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1 Introduction

Consider the quasilinear elliptic boundary value problem

{—Apu = f(z,u) in Q,

1.1
u=0 on 0, (1)

where © is a bounded domain in R”, n > 1, A, u = div (|Vu[P~? Vu) is the
p-Laplacian, 1 < p < oo, and f is a Carathéodory function on 2 x R such
that

uniformly in z (1.2)

f(z,t) ~ Ao ast—0,
P2t Ao a8 |t| — 00
with A\g, Asc & 0(—4,), the Dirichlet spectrum of —A, on 2. In the semilinear
case p = 2, a well-known theorem of Amann and Zehnder [1] states that this
problem has a nontrivial solution if there is an eigenvalue A\; of —A between
Ao and A.. In this paper we extend their result to the quasilinear case p # 2.
The quasilinear problem is far more difficult as a complete description
of the spectrum is not available and there are no eigenspaces to work with.
Although there is a sequence of variational eigenvalues \; /" oo defined by a
standard minimax scheme involving the Krasnoselskii genus it is not known
whether this is a complete list when n > 1. Using the cohomological index
of Fadell and Rabinowitz [9] we will construct an unbounded sequence of
minimax eigenvalues p; > \; for which the following theorem holds.

Theorem 1.1. Assume that 1 < . Then for each g € (0, — y—1),
there is an eigenvalue j1; > p; such that problem (1.1) has a nontrivial solu-
tion if

t
1
Fla,t) = / fas)ds =~ (s + e 7 Vi) (1.3)
0
and
(i) Ao < < < Aso, o7

(i) Ao < < < Ao
In the ODE casen =1, iy = pu; = \;.



It follows from (1.2), (1.3) and I'Hospital’s rule that Ao, A\oo > 111 + €o.
It will be easily seen from our construction of y; that u; is the smallest
eigenvalue of —A,, and it is well known that p; < po (see, e.g., Drabek,
Kufner, and Nicolosi [8], Theorem 3.1 and Lemma 3.9). Hence if A\g >
(respectively A\, > p1) is given, there always exists [ > 2 such that p;_; <
Ao <y (or -1 < Ao < pg). If I =1 or 2, the conclusions above are known.
Moreover, in these cases ; = y; and hypothesis (1.3) is unnecessary (see
Dancer and Perera [5]). We suspect that (1.3) is unnecessary and one can
take p; = py also if [ > 3.

When f is odd in ¢ we will also prove the following multiplicity result.

Theorem 1.2. Assume that f is odd in t for all x. Then problem (1.1) has
m — | pairs of nontrivial solutions if

(1) Hi—1 < )‘O < < HUm—1 < )\oo < Hm, OT
(11) pr—1 < )\oo < < Pm—1 < )\0 < Hm -

Case (i) of Theorem 1.2 generalizes a recent result of Li and Zhou [10]
where it was assumed that A\ = 0 and a different sequence of numbers > 1,
(not necessarily eigenvalues) was used.

2 Cohomological Index

Let W be a Banach space and let A denote the class of symmetric subsets
of W. Fadell and Rabinowitz constructed an index theory i : A — NU{0, 00}
with the following properties (][9], Sections 5 and 6, see also Bartsch [2],
Example 4.4 and Remark 4.6):

(i) Definiteness: i(A) =0 <= A = 0.
(ii) Monotonicity: If there is an odd map A — A’, then
i(A) <i(A). (2.1)
In particular, equality holds if A and A" are homeomorphic.

(iii) Subadditivity: i(AU A") <i(A) +i(A).



(iv) Continuity: If A is closed, then there is a closed neighborhood N € A
of A such that

i(N) =1i(A). (2.2)
(v) Neighborhood of zero: If U is a bounded symmetric neighborhood of 0
in W, then
i(0U) = dim W. (2.3)
(vi) Stability: If A is closed and A * Z, is the join of A with Z,, realized in
W @ R, then
i(AxZy) =1i(A) + 1. (2.4)

(vii) Piercing property: If A, Ay, A; are closed and ¢ : A x [0,1] — AgU Ay
is an odd map such that @(A x [0,1]) is closed, p(A x {0}) C Ay,
©(A x {1}) C Ay, then

i(p(A % [0,1]) N Ag N Ay) > i(A). (2.5)

For a definition of join A % B we refer, e.g., to Bartsch [2]. Here we only
recall that if Zy = {1, —1} C R, then A *Z, is the union of all line segments
in W®R, joining {1} and {—1} to points of A. Hence AxZ, is the suspension
of A.

Note that i(A) < v(A), where v denotes the Krasnoselskii genus. Indeed,
if 7(A) = k < oo, then there exists an odd map A — S*~1 hence by (ii)
and (v), i(A) < i(S*71) = k. We also note that for compact A the Fadell-
Rabinowitz index is equivalent to that of Yang [9].

3 Variational Eigenvalues

Let I/VO1 P(€)) be the usual Sobolev space, normed by

fulli= ([ 17ur) v (31)



We see from the Lagrange multiplier rule that the Dirichlet eigenvalues of
the p-Laplacian are the critical values of the functional

1
/hm
Q

We use the customary notation

I(u) = L ueS = {u eW =WhP(Q) : ||ul| = 1}. (3.2)

j- {uES:I(u)gc}, I, = {uES:I(u)zc}. (3.3)
Note for further reference that if u # 0, then
e = / IVulP < c/ Jul? (3.4)
] 0 o
and
Mol = / VulP > c/ . (3.5)
] o o

Lemma 3.1. [ satisfies the Palais-Smale compactness condition (PS), i.e.,
every sequence {u;} such that {I(u;)} is bounded and I'(u;) — 0, called a
Palais-Smale sequence, has a convergent subsequence.

Proof. Since ||u;|| = 1 for all j, for a subsequence, u; converges to some u
weakly in W and strongly in LP(€2). Moreover, u # 0 as {I(u;)} is bounded.

Let
1
)= ——
/ |ul?
Q

Then there exists a sequence {v;} C R such that

J(u) = |ul| and I(u we W\ {0}. (3.6)

I'(uj) = I'(u;) = v;J'(u;) = 0 (3.7)
(cf. Willem [13], Proposition 5.12). Since
(I'(ug),u5) = =p L) and (J'(us),us) = p s = p. (3:38)

vj = —~(uj) — —I(u) # 0. Moreover, .J' has a continuous inverse (sce, e.g.,
Drébek, Kufner, and Nicolosi [8], Lemma 3.3), so it follows from follows from
(3.7) that u; — wu. O



Denote by A the class of compact symmetric subsets of S, let

F = {A e A:i(A) > z}, (3.9)
and set
= jgﬁ_l Teajil(u)' (3.10)

Proposition 3.2. 1 is an eigenvalue of —A, and 1y / 0.

Proof. Note first that critical values of I coincide with eigenvalues of —A,,.
If 417 is not a critical value of I, then there is an € > 0 and an odd homeomor-
phism 7 of S such that n(I#17¢) C I*1~¢ by the first deformation lemma. Let
us remark here that since S is of class C! but not C!if 1 < p < 2, the stan-
dard deformation lemma cannot be used. However, a more general version
of it, see, e.g., Corvellec, Degiovanni, and Marzocchi [4] does apply in our
situation. Taking A € F; with max I(A) < p; + &, we have A’ = n(A) € F,
but max I(A’) < u; — €, contradicting (3.10).

Clearly, g 41 > . To see that p; — oo, recall that this holds for the
Ljusternik-Schnirelmann eigenvalues \; defined using the genus 7 (see, e.g.,
Struwe [12]). But i(A) < y(A), so u > A O

If 1 < py and go € (0, ju; — pu—1), take Ay € Fi_y with Ay C [H-—1+e0/2,
let

G = {g € C(CAy, S) : gla, = id}, (3.11)
where C'Ag = (Ag x [0,1])/(Ap x {1}) is the cone over Ay, and set

i = inf I(u). A2

o=l e, 10 (312

Proposition 3.3. [ >y is an eigenvalue of —A,.

Proof. Let g € G. Regarding Ag * Zo as the suspension of Ay, g can be
extended to an odd map g € C'(Ag * Zo, S). Then §(Ag * Zy) € A and

i(g(Ag * Zg)) > i(Ag * Zy) = i(Ag) +1 > 1, (3.13)
S0

max [(g(C'Ap)) = max [(g(Ao * Zs2)) > . (3.14)
It follows that ; > py.



If fi; is not a critical value of I, then there is an € € (0, i — p—1 — €0/2)
and an odd homeomorphism 7 of S such that 7|, = id and n(1#+) C [#~=,
Taking g € G with max I(g(CAy)) < puy + ¢, we have ¢ = nog € G, but
max [ (¢'(CAp)) < i — €, contradicting (3.12). O

4 Variational Setting
Solutions of (1.1) are the critical points of
O(u) = / |VulP —p F(z,u), uewW. (4.1)
Q

Lemma 4.1. ® satisfies (PS).

Proof. First we show that every Palais-Smale sequence {u;} is bounded. Sup-
pose that p; = ||u;|| — oo for a subsequence. Setting v; = u;/p,; and passing
to a further subsequence, v; converges to some v weakly in W and strongly

in LP(€2). We have

(P (uy), w) = {J'(v)), w) —p g 2, ol vjw — 0. (4.2)

1
p§—1
If v; — 0, then it follows from (4.2) with w = v; that p = p|lv||P =
(J'(vj),v;) — 0. Hence v # 0. For each w € W, passing to the limit in
(4.2) gives

/ |VulP2 Vv - Vi — Ay [v|P 20w = 0, (4.3)
0

SO Ao is an eigenvalue of —A,,, contrary to our assumption.
Since {u;} is bounded, for a subsequence, u; converges to some u weakly
in W and strongly in L”(Q2). We have

(@ (). w) = () w) —p [ Floa)w—0, (4.0
0
so u; — u (recall J' has a continuous inverse). O

Let
Do (u) := / |Vul?P — Xo |ul?, b (u) == / IVul? — Ao |ul?. (4.5)
Q Q

In the proofs of Theorems 1.1 and 1.2 it will be convenient to replace ® by
the functional ® defined below.



Proposition 4.2. For all sufficiently small p > 0 and sufficiently large
R > 4p, there is a functional ® € CY(W,R) such that

Do(u), ull < p,
(i) ®(u) =< d(u), 2p<|ul < R/2,
Poo(u), |lull = R,

(ii) w = 0 is the only critical point of ® and ® with ||u|| < 2p or ||u|| > R/2,
in particular, critical points of ® are the solutions of (1.1),

(ili) @ satisfies (PS),
(iv) ®(u) < / IVulP — (-1 + €0) [u|? for all w if (1.3) holds,
Q

(v) ® is even if f is odd in t for all .

Proof. Since \g, A\osc & 0(—A,), ®o and @, satistfy (PS) and have no critical
points with |Ju|| = 1, so

o= inf ()] >0, b= inf B ()] >0, (4.6)
and

sl = i 8] = R (4.7

u||=p ul|l=

by homogeneity. Let

\Ilo(u):—/QpF(x,u)—)\o |ul?, \I/oo(u):—/QpF(x,u)—)\oo|u|p.

(4.8)
By (1.2),
sup [Wo(u)| = o(p”), sup Voo (u)| = o(R") (4.9)
llull=p lul|=R
and
Sup 1T (w)]] = o(p"™), ”sllllfRH\Iféow)H = o(RP™Y) (4.10)



as p — 0 and R — oo. Since & = &y + ¥y = &, + U, it follows from (4.7)
and (4.10) that

inf [|@(u)| =p""(do+0(1)),  inf [|@(u)]| =R (0w +o(1)).

[lull=p lul|=R
(4.11)
Take smooth functions g, ¢o : [0, 00) — [0, 1] such that
1, t<1, 0, t<1/2,
polt) = { Poo(t) = { (4.12)
0, t>2 1, t>1
and set
(1) = @(u) — ol|lull /p) Wo(u) — oo (|l / R) Voo (w). (4.13)
Since
ld(eo(llull /o)l = O(p™h),  lld(ess(llull/R) = OR™),  (4.14)

(4.11) holds with ® replaced by ® also, and (i) and (ii) follow.

By construction, ||®'| is bounded away from 0 for p < |lul| < 2p and
|lul| > R/2, so every Palais-Smale sequence for ® has a subsequence in
|lu|| < por2p < ||lul| < R/2, which is then a Palais-Smale sequence for @
or @, respectively.

To see (iv), note that

B() = [ 1Vl = (ool /) + Ao el /D))
—p (1= @olllull /p) = pucllull /B F ), (4.15)

1 —@o(||ull/p) — po(]|u]] /R) > 0 for all u, and A, Ao > -1 + €9 if (1.3)
holds. (v) is clear. O

5 Proof of Theorem 1.1

Let A be a closed subset of a metric space K, B a closed subset of W,
A#0) # B,and let f € C(A, W) be a map such that f(A)N B = 0. We

9



shall say that (A, f) links B with respect to K if v(K) N B # 0 for every
map v € C(K,W),vla=f. f AC K C W and f is the identity map on A,
then we say A links B. _ _

Suppose (A, f) links B with respect to K and sup ®(f(A)) < inf &(B),
then

c:= inf sup ®(v(2)) > inf &(B 5.1
ol B0 2008 6.1)
VA=

is a critical value of ® according to a general minimax principle (see, e.g.,
Willem [13]).

5.1 Case (i)
Take g € G, g(CAy) C I**. Then, employing (iv) of Proposition 4.2 and
(3.4),
B(u) < / Vul? = (g +0) [l 0, 7 € Ag (5.2)
)

(recall Ay € Fi_1, Ay C I"-1720/2) and, since g(CAy) C I,

D) = Pu(w) SO, [ul| = R, € g(CAy) (5.3)

by (3.4) again (here p and R are as in Proposition 4.2). We may regard W
as a subspace of W @ R and we may assume C'Ay is a (geometric) cone over
Ap in W @ R, with vertex at some point ¢ W. Let

Alz{tuuer,tE[O,l]}, A:A1UCAO (54)
and f(z) = Rz for z € Ay, f(2) = Rg(z) for z € CAy. Since g|a, = id, f is

well defined. By (5.2) and (5.3), ®(f(z)) < 0 whenever z € A. On the other
hand, by (3.5),

D(u) = Bo(u) > <1 - %)pp >0 (5.5)
B:{uESp:%EIM}, (5.6)

10



where S, = {u e W ||lu|| = p}. We will complete the proof by showing
that (A, f) links B with respect to

K:{tz:zeA,te[O,l]} (5.7)

and hence ® has a positive critical value c.
Any v € C(K,W) such that |4 = f can be extended to an odd map 7
on

K=3tz:ze A te0,1]}, (5.8)
{ |

where A := A, UC Ay U(—CAy) = A; U (Ag *Zs) and it suffices to show that
FK)N B #0. (5.9)

We note that ¥(0) = 0 (by oddness), V| a,:z, = Rg, where ¢ is as in the proof
of Proposition 3.3, and K = {tz tz € Agx Lo, t €10, 1]} Applying the
piercing property to

C=Ay*Zy, Co=B, C,=WN\B, (5.10)
where B, = {u eW:|ul < p}, and

p:Cx[0,1] - CouUCy, (zt)—7(tz) (5.11)
gives

iFK)NS,) = i(p(C x [0,1]) N CoNCy) > i(C) = i(Ag * Zy) > 1

(5.12)
by (3.13), so
u
max I(—) > 1y (5.13)
ueF(K)NS, P

and (5.9) follows.

11



5.2 Case (ii)
We have

D(u) = oo (u) > (L—%;)Rp lul| > R, —- (5.14)

(by (3.5)) and @ is bounded on bounded sets, so ® is bounded below on
B:{tu:uelm,tEO}. (5.15)

On the other hand,

Aso
pi—1 + €0/2

F(u) = Do () < —( - 1) [, Tl > R,

HH
@m)

and the coefficient of ||u||P is negative since A\, > ;1 + €9, so taking

A:{UESR/‘EEAQ} (517)

with R’ > R sufficiently large, max ®(A) < inf ®(B). We will complete the
proof by showing that A links B with respect to

K= {tu cu€ A tel, 1]} (5.18)

and that the critical value ¢ defined by (5.1) is negative.

Let v € C(K,W), v|a = id. We are done if 0 € v(K), so suppose not.
Then the map
V(R(1 =) u)
O]

is in G, and it suffices to show that

g(u,t) = (u,t) € CAg (5.19)

g(CA) N B £ 0. (5.20)

But max I(g(C'Ap)) > p; by (3.14), so (5.20) follows.

12



To see that ¢ < 0, take € € (0, \g — ;) and g € G, g(CAg) C I#++. Then

&D(u) < f0/2

u
il

by (iv) of Proposition 4.2 and (3.4), and

@wz@aws—( AL —1)f<a full = p. % € g(C0),

f+e
(5.22)
so max ®(y(K)) < 0 for
pglu/l|ull,1—R't/p), 0<t<p/R,
) = (u/ [ /p) / (5.23)
tu, p/R <t <1

5.3 ODE Case

Let Q = (0,1). The spectrum in this case consists of a sequence of simple
eigenvalues )\; /' oo given by the usual minimax scheme involving the genus,
and the eigenfunction ¢; of \; has exactly | nodal domains (see, e.g., Drabek
[7], Theorem 11.3, or del Pino, Elgueta, and Mandsevich [6]).

As we noted in the proof of Proposition 3.2, 1 > A;. Let ; = ¢; on the
j-th nodal domain of ¢; and 0 everywhere else in (0,1). Then I = A; on the
(I — 1)-sphere S'"! = SNspan{&,..., &} € Fi, 0 = N

To see that 1y = Ay, let g € (0, A\, — A\;_1) and let Si_l be the hemisphere
of S=! that contains ¢; and has boundary S'=2 = S""! Nspan {&y,...,& 1}
Since +¢; ¢ S'"2 and I has no critical values in [\_; + €0/2,\;), there
is an odd homeomorphism 7 of S such that Ay = n(S=2) C [N-17%0/2 and
77(55[1) C IM by arepeated application of the first deformation lemma. Then
the map

_ (1 —t)n"(u) 4ty "
o0 =n (T iy ) (0 €O 524)

isin G and I < )\ on g(CAp) = n(SL1).

13



6 Proof of Theorem 1.2

6.1 Case (i)

Denote by A the class of compact symmetric subsets of W and by I' the
group of odd homeomorphisms ~ of W such that 7|z, = id, let
i*(A) = mi%li(v(A) ns,, AecA, (6.1)
e
where p is as in Proposition 4.2, be the pseudo-index of Benci [3] related to
i, S,, and I', and set
¢;:= inf max®(u), j=1I...,m—1. (6.2)

J ACA ucA
i*(A)>j

We will show that 0 < ¢ < --- < ¢,,-1 < +00 and hence ® has m — | pairs
of nontrivial critical points (see Benci [3]).

If i*(A) > [, then i(ANS,) >, so

u
- > .
i 1(5) 2 03
and hence
_ Ao
> > - — . .
max O(u) > Jax Do (u) > (1 ,ul)pp >0 (6.4)

It follows that ¢; > 0.
To show that ¢,,_; is well defined and finite, we construct a set A € A
with i*(A) > m — 1. Take Ay € Fpu_1, Ag C I*>* and let

A:{mﬁMhﬁi%e%JeMH} (6.5)

Then;I;:(DOOSOOH

M:{WWMZR%EA*, (6.6)

so for any v € I', 7|94 = id and hence applying the piercing property to

P

14



and
p:Cx[0,1] = CoUCy, (u,t)— (tu) (6.8)
gives

i(Y(A) N S,) = i(p(C x [0,1]) N Con Cy) > i(C) = i(Ag) > m — 1.

(6.9)
6.2 Case (ii)
Set
¢j = fllrel,fA ng{@(u), j=1,....,m—1. (6.10)
i(A)=]

We will show that —oco < ¢ < --- < ¢,,—1 < 0 and hence ® has m — | pairs
of nontrivial critical points (see, e.g., Rabinowitz [11]).

Take € € (0, \g — ftm_1) and Ag € Fp_1, Ag C IFm-17¢ and let
u
A:{ueSp:zer}. (6.11)

Then i(A) > m — 1 and

Ao
Hm—1 +e€

d(u) = Dg(u) < —( - 1)pp <0 (6.12)

on A, so ¢,_1 <0.

We claim that ¢ > inf ®(Bg). If not, take A € A, i(A) > [ with
max ®(A) < inf ®(Bg) < 0. Then A C W \ Bp, so

Ooo(u) =P(u) <0, ueA (6.13)

and hence I < A\, < y; on
U
contradicting (3.10).

15
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