. , 60 (1984), 53–56.

[15] Kato,T., Perturbation theory for linear operators, Springer, Berlin, second edition, 1976.

[16] Konstantinov, A., and Mennicken, R., On the Friedrichs extension of some block operator matrices, Int. Eq. Oper. Theory, 42 (2002), 472–481.

[17] Kurasov,P., and Naboko,S., On the essential spectrum of a class of singular matrix differential operators. I. Quasiregularity conditions and essential selfadjointness, Math. Physics, Analysis and Geometry, 5 (2002), 243–286.

[18] Kusche, T.; Mennicken, R.; Möller, M., Friedrichs extension and essential spectrum of systems of differential operators of mixed order, Math. Nachr., 278 (2005), 1591–1606.

[19] Lifchitz,A.E., Magnetohydrodynamics and Spectral Theory, Kluwer Acad.

Publishers, Dordrecht, 1989.

[20] Marchenko,V.A. Sturm-Liouville operators and applications. Operator Theory:

Advances and Applications, 22, Birkhäuser, Basel, 1986.

[21] Mennicken,R., Naboko,S., and Tretter,Ch., Essential Spectrum of a System of Singular Differential Operators, Proc. AMS, 130 (2002), 1699–1710.

[22] Möller, M., On the Essential Spectrum of a Class of Operators in Hilbert Space, Math. Nachr. 194 (1998), 185–196.

[23] Möller, M., The essential spectrum of a system of singular ordinary differential operators of mixed order. III. A strongly singular case, Math. Nachr., 272 (2004), 104–112.

[24] Naimark,M.A., Linear Differential Operators, Ungar, New York, 1968. [25] Power, S.C., Essential spectra of piecewise continuous Fourier integral operators, Proc. R. Ir. Acad., 81 (1981), 1-7.

[26] Power, S.C., Fredholm theory of piecewise continuous Fourier integral operators on Hilbert space, J. Operator Theory, 7 (1982), 51-60.

[27] Raikov,G.D., The Spectrum of a Linear Magnetohydrodynamic Model with Cylindrical Symmetry, Arch. Rational Mech. Anal., 116 (1991), 161–198.

[28] Reed,M., and Simon,B., Methods of modern mathematical physics, vol I-IV, second edition. Academic Press, 1984.

[29] de Snoo,H., Regular Sturm-Liouville Problems Whose Coefficients Depend Rationally on the Eigenvalue Parameter, Math. Nachr., 182 (1996), 99-126.

Dept. of Mathematics, Lund Institute of Technology, Box 118, 221 00 Lund, SWEDEN

E-mail address: kurasov@maths.lth.se

Dept. of Mathematical Physics, St.Petersburg Univ., 198504 St.Petersburg, RUSSIA

E-mail address: ig0r@sbor.net

Dept. of Mathematical Physics, St.Petersburg Univ., 198504 St.Petersburg, RUSSIA

E-mail address: naboko@snoopy.phys.spbu.ru