ISSN: 1401-5617

The Model Theory of Fields with a Group Action

Nils Sjögren

Research Reports in Mathematics Number 7, 2005

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2005/7

Date of publication: December 14, 2005 2000 Mathematics Subject Classification: Primary 03C60.

Keywords: model companion, field automorphisms, non-elementary classes, group action.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

The Model Theory of Fields with a Group Action

Nils Sjögren

Filosofie licentiatavhandling

Avhandlingen kommer att presenteras måndagen den 19 januari 2006, kl. 13.15 i seminarierum 306, hus 6, Matematiska institutionen, Stockholms universitet, Roslagsvägen 101.

1 Introduction

Much of mathematics evolves from trying to solve different kinds of equations: polynomial equations, differential equations and other kinds of equations. A differential equation is just a polynomial equation in the variables D^nx, n ∈ N over some ring R of functions. A partial differential equation is p = 0, where p ∈ R[∂^αx], α ∈ N^m, x = (x_1, ..., x_m).

One can also consider equations in the variables τ^n(x) where τ is an operator, injective ring endomorphism, in which case the equations are called difference equations. Such endomorphisms extend to the field of quotients and that field can be embedded in a bigger field, the inversive closure, where the endomorphism is surjective, an automorphism, see [11].

The structures where one studies these equations, difference fields, can be considered as fields on which Z acts by automorphism. The model theory of such structures have been thoroughly investigated in [24] and [8].

This thesis will describe structures suitable for studying equations in the variables gx, for g in a group G : Fields with a group action.

Generally when studying equations one is interested to know if a certain structure has solutions to as many equations it could possibly have or if one can find new solutions in an extension. Another question one would ask is if it is possible to say in an understandable way exactly which equations and systems of equations, that can have solutions.

In model theory we usually answer these questions by the concepts of existentially closed structures and model companion (the first order theory of the existentially closed structures if the class of such structures is elementary) respectively. Both concepts go back to Robinson and were inspired by the theory of algebraically closed fields, often called ACF.

ACF is the model companion of the theory of fields (and of the theory of integral domains) and it is a suitable place to work with polynomial equations. Robinson also showed that there is a model companion to the theory of differential fields called DCF, differentially closed fields.

Around 1990 a model companion for the theory of difference fields was found (by several people working together, most notably Angus Macintyre, see [24] and [8]). In recent years a model companion for the structures suitable for studying partial differential equations was found independently by Yaffe, [33], and McGrail, [23].

In what follows we will develop these themes for the theory of fields with a group action.

If G is a group, then the fields which G acts on, the structures we will be interested in, will be called G-fields, see definitions below.

The model theoretic properties of these theories will depend on the group. We begin by developing some basic field theoretic and model theoretic properties in section three and four. Being existentially closed has some strong implications on the structure of the fields, for instance on their Galois theory. We prove that the class of existentially closed structures has quantifier elimination in a suitably extended language and that the existential part of the class of existentially closed structures is decidable.

When it comes to model companions the situation is thus:

We first introduce a first order theory, T_G, that properly contains the theory of G-fields and such that every existentially closed G-field is a T_G-model. It follows from a result of Hrushovski that if Z × Z � G, then there is no model companion, the class of existentially closed structures is not an elementary class. We prove here that if G is free, finite or if it satisfies a technical condition that will be explained later, there is a model companion. In the last case we do it for a slightly altered theory, the theory of G-fields that contain all the p-th roots of unity, for every prime p. The question about existence of model companions for other groups we leave open here, but will return to it some other time.

Acknowledgment

I would like to thank Angus Macintyre, Zoe Chatzidakis and Torsten Ekedahl for much help and inspiration.

2 Preliminaries

Let G be a group. When we say that G acts on a field K we mean that there is a group homomorphism ρ : G → AutK, the group of automorphisms on K, and we write ρ(g); a → ga. We immediately drop ρ from our notation, so it becomes g; a → ga, and sometimes, to emphasize the multiplicative nature of the action we will write g; a → a^g. A G-action is faithful if ρ is a monomorphism. If A is a subset of field then GA = {ga : g ∈ G, a ∈ A} Some group notation: other groups than G will be called H or some other upper case letter, and if A and B are two groups, then A � B means that A is a subgroup of B, and if we are in the context of profinite groups it will mean that it is a closed subgroup. The identity element of G or any other group will be denoted 1.

A field on which G acts will be called a G-field. For technical reasons we do not assume that the action is faithful, so any field can be a G-field for any group G, but if we say that K is a G-field, it means that K comes with a specified Gaction. However the G-action on an existentially closed G-field will be faithful automatically. If the action of G on a field K is not faithful, there will be an h ∈ G such that K |= ∀x(hx = x), but we can always add a new transcendental t and define a new action on an extension of K(t) such that h moves t. For instance: let C = K(t_g : g ∈ G) and define g_i(t_{gj} ) = t_{gigj} and the action on K is the same as before, then C is an extension of K and ∃x(hx ≠ x) is true in C, but not in K.

L_{Ring} = {+, ·, −; 0, 1} is the language of rings. Let L_G = L_{Ring} ∪ {g_L : g ∈ G}, where the g_L are new function symbols.

The theory of G-fields, T_G will be the theory of fields together with the sentences expressing that g_L are field automorphisms and the relations of G,

∀x(g_L(h_Lx) = (gh)_Lx))

If the group G is finitely presented, see for instance [27], we can use another language, L_σ, that has the same expressive power but is more practical when working with finiteness conditions like if something is first order definable. Let G = ⟨σ, R⟩, where σ = (σ_1, ..., σ_n) is a tuple of generators for G and R is a set of words in σ ∪ σ^{−1}, called relations. This shall be interpreted as follows: If F_σ is the free group on σ and R̄ is the normal closure in F_σ of the group generated by the elements in R, then G = F_σ /R̄, see [27].

Let L_σ = L_{Ring} ∪ σ_Lσ^{−1}_L , where σ_Lσ^{−1}_L is an 2n-tuple of new function symbols (intended for the generators of G and their inverses). The theory of G-fields, T_G will be the theory of fields together with the sentences expressing that σ_{iL} are field automorphisms and a set R_L of equational relations interpreting the relations R of G. If w ∈ R, then R_L shall contain ∀x(w(x) = x). We will use both languages without mentioning when we switch between them. The subscript L on σ_L, g_L and R_L will henceforth be dropped; we use the same name for these objects both in the context of group theory and in the context of logic.

We will also use the tuple σ̄ = (1, σ_1, ..., σ_n) at times.

The basic model theoretic concepts that we will discuss can be found in [15], but here are some of them for ease of reference:

If L is a language then L_∃ means the set of all existential formulae in L. If A is any set (for instance a G-field) then L(A) will denote the language we get from L by adding new constants for all elements of A. We will use the same name for those constants as for the elements.

A model M of a theory T is existentially closed (short: e.c.) if for any supermodel N(⊇ M) and any sentence ϕ ∈ L(M)_∃ N |= ϕ implies that M |= ϕ The model companion of a theory T is the first order theory of the e.c. models of T if the class of e.c. models is elementary.

A structure A is an amalgamation base if whenever A ⊆ B and A ⊆ C, B and C can be jointly embedded in a bigger model D.

A theory, or a class of structures, is decidable if both the set of true sentences and its compliment are recursively enumerable.

A type p is a consistent (usually complete) set of formulae. S(A) denotes the set of all complete types with parameters from A. S(A) ⊆ P(L(A)) A theory T has quantifier elimination if for every substructure A of a T -model, T ∪ diagA is a complete theory, where diagX denotes the set of true, quantifier free sentences in L(X).

This is equivalent to if A is substructure of both B and C, then there is a T -model D such that B ⪯ D and C ⊆ D, and also equivalent to that every formula is equivalent to a quantifier free formula. See theorem 13.1 of [29]

Later, definition 7, we will introduce a big existentially closed G-field C̄ with nice properties and work inside it.

Lower case letters from the end of the alphabet x, y, x_i, .. will be tuples of variables, lower case letters from the beginning of the alphabet a, b, a_i, .. will be tuples of elements from a field (later on from C̄), A, B, A_i, .. will be small (< | |C̄ | |) subsets of G-fields (later ⊆ C̄), and k, K, F, M, .. will be G-fields (models of T_G, later small sub-models of C̄) if not explicitly mentioned to be something else. We will usually use the same letter to denote the model and the underlying set even though we sometimes define different models on the same set, and hope this will not cause confusion. We will also use the same notation for the multiplicative identity of the field and the identity element of the group (namely 1).

↠ denotes an epimorphism and ↣ a monomorphism of groups, fields or whatever.

If M is a field and H ⊆ AutM, then M^H = {x ∈ M : hx = x, h ∈ H}, fixed field of H in M.

If k is a field, then k̄ denotes the algebraic closure of k (as a field). And if A and B are two fields, with A � B algebraic, then the Galois group of B/A is Gal(B/A) = Aut_AB, the group of field automorphisms of B fixing A point-wise. And the absolute Galois group of of a field F is G(F ) = Gal(F̄/F).

We will need to introduce some terminology and basic facts about G-equations. A G-equation over a G-field K is polynomial equation in the variables gx_i where g is in G.

f = 0 where f ∈ K[gx_i : g ∈ G, 1 � i � m] = K[Gx], where x = (x_1, ..., x_m) And K[Gx] is a G-ring by:

hf = Σha_i(hḡ_ix)^i if f = Σa_i(ḡ_ix)^i

where i ∈ N^{<ω}, ḡ_ix = g_{i1}x_1 · ... · g_{im}x_m, g_{ij} ∈ G, h ∈ G and hḡ_ix = hg_{i1}x_1 · ... · hg_{im}x_m.

For f ∈ K[x], f = Σa_ix^i and τ ∈ AutK, a field-automorphism, let τf = Στ(a_i)x^i, so f(b) = 0 if and only if τf(τ(b)) = 0.

If I ⊂ K[x] is an ideal let I^τ = {τf : f ∈ I} and if V ⊂ A^m is a variety and I_V = {f ∈ K[x] : p ∈ V ⇒ f(p) = 0}, then V^τ = {p ∈ A^m : f ∈ I_V ⇒ τf(p) = 0}.

A quantifier-free formula is just a boolean combination of G-equations, but for many purposes one needs only consider a certain kind of those. K[σ̄x] is the sub-ring (not a G-ring) of K[Gx] consisting of polynomials in the variables (x, σ_1(x), ..., σ_n(x)) = σ̄x.

Proposition 1. For every quantifier-free formula ϕ there is a formula ϕ̄ = ⋀ i f_i = 0, a finite conjunction of G-equations, where f_i ∈ K[σ̄x] and for every model M of T_G, M |= ∃xϕ if and only if M |= ∃yϕ̄. (ϕ̄ usually have more free variables than ϕ, |x| ≤ |y|.)

Proof: We may assume that ϕ is in conjunctive normal form, a finite conjunction of finite disjunctions of G-equations and G-inequations. For every inequation, f(x) ≠ 0, replace it by yf(x) − 1 = 0, so we have a conjunction of disjunctions of G-equations, but every disjunction of equations is equivalent to a single equation (f = 0 ∨ g = 0 ⇔ fg = 0), so we have a conjunction of G-equations.

Now let f = 0 be one of them, f ∈ K[Gx]:

Let f = Σ_ia_i(g_ix)^i, i ∈ N^m, g_i = (g_{i1}, ..., g_{im}) and g_{ij} = τ_{ij1} · ... · τ_{ijl}, where τ_{ijk} is either a generator, an inverse of a generator or 1. We assume that the presentations has been chosen so that they are as short as possible. Now assume that the maximal length of a presentation g_{ij} = τ_{ij1} · ... · τ_{ijl}, such that g_{ij} x is a variable in f, is l.

Then for every g_{ij} that is not a generator or 1, change g_{ij} x to τ_{ij1}y_j if τ_{ij1} is a generator and to y_j if τ_{ij1} is an inverse of a generator and add the new equation y_j − τ_{ij2} · ... · τ_{ijl}x_j = 0 or τ_{ij1}y_j − τ_{ij2} · ... · τ_{ijl}x_j = 0 in the respective cases. In the resulting conjunction f^1 every g_{ij} that occurs in a variable has a presentation shorter than l. Repeat this procedure until every g_{ij} that occurs in a variable is either a generator or 1. That will happen after less than l repetitions. Let f^l = f̄ and let ϕ̄ be ⋀¯ f when ϕ is ⋀ f = 0.

Then ϕ̄ is a conjunction of equations from K[σ̄xy] and there is a x ∈ M such that M |= ϕ if and only if there is a xy ∈ M such that M |= ϕ̄ ■

In that way every q.f.-formula in L_σ(K) is equivalent to a finitely generated ideal in K[σ̄x].

3 Field theoretic properties of e.c. G-fields

We will need some facts about profinite groups and pseudo-algebraically closed fields. Such facts can be found in [32] and/or [13], but we mention a few that will be vital in the sequel.

Profinite groups are inverse limits of finite groups, or equivalently compact, Hausdorff groups that have a basis for the neighborhoods of 1 consisting of normal subgroups. Galois groups are profinite and every profinite group occurs as a Galois group for some field extension.

An inverse limit of finite p-groups will be called a pro-p-group.

Definition 1. If A is a

group, then the profinite completion Â of A is the inverse limit of all finite quotients of A. Â = lim

←−A/N where N runs through all normal subgroups of finite index.

We will call the set of all such finite quotients Im(A). If B ∈ Im(A), then there is an epimorphism from A to B.

A variety X over a field k is absolutely irreducible if k̄I_X is prime, that is if X is also irreducible as a variety over k̄.

Definition 2. A field A is pseudo algebraically closed, abbreviated PAC, if every absolutely irreducible variety over A has an A-rational point.

Definition 3. A profinite group G is projective if for every profinite A, B with α : A ↠ B and β : G → B there is a γ : G → A such that G γ � � � � β � A_α � � B

commutes.

Equivalently a profinite group is projective if all its p-Sylow subgroups are free pro-p-groups, for every prime p, or if its cohomological dimension is � 1 (Corollary 11.2.3 of [32]).

Contrary to the case of abstract groups, there are projective profinite groups that are not free.

Galois groups of PAC-fields are projective and every projective profinite group occurs as a Galois group of a PAC-field. Actually Ax, [1], proved that the Galois groups of PAC-fields has cohomological dimension � 1.

If B is a projective profinite group and α : A ↠ B, then there is a closed subgroup C � A such that α ↾ C is a bijection. To see this, let β be the identity in the above definition.

Define a partial order on the class of epimorphisms in the category of profinite groups by α � β if they have the same codomain and there is an epimorphism γ such that αγ = β.

Definition 4. A universal Frattini cover (also known as a projective cover) of group A, ϕ̃ : Ã ↠ A

is a smallest epimorphism from a projective profinite group to A.

Other characterizations equivalent to the one above is:

(i) ϕ̃ is the biggest epimorphism to A with kernel in the Frattini subgroup Φ(Ã), which is the intersection of all maximal open subgroups of Ã. (ii) ϕ̃ is an epimorphism to A with kernel in the Frattini subgroup Φ(Ã) and the domain of ϕ̃ is projective.

By common abuse of notation we will refer to both ϕ̃ and Ã of the above definition separately as “the” universal Frattini cover. It is unique up to homeomorphism.

Now we are ready to examine the existentially closed G-fields.

From now and to the end of this section let K be an existentially closed Gfield and F = K^G, the fixed field of G in K.

Theorem 1. K and F are perfect.

Proof: Let p = charK.

First let a ∈ K ∩ F^{p−∞} . Then a^{pm} ∈ F for some m ∈ N. If for any g ∈ G, ga = b, then a^{pm} = g(a^{pm} ) = (ga)^{pm} = b^{pm} , so 0 = a^{pm} − b^{pm} = (a − b)^{pm} . Hence a = b and therefore a ∈ F .

Now let c^p ∈ K. Let σ = {σ_i : i ∈ I} be a, possibly infinite, set of generators for G, and ϱ : F_σ → G a presentation. Extend the automorphisms σ to K̄ any way you like; find σ̇_i ∈ AutK̄ with σ̇_i ↾ K = σ_i. Close K(c) under the action of the σ̇_i and call the closure A. Let τ_i = σ̇_i ↾ A and H = ⟨τ_i : i ∈ I⟩. There is an epimorphism ϱ : H → G, the restriction map. Now let a be any element in A and w any element in ker ϱ and assume that wa = b. a^p ∈ K so

a^p = wa^p = b^p ⇒ 0 = a^p − b^p = (a − b)^p ⇒ a = b

So w = 1 and therefore ϱ is an isomorphism and since K is e.c. A = K. ■

Theorem 2. F is pseudo algebraically closed.

Proof: Let V be an absolutely irreducible variety over F . Define an action of G on K ⨂ F F (V ), where F (V ) is the function field, by g → g ⊗ 1. This action extends uniquely to the field of fractions K(V ), which is a G-field that extends K. Because there is a K(V )-rational point, x ∈ F [x]/I(V ), there has to be a point in V(K). And since x is fixed by the G-action in K(V ) there has to be one in F . So F is PAC. ■

Theorem 3. K is pseudo algebraically closed.

Proof: Let V be an absolutely irreducible variety over K. Then if g ∈ G, V^g is also over K. V^g = V (gI(V )) = {p : gf(p) = 0, f ∈ I(V )} and gf ∈ K[x]. In a large (saturated) algebraically closed field extending K, choose a_g for every g ∈ G such that a_g is a generic point of V^g over K(a_h : h ∈ G, h ≠ g). Set

M = K(a_g : g ∈ G), and define a G-action on M by g(a_h) = a_{gh}for every g, h ∈ G. That makes M a G-field, and V (M) ≠ ∅ (a_1 is there) and K is e.c. so V (K) ≠ ∅, so K is PAC. ■

A profinite group is small if it has, for every positive ineger n, only finitely many normal subgroups of index n.

A PAC-field is bounded if it has only finitely many separable extensions of each finite degree.

So a PAC-field is bounded if and only if it’s Galois group is small.

From now on assume that G is finitely presented and G = ⟨σ, R⟩.

Theorem 4. Gal(F̄ ∩ K/F) is the profinite completion of G

Proof: K ∩F̄ /F is a normal and separable extension. Let A = Gal(K∩F^s/F) and let H be finite quotient of G. π : G ↠ H and |H| = m < ω Embed H into S_m, ϵ : H ↣ S_m. Let f(x) = ∏ i(x − t_i) and N = F (t_1, ..., t_m) and M = N[x]/(f). The length of x is one here.

Let H act on N by h(t_i) = t_{ϵ(h)i}, and let F^′ = N^H . Then the coefficients for f are in F^′ because they are symmetric polynomials in the t_i’s, and the splitting field of f over F^′, M = F^′[x]/(f) has a Galois group isomorphic to H. Let K^′ be the fraction field of K

⨂_~

F ∩K M and let G act on K

′ by g ⊗ πg, so that K^′ is a G-field extending K. Set ϕ = ∃y_0, ..., y_m, x (p(y, x) = 0 ⋀ i,k σ_i(y_k) = y_k ⋀ i “σ_i(x) = πσ_i(x)^{′′}), where p(s(t), x) = f(x) and s(t) are the appropriate symmetric polynomials in t and the last conjuncts are an abbreviation for that the relations of H are respected on x.

Then K^′ |= ∃xϕ(x) and K is e.c. so ϕ is satisfied in K, but then F has a Galois extension with Galois group isomorphic to H inside K. Therefore H is a quotient of A and H was arbitrary, so:

Im(G) = Im(Ĝ) ⊆ Im(G)

And Im(A) ⊆ Im(Ĝ) trivially.

Ĝ is small since G is finitely generated, and two small profinite groups are homeomorphic if and only if they have the same finite quotients. ■

Theorem 5. The absolute Galois group of F is the universal Frattini cover of the profinite completion of G.

ϕ̃ : G̃ ↠ Ĝ

and G(F ) = G̃

Proof: Let α be the restriction map

α : G(F ) ↠ Ĝ(= Gal(K ∩ F^s/F)); g → g ↾ K ∩ F^s

Now G(F ) projective by theorem two and the universal Frattini cover ϕ̃ : G̃ ↠ Ĝ is the smallest projective cover of Ĝ, so there is an epimorphism γ_1 with ϕ̃γ_1 = α And since G̃ is projective there is a subgroup G � G(F ) such that γ_1 ↾ G is a homeomorphism.

Let γ_2 = (γ_1 ↾ G)^{−1} and ι : G ↣ G(F ) the embedding. Then

G(F )

γ_1 � � � �_α � G̃ ι∘γ_2 � � � � � ϕ̃ � � Ĝ

commutes. So there is a split exact sequence:

kerγ_1 � � G(F )_{γ2∘γ1} � � G ι� Therefore G(F ) = kerγ_1 ⋊ G, the semi-direct product, see for instance [27].

Then F = F̄^{G(F )} = F̄^{kerγ1} ∩ F̄^G

so F̄^{kerγ1} is linearly disjoint from F̄^G over F , and F̄ = F̄^{kerγ1}F̄^G , because G(F ) is the semi-direct product of kerγ_1 and G.

Since K ∩ F^s ⊂ F̄^{kerγ1} ,because kerγ_1 � kerα and α is restriction to K ∩ F^s. K is linearly disjoint from F̄^G over F, so we can define an action of G on KF̄^G = K ⨂ F F̄ G by g → g ⊗ 1, but KF̄ G is algebraic over K and K is e.c. so KF̄^G = K, which implies that F̄^G = F and therefore

F̄^1 = F̄ = F̄^GF̄^{kerγ}1 = F̄^G ⨂ F F̄^{kerγ}1 = F ⨂ F F̄^{kerγ}1 = F̄^{ker γ}1

hence kerγ_1 = 1, so γ_1 is a homeomorphism. ■

Theorem 6. The Galois group of K is homeomorphic to the kernel of the universal Frattini cover of the profinite completion of G ker ϕ̃ ↣ G̃ ↠ Ĝ, G(K) ∼= ker ϕ̃

Proof: From theorem 4 we know that Gal(F^s ∩ K/F) ∼= Ĝ, the profinite completion of Ĝ and from theorem 5 we know that G(F ) ∼= G̃, the universal Frattini cover of Ĝ.

By elementary Galois theory G(F^s ∩ K) ∼= ker ϕ̃. For any Galois extension A/B we have

G(A) ↣ G(B) ↠ Gal(A/B)

where the epimorphism is the restriction map.

Now K is regular over F^s ∩ K (see theorem 1) and therefore the restriction map res : G(K) → G(F^s ∩ K) is an epimorphism.

G(F^s ∩K) ∼= ker ϕ̃ is projective since it is a Galois group of the PAC-field F̄ ∩K. K̄

K G(K) � � � F^s

� � �

F̄ ∩ K

� � �_{ker ϕ̃} � � �

F Ĝ

So there is a subgroup H � G(K) homeomorphic to ker ϕ̃, res ↾ H : H ~→ ker ϕ̃. Let M = K̄^H .

K^s G(K)

� M H H � � � � �

K G(K)/H

ker ϕ̃

� � � �

σ_i ∈ Aut_FK, , R ∋ w = σ^{p1}_{i1} ....σ^{pk}_{ik} , p_j = 1, −1

Assume M ≠ K. Then there is a w ∈ R such that for every σ̇ ∈ Aut_FM, such that σ̇ ↾ K = σ σ̇^{p1}_{i1} ...σ̇^{pk}_{ik} = ẇ ≠ 1

But then ẇ ∈ Gal(M/K) ∼= G(K)/H, because ẇ ↾ K = 1.

One of the possible extensions of w to Aut_FK̃ has to be in H since w ∈ Gal(F^s ∩ K) and res ↾ H is a homeomorphism. Say ẅ ∈ H. From elementary Galois theory we know that there is an exact sequence:

H^α � G(K)^β � G(M/K)

So β ∘ α(ẅ) = 1 - A contradiction. So therefore M = K. ■

ker ϕ̃ is pro-nilpotent, its p-Sylow subgroups are free pro-p groups and ker ϕ̃ = ∏ p S_p, where S_p is free pro-p and with index relatively prime to p.

So F is a bounded, perfect PAC-field and K is a perfect PAC-field that is fairly well behaved, has an understandable Galois group. K is bounded if and only if ker ϕ̃ is small.

4 The category of e.c.-structures

Let E_G be the category of existentially closed G-fields with embeddings as morphisms, as in [25]. E_G is a full subcategory of F_G of G-fields and embeddings. The category F_G of G-fields is a subcategory (not full) of the category of fields and embeddings. We will be working in all those categories; to prove that something is true in an e.c. G-field K one has to find a G-field extending K where it is true, and for that we sometimes have to go to a pure field extending K and define a new G-action on it compatible with the action on K. The category E_G will be the subject of this section and it will be important in the rest of this text.

When studying E_G we are primarily interested in existential formulae and we will need some more notation.

A ≡_1 B means that A and B satisfies the same existential sentences. A ≼_1 B means that A � B and if a ∈ A and ϕ is any existential formula, then B |= ϕ(a) implies A |= ϕ(a).

An existential type p over a set A is a consistent set of existential formulae in L(A). etp_M(a/A) = {ϕ ∈ L(A)_∃ : M |= ϕ(a)} is the existential type of a over A in M. An existential type p is maximal if for any existential type q ( over the same set) p ⊆ q ⇒ p = q. For instance, if M is e.c. and a ∈ M then etp_M(a) is maximal.

Definition 5. Let C be a G-field, then C is κ-existentially universal (κ-e.u.) if the following equivalent conditions holds.

(i)For every subset A of C, |A| < κ and every existential type p over A, if p is realized in an extension of C, then p is realized in C.

(ii)For every subset A of C, |A| < κ and every existential type p over A, if every finite subset of p is realized in C, then p is realized in C. (iii) For every N, M ∈ E_G, if M ⊂ C, M → N and |N| < κ, then N → C.

Facts: For every K ∈ E_G, |K| < κ, there is a κ-existentially universal C, |C| = κ, such that K ⊂ C. See [26].

Any κ-existentially universal G-field is existentially closed, and it has the following special homogeneity property (equivalent to the defining properties): If A and B are small (cardinality < κ) subsets of a κ-e.u. G-field C and if f : A → B is any bijection such that etp_C(a) ⊆ etp_C(f(a)) for every tuple a ∈ A, then f extends to an automorphism of C. See [25].

A structure A that is |A|-e.u. will be called existentially universal, e.u.

A field extension K/k is regular if it is separable and k is relatively algebraically closed in K.

If the extension A/B is regular, we also say that A is regular over B.

Proposition 2. If A, B ∈ E_G and A ⊆ B, then A and B have the same existential theory and B is regular over A.

Proof: A ≼_1 B ■

If X is a set in the intersection of Y and Z, a X-morphism from Y to Z is a morphism that fixes X pointwise.

Theorem 7. Let D be κ-e.u. G-field A ⊆ D, K regular over A, |K| < κ and K |= T_G, then there is an A-embedding of K into D.

Proof: Find an A-isomorphic copy K^′ of K,linearly disjoint from D over A, in a big algebraically closed field extending K and D. This is possible since K is regular over A. Now the field of fractions of K^′ ⨂ A D is a G-field extending D, so every existential type over A realized in the field of fractions of K^′ ⨂ A D is realized in D since D is existentially universal. That is especially true for p = {ϕ : ϕ ∈ L(A)_∃ and K |= ϕ}. ■

Definition 6. If A is a subset of K ∈ E_G, then ⟨GA⟩ = ⟨{g(a) : g ∈ G, a ∈ A}⟩, where ⟨B⟩ means the smallest field containing the set B. Let cl_K (A), the closure of A, be cl(A) = ⟨GA⟩ ∩ K, the relative algebraic closure of ⟨GA⟩ in K.

cl is a closure operator and it is easily seen that if A = cl(A), then A is a G-field and any existentially closed G-field extending A is regular over it.

Proposition 3. If A = cl(A), then A is an amalgamation base for T_G-models.

Proof: Let B and C be two extensions of A. Since they are both transcendental over A we can find an A-isomorphic copy B^′ of B linearly disjoint from C over A, and the field of quotients of cl(B^′) ⨂ A cl(C) will be a common extension of B^′ and C. ■

Proposition 4. If K and M are two G-fields with T h(K)_∀ ∼= T h(M)_∀, then there is an existentially universal D such that K and M can be jointly embedded into D.

Proof: If K and M have the same universal theory, their intersections with the prime field P are isomorphic. Let

K ∩ P = M ∩ P = Q

Let K^′ and M^′ be existentially closed models extending K and M respectively. Then cl(Q) ⊆ K^′ and cl(Q) ⊆ M^′ and by the previous proposition K^′ and M^′ can be jointly embedded into a model, which in turn embeds into a existentially universal domain D. ■

Definition 7. If K is any field and P is the prime field, then the absolute numbers of K, abs(K) are the elements in K algebraic over P . abs(K) = K ∩ P̄.

Theorem 8. Let E, F ∈ E_G, C a closed set (C = cl_E (C) = cl_F (C)) and C ⊆ E ∩ F , then E and F satisfy the same existential sentences over C (abbreviated E ≡_{1,C} F ).

Proof: Let D be e.u. G-field containing E. Since D is homogeneous, and E is regular over C, we can find an E^′ isomorphic to E over C (the isomorphism fixes C point-wise) and linearly disjoint from F over C. The field of quotients of E^′ ⨂ C F is a G-field that contain both E^′ and F . Let M be an e.c. G-field extending the field of quotients of E^′ ⨂ C F , then since E^′ and F are e.c. we have E^′, F ≼_1 M. So E^′ ≡_{1,C} F . ■

Corollary 1. If A and B are two e.c. G-fields and abs(A) ∼= abs(B), then A ≡_1 B.

E_G is a disjoint union of subcategories E_{GA}, where

Ob(E_{GA}) = {K ∈ E_G : abs(K) ∼= A}

for all possible isomorphism-types of the absolute numbers. Of course G(A) must be smaller or equal to the Galois group of the kernel of the universal Frattini cover of the profinite completion of G and G(A^G) must be smaller or equal to G̃, where the order of Galois groups is given by the epimorphisms. That is if E_{GA} is a nonempty subcategory of E_G, then there are epimorphisms G̃ ↠ G(A^G) and kerϕ̃ ↠ G(A).

From now on we assume we are in one of those subcategories and we choose a cardinal κ bigger then any field we will be interested in ( for instance κ can be inaccessible).

Definition 8. Let C̄ be a κ-existentially universal G-field, such that every Gfield we consider here is a sub-G-field of C̄.

Definition 9. Let

etp(a/A) = {ϕ(x) ∈ L(A)_∃ : C̄ |= ϕ(a)}

and let cl(A) = cl¯_C(A)

Theorem 9. If A = cl(A) and B is any G-field that extends A, |B| < | |C̄ | |, then there are infinitely many linearly disjoint A-isomorphic copies of B in C̄.

Proof: Find infinitely many copies (B_i : i < ω) of B, linearly disjoint over A, in some saturated algebraically closed field extending C̄. Let K be the field of quotients of ⨂ A B_i and apply proposition 4. ■

Proposition 5. etp(a/A) = etp(b/A) if and only if there is an isomorphism α : cl(Aa) → cl(Ab) that takes a to b and fixes A point-wise.

We end this section with a definition that will be useful in the following sections.

Definition 10. Let T_G be the first order theory that says that it’s models are faithful, perfect, PAC G-fields, with the fixed fields PAC and perfect and that the Galois groups are as in the theorems of section three.

That T_G is first order follows from [13].

We know from section 3 that all existentially closed G-fields satisfy T_G, Ob(E_G) ⊆ ModT_G, the class of T_G-models, and if the kernel of the universal Frattini cover of Ĝ is small, then every extension between T_G-models are regular, as we shall see from the next theorem.

Theorem 10. If k |= T_G and the kernel of the universal Frattini cover of Ĝ is small, then there are no G-fields algebraic over k.

Proof: For any faithful G-field F , Gal(F∩F̄^G/F^G) = Ĝ. Let M = cl(F ∩F̄^G), then Gal(M/M^G) = Ĝ and F̄

M ker ϕ̃

F ∩ F̄^G

� � � M^G Ĝ � � � �

F^G Ĝ � � � � � � �

So G(M) � G(F ∩ F̄^G) and G(M) = ker ϕ̃.

So if ker ϕ̃ has m normal subgroups of index p, for a prime p, then every faithful G-field has at least m extensions of degree p.

Let H � ker ϕ̃ be one of those normal subgroups, then the action of Ĝ can not be extended to a field containing M^H .

Let M^′ = {gm : g ∈ G(M^G), m ∈ M^H} and H^′ = {g ∈ G(M^G) : gm = m if m ∈ M^′}.

The fact that the action of Ĝ can not be extended to any field containing M^H is equivalent to that the following sequence does not split:

Gal(M^′/M) ↣ Gal(M^′/M^G) ↠ Gal(M/M^G) ∼= Ĝ

Let L = N ∩ N̄^G where N is any faithful G-field with Abs(N) ↣ Abs(M) (and L ⊆ M). Then G(M^G) ↣ G(L^G) and there is a field L^′ with L ⊆ L^′ ⊆ L̄ such that the restriction-map res : H^′ → G(L^′) is an isomorphism. But then Gal(L^′/L) ↣ Gal(L^′/L^G) ↠ Gal(L/L^G)

does not split, so the action of Ĝ can not be extended to L^′. So every faithful G-field has m extensions of degree p to which the action of Ĝ can not be extended.

Assume k |= T_G and let k^′ ≠ k be a minimal algebraic extension of k. Since ker ϕ̃ is pro-nilpotent has to be cyclic of degree p for some prime p. But since k only have m those and every faithful G-field has to have at least m such extensions to which the G-action can not be extended, there are no G-field structure on any field containing k^′.

So there are no G-fields extending k algebraic over k. ■

5 Quantifier elimination and Decidability

In this section assume that G is finitely presented and work in L_σ and let U_G be the category of existentially universal G-fields.

Then for E, F ∈ U_G, E ≡ F if T h(E)_∀ = T h(F )_∀, see [14], and T h(E)_∀ = T h(F )_∀ if and only if Abs(E) ∼= Abs(F). From these facts we can deduce decidability and a quantifier elimination in an extended language for U_G.

Let F be the set of polynomials f ∈ Z[x], where x is of length one, that are monic, irreducible over Q, the Galois group of the splitting field for f is a quotient of the universal Frattini cover of Ĝ and the splitting field is generated by one (any) root of f.

Obviously the equivalence type of the absolute numbers is determined by which of the polynomials in F that has roots and how the generators of G acts on those roots.

And in positive characteristics the only possible algebraic extensions of the prime field ( of degree not divided by the characteristics) are splitting fields of polynomials of the form x^m − 1, if m ≠ chark.

To every f ∈ F we associate r_i ∈ Q[x], for 0 � i < deg(f), such that f(a) = 0 implies that f(r_i(a)) = 0 and r_0(a), ..., r_{deg(f )−1}(a) are all the roots of f, degr_i < degf and r_0 = x.

Let θ_{f,i,j} be ∃x(f(x) = 0 ∧ σ_j (x) = r_i(x)), for f ∈ F and let ψ_{m,i,j} be ∃x(x^m = 1 ∧ σ_j (x) = x^i), where i | m and η_{p,i,j} be ∃x(x^p − x = 1 ∧ σ_j x = x + i) Let Θ be the set of boolean combinations of the θ_{f,i,j} and let Ψ be the set of boolean combinations of the ψ_{m,i,j} and the η_{p,i,j}

First we restrict attention to existentially universal G-fields of characteristics zero. We will use ultraproducts to prove that modulo the class of e.u. G-fields of characteristics zero, every sentence in L_σ (or in L_G) is equalent to a member of Θ. For the theory of ultraproducts see [5].

Let A and B be e.u.G-fields, charA = charB = 0. We know that A ≡ B if and only if A ∩ Q̄ ∼= B ∩ Q̄, and A ∩ Q̄ ∼= B ∩ Q̄ if and only if A |= θ_{f,i,j} ⇔ B |= θ_{f,i,j} , for all θ_{f,i,j} .

Chose a representative S_i for each equivalence class of absolute numbers of objects in U_G. Let M_i be the existentially universal closure of S_i, and let M = {M_i : i ∈ I}. Then M contains precisely one e.u. G-field of each equivalence class and |M| � 2^{ℵ0} .

For every sentence ϕ ∈ L_σ let P (ϕ) = {i ∈ I : M_i |= ϕ} and let B be the Boolean algebra generated by the P (θ_{f,i,j} ).

Proposition 6. Any sentence in L_σ (or in L_G) is equivalent to a sentence i Θ modulo the class of e.u. G-fields of characteristics zero.

Proof: Assume that we have a sentence ϕ ∈ L_G with P (ϕ) /∈ B. Then from the general theory we know that we can find two ultra-filters F and H with the same B-intersection, B ∩ F = B ∩ H, but with P (ϕ) ∈ F and P (ϕ) /∈ H. Let F = ∏ M_i/F and H == ∏ M_i/H. Then F ≡ H since they agree on B, but F |= ϕ and H |= ¬ϕ - a contradiction. ■

For characteristics p > 0 the same is true for Ψ in place of Θ in exactly the same way.

So for every sentence ϕ of L_G there is a finite set π of primes and a particular prime p_0 such that for every M ∈ U_G,

M |= ϕ ↔ ⋁ p∈π (p = 0 ∧ ψ) ∨ ⋀ p<p_0

(p ≠ 0 ∧ θ)

where ψ ∈ Ψ and θ ∈ Θ.

It should now be clear that:

Theorem 11. U_G is decidable.

Proof: To decide a sentence ϕ we need to check, for a finite number of finite extensions of the prime field, if there is a K ∈ U_G that have (or don’t have) these extensions with the prescribed G-action. Or more precisely for a finite number of polynomials q ∈ P [x], where P is the prime field and x is a single variable, we have to decide if there is a G-field that don’t have a solution to q, but has some sub-extension of the splitting field for q.

Let P_q be the splitting field for q over P , and let L_0, L_1 be two intermediate fields with L_0 ⊆ L_1. We need to check if there is a G-field K such that K ∩ P_q = L_1 and K^G ∩ P_q = L_0 And that is true if A = Gal(P_q/F_1) ∈ Im(kerϕ̃), B = Gal(P_q/F_0) ∈ Im(G̃) and C = Gal(F_1/F_0) ∈ Im(Ĝ) and there are morphisms α, β that makes the following diagram commute.

kerϕ̃ � � � G̃ � � � Ĝ � A � � B � � C

And since the groups and morphisms in top row are known all of this only involves finding finitely many Galois groups from the polynomials defining the extensions. ■

And we also have:

Theorem 12. The existential part of E_G is decidable.

Proof: Let M, N ∈ E_G. Then M ≡_∃ N if and only if Th(M)_∀ ∼= Th(N)_∀, see [14], if and only if Abs(M) ∼= Abs(N). So for every existential sentence ϕ we have that there is a finite set of primes π and boolean combinations θ and ψ of sentences in Θ and Ψ respectively, such that in every M ∈ E_G,

M |= ϕ ↔ ⋁ p∈π (p = 0 ∧ ψ) ∨ ⋀ p<p_0

(p ≠ 0 ∧ θ)

■ Further more by enriching the language we can obtain quantifier elimination.

Let E_{f,g,i} be ∃y(f(σ̄xy) = 0 ∧ σ_i(y) = g(σ̄xy) where f ∈ Z[v_0, ..., v_{nm+1}], lgy = 1, lgx = m and g ∈ Q[v]. Where the total degree of g is strictly smaller than the total degree of f.

Let L^E_σ = L_σ ∪ {E_{f,g,i} : f irreducible}.

Theorem 13. E_G has quantifier elimination in the language L^E_σ .

Proof: First we claim that every L^E_σ -substructure of an object in E_G is closed in the sense of definition 5. To prove the claim take M ∈ Ob(E_G) and a substructure A ⊆ M. Since A is substructure GA ⊆ A so the only possible difference between A and clA comes from taking a relative algebraic closure, clA = Ā ∩ M.

So assume b ∈ Ā \ A and let f_b(x) ∈ A[x] be the minimal polynomial for b, f_b = ∑ a_ix^i, a_i ∈ A.

Let f^′_b = ∑ y_ix^i and let χ(y) = ⋀ g E_f ′_{b gi}, where g run through every polynomial such that f_b(g(σ̄ab)) = 0. Then χ(a) is not true in A, since b /∈ A, and it is a quantifier-free formula so we have:

A |= ¬χ(a) ⇒ M |= ¬χ(a) ⇒ b /∈ M ⇒ A = Ā ∩ M ⇒ A = clA

which proves the claim.

And from proposition 3 we know that closed sets are amalgamation bases and that is all we need to obtain quantifier elimination, see section 2. ■

So in L^E_σ every formula is equivalent to a quantifier-free formula modulo E_G.

6 Finite Groups

If a finite group G acts on a field K, then K will be a finite Galois extension of K^G, by elementary Galois theory.

We start with an example. Let G = Z/(2), the group with two elements. Consider C, the complex numbers and σ; z → z̄, complex conjugation. Then (C, σ) |= T_G, but (C, σ) is not existentially closed since C^G = R is not PAC. For instance x^2_1 + x^2 + x^2_3 + 1 = 0 does not have an R-rational solution. So let K be an extension of C existentially closed as a T_G-model.

The profinite completion of Z/(2) is Z/(2) and the universal Frattini cover of Z/(2) is Z_2, the 2-adic integers (the inverse limit of Z/(2^k)) and the kernel of the universal Frattini cover is Z_2 → Z_2; (a_i) → (2a_i). So Gal(K) ∼= Gal(K^G) ∼= Z_2. So K is degree-two-extension of a field with no algebraic extension of odd degree, but K is not algebraically closed.

We know from section three of this thesis that if K is an e.c. G-field, then K |= T_G. But, in fact, the other direction is also true here, so T_G is the model companion of T_G. This will be proved in the next theorem.

Theorem 14. (|G| < ω) T_G is model complete.

Proof: Assume K |= T_G and that ϕ(x) is a quantifier-free formula in L(K) satisfied in a G-field K^′ extending K For some a ∈ K^′, K^′ |= ϕ̄(a), where ϕ̄ is as defined in proposition 1. Set F = K^G and F^′ = K^{′G}.

Then there is a finite b ∈ K such that K = F (b) and K^′ = F^′(b), and moreover b is a basis. Actually any basis for K over F will do. Let c be the coordinates for a with respect to b, a_i = ∑ c_{ij} b_j , and c = (c_{11}, ..., c_{km}), where k = |a| and m = |b| ϕ̄ = ⋀_r f_r = 0 where f_r = ∑ d_s(σ̄x)ls and l_s ∈ Nnk.

Let V = V (c/K), then V (F^′) ≠ ∅ and F^′ is regular over F ,which is PAC, so there has to be a K-rational point in V . Let e ∈ V (F ) be it. Then

0 = f_r(a) = ∑ d_s(σ̄a)^{ls} = ∑ d_s( ∏ ki ∑ j c_{ij} σ_k b_j )^{ls} ⇒ ∑ d_s( ∏ ki ∑ j x_{ij} σ_kb_j )^{ls} ∈ I(c/K) ⇒ 0 = ∑ d_s( ∏ ki ∑ j e_{ij} σ_kb_j )^{ls} = f_r(u)

where u = ( ∑ c_{1j} b_j , ..., ∑ c_{kj} b_j ) ∈ K.

So there is a solution in K and hence K is e.c. ■ We can also prove the following theorem that will be useful later.

Theorem 15. If K is an e.c. G-field and H ◁ G of finite index, then there is an algebraic extension M of K^H such that M is an e.c. G/H-field, and there is a basis b for K^H over K^G such that b is also a basis for M over M^{G/H} .

Proof: K^H is perfect and PAC. It is a finite separable extension of K^G. G(K^H ) and G(K^G) are projective. Let ~G/H be the universal Frattini cover of G/H, then G(K^G) � � ∃ � Ĝ � ~ G/H � � G/H

because ~G/H is the smallest projective with an epi to G/H. And by Galois theory this means that K^G has an algebraic extension N with Galois group ~ G/H and N ∩ K^H = K^G. N and K^H are linearly disjoint over F_G, so if b is a basis for K^H /K^G, then b is still linearly independent over N. Set M = N(b), the field extension of N by b, then Gal(M/N) = G/H and M is an e.c. G/H-field, because M^{G/H} is perfect, PAC and has the right Galois group. ■

7 Free Groups

In this section G = F_n, the free group on n generators. The profinite completion of F_n is F̂_n the projective limit of all finite groups on � n generators, which is a free profinite group, so the universal Frattini cover is the identity. The kernel is 1, so the models are separably closed and we also know that they are perfect, so they are algebraically closed. In this section we may assume Therefore that C̄ is saturated for the theory ACF, which means that C̄ realizes every type in L_{ring}.

In [13] it is proved that if F is an algebraically closed field, then the set of ntuples of automorphisms that (topologically) generates F̂_n is dense in (AutF)^n. So examples are abundant.

If Y, X_i are varieties such that Y ⊆ X_1 × ... × X_m one says that Y projects dominantly if for every generic p ∈ Y π_i(p) is a generic point of X_i, where π_i is the usual projection. Or equivalently projections of open sets are open.

Definition 11. Let T^⋆_{Fn} be the union of T_{Fn} , ACF and axioms saying that for all (absolutely irreducible) varieties V, W such that W ⊆ V × V^{σ1} × ... × V^{σn} and W projects dominantly, there is a p ∈ V such that (p, σ_1(p), ..., σ_n(p)) ∈ W .

The fact that this is first order follows from the definable multiplicity property DMP of algebraically closed fields. The ω-stable theory ACF, algebraically closed fields, have the DMP, which means that the Morley degree (and rank) is definable, see [17]. Being absolutely irreducible is the same thing as having Morley degree one in ACF and projecting dominantly can be expressed just by using definability of dimension (Morley rank). T^⋆_{Fn} has elsewhere been called ACF A_n

The theorem below is not new; it easily follows from [22] and Hrushovski mentions it in [18], but it has not been proved in a published article.

Theorem 16. T^⋆_{Fn} is the model companion of T_{Fn} .

Proof: Let K be an e.c. F_n-field, then we know from section three that K is algebraically closed.

Now let V and W be as in the axioms for T^⋆_{Fn} , (W ⊆ V^{σ̄} , projecting dominantly).

Define partial isomorphisms τ_i in K[x]/I(W ) by τ_i ↾ K = σ_i and τ_iy_0 = y_i, where x = (y_0, ..., y_n) and the length of y_j is dimV. These partial isomorphisms extends to automorphisms of a saturated algebraically closed field extending K(V ), that make E into an F_n-field. The point y_0 ∈ V (E) satisfies σ̄y_0 ∈ W (E) and since K is e.c. and K ⊆ E, it has to be one such point i V (K) to. For the other direction: Assume that K |= T^⋆_{Fn} and let M be a F_n-field extending K and M |= ∃xϕ(x) for a quantifier-free ϕ, then M |= ∃yϕ̄(y), where ϕ̄ is as in proposition 1.

So there is an a ∈ M with M |= ϕ̄(a) Now let V = V (a) and W = V (σ̄a). Obviously W projects dominantly, so the axioms of T^⋆_{Fn} gives us a point b ∈ V (K) with σ̄b ∈ W (K).

So K |= ϕ̄(b) and therefore by proposition 1 K |= ∃xϕ(x). So K is e.c. ■

If K is an e.c. F_7-field, then it also is an e.c. F_3 by just ignoring four of the generators. Similarly any e.c. F_n-field is an e.c. G-field for any free G � F_n.

So the above proof is slightly redundant; actually the theorem follows from “ T^⋆_{F2} is the model companion of T_{F2} ”, since F_2 contain free subgroups on any number of generators. Also we can see that the fixed field of any element of F_n has a Galois group isomorphic to Ẑ and the fixed field of m elements that generate a free group has a Galois group homeomorphic to F̂_m.

8 The dihedral group

In this section we study a special case to see what the previous results can tell us about the structure of the e.c. models.

The infinite dihedral group D_∞ = ⟨σ_1, σ_2; σ^2_1 , σ^2 ⟩ can also be presented as D_∞ = ⟨x, y; xyx^{−1}y, y^2⟩. That the two present the same group can be seen by the identifications x = σ_1σ_2 and y = σ_1.

D_∞ ∼= Z ⋊ Z/(2), the semi-direct product, where Z/(2) acts on Z in the only possible way n → −n, see [27]. An example:

Let k be an algebraically closed field and let {a_i, b_j : i, j ∈ Z} be new constants (algebraically independent transcendentals).

Set E = k(a_i, b_j : i, j ∈ Z), the field extension, and let D_∞ act on E by fixing k and:

σ_1; a_i → b_i, b_i → a_i σ_2; a_i → b_{i+1}, b_i → a_{i−1} This is a faithful action.

Consider the polynomial g = x^2 − a_i + b_i. If g(d) = 0, then

(σ_1d)^2 = σ_1(d^2) = σ_1(a_i − b_i) = b_i − a_i = −d^2,

so σ_1d = di, where i is a zero of x^2 + 1, and since i ∈ k we have:

σ^2_1 (d) = σ_1(i)σ_1(d) = i^2d = −d ≠ d

So there are no D_∞-field extending E that contain d. Actually there are a lot of polynomials over E that do not have solutions as we shall see below.

The profinite completion of D_∞ is Ẑ ⋊ Z/(2) = ( ∏ Z_p) ⋊ Z/(2), and for p ≠ 2 there is a unique p-Sylow subgroup, namely Z_p, but a 2-Sylow subgroup is Z_2 ⋊ Z/(2) which is topologically a two generator group.

We know from the theory of profinite groups that the 2-Sylow subgroup of D̃_∞, the universal Frattini cover of D̂_∞, has to be F_2(2), the free pro-2-group on two generators, see [32].

To understand what the kernel of the Frattini cover is we study:

π : F_2 ↠ D_∞

ker π is the normal closure of the subgroup generated by the preimages of σ^2_1 and σ^2 in F_2. If a and b are the generators of F_2, then

ker π = ⟨ca^2c^{−1}, cb^2c^{−1}; c ∈ F_2⟩ ∼= F_ω

the free group on countably many generators, and taking pro-2-completion is in this context an exact functor from the category of abstract groups to the category of pro-2-groups. We have:

F_ω � � � F_2 � � � D_∞ � F_ω(2) � � F_2(2) � � Z_2 ⋊ Z/(2)

So any existentially closed D_∞-field has the Galois group F_ω(2).

If K is an e.c. D_∞-field, let a ∈ K satisfy a ≠ σ_1a ≠ σ_2a ≠ a and let a_i = (σ_1σ_2)^ia, for i ∈ Z. For j = 1, 2 let b_{ij} = a_i −^{ai−σj ai}_2 , then b_{ij} ∈ K \K^{⟨σj ⟩}, but b^2_{ij} ∈ K^{⟨σj ⟩}. The polynomials p_{mij} = x^{2m} − b_{ij} have no solutions i K. The Galois groups of the extensions corresponding to those polynomials (infinitely many for each m) are the cyclic 2-groups. And all extensions of K are built up from those.

9 Z × Z and uncompaniable theories

The group we shall study in this section is the commutative group on two generators Z × Z = ⟨σ_1, σ_2 : σ_1σ_2σ^{−1}_1 σ^{−1}_2 ⟩ and we start with two examples:

1. Let R = ∏¯ F_p, the product of the algebraic closures of F_p for all primes p.

And let U be an ultra filter in P(P), the power-set of the primes, then the ultra product K = R/U is an algebraically closed field of characteristic 0. Define σ_i = ∏ (x → x^{pkip} ), for i = 1, 2 in such a way that {p ∈ P : (k_{1p}, k_{2p}) = 1, k_{ip} ≠ 1} ∈ U, where (a, b) = 1 means that a and b are relatively prime, for facts on ultra products see [5]. This is a faithful Z × Z-action on K

2. Let k be algebraically closed and K = k(x_1, x_2) and define σ_i(x_i) = x_i + 1 and σ_ix_j = x_j ,if i ≠ j, for i, j = 1, 2, then K |= T_{Z×Z}.

Let K be as in any of the two examples above, then K is also a model of T_{F2} , so K embeds into an existentially closed model for T_{Z×Z} and a model M for T^⋆_{F2} . Can we find an existentially closed model for T_{Z×Z} inside M? For instance if N |= T^⋆_{F2} , is the restriction of σ_1 and σ_2 to the fixed field, C, of the commutator subgroup of F_2 existentially closed for T_{Z×Z}? (C = N^{[F2,F2]}) It is obviously a model of T_{Z×Z}, and every existential formula that has a solution in an extension of C also has one in N. Let us postpone the answer to that question for a moment and study the structure of the e.c. models of T_{Z×Z}.

Let N = {H : H ◁ Z × Z, [Z × Z : H] < ω} = {nZ × mZ : n, m ∈ Z_+}.

So the profinite completion of Z × Z is: ^ Z × Z = lim←−(Z×Z)/(nZ×mZ) = lim←−Z/nZ×Z/mZ = lim←−Z/nZ×lim←−Z/mZ = Ẑ×Ẑ

And Ẑ ∼= ∏ p Z_p, so Ẑ × Ẑ ∼= ∏ p Z_p × ∏ q Z_q ∼= ∏ (Z_p × Z_p). So the p-Sylow subgroup is Z_p × Z_p, but we know that the p-Sylow subgroup of G̃ is F_2(p);

G̃ = ∏_p F_2(p).

The universal Frattini cover is ϕ̃ : G̃ ↠ Ĝ; ϕ̃ = ∏ p ψ_p, where ψ_p : F_2(p) ↠ Z_p × Z_p and kerϕ̃ = ∏ p kerψ_p.

kerψ_p ∼= [F_2(p), F_2(p)] ∼= F_ω(p)

the free pro-p-group on countably many generators.

So the Galois group of any e.c. Z × Z-field is ∏ p F_ω(p), which is not small, so the e.c.-models of T_{Z×Z} are unbounded and therefore not simple. In [25] Pillay shows that if T is a stable theory, then the category of e.c.- structures of T_σ, the theory of T -models with an automorphism, is simple. The present example (Z × Z-fields) shows that his result can not be strengthen to simple instead of stable, because E_{Z×Z} is equivalent to the category of e.c.- structures for ACFA_σ .

The comments on simplicity depends on a section omitted from this thesis, and may be ignored by anyone not interested in simplicity theory.

And now let us get back to the question above: N

C � � � �

� � � �

F F = N^{⟨σ1 ,σ2⟩}

The fixed field of Z × Z, in C above, C^{Z×Z} = N^{F2} = F , and Gal(F) ∼= F̂_2, but the Galois group of the fixed field of every existentially closed Z × Z-field is ∏ p F_ω(p))(≁= F̂_2), so C is not e.c.

Hrushovski has proved (unpublished), in a different context that T_{Z×Z} doesn’t have a model companion. We will present a version of his argument here, because we will need it later and it is not available in writing anywhere. The next theorem is entirely due to Hrushovski, except that any possible errors are of the present writers doing.

Theorem 17. (Hrushovski) T_{Z×Z} does not have a model companion.

Proof: Z × Z = ⟨γ, τ; γτγ^{−1}τ^{−1}⟩ Let K |= T_{Z×Z} be existentially closed and γ(ζ) = τ(ζ) = ζ^2 for a primitive third root ζ of 1. There are such models in E_{Z×Z}.

Let ϕ(x, y, z) be

γ(x) = x + z ∧ τ(x) = x + z ∧ x = y^3 ∧ τ(y) = ζγ(y)

Now assume there are a, b, c ∈ K such that K |= ϕ(a, b, c) and

∑_{n−1} k=0 γ(c) = 0, then γ^n(a) = a, so γ^n(b) has to be ζ^ib for some i and therefore

γ^nτ(b) = γ^nζγ(γ(b)) = γ^n(ζ)γ(ζ^ib) = γ^n(ζ)γ(ζ^i)γ(b) and τγ^n(b) = τ(ζ^i)τ(b) = γ(ζ^i)ζγ(b)

⇒ γ^n(ζ) = ζ, so n is even.

Consider the partial type p(z) = {¬∃xyϕ(x, y, z),

∑_{n−1} k=0 γ(z) ≠ 0; n ∈ ω}.

p is finitely realized in K, so it is realized in an elementary extension K^′ by compactness. But then K^′ is not existentially closed because it doesn’t have solution for ϕ(x, y, c) where c is the realization of p. Therefore the class of e.c.- structures is not elementary. ■

The same counterexample works whenever we have a group G with a subgroup isomorphic to Z × Z, and there is also a version of this example on an elliptic curve, that is independent of the group action on the absolute numbers.

10 G-algebraic closedness

Much of the ideas in this section comes from Torsten Ekedahl, but the exact fomulations and every possible error are due to the author. A G-field K is Galgebraically closed, GAC, if there is no G-field K^′ ⊃ K algebraic over K. It is easy to see that a G-field is GAC if and only if it is closed in the sense of section four, and every e.c. G-field is GAC.

As we saw earlier, theorem 10, T_G-models are GAC if the kernel of the universal Frattini cover is small.

And if A and B are two G-fields with A � B, and A is G-algebraically closed, then B is regular over A.

We will now introduce a new class of G-fields on which GAC is a first order property for a larger class of groups.

Definition 12. Let T^μ_G be the first order theory for G-fields that contain every p-th root of unity for every prime p.

T^μ_G = T_G ∪ ⋃ p ∃x(1 ≠ x ∧ x^p = 1)

A model of T^μ_G will be called a μ-closed G-field.

The μ occurs because the group of p-th roots of unity is often called μ_p. The category of μ-closed G-fields is a full sub-category of the category of Gfields. Let E^μ_G be the category of e.c. μ-closed G-fields. Everything proved about E_G in section four transfers immediately to E^μ_G. In fact for the disjoint sub-categories E^μ_{GA} = E_{GA}, where A is the absolute numbers of a certain e.c. μ-closed G-field.

To see that E^μ_G ≠ E_G consider the following example:

Let G = Z/(2) and ζ = e^{i 25 π} + e^{i 85 π} and define an action on Q(ζ) by ζ → e^{i 45 π} + e^{i 65 π}.

This action can not be extended to any field containing Q(μ_5), so any e.c. Z/(2)- field k extending Q(ζ) will not be μ-closed.

But if G is free, then E^μ_G = E_G.

We will now start to define a fist order sub-category of the category of μ-closed G-fields that will contain all e.c. μ-closed G-fields and we will further refine it in the next section to get some more results on model companions.

Let R = Z[G], the group-ring, and K_p, for a prime p, be the set of all ideal I in R such that pR ⊆ I.

Define for every prime p ≠ char(k) and every I ∈ K_p, S_{p,I} to be the axiom: For every ideal J ⊆ R with J/I ∼= μ_p, if we have

I � � ϕ � J χ � 1 � μp � k^{∗ (−)} p � k∗p � 1

and there are no G-homomorphism ψ : J → k^∗ that commutes with the above diagram, then there is an element a ∈ k such that ϕ(i) = a^i, for every i ∈ I.

χ always exists, actually there is the restriction of the map (1 → ϕ(p)) from R to k^{∗p} that would fit in χ’s place.

If p = char(k) then S_{p,I} is similar but with the morphism x → x^p − x instead of x → x^p.

Theorem 18. If R is notherian, then S_{p,I} is a first order sentence.

Proof: If R is noetherian, then all ideals are finitely presented and there can only be finitely many J with I ⊆ J ⊆ R and J/I ∼= μ_p.

Let R^{m (aij )} � R^{k ri} � I be a presentation of I.

Then the existence of ϕ is equivalent to ∃x ⋀ i (x_i ≠ 1 ∧ ⋀ j x^{aij}_i = 1) = S_ϕ

for 1 � i � k and 1 � j � m Similarly for χ, then called S^J_χ . Let J be generated by the same generators as I plus one extra called r_{k+1}. Then the claim that there does not exist a ψ : J → k^∗ that commutes with the diagram can be expressed like

¬∃x_{k+1}(x_{k+1} ≠ 1 ∧ ⋀ j x^{b(k+1)j} k+1 = 1 ∧ x^p_{k+1} = χ(r_{k+1})) = N^J_ψ

where the b_{ij} is from the presentation of J and b_{ij} = a_{ij} if i � k and j � m. Then S_{p,I} can be written S_ϕ ∧ ⋀ J S^J_χ ∧ N^J_ψ . ■

Let S be the scheme of axioms ⋃ S_{p,I} for every prime p and every I ∈ K_p.

Definition 13. Let the theory T^μ_G = T^μ_G ∪ T_G ∪ S

So the T^μ_G-models are μ-closed, perfect, PAC G-fields that have the Galois group ker ϕ̃ and the fixed fields have G̃ for a Galois group.

We will prove that for certain groups G all T^μ_G-models are G-algebraically closed and that Ob(E^μ_G) ⊆ Mod(T^μ_G), but we start with a technical lemma.

Definition 14. If A is Z[G]-module let IA be the injective hull of A. We say that a group G has the property T if for every p-primary Z[G]-module M, the socle of IM/M is finite, for every prime p.

For instance abelian groups has property T.

To prove the following lemma we need the fact that short exact sequences of modules give rise to long exact sequences in Ext-groups and that the elements of Ext^1(A, B) corresponds to equivalence classes of extensions of A by B (0 is the split extension). That can be found in any book in homological algebra or in [4].

Lemma 1. If G has the property T and if

I � � ϕ � J χ � 1 � μp � k^{∗ (−)} p � k∗p � 1

and for every ideal N with I ⊊ N ⊆ J there are no G-homomorphism N → k^∗ that commutes with the above diagram, then there is a μ_p ↣ J/I.

Proof: Let M be the fibre product k^∗ ×_k∗p J, then

I � � � J

M � � J � 1 � μp � k^{∗ (−)} p � k∗p � 1

and there is a non-split extension: μ_p ↣ M ↠ J (= a non-zero element of Ext^1(J, μ_p)), which by the long exact Ext-sequence

... → Ext^1(J/I, μ_p) → Ext^1(J, μ_p) → Ext^1(I, μ_p) → ...

comes from a nonzero element in Ext^1(J/I, μ_p), since the image of it in Ext^1(I, μ_p) is 0, a split extension of I by μ_p (by the lifting ϕ). So we have a non-split extension:

μ_p ↣ A ↠ J/I

Call it ∗. And since we are searching for submodules we may assume that J/I is as small as possible. Let J = I + aR, for some a ∈ R. Then J/I ∼= R/K, for an ideal K; let η : R → J/I; 1 → a, then K = ker η. By ... → Hom(K, μ_p) → Ext^1(R/K, μ_p) → Ext^1(R, μ_p) = 0 any non-split extension of R/K(∼= J/I) comes from a non-zero homomorphism α : K → μ_p, and if it is non-zero it has to be an epimorphism since μ_p is simple. So μ_p ∼= K/L, where L = ker α.

Actually we can see that A ∼= R/L and the above non-split extension,∗, is equivalent to K/L ↣ R/L ↠ R/K

Claim: K/L is essential in R/L Proof of claim: Assume there is a 0 ≠ B ⊆ R/L such that K/L ∩ B = 0, then we have a split extension

μ_p ∼= K/L ↣ B ⊕ K/L ↠ B

and this extension comes from K/L ↣ R/L ↠ R/K, because there is a B ↣ R/K, the kernel the of composition B ↣ R/L ↠ R/K is K/L ∩ B = 0. The assumptions in the theorem implies that for any C, with 0 ≠ C ⊆ J/I, ∗ is not in the kernel of Ext^1(J/I, μ_p) → Ext^1(C, μ_p), but

0 � μp � ∼ � A � ∼ � J/I � ∼ � 0

0 � K/L � R/L � R/K � 0

0 � K/L � B ⨁ K/L �

�

B �

�

0

0

�

0

�

B ↣ J/I and the bottom-line is split, so ∗ → 0 in Ext^1(J/I, μ_p) → Ext^1(B, μ_p), a contradiction!

So K/L is essential in R/L.

Let E be the injective hull of K/L. Then

K/L � � � � R/L � � � � E because of injectivity and essentiality. So we have K/L ∼ �

� � R/L � �

� � R/K � � μ_p � � E � � E/μ_p

But the socle of E/μ_p is essential in E/μ_p, so R/K ∩ soc(E/μ_p) ≠ 0. Now G has property T, so soc(E/μ_p) = μ^m_P , for some m ∈ N.

So therefore there must be a μ_p ↣ R/K ∼= J/I. ■

We are now ready to prove:

Theorem 19. If G has property T and k |= T^μ_G, then k is GAC.

Proof: Assume k is not G-algebraically closed and k |= T^μ_G ∪ T_G and we proceed to prove that k |̸= S.

Let L(≠ k) be a minimal G-field, algebraic over k. Since G(k) is pro-nilpotent L must be a Kummer-extension, actually L = k(a^G) for some a ∈ k̄ with a^p ∈ k, for some prime p.

Let I = {r ∈ R : a^r ∈ k}, then pR ⊆ I ≠ R. Let J ⊆ R be an ideal such that I ⊆ J and J/I ∼= μ_p. Assume that there a ψ : J → k^∗ that commutes with

I � � ϕ � J χ � 1 � μp � k^{∗ (−)} p � k∗p � 1

and let k^∗ ∋ b = ψ(j) for a j ∈ J \ I.

Then b^p = ψ(j)^p = ψ(jp) = ψ(pj) = ψ(p)^j = a^{pj} , so b = ζa^j , where ζ^p = 1, but a^j /∈ k, since j /∈ I so b /∈ k.

Therefore ϕ does not extend to J and since a /∈ k, S_I is not true in k. ■

Theorem 20. If k |= T^μ_G ∪ T_G and k is G-algebraically closed, then k |= S.

Proof: Assume S is not true in k and k |= T^μ_G ∪ T_G, and let I be maximal with k |= ¬S_I .

For every J with J/I ∼= μ_p we have

I � � ϕ � J χ � 1 � μp � k^{∗ (−)} p � k∗p � 1

and ϕ can not be extended to J.

Let M be any ideal with I ⊆ M ⊆ R, then by the lemma either ϕ extends to M or there is a μ_p ↣ M/I.

So assume that M/I doesn’t contain a copy of μ_p, then ϕ extends to M. Let N be an ideal such that N/M ∼= μ_p, then N = M + rR, for some r ∈ R. Let J = I + rR, with the same r,then J/I ↣ N/M ∼= μ_p and if J/I = 0 then r ∈ I, but then N/M = 0, and since μ_p is simple the inclusion has to be an isomorphism, J/I ∼= μ_p. So ϕ can not be extended to r, which implies that S_M is false, and by the maximality of I we must have M = I. So ϕ can not be extended to any ideal K with I ⊊ K ⊆ R. Let L = k[x^R]/(ϕ(i) − x^i, i ∈ I) By definition L is a G-algebra.

Now any ideal in k[x^R] is generated by elements on the form a − x^r, for some a ∈ k and r ∈ R(= Z[G]). If A = (ϕ(i) − x^i, i ∈ I) is not maximal, then there is a B with A ⊊ B ⊊ R.

Let b − x^s ∈ B \ A, then ϕ could be extended to I + sR by ϕ(s) = b, a contradiction.

So A is a maximal ideal and therefore L is a field algebraic over k (actually a Kummer extension since pR ⊆ I). ■

Corollary 2. Ob(E^μ_G) ⊆ Mod(T^μ_G)

11 Model companions

In this section we prove one last theorem on the existence of model companions. Let G be a group that has property T and has a normal subgroup of finite index isomorphic to Z. Let G = ⟨τσ; R⟩ where τ is a single generator such that ⟨τ⟩ ∼= Z.

Let V_G be the scheme of axioms expressing that for every absolutely irreducible variety over k^{G/Z} = {a ∈ k : σ_ia = a}, If Y ⊆ X × X^τ projects dominantly, then there is a point p ∈ X(k^{G/Z}) such that pτp ∈ Y . Let T^⋆_G = T^μ_G ∪ V_G That V_G is first order follows from the facts that dimension and being absolutely prime is first order definable, and that is shown in [12].

Theorem 21. If G is a group that has property T and has a normal subgroup of finite index isomorphic to Z, then T^⋆_G is the model companion of T^μ_G.

Proof: We know that if k is an e.c. μ-closed G-field, then it satisfies T^μ_G. So let Y and X be varieties over k^{G/Z} with Y ⊆ X ∪ X^τ dominantly. Extend the action of G to k(Y ) by τx_i = x_{dimX+i}, σ_j x_i = x_i. τ may no longer be an automorphism, so go to the inversive closure M of k(Y ). Then M |= T^μ_G and there is a point p ∈ X(M) with (p, τp) ∈ Y . If I(Y ) = (f_1, ...f_r) and ϕ = ⋀ i f_i(x) = 0 ∧ τx_i = x_{dimX+i}, then ∃xϕ is a first order existential sentence true in M, but k is e.c. so ∃xϕ is true in k as well. That gives us a point q ∈ X(k) with (qτq) ∈ Y . So k |= T^⋆_G.

Now assume k |= T^⋆_G and there is a G-field K(⊇ k) with K |= ∃xϕ̄(x), where ϕ̄ is as in proposition 1.

Let a ∈ K be an element that realizes ϕ̄, K |= ϕ̄(a) Since k is perfect and GAC, K is regular over k. Therefore there is a finite basis b ∈ k such that k = k^{G/Z}(b) and K = K^{G/Z}(b) Let c be the coordinates of a, that is a = (a_1, ..., a_s), a_i = ∑ c_{ij} b_j and c = (c_{11}, c_{12}, ...c_{sr}).

Let X = V (c) and Y = V (cτc). Then Y ⊆ X ∪X^τ projects dominantly so there is a point p ∈ X(k^{G/Z}) with (pτp ∈)Y , but then the element e = (e_1, ..., e_s), where e_i = ∑ p_{ij} bj, satisfies ϕ̄, k |= ϕ̄(e), just as in theorem 15 , and therefore k is existentially closed. ■

References

[1] J. Ax The elementary theory of finite fields Ann. Math. 88, 1968 [2] J.T. Baldwin and S. Shelah Model companions of T_σ for stable T , Preprint [3] I. Ben-Yaacov Simplicity in compact abstract theories, to appear [4] K. Brown Cohomology of Groups Springer [5] C. C. Chang and H. J. Keisler Model theory North-Holland Amsterdam- London 1973 [6] Z. Chatzidakis Simplicity and independence for pseudo-algebraically closed fields Models and computability, 41-61, London Math. Soc. LN Ser 259, Cambridge Univ. press, Cambridge 1999.

[7] Z. Chatzidakis Properties of Forking in omega-free pseudo-algebraically closed fields, preprint.

[8] Z. Chatzidakis and E. Hrushovski Model theory of difference fields Trans.

Amer. Math. Soc 351 (1999) [9] Z. Chatzidakis and A. Pillay Generic structures and simple theories Ann.

of pure and Appl. Logic 95 (1998) [10] G. Cherlin, L.van den Dries and A. Macintyre The elementary theory of regularly closed fields Unpublished manuscript [11] R.M. Cohn Difference Algebra Interscience Pub 1965 [12] L. van den Dries and K. Schmidt Bounds in the theory of polynomial rings over fields Invent. Math. 76 (1984) [13] M. Fried, M. Jarden Field Arithmetic Ergebnisse 11, Springer 1986 [14] J. Hirschfeld, W. H. Wheeler Forcing, Arithmetic, Division rings Springer LNM 454 (1975) [15] W. Hodges Model Theory Cambridge University press 1993 [16] E. Hrushovski Pseudo-finite fields and related structures unpublished manuscript 1991 [17] E. Hrushovski Strongly minimal expansions of algebraically closed fields Israel J. Math. 79 (1992) [18] E.Hrushovski The Manin-Mumford conjecture and the model theory of difference fields Ann. Pure. Appl Logic 112 (2001) [19] E. Hrushovski, A. Pillay Groups definable in Local fields and Pseudo-finite fields Isreal J. Math 85 (1994) [20] B. Kim, A. Pillay From Stability to Simplicity Bull. Symb. Logic 4 (1998) [21] B. Kim, A. Pillay Simple theories Ann. Pure Appl. Logic 88 (1997)

[22] H. Kikyo and A. Pillay The definable multiplicity property and generic automorphisms Ann. of pure and Appl. Logic 106 (2000) [23] T. McGrail The model theory of differential fields with finitely many commuting derivations J. Symbolic Logic 65 (2000) [24] A. Macintyre Generic automorphisms of fields Ann. of Pure and Appl.

Logic 88 (1997) [25] A. Pillay Forking in the category of existentially closed structures Quaderni di Matematica vol6 (2002).

[26] A. Robinson On the notion of algebraic closedness for noncommutative groups and fields Journal of Symbolic Logic 36 (1971) [27] D. J. S. Robinson A course in the theory of Groups Springer-Verlag, New York-Berlin (1982) [28] S. Roman Field Theory Springer 1995 [29] G. sacks Saturated model theory Benjamin 1972 [30] J-P Serre Cohomologie Galoisienne Springer LNM 5 (1962) [31] S. Shelah Simple unstable theories Ann. Math. Logic 19 (1980) [32] J. Wilson Profinite Groups Oxford 1998 [33] Y. Yaffe Model completion of Lie differential fields Ann. Pure Appl. Logic 107 (2001)