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ON CONVERGENCE OF FORMAL SOLUTIONS TO A
SYSTEM OF PDE’S

S.P. CHULKOV

1. INTRODUCTION

The aim of this paper is to study a variant of the classical prob-
lem of the convergence of formal solutions to a system of PDE’s. The
theory of ODE’s studies differential equations written in the explicit
form with respect to highest order derivative. For analytic ODE’s the
Cauchy problem is solvable and any formal solution is analytic. A
possible generalization of this on the case of many-dimensions is the
Cauchy-Kovalevskaya theorem. It describes, in particular, all formal
solutions to the Cauchy-Kovalevskaya type PDE’s and gives conver-
gency conditions for them. For equations of this type, as for ODFE’s,
a certain partial derivative is marked as leading and the equations are
written in the explicit form with respect to this derivative.

Riquier in [1] has developed a theory generalizing the Cauchy-
Kovalevskaya theorem. In the multidimensional case there is no natural
way to select the leading partial derivative. Riquier considered which
paritial derivative of unknown function should be selected as leading
and how to state initial conditions for which the theorem of existence
and uniqueness of formal and analytic solutions holds. In his great work
Riquier introduces a total ordering on the set of parital derivatives of
a function in several variables and by using it significantly advances in
the mentioned problem. In the case of linear PDE’s with constant co-
efficients the Riquier method, in substance, consists of what is actually
called the Groebner bases and significantly advanced in the computing
aspects of the commutative algebra.

The matter of study of Riquier’s paper are stating of ” correct” initial
conditions and constructing corresponding formal solutions. Besides,
Riquier studies convergence of the formal solutions. However his work
is not complete in some sense because of the great generality of the
stated problem: the Riquier method could be applied to a system writ-
ten in the explicit form with respect to the leading derivatives only
if certain strong and difficult to control conditions on the considered
system are satisfied.
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One can find an exposition of [1] in Russian in the book of S.P.
Finikov [2].

The most complete theorems of existence and uniqueness of formal
and analytic solutions have been proved in the case of systems of linear
PDEs with analytic coefficients. This case has been studied by V.P.
Palamodov in [3]. V.P. Palamodov follows the idea of Riquier. Using
a special algebraic technique, Palamodov finds new formal solutions
which Riquier has not considered (see [4]). The theorem of existence
and uniqueness proven in [3] contains the statement concerning conver-
gence of formal solutions which statement Riquier’s theorem does not
cover. Palamodov’s proof of convergence of formal solutions is based
on the special algebraic technique developed by himself for the case of
linear differential operators and can not be generalized to the case of
systems of non-linear PDE’s.

The problem of constructing formal solutions is mostly algebraic
(see [4, 5]). We do not consider this. The aim of our work is studying
the convergency of a given formal solution ( found by any possible way).
One can apply our theorem to any system of PDE’s which is written
in the explicit form with respect to leading derivatives and, most im-
portant, to any system of PDE’s written in the ”almost explicit form
with respect to leading derivatives”, (see below). Our main theorem
states that a formal power series which is a formal solution to a system
converges iff some special partial sum of this series converges. One can
see that our theorem generalizes the Riquier convergence theorem. In
the proof we use some ideas of his work [1]. But our generalization
can be applied to formal solutions of ”Palamodov‘s type”, (such solu-
tions characterize the system written in the ”almost explicit form with
respect to leading derivatives”), Riquier did not know about these so-
lutions and his method can not be applied to this case. Our theorem
generalizes also some corollaries of Palamodov’s work [3] concerning
the convergence of formal solutions: in contrast to Palamodov’s work
it can be applied to non-linear systems.

One can see that our main result can be generalized to the case of
systems with several unknown functions (see Section 5).

Besides the works of Palamodov and Riquier, there are different
proofs and generalizations of the Cauchy-Kovalevskaya theorem. One
can find them in the works of Ovsyannikov [6] , Pate [7], Treves [§],
Nirenberg [9] and Nishida [10].

This paper is organized as follows. In Section 2 we give several
definitions and formulate the main result. In Section 3 some properties
of the ordered semigroup Z%,, are considered. In Section 4 we prove
the main theorem. Followed by examples and remarks in Section 5.

The author is grateful to professor A.G. Khovanskii for constant
attention to this work and professor M. A. Shubin for useful remarks.



2. MAIN RESULT

Consider the semigroup Z%, = {(a,...,a,)|o; € Z,a; > 0}. The
modulus |af of an element o € ZY, is the non-negative integer ) ;.

Fix a total ordering < on the semigroup Z%, such that:

i) for any elements o and 3 of the semigroup, the condition |a| < |
implies a0 < 3;

ii) the ordering relation < is compatible with the sum operation on
L, i.e., for any elements «, § and <, the inequality a < § implies
that o +v < B+ 7.

From the condition i) it follows obviously that (Z%,, <) is a complete
ordered set.

As an example of the total ordering < one can consider the following
total ordering. For any elements o and [ of the semigroup Z%, we
compare theirs modulus, if theirs modulus are equal to each other, we
compare these elements with respect to the lexicographic order.

Let us consider the following finite system of PDE’s in a neighbor-
hood of the 0 of the space C" with coordinates 1, ..., x,:

Oy 2 = Fi(x,002) + Mi(z, 042)

Oy, 2 = Fi(x,002) + M (z, 002),

where Fy,...,F; and My,..., My are holomorphic functions in vari-
ables x1,...,x, and derivatives 0,z of the function z. Here and below

n . .. olel
On, Where v € Z%,, denotes the differentiation operator pramrrE

Assume that the formal power series z = > z,2% where z, are
a€Zy,

complex numbers and x® is the monomial z{" ...z%", is a formal solu-
tion for the system.

Suppose also that the following conditions are satisfied

1) for any index i, the function F; depends only on the variables

x1, ..., %, and derivatives d,z, where a < ;;
2) for any index 4, the function M is of the form
(1) M;(x,0,2) = Z MP(z,0,2)032,
ﬁv‘ﬁlz"yll
where MZB are holomorphic function in variables x4, ..., z, and deriva-
tives 0,2 such that |a| < |v;], and for any ¢ and 3, the following equality
(2) MP(0,alz,) =0

holds at the initial point. Here and below a! is the product of factorials
op! .o

Saying informally, the conditions above mean that our system is writ-
ten in the ”almost explicit form with respect to the leading derivatives
in the sense of our total ordering”, but on the right side of every equa-

tion one can add a linear function with respect to derivatives of highest
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order (peculiar for each equation), and coefficients of this linear func-
tion are equal to zero at the initial point. In the each equation some
partial derivatives added to the right side could be larger with respect
to the total ordering < than the derivative from the left side.

An octant O"(a) with the vertex at the point a of the semigroup Z%,
is the set {a € Z%, | 38 € Z%, such that a = a + 3},

Consider a subset I = UJ_,O(v;) of the semigroup Z%,. Provided
the conditions above are fulfilled,the following theorem holds
Theorem 1. Suppose that the power series Z(z) = Y. 2,2 has a

a€ZY N\
non-zero radius of convergence. Then the formal solution z(z) has a
non-zero radius of convergence.

The proof is in Section 4.
Remark 1. Note that the condition (1) that the functions M; are linear
with respect to highest order derivatives does not restrict generality of
considered systems very strong. Indeed, if we start with some function
M; and it is not linear with respect to dirivatives of the highest order,
then we can derivate corresponding equation by any variable and get
new equation with new function M; which will be linear with respect
to derivatives of the highest order. All other conditions are preserved.

3. PROPERTIES OF THE TOTAL ORDERED SEMIGROUP Z%

Recall that in the previous section we fixed the total ordering on
the semigroup Z3,. The next Lemma shows that the total ordering <
on the semigroup Z%, on any finite subset of the semigroup could be
defined by one linear function. More clearly,

Lemma 1. Let A be a finite subset of the semigroup Z%,. There exists

a linear function
HA . ZTZLO — R;Q
() = > 0L, ma,
where T; are some positive real numbers and o = (aq,...,q,) € L5,

which function posseses the property:
for any o, B € A such that o < (3 the Ila(a) < I14(B) holds.

Proof. Consider the chain of natural inclusions Z5, C Z" C R". De-
note by B the following finite subset of the semogroup Z":

B={eZ"3a, € A:a<3,6=0—a}.

Let conv(B) be the convex hull of the set B in the space R". As
total ordering < is compatible with the sum operation on the semigroup
7, we claim that the set conv(B) does not contain the origin. Indeed,
assume the converse. Let the following equality holds

N .
(3) > pid' =0,
1
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where 0" € B C Z" (6' = ' — o, B',a' € A) and p; € R, p; > 0.
One can consider the equation (3) as a system of homogeneous lin-
ear equations with integer coefficients on the coordinates of the vector
p=(p1,...,pn) € RY. The existence of a nontrivial solutions of the
system implies the existence of a nontrivial vector space of solutions.
The coefficients of equations in the system (3) are integer numbers,
hence rational vectors are everywhere dense in the space of solutions.
Therefore, there exist rational and, hence, integer positive numbers p;
such that

N
> B’ =0.
1

Then,
Zﬁiﬁl = Z pict’.
1 1

In the other hand, «; < f;, hence Z]lvﬁiozi < Ziv pi3;. This is a
contrudiction.

Because the closed bounded convex set conv(B) does not contain the
point 0 there exists a linear function

L:R*" - R
L(x) = Y70 lixs,

such that for any point € conv(B) the value of the function L(z) > 0.
Now if we put m; = S +1[;, where S is a big enough natural number, we
get needed linear function II4. O

Remark 2. Using the argument above, it is easy to prove the following
well-known statement (see, for example, [11] or [12])

Proposition 1. On the semigroup Z%, consider some total ordering
relation < such that it is compatible with the sum operation. Then there
exist a linear functions II*, ... 117, j < n,

' : Z%, — R

such that the total ordering < 1is the lexicographic ordering with respect
to this set of linear functions, i.e. the statement o < (3 is equivalent to
the the statement

I (a) = IT(B), ..., I (a) = IT(B), I (o) < IIH(B),

for some i € {0,...,5—1}.

Denote by Il, for any natural number k, a linear function posseses
the conditions of the previous Lemma for the set Ay = {a € Z5l|a| <

k}. Denote pi, = mingq gea,) |11k (3) — iy (ar)|. Note that py, > 0.
5



4. THE PROOF OF THEOREM 1

Our proof is based on the majorant method. Let Cl[yi,...,y]] be
the ring of formal power series of variables yq,...,y;. Let A, B €

C[[ylv s 7yl]]'
Definition 1. We say that a formal power series A(y) = Zaezgo any”
aezl, by, if for

any element « of the semigroup Zl;o the following conditions hold

magjorize (or is majorant) the power series B(y) = Y

aq € Ry and |by| < aq.

The idea of the proof is to construct a majorant convergent power
series for our formal solution. More presisely, the majorant power series
is a solution to some equation which, rather say, is majorant of each
partial differential equation of the our system. The majorant equation
is an ordinary differential equation and the standard theorem of ex-
istence and uniqueness applies to proving the existence of the needed
solution.

In Section 4.1 we prove some lemmas about the majority relation.

In Sections 4.2 - 4.5 we prove a special case of the theorem when
the equations of the systems are linear with respect to derivative of
the high order and and all leading derivatives have the same order. In
Section 4.2 we state the conditions of the special case. In Section 4.3
by means of an appropriate coordinate change our systems is reduced
to the form that is very useful for constructing needed majorant equa-
tion. In Section 4.4 we obtain the majorant differantional equation
and prove the existence of needed anaylitic solution of this equation.
In Section 4.5 using founded solution of the majorant equation we con-
struct a convergent power series and using Lemma 2 of Section 4.1,
we prove that this power series majorizes the formal solution of our
system. And, finally, in the Section 4.6 we complete the proof reducing
general case to the considered one.

4.1. Some properties of the majority relation. In the first of two
Lemmas of this Section we state that the operation of composition
preserves in some sense the majority relation.

Consider holomorphic functions f; and fs defined in the neighbor-
hood of the origin in the space C"*" = {(x1,...,@n, &1y -, &) |20, & €
C}. Suppose that the series expansion about 0 of the function f, ma-
jorizes the series expansion of the f.

Fix an (m+1)-tuple oy < - -+ < ap, < @ of elements of the semigroup
7.
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Let w = )" waz® € Ry[[z]] and z = )" z,2* € C[[z]] be some power
series and suppose that the following two conditions are satisfied
for any o < ap, |24] < w, holds;
for any i(1 < i < m), w,, = 24, = Oholds.
In this case the power series W € Ry[[z]] wich is the result of sub-
stituting in the expansion of the function f5 variables &; by the series
O, w (1 <7 < m)), and Z € C[[z]] wich is the result of substitut-

ing in the expansion of the function f; variables &; by the series 0,,2
((1 <i<m)), are well-defined.

Lemma 2. The inequality |0sZ|o| < 03W o holds for any 3 < ay.
Proof. Assume that Z = ) Z,x* and W = ) W,z® The series

032y = B'Zg and 03W |y = B!Wjs are the sums of the following expres-

sions over the same set of indices
m

(4) ﬁ!f(la,a) H(az‘!)éi ROr+a; """ “h5,+ai
i=1

and

(5) B sy L) o, -+ - 205 10
i=1

respectively; in (4) and (5) above «, 0; € Z%,, § = (d1,...,0,) € Z,,
and f(ja 5)’ j = 1,2, are the coefficients of the series expansions of

the functions f/. To prove the Lemma it remains to note that
a+ > 6; = < ap in (4) and (5), hence, by the conditions above,
each summand in (4) is greater or equal than the modulus of the cor-
responding summand in (5). O

The proof of the following simple lemma one can find in [2].
Lemma 3. Suppose that the power series A(x) = Eaezgo Ao con-

verges absolutly at the point xy = --- =2, = p > 0 and let M be a

positive number greater than absolute value of any term of the series

A(p). Then the power series expansions about the origin of the fuctions
_ M M o

Fi(z) = T o9 077 and Fy = T a7, Majorize the power

series A(x).

4.2. The condition of the special case. Without loss of generality,
one can believe that the coefficients z, for a € Z5; \ I of the power
series z are equal 0. Indeed, according to the conditions of the theorem,
the power series naturally constructed by this defines some analytic
function ¢ in the neighborhood of the origin. Considering new unknown
function z = z — ¢ we get the statement.

Consider now the following special case. Suppose that every equa-
tion of our system is linear with respect to derivatives of highest order

and all leading paritial derivatives (derivatives on the left side of the
7



equations) have the same order. Clearly, the system is written in the
following form

Oyz= > floz+f1+ Y MPo,z

la|=N,a<y1 lal=N

(6)

Onz= > fFouz+ fF+ Y Mpoaz,
laf=Noa= lal=N
where |yi| = -+ = |3/ = N > 0 and the holomorphic functions
o [t My depend on the variables x4, ..., x, and derivatives Jgz such

that |§] < N. Besides, as it was above, for any admissible i and «
M (0)=0 holds.

4.3. The change of the coordinates. In this section by means of an
appropriate coordinates change we obtain that the leading derivatives
(with respect to our total ordering) become ”chief”. The coefficient of
the another derivatives multiplies by some small numbers.

In the given conditions, f, f, M are the holomorphic funcions in
the neighborhood of 0. Consider power series expansions about the
origin of the functions fi, f* and M for all admissible values of the
parameters ¢ and «. Suppose that all these series converge absolutely
in the point 1 = -+ = x,, = Ju2 = p, where |a| < N. By Lemma 3 of
Section 4.1, let us choose a positive real number C' such that the series
expansion of the function

C
(L= (214 -+ 20+ 20 cn 9az)/p)

majorizes the corresponding expansions of the functions f2, f¢, M for
all admissible ¢ and a.

Denote by I the linear functional Iy (see Section 3), and let = py.
Consider a positive real number # < 1 such that

11
O <e=--—5
ST OANC
where A; (i € Zyo) is the number of elements « of the semigroup Z%,
such that |o| = 1.
Suppose y; = 0 "ix;, 1 <i < n. Then
ool Q_H(a)6‘°4z

T) = T
ox® oy~ 4

The equations (6) have a form

(1) Ohz= ) faly,0710,2(y))0" 00 10, 2
|a|=N
+ Ly, 07D 952(y)0" 0 + > MP(y, 07100, 2(y))e" 010, 2,
|a|=N
8



for every 1, after the coordinates change and dividing by the coefficients
of the leading derivatives. Here and below the operators of partial
differentiation are considered in the new coordinate system. The formal
power series z(y) = z(z(y)) satysfies (7) in the new coordinate system
(with zero initial conditions). Suppose that
Jaly, 0,2) = faly, 67 10)9;52)p" 001,
]Fi(y’ 8VZ) = fk (Y, Q_H(V)avz)en(%%
M (y, 0,2) = M (y, 6718, 2)p" 0071,
for any admissible o, i. As before, M*(0) = 0 for any admissible i and
a. Let us prove the following lemma

Lemma 4. For any admissible i and «, the power series expansion (at
the point 0) of the function

eC
L= (g4 +Yn+ D ajen 0u?)/p1’

for some 0 < p1 < p, majorizes corresponding erpansions of the func-
tions f. and f°.

Proof. Choose p; as follows

8 = p min 67,

(8) pPL=p <N

Check Lemma’s statement for the functions f:. Indeed, in the coordi-

nates x1, ..., x, the series expansion about the origin of the function
C

L— (214 + 2+ X en 0a?)/p

majorizes the series expansion of each function f!. By the formulas
of the change of coordinates, we claim that the series expansion of the
function (in the new coordinates)

C
L= (4 + Yo+ 2 uen 0a2)/p1
majorizes the expansion of each function fi(y, 0 ""0sz2). But
fi(y, 0,2) = fily, 71 Ggz) 001

where the coefficient #1101 < g# < 2 asa < 45 and |a| < || = N.
This proves the statment.

For the functions f¢ we can check mentioned relations in the same
way, if we take into account the inquality 07 < 6* which holds due to
the choice of the constant u for each i. OJ

Consider a positive real number K such that the function
() KC
L=(yi+ -+ Ynt X ey Oaz)/p1
9




majorizes the series expansion about the point 0 of each function ]\ZI'Z‘l
for any possible 7 and «.

4.4. Constructing of the majorant equation. Consider an ODE

eC
L= (t+ 20 A0 (6) /oy
o KC
L= (t+ 305" A0 1)/

Recall that A; is the number of elements « of the semigroup Z%, such
that |a] = j. Rewrite the equation (10) in the explicit form with
respect to the derivative of highest order, we have

2eC
1= 2(KCAy + D+ 20 &Y 00 /o1

We take into account the relation eAyC = 1/2. By the theorem of
existence and uniqness of solutions of an ODE, we claim that there
exists a unique solution Z(t) to the equation (11)( (10)) with the initial
conditions Z(0 = ... =ZWN-D =,

As the power series expansion about the point 0 of the function

2¢C
1—2(KCAN+1)(t+ZN AY (1) py

(10) Y™M(t) = (AnY®(t) + 1)+

— KO)ANY M (1).

(1) YW =

of variables t and Y, YW ..., Y(¥=1 has positive coefficients, we claim
that the power series expansion about the origin of the solution Z(t)
has positive coefficients.

Denote

C
—(t+ 25 AY D)/ 1

4.5. Constructing of the majorant power series. Let us to prove
the following

GY,t) =

Lemma 5. The power series expansion about the point 0 of the function
Z(3> 0, yi) majorizes the formal solution z(y). Hence, the power series
2(y) converges in some neighborhood of 0.

Proof. Assume Z(>, ;) = EQEZ” Zyy®. Show by induction on « €
7, that the following eniquality holds

(12) 2| € Za

for each a. Indeed, the condition (12) holds for a € Z%,\ I, and, hence,
for a = 0. Suppose now that (12) holds for every a < «y. Prove the
eniquality for ag. Let ag = 4 ~; for some i (1 <i < k).

10



Then
a0!|zc¥0| = |80402|y:0| =
=10s( Y fidaz+ f+ ) MP0u2))ly=ol-
la|=N,a=<; la|=N

Futher more, by Lemma 2 and the equality

(13) GaF(Z yi) = F(‘al)(z Yi),

where F' is an arbitrary holomorphic function, we get

@ | D fidaz+ fit Y MPOaz|)y=ol <

|a|=N,a<~; |a|=N

< (9 [¢G(Z, 3" u)(AnZ™M(Y ) + 1)+
HEG(2.Y y) = KCO)ANZY (Y 3)]lyo

Indeed, it follows from Lemma 4 and the inductive assumption that
each summand of the form

(14) faaz

is majorized by the summand

(15) eG(Z, ZZ yi)Z(N)(Zi Yi),

but the number of summand of the form (14) is not larger than Ay.
Similarly, using Lemma 4, relations on the constant K (see (9)) and
by inductive assuption, we get the same for other summand; then we
apply Lemma 2. But by (10) and (13) we have

(05 [cG(Z, 5" y)(AwZ™ (S y) + 1)+
HKG(Z, Y ) = KOAZY(Y )] ly=o =
80!02(2 yi)|y=0 = OéO!ZO&o

This proves the Lemma. 0

4.6. The completing of the proof of the Theorem. To complete
the proof we have to note that the general case can be reduced to the
case considered above. Indeed, instead of the initial system one can
consider the finite tuple of differential corolaries of the equations of the
system
030,z = 0a fi(x, 002) + 0gM;(z, 0n2),

where |B| + || = N, N is big enough natural number (for example,
one can take N = max;|y| + 1). This new system satisfies all the

conditions of the considered special case. Formal power series z(x) iz
11



a formal solution to the new system. The set Z3, \ I changes for finite
tuple of elements and it does not affect the convergence of the power
series Z(z).

5. REMARKS AND EXAMPLES

5.1. Example. The case of one equation. Consider the PDE
Oyz = F(2,002) + M(x,0,2).

Suppose that all conditions of Theorem 1 are satisfied. In this case it
is obvious that there exists a unique formal solution to this equation
with the following initial conditions 0,z|,—0 = a!z,, where « lies in the
set Z5,\ O(7) and z, is an arbitrary complex number, i.e., as an initial
conditions we assign on an arbitrary way the coefficients of soughted
solution by the monomials 2 with a € Z%, \ O(v). The power series
Z(x) coincides with the power series of the initial conditions. For this
case Theorem 1 claims the convergence of formal solution, if the power
series of the initial conditions converges.

5.2. Example. On the necessity of conditions of the Theorem.
Consider the equation

0? 0? - 0?
0x0y 022 o

For this equation the conditions of Theorem 1 does not hold for any
total ordering sastisfying conditions i) and ii) of Section 2. In this case
it is easy to construct a nontrivial formal solution z = Y z,2* such
that 2, = 0 for any o € Z2, \ O((1, 1)) but the formal power series
z =Y z,x® does not converge at any point except the origin. Indeed,
soughted formal solution is uniquely difined by the following conditions

Z(o,n) = 0 for any non-negative integer n;

21,0y = n!(1 — ), if the remainder on dividing non-negative integer
n by 4 is equal to 3, and 2(1,,) = 0 otherwise.

(1+41)

5.3. The case of several unknown functions. It is important to
note that Theorem1 may be obviously generalized to the case of systems
of several unkown functions z1, ..., z,.

The set of partial derivatives of the tuple of unknown function
21, ..., 2p 18 parametrize by points of the product Z = Z5, x {1,...,p}.
Let =zz, be a total ordering on the semigroup Z3, satisfying condi-
tions i) and ii) of Section 2. Consider the following total ordering <
on the set Z. For any two elements («,7) and (3, j) of the set Z we
compare first the element a and [ of the semigroup Z%, with respect
to the total ordering =23, if the element coincides, we compare (as
integer numbers) numbers ¢ and j. Repeating of the argument of this

work, it is simple to extend Theorem 1 to this case.
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