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Abstract
Here we prove a Hardy-type inequality in the upper half-space which
generalize an inequality originally proved by V. G. Maz’ya (see [10], p. 99).
Here we present a different proof, which enable us to improve the constant
in front of the remainder term. We will also generalize the inequality to
the L? case.

1 Introduction

There are many Hardy inequalities that can be called classical, see for example
[4],[5],[9], or [10]. They are all, in some way, generalizations of the original
inequality by G. Hardy [6].

Hardy inequalities are, in general, not sharp in the sense that there exist no
extremal functions. Remainder terms might therefore be added to improve the
inequalities. Those terms can be of many different forms.

The problem of improving the remainder terms has received much attention
during the last decade and many articles have been written on the subject.

Some results concerning a type of Hardy inequality involving the distance to
the boundary were obtained in [1], [3], [7] and [11]. These inequalities are all
improvements and generalizations of the inequality

/|v 2dz > 1/ [, € C(Q)

uldr > = T U ,

Q T4 /g é(2)? 0

where §(z) = dist(z,9Q) and Q is a convex domain in R".

Here we shall obtain an estimate for a remainder term for a special case
suggested by a result of V. G. Maz’ya.

In the well known book ‘Sobolev Spaces’ by V. G. Maz’ya [10], the following
inequality is derived

_ 1 u(x)P 0o
/n 2 [P~V V() Pd > (2p)p/n (x2|_1(£|$2)§dz, we CRR™).  (L1)
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If p = 2 and one substitutes u(x) = |z,|~/?v(z) into (1.1) one gets

1 2dr 1 24
/ |Vu|2das2—/ = e — (1.2)
n 4 n Ty 16 R™ (x%_l +m%)§|xn|

valid for all v € C§°(R"™) that vanishes for z, = 0.

Here we will derive (1.2) (but with the constant 1/16 replaced by 1/8) using a
different method, which is partly based on techniques from [2]. Notice that, in
the case p = 2, this will improve inequality (1.1) as well.

It is an open problem, formulated by V. G. Maz’ya, whether the following
generalization of the above inequality holds or not :

p=1\" [ |uff |ul?
/ |Vu|Pde > <—> / —dz + a(p, 7) = dz,
R p R

n Tn rr on (Th_q +2)
where p > 1, 7 > 0, a(p, 7) is a positive constant and u € C§°(R).
Here we will answer the question affirmative.

(MR

n
+

The paper will be organized in the following way.

First, we prove the original L? inequality, with the improved constant.

Then we prove the theorem for p > 1 and 7 = 1. The proof will be slightly
different from the general case and gives us better constants in this particular
case.

At last we present a proof of the general T-version.

2 Auxiliary results

Let
0(z) = dist(z, 0Q).

Our starting point will be the following lemma.

Lemma 2.1. Let u € C§°(?), d € (—oo, mp — 1) where m € Ny and let
F = (F1,...,F,) be a vector field in R™ with components in C1(£2).
Furthermore, let w(z) € C1(Q) be a nonnegative weight function and

mp—d—1\"
hp,m,d = <p7) 5
p
then

[Vul|P - w |ul? - w D |ulPAS - w
Q §(m—1)p—d dr > hp,m,d Q gmp—d o (mp —d - 1)6mp7d71d'r

+ hp,m,d/ < p-divF 4 (p—1) (1 . ‘V(Sé‘mp—d—lF‘z:pl)) |ul? - wdz
Q

mp—d—1 ¢mr—d

np—d—1 pt %9



Proof. Holders inequality and partial integration gives

_p_ p—1
[Vul? - w Vé mei_d |77
pp/sz Sm—Dp—d®® o |smr—n+ia O"TITRE ful? - wde
8- P
> p’ / <# - F- w> (sign w)|u|P~t - Vudz
Q
P

mp—d—1 Ad ) Vi
— /Q (( 5mp7d — 5mp7d71 + leF w + V’LU F— W |u|pdl‘
By factoring out the constant (mp —d — 1)P from the R.H.S. and applying the
ineq. 45 > pa — (p—1)B (B > 0) to the resulting inequality, we get (2.1)

BP—1
and the proof is complete. O

Corollary 2.1. Let the notation be as in the above lemma, then

[VulP - w >
o, 6(m—Dp—d*F = ltpim.d

np—d-—1 pt Ad - w Vw - Vé
-(25) [ )

Proof. Simply put F' = 0 in the previous lemma. |

|u|p Cw
Q 5mp—d

Notice that if we also require that € should be convex and Vw - Vé < 0, then
both terms occuring in the last integral on the R.H.S. in the corollary become
nonpositive.

The corollary is, in general, a very rough estimate and can be improved by
choosing the vector field F' differently. The most suitable F', of course, depend
on the domain in question and what type of remainder terms we wish to
obtain.

It should be noted however, that the constant, hp ., 4 in front of the main term
cannot be improved (see [5]), at least if we don’t want it to depend on the
dimension n.

We will also need some simple lemmas :

Lemma 2.2. Let —1 <z <0 and o > 2, then

1+2)*<l4azx+ @x?
Proof. Taylor expansion of (14 z)® around 0 gives
1I+z)*=14ax+ w:& +ala—1)(a—2)(1 Jrfx)a_?’%g,
where 0 < £ < 1. The last term is non positive if —1 < x < 0. [l

Lemma 2.3. Let —1 <z < o0 and a < 2, then
(I+x)*< 1+oz:z:+%:c2.
Proof.
(1+2)*=0+2c+2%)% < 1+%(2x+z2) =1l+ax+ %zQ,
according to a variant of Bernoulli’s inequality. [l



3 Improvement of the constant in inequality
(1.2)

We will, in the next section, generalize the proof here, to prove a LP variant of

the inequality. The L? case will then follow from the general LP ineqality, but

since the proof is easier and shorter in the L? case, I present it here before I
proceed to the more general case.

Lemma 3.1. Let u € Cg°(R"), where R = {x1,..., 2y, : x, > 0}, then we

have ) )
1 1
/ |Vul*dz > —/ %dl‘ + —/ #dm
R 4 R :Cn 4 Ri :C’n,—l + .’L'%

n n
+ +

Proof. Apply lemma 2.1 to the case where Q =R} ,p =2,m =0, w =1 and

F=1{o 0 Tn—1 T
- yrrr Yy 2 27 .2 2 :
Th—1 +mn Th—1 +mn

O

Lemma 3.2. Let u € Cg°(R"%), where R = {x1,..., 2, : x, > 0} and a > 0,
then

1 2 2
\Vul?dz > - [l gy 4 lex (3.1)
4 2 2 2 2)3
R ]Ri T i xn(znfl +xn)2

n
2 2 2
R? T

2 2
4 n—1 +‘Tn

Proof. Now apply lemma 2.1 to the case where @ =R} ,p=2,m=0,w =1

and
F={0,...,0,—2%
(3531—1 +22)

and use the simple estimate

=

—azTy —a

2 3 = .2 2
(@1 +23)2  Tuoa 20

divF =

to get inequality (3.2). O
Corollary 3.1. Let u be as in the above lemma. Then the following inequality
holds ) )
1 1
/ |Vul*dz > —/ %dl‘ + —/ %dm.
R? 4 Jrn Ty 8 Jrn xp(zp | +22)2

Proof. Multiply the inequality in lemma (3.1) by a? + 2a and add the result to
the inequality in lemma (3.2) to get

1 [ |uf? a |ul?
Vul?de > = / —dx + / dx
/R [Vl 4 Jygn 22 2(a®+2a+1) R Tp(22_, + CC%)%

n n
+ +

The maximum value of the expression in front of the second integral on the
right side is obtained when a = 1 and equals %. O



4 [P inequalities
We will now prove an analogous inequality for LP.

The special case of lemma 2.1 when m = 1,d =0 and w = 1 gives

_ p p _ p
/|Vu|pdz2 (M) /Mdz + <p_1> :
Q D o oP p

p . . pA5 (pfl) - _ sp—1 pTil p
<p—— . divF =1 + 5 1 ’V(S ) F‘ |u|Pdx.

n
+

/.
(4.1)

We will apply this inequality to two different vector fields F' and then add the
corresponding inequalities to get our desired result. As before, let
Q' =R%,0 = z,. Substituting this into (4.1) gives

—1\? P —1\?
/ |VulPdz > (p_) / %dm + (p_) ‘
R p rR? Tn p

-1 p=1
/ (L.divF+ (p > )(1\(0,...,0,1)x:;—1F\ v )>|u|de. (4.2)
R" In

n
+

p—1
This inequality will be our starting point when we prove the following theorem.

Theorem 4.1. Let Q =R’} and u € C§°(Q), then

_ P P
/ |[VulPde > <p_1) / %dm
R p rR? Tn

n
_1\P! P
+ D(p) (p—> / = 2'“' d,
p Ry o (21 +47)

=2 if 1<p<?2
D(p){ i

=

where

-y it p=2

Proof. We will split the proof into two parts, corresponding to different
inequalities. Each part, will in turn, be divided into two cases depending on
whether 1 < p < 2 or p > 2. The inequalities in the two parts will then be
combined to prove the theorem.

Let L
_\P
m=(22)
p
Part 1 :

Apply inequality (4.1) to the vector field

a
F={o,...,0, P , 0<a,<1
( wﬁ”(m%_ﬁxi)%) 3




and note that

p-divF app - (2 —p) app - x3P
p—1 (p=Dan (27 +23)7  (p— 1))y +a3)?
- app - (2-p) B ap - p
= 1 _ .
(p—Dah (@2 +a2)2  (p—Dah (a2, +12)

Now we must estimate the expression

pa;pl (1-10....,0,1) =671 F|7T)

ﬁ
p—1 Qp * Ty
= 1-{l1-—— . 4.3
n < (774 JF%%P) (3

Casel. 1<p<?2
Lemma 2.2 enables us to estimate (4.3) from below by

ap - p 1 p ay

955)1_1(3531—1 +a2)z 2p—1 zg_Q(z%q +a2)

Altogether, (4.2) and the above estimates leads to the inequality

—1\? P P
/ |Vu|Pde > (p_) / |ul —dx +ay, - mp/ — 2|U| dx
" p Ry Tn Ry Tn (T +27)
a2 Juf?
- a,+ -2 m / . 4.4
< P 2 P ]Ri .T%_Q(x%_l +1‘,’2,1) ( )
Case 2. p>2

By lemma 2.3 one can now show that (4.3) is bounded from below by

=

2
ap - P _P, ap
b @2 +a2)E 2 2B (a2, +a2)

In this case our lower estimates of the R.H.S. of (4.2) gives us

—1\? P P
/ |[Vu|Pde > <p_> / ful —-dx + ay - mp/ — [ul dx
n p R” xh R xh (22, 4 22)

+ +

— ap+(pf1)“—§ mp/ — [ul” . (4.5)
2 Ry T (x5 +a2)

In the above inequalities, there is a negative term in the R.H.S. which must be
taken care of. This will be done by adding yet another inequality to the above
ones.

Part 2 :

To begin with, consider the vector field

. 2—p . 3P
F={(o 0 Cp Tp—-17;, Cp - Ty, 0<
- sy Yy 2 2 .2 2 ) &
Th—1 + Th Th—1 + Th

N




Direct calculations shows that

- (2 — 1
L . leF — CP ( p)p —
p—1 p—1 b (22 | +22)
and
2 2\ 26-1)
p—1 ( 1 %) p—1 (ci —2¢p)y,
1—-|V6—P T F|r ) = 1—- |14 “P/mn
0P ’V ‘ b + x2 | + a2

(4.6)
Again, the estimates of the expressions above will be different depending on
whether 1 <p <2orp>2.

Case1l. 1<p<?2
If we assume —1 < ¢2 — 2¢;, < 0, then (4.6) is not greater than

(P —1)(2¢cp — )

ah (a3 _y +ad)

If we apply the above estimates to (4.2) we can conclude that the inequality

—1\? p P
/ |Vul|Pdr > <p_) / %dera(p, cp)/ [l dx (4.7)
R? p R

-2
In R SC% ((E% 1 + CL‘%)
hOldS, where

n
+ +

alr.cy) = (7 =2+ 2y~ (0= 17) -2 (4]

One may put ¢, =1 to get

a(p, 1) = 1 (p—l)p—l.

p p

By multiplying this inequality by a suitable (positive) constant and adding the
result to (4.4) we get, after maximizing with respect to the parameter a,

—1\? P
/ |VulPdz > (p_) / %dm
T p R Tn
_1\P1 9 P
R s
D 243p Jrn xp (zh ) 4 22)
Case 2. p>2

If x> —1and 0 <« <1 then

N[

1+2)*<l4azx
according to a variant of Bernoulli’s inequality. So, if one assume, as in the
case 1 < p <2, that —1 < ¢2 — 2¢;, <0, then (4.6) is bounded from below by
(2¢p — Cf))p

QI%_Q(CE%A +22) .




In this case, our estimates applied to (4.2) gives us

_ p P P
/ \VulPdz > (p—l) / P g + 8, cp)/ [ul dz, (4.8)
R p R L

-3
n vy o (2h_y +ad)
where

n n
+ + +

B(p, cp) = % (1%1)]“ (L=p)ci +2¢) .

. 1 .
The choice ¢, = 5—7 maximizes B(p, cp) and

’ (p’pl 1) B 2(1?1* 1) (P; 1)p_1'

This inequality may be multiplied by a (positive) constant which, when added
to (4.5), gives (after maximizing with respect to the parameter a,)

—1\? P
/ [VulPdz > (p_) / %dm
R p R Tn

_1\P! 1 p
+ (p ) € trn |u| dz.

n
+

Remark 1. Note that putting p = 2 gives us back our previous inequality with

% as the constant in front of the integral in the remainder term.

Remark 2. It should be noted that the above estimates are very rough and can
probably be improved.

5 A generalized L” inequality

We will now generalize the above inequalities by introducing a parameter 7.
The proof of this result will be a slightly modified variant of the proof above.

Theorem 5.1. Let 0 <7 <1 and let Q =R" and u be as in the above, then
the following inequality holds

—1\? P P
/ |Vu|Pdr > (p_) / %dz + A(p, T)mp/ [ul dx,
R p R

7 n Tn mroan  (vh oy +2d)3
where )
T if 1<p<2
A(p’ T) = 2 if > 9
p-D(t2ry ! bz 2
Proof. Let



Recall inequality (4.1), which gives a remainder term of the form

—1\? -1 p=1
(p_) / (L -divF + (p 7 ) (1 — | Vo, —a? ' F| " )) |u|Pdx
p Ry \P—1 T,

(5.1)
in the ordinardy Hardy inequality.
Put
czfl*p*l
F(O,...,O,m), C:C(’ﬂp) ,OSCSI
This implies
p-divE  cp(t —p+1) 1 TCp xl
p—1 p—1 ah T2 4+ a2)F p—lab (a2 | 4 a2)F T
- ep(r—p+1) 1 Tcp 1
ST r T AdT@ e polah i@, el
Furthermore
-1 p=1 1 T B
(p 5 ) lf‘vzn*xflilF‘ P — (p o ) 1— 1— o CTy, _
Tn T'n (Z'n71 + x%)i
(5.2)

Again, the estimates of this will depend on whether 1 < p <2 or p > 2.

Case1l. 1<p<?2
According to lemma 2.2, (5.2) is not greater than
cp Ap 1

>
ah T(ah g +a2)r 20— 1) R (@, +a2)T

Ap 1
= P—T (2 2)3
2(p - 1) Tn (‘rnfl + ‘rn) 2
In this case, from (5.1), we get

/ |VulPdzx
R

n
+

V
I/
=
|
—_
~——
=
 —
£3
8=
ﬁ'ﬁ‘—.@
Q

after choosing ¢ = 7 (which maximizes the expression in front of the second
integral in the R.H.S). By adding the inequality

—1\? P
p7'2/ |VulPde > pr? (p_) / %dm
R p rR7 Tn

+ m 7_2/ |ul?
P )
Ry Tn (Th_y +23)

n
+

dx




(which was proven in the above) to this one, one gets

—1\? P P
/ |VulPdz > (p_) / %dx + B(p, T)/ [ul dx,
R p R

(MR

" n Tn R ah (2 +a2)
where
72
Bp,7) =m,————7>f=.
(pa ) p2(1+p7_2)
Case 2. p>2
By lemma 2.3, (5.2) is greater or equal to
2 pc2
cp o 1 S cp— 5
ah T(afoy FaZ)d 2 b (@2l 4 a2)T T ah (e +a2)3

This leads to the inequality

/ |VulPdz
R

n
+

Y

—1\? P
() L e
p R7 Tn

N 72 / |ulP
m T
"2p—1) Jry 2T (a2, +22)E

T / jul? .
Pp—1Jun b @2, +a2)

—1\? P
272 <p_) / %dx
p R? Tn

+ 72/ [uf? d
m — T
1 Jey 2822, + 07)

which, when added to

272 / |VulPdx
i

n
+

Y

(which also was proven in the above) gives

—1\? P P
/ |VulPdz > (p_) / %dm + C(p, 7')/ [ul dx,
R p R

P—T/(,.2 2\Z
i Tn Ri T ($n71 + l‘n)2
where

n
+

7.2

p—1)(1+27r2)

C(pa T) = mp ’ 2(

It should be noted that the constants A(p,7) are, in general, not optimal,

since for example A(2,1) = 1—12 and we know that it can be improved to é.
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