ISSN: 1401-5617

EM + Ext_− + AC_{int} ⇐⇒ AC_{ext}

Jesper Carlström

Research Reports in Mathematics Number 14, 2003

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.math.su.se/reports/2003/14

Date of publication: November 12, 2003 2000 Mathematics Subject Classification: Primary 04A25, Secondary 03B15. Keywords: Excluded Middle, Axiom of Choice, Extensionality, Intensional Axiom of Choice, Extensional Axiom of Choice.

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses: http://www.math.su.se/ info@math.su.se

EM + Ext_− + AC_{int} ⇐⇒ AC_{ext}

Jesper Carlström

Abstract

It is well known that the extensional axiom of choice (ACext) implies the law of excluded middle (EM). In this note it is proved that the converse holds as well if we have the intensional (‘type-theoretical’) axiom of choice ACint, which is provable in Martin-Löf’s type theory, and a weak extensionality principle (Ext−), which is provable in Martin-Löf’s extensional type theory. In particular, EM ⇔ ACext holds in extensional type theory.

The following is the principle AC_{int} of intensional choice: if A, B are sets and R a relation such that (∀y : B)(∃x : A)R(x, y) is true, there is a function g : B → A such that (∀y : B)R(g(y), y) is true. It is provable in Martin-Löf’s type theory [7, p. 50].

We may from this principle derive that surjective functions have right inverses: If =_B is an equivalence relation on B and f : A → B, we say that f is surjective if (∀y : B)(∃x : A)(f(x) =_B y) is true. If we take R(x, y)^{def}=(f(x) =_B y), we see that surjectivity is an instance of the premise needed to apply intensional choice. It gives us that there is a function g : B → A such that (∀y : B)(f(g(y)) =_B y) is true, that is, a right inverse of f.

This, however, does not mean that g is extensional, i.e., that it preserves equivalence relations. If =_A is an equivalence relation on A and =_B is an equivalence relation on B, it might very well happen that f preserves them but g does not. The principle AC_{ext} of extensional choice states precisely that the g obtained does preserve the equivalence relations. To be precise, it states that if R is an extensional relation (i.e., it respects the equivalence relations) and (∀y : B)(∃x : A)R(x, y) is true, there is an extensional function g : B → A such that (∀y : B)R(g(y), y) is true.

One cannot justify AC_{ext} from a constructive point of view, since it implies the principle of excluded middle.^1

In theories with sufficiently strong axioms for quotient sets, like ZF and other theories with a suitable powerset axiom, extensional choice is obviously equivalent with intensional choice. Therefore, we are used to hear the name “axiom of choice”, with little attention paid to the fact that extensionality of the choice is important.

1This was left as an exercise by Bishop [1, p. 58, pb. 2]. It was proved for toposes by Diaconescu [3], for intuitionistic set theory by Goodman–Myhill [4], and for type theory e.g. by Chicli–Pottier–Simpson [2] (there are also related results in [5, 6]). We include an alternative proof in the proof of the theorem of this note.

Proposition (well-known). AC_{int} is equivalent with the principle that every surjective function f : A → B has a right inverse g.

B/ Id(B) g � � � � �_π � � � �

A/=_A^f � � B/=_B

AC_{ext} is equivalent with the principle that every surjective and extensional function f : A/=_A → B/=_B has an extensional right inverse g.

B/=_B g � � � � �_{1B} � � � �

A/=_A^f � � B/=_B

Proof. We have already commented that AC_{int} and AC_{ext} imply the corresponding principles. It remains to prove the converse implications. Here is a sketch, the details are left to the reader. It suffices to consider AC_{ext}, since AC_{int} can be seen as the special case when the equalities are Id(A) and Id(B).

Given an extensional relation R between sets A, B. Form the set {(x, y) ∈ A × B | R(x, y)},^2 with equality inherited from A × B.

(a, b) =_× (a^′, b^′) ⇐⇒ a =_A a^′ ∧ b =_B b^′

Let f be the right projection (x, y) → y, which is surjective and extensional. Hence there is an extensional right inverse g. Compose it with the left projection (x, y) → x, which is also extensional, and you have the function which is asserted to exist by AC_{ext}.

Let us define also the other principles we will consider.

• EM is the principle of excluded middle, i.e., that if A is a proposition, A ∨ ¬A is true.

• Ext is the principle which, expressed in type-theoretical terms, says the following. Let A, B be sets and f, g : A → B. We define extensional equality as

(f^{ext}= g)^{def}= (∀x : A) Id(B, app(f, x), app(g, x)) .

Ext says that if f^{ext}= g, Id(A → B, f, g) is true. This principle is provable in extensional type theory [8, pp. 76–77]. That is generally considered as a drawback of this theory, because there is no constructive evidence for Ext. It is not derivable in Martin-Löf’s intensional type theory, since if it was, we could decide if number-theoretic functions are extensionally equal [8, p. 76].^3

2In type theory, the set should be (Σz : A × B)R(π_ℓ(z), π_r(z)), where π_ℓ and π_r are the left and right projections, respectively.

3Thanks to Per Martin-Löf for reminding me of this argument.

• Ext_− was invented for the proof of the theorem below. In categorical terms, it expresses that if A, B are sets, then (A → B)/^{ext}= is projective in the category of sets with equivalence relations (setoids). In elementary terms, it says that for any sets A, B, there is an endofunction ^· on A → B such that f^{ext}= f̂ for every f and f^{ext}= g ⇒ Id(A → B, f̂, ĝ). It is a weakening of Ext since if we have Ext we can take f̂^{def}= f. It is also a weakening of AC_{ext}, since it says that the projection (A → B)/Id(A → B) → (A → B)/^{ext}= has an extensional right inverse. Also Ext_− is impossible to derive in type theory, by the same argument as for Ext.

Our proof will actually use Ext_− only in the case when B is Bool, so we could have weakened it further.

Theorem. EM + Ext_− + AC_{int} ⇔ AC_{ext}

Proof. (AC_{ext} ⇒ EM + Ext_− + AC_{int}) We have already remarked that Ext_− is a weakening of AC_{ext}, and of course, so is AC_{int}. So it remains to prove AC_{ext} ⇒ EM. The proofs in [3, 4, 2] can all be used but we include one which is more natural in the present setting.

Fix a proposition P . We shall prove that it is decidable, using AC_{ext}. Let, for a, b : Bool,

R(a, b)^{def}= Id(Bool, a, b) ∨ P .

R is then an equivalence relation and it is, trivially, extensional with respect to the equality Id(Bool) in the first argument and with respect to itself in the second argument. Further, (∀y : Bool)(∃x : Bool)R(x, y) is true, since we can take y for x. Hence we may apply AC_{ext}.

We get an extensional function g : Bool /R → Bool / Id(Bool) with R(g(b), b) true for every b : Bool. In particular, if Id(Bool, g(a), g(b)) is true, so is R(a, b). On the other hand, since g preserves the equalities, R(a, b) ⇒ Id(Bool, g(a), g(b)). So R(a, b) ⇔ Id(Bool, g(a), g(b)), hence R is decidable.

Now observe that R(0, 1) ⇔ P (using a universe reflecting ⊥ and ⊤), so also P is decidable.

(EM+Ext_−+AC_{int} ⇒ AC_{ext}) The idea of the proof is very simple: if we have excluded middle, we can prove that prop /⇔ is isomorphic to Bool /Id(Bool). Hence subsets correspond to boolean characteristic functions. Now, because we have a principle saying that functions f, g, which are pointwise identical, correspond, via the operation ^·, to identical functions, we can conclude that extensionally equal subsets correspond to identical boolean functions. Hence we can pick representatives out of equivalence classes in an extensional way. This is sufficient to prove AC_{ext} in a few steps.

Let us turn this idea into a rigorous proof.

Suppose A, B are sets and =_A and =_B equivalence relations on them. Suppose R is extensional and that (∀y : B)(∃x : A)R(x, y) is true. We shall construct an extensional function g : B → A which satisfies (∀y : B)R(g(y), y). We suppose in the following that B is inhabited, since the case when B is empty is trivial and because we have EM we may decide which is the case.

First apply intensional choice, so that we get a function g : B → A with (∀y : B)R(g(y), y) true. This g need not be extensional, but we will construct a new one which is. The idea is to compose g with another function which picks unique representatives from equivalence classes. This function will be built in three parts, called [·], ^· and g^′.

B→Bool Id(B→Bool)

g^′ � � � � � B/ Id(B) g � � � �_π � � � � B→Bool ext=

^· � � � � �

A/=_A^R B/=_B [·] � � �

Define a valuation v : prop → Bool which takes true propositions to 1 and false propositions to 0. That can be done in Martin-Löf’s type theory using em(P ) : P ∨ ¬P (P : prop), which exists by EM:

v(P )^{def}= when(em(P ), (x)1, (x)0) : Bool .

The inverse v^{−1} : Bool → prop is defined by

v^{−1}(p)^{def}= Id(Bool, p, 1) .

These functions are extensional in the sense that they preserve the equalities ⇔, Id(Bool) and they are inverses in the sense that Id(Bool, v(v^{−1}(p)), p) is true for every p : Bool and v^{−1}(v(P )) ⇔ P is true for every P : prop.

Let us denote by [b] the characteristic boolean function

λx.v(x =_B b) : B → Bool .

We will construct a left inverse to the function [·] : B → (B → Bool) using intensional choice. Let, for b : B and f : B → Bool,

R^′(b, f)^{def}= (∃x : B)v^{−1}(app(f, x)) → v^{−1}(app(f, b))

and note the following fact, which will be very useful:

R^′(b, [b^′])^{def}=(∃x : B)v^{−1}(app([b^′], b)) → v^{−1}(app([b^′], b))

def=(∃x : B)v^{−1}(v(x =_B b^′)) → v^{−1}(v(b =_B b^′)) ⇔ (∃x : B)(x =_B b^′) → (b =_B b^′) ⇔ (b =_B b^′).

The proposition (∀y : B → Bool)(∃x : B)R^′(x, y) is easily proved using EM and that B is inhabited: For every f : B → Bool, make a case analysis on (∃x : B)v^{−1}(app(f, x)). If it is true, say v^{−1}(app(f, b)) is true, then R^′(f, b) is true and hence (∃x : B)R^′(x, f) is true. If (∃x : B)v^{−1}(app(f, x)) is false, R^′(b, f) is vacuously true for any b : B, and hence, since B is inhabited, (∃x : B)R^′(x, f) is true in this case too.

Hence intensional choice gives us a function g^′ : (B → Bool) → B such that (∀y : B → Bool)R^′(g^′(y), y) is true.

It is clear that all functions in the diagram above are indeed extensional in the sense that they preserve the equalities indicated. For ^· and g this is true by construction. For g^′ and π it follows from the fact that all functions preserve Id-equalities. For [·] it is true by the definition of^{ext}=.

It remains to prove (∀y : B)R(g(g^′(^[y])), y). So take an arbitrary b : B and prove R(g(g^′( ^[b])), b). By construction of g, we have R(g(g^′( ^[b])), g^′( ^[b])) true and so, since R is extensional in the second argument, it suffices to prove g^′( ^[b]) =_B b. Our ’useful fact’ gives us that this is equivalent to R^′(g^′( ^[b]), [b]), which in turn is equivalent to R^′(g^′( ^[b]), ^[b]) (just plug this into the definition of R^′ and use [b]^{ext}= ^[b]). But this is true since (∀y : B → Bool)R^′(g^′(y), y) is true by construction of g^′.

Acknowledgements

I wish to thank Peter M. Schuster for several good comments on an early version of this note. In particular, the idea to put in some diagrams was a really good one. Thanks also to Per Martin-Löf, with whom I have had many interesting discussions about axioms of choice. He also gave me many interesting comments.

References

[1] E. Bishop. Foundations of Constructive Analysis. McGraw–Hill, 1967.

[2] L. Chicli, L. Pottier, and C. Simpson. Mathematical quotients and quotient types in Coq. In Herman Geuvers and Freek Wiedijk, eds., Types for Proofs and Programs, Second International Workshop, TYPES 2002, Berg en Dal, The Netherlands, April 24–28, 2002, Selected Papers, volume 2646 of Lecture Notes in Computer Science, pp. 95–107. Springer, 2003.

[3] R. Diaconescu. Axiom of choice and complementation. In Proceedings of A.M.S., volume 51, pp. 176–178, 1975.

[4] N. D. Goodman and J. Myhill. Choice implies excluded middle. Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, 24:461, 1978.

[5] M. Maietti. About effective quotients in constructive type theory. In T. Altenkirch, W. Naraschewski, and B. Reus, eds., Types for proofs and programs. International workshop, TYPES ’98, LNCS, 1999.

[6] M. Maietti and S. Valentini. Can you add powersets to Martin-Löf intuitionistic type theory? Mathematical Logic Quarterly, 45, 1999.

[7] P. Martin-Löf. Intuitionistic Type Theory. Bibliopolis, Naples, 1984.

[8] B. Nordström, K. Petersson, and J. Smith. Programming in Martin-Löf’s Type Theory. Oxford University Press, 1990. http://www.cs.chalmers.

se/Cs/Research/Logic/book/.