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s r p�isp�qtlvuxwPh5lyi{ztk!lvi|w}qth�~�pBu�ztly�5pxkmwP�ju p
P n

k �%�#� pd��ly�v�Pp�qmz`k�p�qtlypBk�hj��z � pu h5q�qtp�k�wDhjisnWlvi r u�h�hjq*nWlyiP��z�p�q�lvi r A = S/I = k[x0, . . . , xn]/I
lvkd��i}h���i�z�h��Pp

∑

i≥0 min(
(

n+i
i

)

, s)zi ��� p �m�/q��}��� ���#� pF�/h5k����}� � hj ;hj�vh r5¡ hj�
A ¢ H = TorS(A, k) ¢lok?��i}h���i�zth�k���z�lok�� ¡ Hi,j = 0

l£�
j 6= d+ i−1, d+ i

�¤h5qJ��u p�qmz*��lvi
d ¥ n}p�wDp�isnWlvi r h5i

n
��iPn

s ¦�¢ �}�}zJz � p�q�p��jq�p����vh�zJh��T�}is�jisk��Fp�q�pBn:§{�}pBk�ztlyh5isk �5�#� p�¨-lvi}ly `�j�s©�p�k�hj�v�Wztlyh5igFhji�~�p�u�zt�}qtp ¥ ¨
©�g ¦ kmzt��z�p�k�z � ��z��¤hjq��j�y�
i

�jisn9���v�
j ¢ Hi,j = 0

h5q
Hi+1,j = 0 ¢��iPn
z � p`kmwDp�u�lv�j�Ju��jk�p:z � ��z�z � lok,lvk�ztq��}p!�¤h5q

i = 1
lok�u��j�y�vp�n
z � p`ª�n}p���� � p�i}p�q*��ztlyi rgFhji�~�p�u�zt�}qtp ¥ ª � g ¦ �{�#� p/¨
©�g � �jkJqtp�u�p�i{z�� ¡ �Pp�p�i«nWlokmwsq�h��5p�n � ¬ l£�®%h;¯5¯°� ¢ � � lv�vp�ª � glok`k�ztly�v��hjwDp�i � ªMi�z � lok;ws��wDp�q`�±p²��ly�v��lyi{ztq�hWnW�su�p-��isp����jw}w}qth5�5u � z�h³kmz��sn ¡ z � pBkmpw}qthj�}�vp� `k ¢ is�� ;p�� ¡ z � qthj� r � z � p�´ � hj ;h�zthjw ¡«µ lvp���� r p��sqt��¶ ¢ gA ¢ h�� A ��#� p«¨
©�g· `� ¡ �Pp`qtp �¤h5q� :�}�o��z�pBn¸lvi9z�p�q� `k,hj�
gA � ªMi¹�º�5u�z ¢ z � p�q�p«�jq�p`u p�qmz*��lvii��} ��Dp�q*k

m
�jisn

t ¥ nWp�wDp�isn}lyi r hji
n

�jisn
s ¦ k��su � z � ��z�ly�

d > 2
z � p�i�¨¸©�g

� h5�vn}k�l£����iPn9hji}� ¡ ly�
dimk g

m+1,m+d−1
A = t

�jisn
g

m+2,m+d
A = 0 ��»¼� p�i d = 2z � p!k�l£zt�s��ztlyh5i¸lok,�«�}lyz� !h5q�p!u h5 !ws�ylou���z�p�n � µ p z ηA
�Pp:z � p�´�nWlo� r h5is���£¶ µ lvp!�j� r p��}q*�h��

gA ½ l � p � ¢ ηi
A = g

i,i
A

��isnb�vp z
L = ⊕i≥2η

i
A

��iPn«¾siP���v� ¡ Qi = (L/[L, L])i �}�#� p�ily�
d = 2 ¢ ¨
©�g � hj�on}k#l£�?��iPnbh5i}� ¡ l£�

dimk Qm+1 = t
�jisn

Qm+2 = 0 �¬ �5p�i¿l£��z � p¸u��5kmp
d > 2

lok`p��5kmlvp�q ¢ �Fp
n}h³i}h�z«��i}h��'��i ¡ �jw}w}�vlvu���z�lvhji�h��,lyz ���h��±p��5p�q!lyi�z � p
u��jk�pd� � p�i d = 2 ¢ z � p µ lyp-��� r p��}q*� ηA
lok;p ÀWw}�vlou lyz�� ¡�r lv�jp�i��jkz � p,�¤q�p�p µ lvp���� r p��sqt�!hji

n + 1
hWn}nd�°�jq�lo���s�ypBk# !hWnW�s�yh;z � p�lonWp��j� r p�isp�q*��z�pBnx� ¡ z � pkt§5�P��qtp�kJhj�

s r p�i}p�q�lou��vlyisp���qF�¤hjqt `k �5» p � �°�5p��sk�p�nx�:¨
��z � p� `��z�lou���w}qth r qt�j Áu����v�ypBn´m�ylvp�nWlv :¶��jisn:l£z*k±gÂ�®�jp�q*k�lyh5i�´�u �s�5kM¶Âzth�u h5 !ws�Wz�p#z � p�kmwP�ju p
Q

�j�Ph��5p±�¤hjqJk�hj ;p������v�}p�kh��
n

��iPn
s � ªMi¹z � lok��#� ¡ �Fp � �°�5p:�Dp�p�i³���}�vp;z�h²w}qth��jp;¨
©�g·�jisn�ª � gÃlvi³kmh5 !pi}p��Äu��jk�p�k �» p � �°�5p����okmh:k�zt�snWlvp�n`lonWp��j�vk r p�i}p�q*��ztp�n;� ¡!r p�isp�qtlvu�§{�s�5nWq*��z�lou#�¤h5q� `kFlyi«wDhj� ¡ i}h�� ;lv�j�%q�lvi r k/��isn¸p À�z�p�q�lvhjq���� r p��}qt�5k���iPn
lonWp��j�vk r p�i}p�q*��ztp�n²� ¡²r p�isp�qtlvu:§5�P�jnWq*��ztlvu µ lypp��vp� ;p�i5z*k#lyid�¤qtp�p µ lyp���� r p��}q*�jk ��#� p�wP��wDp�qJlokJh5q r ��i}lv��pBn!�5k%�¤hj�v�vh���k � ªMixÅWp�u�ztlyh5ibÆ/z � p/�/h5k����}�}nW�P���slokÂn}p ¾si}pBn;�¤hjq

r p�i}p�q*���Çk��}wDp�q*��� r p��sqt�5k ¢ lyidws��q�z�lou �s�v�jqF�¤h5q r q*�jnWpBnxu h5 ; ��Wz*��z�lv�jp,��� r p��}q*�jk �{�#� lok#��lv�y��Dp���w}ws�ylvp�ndzth`z � p!��h{km���}� � h5 !h5�yh rj¡ �j� r p��}q*� ¢ � � lvu �-� �jk r p�i}p�qt��z�hjq*k#h��%�Dh�z � p��jp�i��iPn�hWn}n!nWp r q�p�p�k � ªMi`ÅWp�u�ztlyh5i!È/z � p � hj ;h�zthjw ¡�µ lvp���� r p��}q*��lok%lyi{z�qthWnW�su�p�n��¤hjq r q*�jn}p�nu h5 ; ��Wz*��z�lv�jp`�j� r p��}q*�jk�z � q�h5� r �  ;lyisly `���F ;h�n}p��ok���isn¹lvi|Å�p�u z�lvhji9É
�dz � p�hjqtp� Êlvk
∗ Ë�Ì#Í�Î£ÏBÐÒÑ*Ó Ô{ÕfÖ�Ñt×QØ�Ö�Ñt×ÒÙ�ÚjÛ ÜÒÝ{Û ÜQØ
† Ë�Ì#Í�Î£ÏBÞ�ÓßÑ*Ü®ÕfÖ�Ñt×QØ�Ö�Ñt×ÒÙ�ÚjÛ ÜÒÝ{Û ÜQØ
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w}qth��jpBn/� � lvu � qtp��o��ztp�k wP��q�ztkÇhj�Wz � p±��h{km���}� � h5 !h5�yh rj¡ �j� r p��}q*����iPn�z � p � hj ;h�zthjw ¡/µ lyp��� r p��}q*�;� ¡  ;p��jisk�hj�?�/h5k����s�2nW�s�j�ylyz ¡ � ªMi-�º�ju z ¢ k�lvisu p��±p��jq�p�n}p����vlvi r ��lyz � k��}wPp�qt�j�£�
r p��}q*�jk ¢ hj�}qFz � p�hjqtp� Á `� ¡ ���okmh��Dp/�jw}w}�vlypBn;z�h!§{�}h�ztlyp�i5z*kÂhj� p À�z�p�q�lvhjqF��� r p��sqt�5k ¥ h5qJz�h§{�}h�ztlyp�i{ztk±h���z�p�iPkmh5qFw}qthWnW�su ztk#h���p À�z�p�q�lvhjq#��� r p��}qt�5kF�jisn«wDhj� ¡ i}hj ;lo���Ç��� r p��}q*�jk ¦ � ��h���±p��jp�q ¢ lvi!z � p�p�À{ztp�qtlyh5q?��� r p��sqt�/u��jk�p ¢ TorS(A, k)

lok%lvi r p�i}p�qt�j��lyiW¾Pi}l£ztp �MnWlv !p�isk�lyh5is�����iPn«z � p�u h5q�qtp�k�wPh5isnWlvi r;µ lvp,�j� r p��}q*�:lvk��ji;´mhjq*nWlvis��q ¡ ¶ µ lvp���� r p��sqt� ¥ i}h5iW�Mkm�}wDp�q ¦ �ªMi�Å�pBu�z�lvhji � �Fp-lvi{z�qth�n}�su p-z � p�¨¸©�g��jisn¿ª � g�u hji�~�p�u�zt�}qtp�k«�jisn¼��w}ws� ¡ z � pz � p�hjqtp�  lvidÅ�pBu�ztlyh5ixÉ�lvixh5qtn}p�qJzth:qtp �¤h5q� :�}�o��z�p�z � p,u h5i�~�p�u z��}qtp�kFlyixz�p�q� `k±h��Çz � p µ lyp��� r p��}q*� L
�jktkmhWu lo��ztp�n�z�h

A ��» pb�j�vk�h
w}qth��jp«�b´� ;hjish�z�h5i}lou lyz ¡ ¶«w}qthjwDp�q�z ¡j¢ � � lvu �lv !ws�ylvp�kFz � ��z#l£��u�hj�}i{ztp�qtp À}�� ;w}�vp�kÂz�h!¨
©�g�p ÀWlok�z*kJ�¤h5q#� r lv�jp�i n ¢ z � p�ibz � p�q�p � �jkÂz�h�Dp,u�hj�}i{ztp�qtp À}�� ;w}�vp�kÂ�¤hjq�k�wPpBu lo���T�����v�}p�k#hj�
s � � hjq#ª � g¿z � lok � hj�on}kF�¤hjq���z� !h{k�z±z��±h�����v�}p�kJh��

s
�¤hjqÂp��ju � n � ªMixÅ�pBu�z�lvhji��,�±p�w}qtp�k�p�i{zÂk�hj ;p#z � p�hjqtp� `kJ�j�Ph5�WzF¨
©�g���iPnª � gÁh5�Wzt�jlyi}pBn³� ¡ u hj ;w}�}zt��ztlyh5isk��jisn³� ¡ z � p«z � p�hjq ¡ �¤q�h5  z � pdw}qtp���lyh5�sk�k�p�u z�lvhji ��#� p�u�hj ;w}�Wz*��z�lvhjiPk���qtp/w}qtp�k�p�i{ztp�nblyi
Å�pBu�z�lvhji¹�j� �ªMi|Å�pBu�z�lvhji��b�±pxkmz��sn ¡ qtlyi r k�hj�±z � p«�¤h5q� 

k[x1, . . . , xn]/(f1, . . . , fr) ¢ � � p�qtp
f1, . . . , fr

�jq�p r p�isp�qtlvu�§5�P�jnWq*��ztlvu
�¤hjqt ;k �±» p9w}qth��jp-z � ��zdz � p�qtlyi r lokd�/h5k����s�/ly���iPn¿hji}� ¡ ly�
r ≤ n

h5q
r ≥

(

n+1
2

)

− n2/4 �F�#� p
u�hjqtq�pBkmwDhjisn}lyi r qtp�k��}�yz`�¤hjq µ lyp��� r p��}q*�jk!lvk`�j�vk�h9hj�Wz*��lvi}p�n �?» p¸kmz��Pn ¡ z � p
kmp�q�lvp�k!hj� µ lyp
�j� r p��}q*�jk:hj�Wz*��lvi}p�n��¤qthj 
r p�i}p�qtlou-§5�P�jnWq*��ztlvu-�j� r p��}q*�jk;h5qbnWp�¾si}p�n¿� ¡�r p�i}p�qtlvu¸§5�P�jnWq*��ztlvu µ lyp
qtp��o��ztlyh5isk �J» p `���5p:k�hj ;p!u�hji�~�pBu�zt�}q�pBk/�jisn
wsq�h��5p�z � p�  lvi�k�hj ;p!k�wDp�u lo���?u��jk�p�k � ªMi9Å�p�u z�lvhji��b�±pkmzt��ztpF�/u hji�~�p�u�zt�}qtpF���Dhj�}z2z � p µ lyp±��� r p��sqt�#�¤h5q z � p±u�h�hjq*nWlyiP��z�pÂq�lvi r hj�s��k�p zfh�� r p�i}p�qtlouwDhjlvi5z*k ¢ �jisn`�±p/w}qth��jp�l£z#lyidkmh5 ;p/u��5kmpBk � ªMidÅWp�u�ztlyh5ix¯:�Fp�k�zt�sn ¡ z � p/%hjlvisu���q���kmp�q�lvp�k�¤hjqfz � p�k�p�u h�hjq*nWlvis��ztpÂqtlyi r k � ªMi;Å�p�u z�lvhjid�	��¾sis���v� ¡j¢ �Fp#kmz��sn ¡ z � p�§{�}h�ztlyp�i{zfhj�Pp À�ztp�qtlyh5q��� r p��}q*�jk���lyz � r p�i}p�q�lou«§{�s�5nWqt��z�lou;�¤hjqt `k��jisn¹z � p�lyq;u h5q�qtp�k�wDhjisnWlvi r�¥ hjq*nWlyiP��q ¡W¦,µ lyp��� r p��}q*�jk � ªMi�ws�jqmztlvu��}�v�jq��±pbkmz��sn ¡ z � pxp�À�z�p�qtlvhjq:�j� r p��}q*�²lvi � ����qtlo���}�vp�k� !hWnW�s�yh9Æhjq�È r p�i}p�qtlou�§{�s�jnWq*��ztlvu��¤hjqt ;k �P�#� p:��lv�v�Pp�qmz,kmp�q�lvp�k�z��}qti}p�n
hj�Wz/z�hx�Dp�ish�z�z � p�h5i}p�k� � lou � �±p�qtp,p ÀWwDp�u�ztp�n �

 ������ ^����±a���_ba����

» p���ly�v�Tu hjiPkmlonWp�q
Z2×N

� r qt�5nWp�n ¥ hjq Z2×N×N
� r qt�5nWp�n ¦ �jktkmhWu lo��ztly�5p���� r p��sqt�5k%hjq

µ lvp,��� r p��sqt�5kJh��jp�qF��¾sp��on
k

hj��u � ��q*�ju z�p�q�lok�ztlvu�nWl��Tp�qtp�i{z±�¤q�h5  z��±h ���#� p Z2
� r qt�5nWlvi r¥ �j�vk�hxu����v�ypBn²z � p�´mws��qtl£z ¡ ¶ ¦ h��Â�ji
p��vp� ;p�i5z

x
lok/n}p�i}hjz�p�n |x| ��iPn-�Fp:�sk��sk��j�y� ¡ zt�j�y����Dhj�}z?´mp��5p�i�¶/�jisn:´mhWn}n{¶�p��vp� ;p�i5z*k#u hjqtqtp�k�wPh5isnWlvi r z�h!� � p�z � p�q |x| = 0

h5q |x| = 1 ��#� lok r q*�jn}lyi r  `���5p�k;hj�sq«��� r p��sqt�5k,´�k��}wPp�qt�j� r p��}q*�jk�¶ ¢ �jisn|lyzxlok;z � lvk r qt�5nWlvi r z � ��znWp�z�p�qt ;lyisp�k#z � p�kml r i²� � p�idz��Fh;p��vp� ;p�i5z*k�lvi²�!�¤h5q� :�}�o�!�jq�p,lvi{z�p�q*u � �ji r pBn ½ p � r � ¢ z � pr q*�jn}p�n�u�hj ; ��}zt��zthjq%lok?nWp ¾sisp�n;�jk
[a, b] = ab−(−1)|a||b|ba

�jisn�z � p r q*�jn}p�n��{�ju�hj�}llonWp�i{z�lyz ¡ lok
[[a, b], c] = [a, [b, c]] + (−1)|b||c|[[a, c], b] �2�#� p«�5n}nWlyz�lvhjis�j�

N
� r q*�jnWlvi r k��qtp�u��j�y�vp�n;´��±p�l r � z*kM¶��jisnxz � p ¡ � �°�5p/i}h;p��DpBu�z�hji-k�l r isk#lvix�¤h5q� :�}�v�5k ��#� p��/h5k����}�WnW�P���

A! h��Ç�
Z2×N

� r qt�5nWp�n¿u�hji}i}pBu�ztp�n
k
�M��� r p��}qt� A = k⊕A1⊕

A2⊕· · ·
lokF� r �jlyi«�

Z2×N
� r q*�jn}p�n u�hji}i}pBu�ztp�n

k
�®�j� r p��}q*����iPn` `� ¡ �Dp/nWp�¾si}pBn«�jkz � p�km�s�s��� r p��}qt�!hj�

ExtA(k, k) r p�isp�q*��z�pBnd� ¡ z � p�p��vp� ;p�i{ztk�h�� � h5 !h5�yh r lou��j�Tn}p r qtp�p��iPn|�±p�l r � z;p�§{�s���±zth¹h5i}p �?�#� p-�j� r p��}q*� A
lvk`u����v�ypBn|�¹��h{km���}����� r p��}qt�¸l£�

A! =
ExtA(k, k) �?�#� p²��h{km���}�±n}�s���± `� ¡ �Dp²u hj ;w}�}z�p�n|�sk�lyi r z � pdu�hj�s�jq:u h5iskmz�qt�su�ztlyh5i
(T((sA+)∗), d) ¢ u�� � � n�� �°� � ��p�qtp

A+
lok/z � p;kmp�z�hj�Âp��vp� ;p�i5z*k�h��ÂwDh5k�l£ztly�5p��±p�l r � z ¢� � lou � lvk�u hjiPkmlonWp�qtp�n�zth
�Ppbu hjiPu p�i{ztqt��z�p�n¹lvi � hj ;h5�yh r lou����?nWp r qtp�p`��p�qth ¢ T

k�z*��isn}k�¤hjqÂ´�z�p�isk�hjq���� r p��}qt��¶/��isn
s

lok#z � p�k��sk�wPp�iskmlvhjib�¤�}isu z�h5q ¢ � � lvu � u � ��i r p�k±ws�jq�lyz ¡ �jisnq*��lokmpBk±z � p � hj ;hj�vh r lvu���� nWp r qtp�p,� ¡ h5i}p ¢ � � ly�vp�z � p��Fp�l r � z�lvk��yp�� z��}isu � �ji r pBnd� ¡ s ��#� p�nWl!�Tp�qtp�i{z�lo���
d

lok±z � p�nWp�q�lv����ztlyh5ib� � lou � p À�z�p�isn}k±z � p� `��w

Æ



(sA+)∗
s→ A∗+

m∗

→ (A+ ⊗A+)∗
(φA+

)−1

→ (sA+)∗ ⊗ (sA+)∗ ,

� � p�q�p m : A+ ⊗ A+ → A+
lvkx ��}�yz�lvw}�vlvu���ztlyh5i���isn

φA+

lokb�³iP��z��sqt�j��lvk�h�� ;hjqtw � lokm  φV
�jw}w}�vlypBn zth

V = A+ � ª®z
lvk¸nWp ¾sisp�n �jk²�¤h5�y�vh���k � µ p z V
�Dp��

Z2 × N
� r qt�5nWp�n �5p�u�zthjqxk�ws�5u p ¢ z � p�i φV : (sV )∗ ⊗ (sV )∗ → (V ⊗ V )∗

lvk«n}p ¾}�i}pBnb� ¡ φ(f ⊗ g) = (f ⊗ g) ◦ (s⊗ s)
�¤h5q

f, g ∈ (sV )∗ � � hj�v�yh���lvi r z � p:k�ztq�lou�z�k�l r iqt�}�yp ¢ z � lok� ;p��jisk±z � ��z�z � p,�¤hj�v�yh���lvi r � hj�on}k#�¤h5q
a, b ∈ V �

(φ(f ⊗ g))(a⊗ b) = (−1)|a|+|g||sa|f(sa)g(sb) =

(−1)|a|+|f ||g|f(sa)g(sb) = −(−1)|sa||b|f(sa)g(sb) .

ª®z�lok#p��jk ¡ zth!wsq�h��5p ¥ u�� � Âq � �°� ¢ � µ � � �°� ¦ z � ��z
A! = T((sA1)

∗)/〈d((sA2)
∗)〉 .

��p�q�p
A! h5i}� ¡ nWp�wDp�iPn}k�hjidz � p�´ ���MÆ��®�j� r p��}q*�,h��

A
¶ ¢

T(A1)/〈ker(A1 ⊗A1 → A2)〉 ,
� � lou � lvid�º�ju z�lvk#pB§5�P���Çzth

(A!)! ��#� lok r lv�jpBkDz � pJ�¤hj�v�yh���lvi r nWp�ktu qtlvwWz�lvhji,h��{z � pÂ��h{km���}��nW�s�j� � µ p z V
�DpÂ�

Z2
� r qt�5nWp�n¾si}lyz�p��®n}ly ;p�iPkmlvhjis�j� ¥ h5q2�vhWu����v� ¡ ¾si}lyz�p��®n}ly ;p�iPkmlvhjis�j�

Z2×N
� r q*�jnWpBn ¦ �5p�u�zthjq k�ws�ju�pÂ��iPn

R
� � hj ;h r p�i}p�hj�sk#k��}�sk�ws�ju�p�hj�

V ⊗ V �}�#� p�i
(T(V )/〈R〉)! = T((sV )∗)/〈φ−1

V R⊥〉 ,
� � p�q�p s

lok-z � p�ws�jq�lyz ¡ k���lyztu � p�q ¢ R⊥ = {f ∈ (V ⊗ V )∗; f(R) = 0} ��isn
φV : (sV )∗ ⊗ (sV )∗ → (V ⊗ V )∗

lok`z � p¸lokmh5 ;hjqtw � lokm  nWp ¾Pi}p�n �j�Ph��5p � ªMi u h��hjq*nWlvis��ztp�k�z � lok, ;p��jisk/z � p!�¤hj�v�vh���lyi r¹¥ �±p � �°�jp!u � ��i r p�n²z � p!�¤hjqt ��}�o�jk/� ¡ � r �vhj�s�j�
−1 ¦ � ª®� {x, y, . . . } lokJ���s�jk�lokf�¤hjq

V
��isn {X, Y, . . .} lvk?�,�P�jk�lvkf�¤h5q

(sV )∗
nW�P����z�h

{sx, sy, . . . } ¢ z � p�i:�ji�p��vp� ;p�i5z
X⊗Y

lvkfu h5isk�lvnWp�q�pBn,z�h/hjwDp�q*��ztpÂhji:���s�5kmlok2p��yp� ;p�i{z
a⊗ b

� ¡ z � p,q��s�yp
(X ⊗ Y )(a⊗ b) = 0

l£�
a 6= x

h5q
b 6= y ¢ (X ⊗X)(x⊗ x) = 1��iPn

(X ⊗ Y )(x⊗ y) =

{

−1
ly�

x
lvk#p��jp�i-�jisn

y
lvk�hWn}n

1
h�z � p�qt��lvk�p ��/�sk�p�qt�jp�z � ��z±z � lok�kmh5 !p�� � ��z�kmz�q*��i r p�qt�}�yp��¤h5�y�vh���kJ�¤qthj  z � p��º�ju z#z � ��z±z � p�km�PkmwDp�iW�k�lyh5i

s � �5k±z�h;ws�5k�k
x

�Pp��¤hjqtp
Y

ws�5k�k�p�k
sx �

�������	��
������� µ p z |x| = 0, |y| = 1 �s�#� p�i
(k〈x, y〉/〈xy − yx, y2〉)! = k〈X, Y 〉/〈XY − Y X, X2〉 ,

� � p�q�p |X | = 1, |Y | = 0 �
�#� lok�p�ÀW�j ;w}�yp�lvk�lyi¸�5u�u�hjq*n}��isu�p,��l£z � z � p��{ish���i²�º�ju�z�z � ��z�z � p ¬ À�zm�M��� r p��}q*�:hj��-�¤qtp�p r q*�jn}p�n�u�hj ; ��Wz*��ztly�5pb��� r p��}q*�-lvk��¤qtp�p r q*�jnWpBn�u h5 ! :�Wzt��z�lv�jpb��l£z � �
wP��qtl£z ¡k���l£z*u � ¥ u�� � � ¨
�;�j����È � �	� ¦ � ÅWp�p,JqthjwDh5k�l£ztlyh5i²Æ � Æ:�Dp��vh�� �

È



� h5qJ�
Z2

� r qt�5nWp�n��jpBu�zthjqJk�ws�ju�p
V ¢ �yp�z [V, V ]F

nWp�i}h�ztp#z � p/km�}�Pkmws�5u p#h��
V ⊗Vr p�i}p�q*��ztp�n � ¡ z � p r q*�jnWpBn u�hj ; ��Wz*��zthjq*k ���#� p�k��}�sktu qtlvwWz F q�p��¤p�q*kdz�h¿z � p9�º�ju�zz � ��z [V, V ]F

lokxu�hji{zt�jlyi}pBn¿lyi F(V ) ¢ z � p¸�¤q�p�p µ lvp��j� r p��}q*�9hji
V ¢ u h5iskmlonWp�q�pBn�jk�z � p µ lvpbk��}�s�j� r p��}q*� r p�i}p�qt��z�p�n9� ¡ V

lvi³z � pb�¤qtp�pb�5k�k�hWu lo��ztly�5p«��� r p��sqt� T(V ) ��#� p�i U(F(V )) = T(V ) ¢ � � p�q�p U
k�z*��isnsk��¤h5q,´m�}i}lv�jp�qtkt���Jp�i��jp��vhjwslyi r �j� r p��}q*�°¶ ��#� p9�¤qtp�p r q*�jn}p�nÄu hj ; :�Wzt��z�lv�jp³��� r p��}qt��hji

V ¢ n}p�i}hjz�p�n ∧

(V ) ¢ lvk¸nWp ¾sisp�n �jk
T(V )/〈[V, V ]F 〉 � � h��

V ∧ V = (V ⊗ V )/[V, V ]F
��isn � p�isu�p (V ∧ V )∗

 `� ¡¥ �jisnd��ly�v� ¦ �Pp�lonWp�i{ztl£¾spBnd��l£z � ([V, V ]F)⊥ ⊂ (V ⊗ V )∗ �
����� �����
	��
	��� ��� �������

V � ��� Z2 × N ���� �������� "!
#��� $ &%�')(�*$�+� � ��*$,-��(/.0*!�(��1 324��#5�+! �.768��#��9��(:�; "�5�
s � �-��<8��68� � *$�=%>.0?@*$�A#B</� �5C ����� R � �D�>.0E � .76/��#��9!GF

V ⊗ V
?�<H*#�<

#�!�(��+�1*$(8.
[V, V ]F

�1(��I "���
R = R/[V, V ]F CKJ !1(8.0*��� � ��<8�L,-�B6 φV = φ : (sV )∗ ⊗

(sV )∗ → (V⊗V )∗
���'M(����ONA��.K� � !124�QP � % φ(f⊗g)(a⊗b) = (−1)|a|+|g||sa|f(sa)g(sb) CR:<8�5(

(i) φ[(sV )∗, (sV )∗]F = ([V, V ]F )⊥

(ii) (
∧

(V )/〈R〉)! ∼= U(F((sV )∗)/〈φ−1R⊥〉)

(iii) (
∧

(V ))! ∼=
∧

((sV )∗)

(iv) R
∗ ∼= [(sV )∗, (sV )∗]F/φ−1R⊥ .

�����S��T �
(i) � µ p z f, g ∈ (sV )∗

�jisn
a, b ∈ V �}�#� p�i

φ(f ⊗ g)(a⊗ b− (−1)|a||b|b⊗ a) =

(−1)|a||b|+|b|+1f(sa)g(sb)− (−1)|a|+1f(sb)g(sa)
��isn

φ(g ⊗ f)(a⊗ b− (−1)|a||b|b⊗ a) =

(−1)|f ||g|+|a|g(sa)f(sb)− (−1)|f ||g|+|a||b|+|b|g(sb)f(sa) .

��p�isu p
φ(f ⊗ g) − (−1)|f ||g|φ(g ⊗ f)

lok���p�qth«hji
a ⊗ b− (−1)|a||b|b ⊗ a

��iPn
� p�isu p φ[(sV )∗, (sV )∗]F ⊂ ([V, V ]F )⊥ ���#� p�h�z � p�q?lvisu �v�sk�lyh5i��¤h5�y�vh���kf� ¡ nWlv ;p�isk�lyh5iqtp��jk�hjiPk �
(ii) ���#� lok2�¤hj�v�yh���k n}lyqtp�u z�� ¡ �¤qthj 

(i)
��isn�z � pÂn}p�ktu qtlywWztlyh5i�h���z � pF�/h5k����}�jn}�s���{���Dh��jp ¢k�lyisu�p ∧

(V )/〈R〉 ∼= T(V )/〈R〉 ��iPn
T((sV )∗)/〈φ−1R⊥〉 ∼= U

(

F((sV )∗)/〈φ−1R⊥〉
)

,

� � lou � lok#ztq��}p�k�lyiPu p ¢ φ−1R⊥ ⊂ φ−1([V, V ]F )⊥ = [(sV )∗, (sV )∗]F �
(iii) �}�#� lvk��¤hj�v�yh���kF�¤qthj 

(i)
��iPn

(ii)
��l£z � R = [V, V ]F �

(iv) �8U k�lyi r (i)
�±p r p z

R
∗

= (R/[V, V ]F )∗ ∼= ([V, V ]F )⊥/R⊥ ∼=
φ−1([V, V ]F)⊥/φ−1R⊥ = [(sV )∗, (sV )∗]F/φ−1R⊥ .

2 ªMi r p�i}p�q*��� ¢ �¤h5q:��i���� r  !p�i{z�p�n
k
�®�j� r p��}q*� A ¢ z � pdkm�}�P��� r p��sqt�dh��

ExtA(k, k)r p�i}p�q*��ztp�n`� ¡ Ext1A(k, k) � �5kÂqtp��o��ztlyh5isk±h���nWp r qtp�p r qtp���ztp�qFz � �ji«z��±h � ��h��±p��5p�qÂz � pqtp��o��z�lvhjiPkFhj�%n}p r qtp�p/z��±h! `� ¡ �Dp�nWpBk�u�q�lv�PpBnxp�ÀWw}�ylou lyz�� ¡ �
É



����� �����
	��
	��� ��� � �����
A � �9�1( ��E � ,��5(/�A��� k � �� � � ��� � ?@*$��< ��E � ,-��(��+�1�=*!1( *������ 

I
�1(��9 "���

gr(A) = k ⊕ I/I2 ⊕ I2/I3 ⊕ · · · � � �$</� ��� �������;�4.�.5! #5*���A���
k � �� � � ��� � CR:<8�5( ��<8��� ����� �1 � � �5� �9!GF

ExtA(k, k)
* . * .5!�,-! � 6/<H*# �A! �$</����!4.��5E  S��E/�� !GF gr(A) 	* C � C�


(ExtA(k, k)!)! ∼= (gr(A))! .

�����S��T � � �v���Fp�i}p�pBn lokbz�h¿u hjiPkmlonWp�qbz � p��Dp r lyi}islyi r h���z � p³u h5�s��qdu hjiPk�ztq��su z�lvhji ¢
(sI)∗

d→ (sI)∗ ⊗ (sI)∗ ¢ � � p�q�p d
lok;nWp ¾sisp�n��5k:�j�Ph��5p �2» p � �°�jp Ext1A(k, k) =

(sI2)⊥ � ��p�isu�p
ker

(

Ext1A(k, k)⊗ Ext1A(k, k) → Ext2A(k, k)
)

= im(d) ∩
(

(sI2)⊥ ⊗ (sI2)⊥
)

.

» lyz � φ
��iPn

m
�jk��j�Ph��5p/�±p � �°�jp φ(im(d)) = (ker(m))⊥

��iPn
φ

(

(sI2)⊥ ⊗ (sI2)⊥
)

= (I2 ⊗ I + I ⊗ I2)⊥ .

��p�isu p
φ ker

(

Ext1A(k, k)⊗ Ext1A(k, k) → Ext2A(k, k)
)

=
(

I2 ⊗ I + I ⊗ I2 + ker(m)
)⊥

� � lou � pB§5�P���ok
(m−1(I3))⊥ ¢ k�lvisu p

m(I2 ⊗ I) = I3 ���#� �skbz � p¿� ��Æ°�M��� r p��}q*��hj�
ExtA(k, k)

lvk�lok�hj ;hjqtw � lou�zth
T((sI2)⊥)/〈φ−1(m−1(I3))⊥〉 ��/ibz � p�hjz � p�q � ��isn

(gr(A))! = T((sI/I2)∗)/〈φ−1
I/I2(ker(I/I2 ⊗ I/I2 → I2/I3))⊥〉

µ h�h5�{lvi r ��z
(I/I2 ⊗ I/I2)∗

�jk��`k��}�sk�ws�5u p�h��
(I ⊗ I)∗ ¢ z � p�k�ws�ju�p

(

ker(I/I2 ⊗ I/I2 → I2/I3)
)⊥ ��ly�v� �Dp�lvn}p�i{z�ly¾sp�nd��lyz � (m−1(I3))⊥ � ��p�isu�p

(gr(A))! ∼= T((sI2)⊥)/〈φ−1
I (m−1(I3))⊥〉 .

2

» p:p�isn-z � lvk,k�p�u z�lvhji
��lyz � �xw}qthjwDh5k�lyz�lvhji-� � lou � ¢ u h5 ��}lvi}p�n
��l£z � JqthjwDh5k�l£ztlyh5i�Æ � È ¢��lv�y� �Dp��sk�p�nblyi
Å�pBu�ztlyh5idÉ �
����� �����
	��
	��� ����� �����

L � � � Z2×N
+ ���� ������� �3*���� � � ��� � 
  ! #��� $ %�')(�*$�+� � ��*$,-�5( �.0*!�(:�� !124� � k C ����� gr(L)

����(:!��A� ��<8� ��� �����B�>�4.�.5!
#�*�1�+���-�3*� �� � � ��� �D?@*$��< � �0.76/�B#5��A! �$</�O'M &� � ���7*!�( L ⊃ [L, L] ⊃ [L, [L, L] ⊃ · · · �1(��  "���
gr(U(L))

���5(�!1�+� ��<8�
��� �����B� �4.�.5! #5*���A��� �� � � ��� � ?@*$��< � ��.=6/��#�� �+!;��<8� ') &� � ���7*!�( ! � �+�1*$(����LF � !1, 6/!�?M� � .-!GF��<8� �1E � ,-�5(/�A���7*!�(9*������ C R:</��( gr(U(L))

��(:�
U(gr(L))

� � � (����7E � �1 $ &%L* .5!�,-! � 68< *#�4. ��� �������D�1 � � �5� �4. C
�����S��T � �#� p�qtpdlok«�¹is��z��}q*���� `�jw�hj� µ lyp-�j� r p��}q*�jk:�¤qthj 

gr(L)
zth9z � p µ lvp
��� r p ��}q*�-�jktkmhWu�lv��z�p�n¸z�h
z � px�j� r p��}q*� gr(U(L))

�jisn � p�iPu p;z � p�qtp«lvk�lyiPnW�su pBn³�²is��zt�}q*��� `��w�h�� r qt�5nWp�n��j� r p��}q*�jk U(gr(L)) → gr(U(L)) �%�#� lvk! `��w�lvk;k��}qº~�pBu�ztly�5p ¢ kmlvisu�p�Dh�z � ��� r p��}qt�5kJ��qtp r p�i}p�qt��z�pBn;� ¡ L/[L, L] ¥ nWp�wPp�isnWlvi r h5i`z � p��5k�k��} ;wWz�lvhji;z � ��z L

� �5k/�xwPh{kmlyz�lv�jp r q*�jnWlvi r�¦ � ÅWlyisu�p ¢ � ¡ �jktkm�s !w}z�lvhji ¢ �Phjz � ��� r p��sqt�5k���qtp��vhWu����v� ¡ ¾Pi}l£ztp �nWlv ;p�isk�lyh5is��� ¢ l£z#�¤hj�v�vh���kJz � ��z±z � p� `��wblvk#��iblvk�hj ;h5q�w � lvk�  ¢ k�lyiPu p�z � p���� r p��}qt�5k � �°�5pz � p�k��j !p���ly�v�Pp�qmz�k�p�qtlvp�k �
2

�



� ������d^�� ^,\�^������9e �����
	����d] �

µ p�z V
�Pp²�

Z2 × N
+ � r qt�5nWp�n �5p�u z�hjq;k�ws�ju�pxh��jp�q

k
��lyz � �P�jk�lvk {x1, . . . , xn} �» p
��ly�v�/�j�vk�h³nWp�ish�z�p²z � p-�¤qtp�p r qt�5nWp�n�u h5 ; ��Wz*��z�lv�jp-�j� r p��}q*�¹hji

V ¢ ∧

(V ) ¢ � ¡
k[x1, . . . , xn] � ª®z:lvk�z � px�¤q�p�p r q*�jnWpBn9�jktkmhWu lo��ztly�5p`��� r p��sqt� k〈x1, . . . , xn〉

 ;hWnW�}�vhz � p r q*�jn}p�n`u h5 ; ��Wz*��z�h5qtk
xixj − (−1)|xi||xj |xjxi � Å�h5 ;p z�lv ;p�k

V
��ly�v�D�Pp/lyiW¾Pi}l£ztp �nWlv ;p�isk�lyh5is��� ¢ �}�Wz��j�y�#� ¡ kF¾si}lyz�p �MnWlv ;p�isk�lyh5is���Çlvi²p��5u � �±p�l r � z �» p���ly�v�Tu hjiPkmlonWp�q

k
�M��� r p��}qt�5k A = S/I ¢ � � p�qtp S = k[x1, . . . , xn]

��isn
I

lok±�
� h5 !h r p�i}p�h5�sk?lonWp��j�s��lyz � qtp�k�wPpBu�zJzth��Dh�z � ws��qtlyz ¡ ��iPn`�Fp�l r � z �5� h�k��su � �

k
�®�j� r p��}q*�

A ¢ �Fp,��lv�y� n}p ¾si}p��
Z2 ×N

+ ×N
+ � r qt�5nWp�n µ lvp���� r p��sqt� gA 

z � p � h5 ;h�z�h5w ¡;µ lyp��� r p��}q*�:hj�
A � ª®z� `� ¡ �Pp�n}p ¾si}pBn²� ¡ z � p�w}qthjwDp�q�z ¡ U(gA) = ExtA(k, k) ¢ �}�Wz��Fp��lv�y� r ly�5p:�b !h5q�p!p ÀWw}�vlou lyz,nWp�¾si}lyz�lvhji ¥ �jisn¸ ;h5q�p!km�}lyzt�j�}�vp��¤h5q�h5�}q,w}�}qtwPh{kmpBk ¦ �sk�lyi rz � p� !lvi}lv `���  ;hWnWp��Çhj�

A ¥ u � � µ � ¯jÉ�� ¦ ��#� p- ;lvi}ly `�j�� ;hWnWp��/h��
A

lvkx��nWl!�Dp�q�p�i5ztlv�j����� r p��}q*� (
∧

V, d) ¢ � � p�qtp V
lok�

Z2 × N × N
+ � r q*�jnWpBn �jp�u z�h5q�kmws�5u p«�jisn9� � p�qtp;z � p«¾sq*k�z�n}p r qtp�p`lok�z � p«ws�jq�lyz ¡j¢z � p�kmpBu hjiPnbnWp r qtp�p�lvk±z � p � h5 !h5�yh r lou��j�Tn}p r qtp�p,��iPn«z � p,z � lvq*ndn}p r qtp�p�lok±z � p��±p�l r � z ��#� p�nWl!�Tp�qtp�i{z�lo���

d
lok��`nWp�q�lv����z�lvhjid� � lou � u � ��i r p�k#ws�jq�lyz ¡j¢ �vh��±p�q*kÂz � p � hj ;h5�yh r lou����nWp r qtp�p�� ¡ h5i}p��jisn;w}qtp�k�p�qt�jp�k%�±p�l r � z � ¨-h5q�p�h��jp�q

d
 `�jwsk

V
z�h ∧≥2

V = V ∧V +
V ∧ V ∧ V + · · · �}�#� p�u h5 !wDhjisp�i{z±hj�

d
 `�jw}w}lvi r V

z�h
V ∧ V

lok�u����v�vp�n
d2 ¥ lyztkp À�ztp�isk�lyh5id�5k��;nWp�qtly����z�lvhji²���okmh;k���z�lok�¾Pp�k

d2
2 = 0 ¦ ��#� p,qtlyi r A

lvk�u�hjisk�lvn}p�qtp�nx�5k#�!n}l��Tp�qtp�i{z�lo��� �j� r p��}q*����lyz � ��p�qth!nWl!�Tp�qtp�i{z�lo��� �jisnu h5isu p�i{z�q*��z�pBn�lyi � h5 ;hj�vh r lou��j�jnWp r qtp�p?��p�q�h ���#� p�q�pJlok2��km�}qÒ~�p�u z�lv�jp? `��w
ε : (

∧

V, d) →
A

wsq�pBkmp�q���lvi r �j�y�}n}p r qtp�pBk?��isn!lvisnW�su�lyi r ��i!lvk�hj ;hjqtw � lok� ·lyi � h5 ;hj�vh rj¡ ���#� lvkJ !pB��iskz � ��z Hi(
∧

V, d) = 0
�¤hjq � h5 !h5�yh r lou��j�DnWp r qtp�pBk i > 0

��isnbl£�
A = k[x1, . . . , xn]/Iz � p�i V

lvi � hj ;hj�vh r lvu�����n}p r qtp�p!��p�q�h � �5k��d�s�5kmlok
X1, . . . , Xn ¢ ε(Xi) = xi

�jisn
ε(im(d)) = I �f�#� pxu h5iskmz�qt�su�ztlyh5i�hj�

(
∧

V, d)
lok��-kmz�q*��l r � zm�¤h5q��#��q*n-w}qthWu p�n}�}q�p;hj���ly�v�vlyi r u ¡ u��ypBk#lyi-�! ;lyisly `���2�±� ¡
¥ kmp�p � µ � ¯jÉ�� �¤h5q� !h5q�p,nWp�zt��lv�ok ¦ ��#� p µ lyp��j� r p��}q*� gA

lokÂnWp�¾si}pBn:� ¡ (sV )∗
�jkJ�,�5p�u z�hjqJk�ws�5u p ¢ � � p�qtp s

u � �ji r pBkws�jq�lyz ¡j¢ q*��lokmpBk � hj ;hj�vh r lvu����TnWp r q�p�p�� ¡ h5i}p���isnbw}qtp�k�p�qt�jp�kF�±p�l r � z �}�#� p µ lyp,w}qthWnW�su�zhji
(sV )∗

lvk#lvibwsq�lvisu lvw}�vp�nWp ¾sisp�nd�jkFz � p�nW�P���Çh��
d2 � ¨
hjqtp/w}qtp�u�lvk�p�� ¡j¢ lyz�lvk�nWp�¾si}pBn�jk��! `��w

[(sV )∗, (sV )∗]F → (sV )∗
lvidz � p,�¤h5�y�vh���lvi r �#� ¡
¥ u � � JqthjwDh5k�lyz�lvhjidÆ � Æ ¦�¢

[(sV )∗, (sV )∗]F
φ→ ([V, V ]F )⊥ = (V ∧ V )∗

d∗2→ V ∗ s−1

→ (sV )∗ .

�#� lok? `��w!w}qtp�k�p�qt�jp�kf���v�snWp r qtp�pBkf�jisn:l£zJ `� ¡ �Dp�u � p�u*�5p�n�z � ��zJl£zÂkt��ztlvkm¾sp�kfz � p r q*�jn}p�n�{�ju h5�}l�lvnWp�i{z�lyz ¡ � ªMi u�h�hjq*nWlyiP��z�pBk«z � p µ lvp�wsq�hWnW�su zd `� ¡ �Dp r ly�5p�iÄ�jkx�¤hj�v�yh���k ¥ u �� � �d��É�� ¢ � �/�`¯5ÆB� ¦ �Å��}wswPh{kmp {x, y, z, . . . } lok���i¸hjq*nWp�qtp�nb�s�jk�lok��¤hjq
V

��isn²�vp z {X, Y, Z, . . .} nWp��i}hjz�p/z � p��s�jk�lokÂ�¤h5q
(sV )∗

nW�s�j�Dz�h {sx, sy, sz, . . .} � ª®� d2x =
∑

y≤z cxyzyz
z � p�i ¢

[Z, Y ] = −∑

x(−1)|y|cxyzX
l£�

y < z

(Y )2 = −∑

x cxyyX
l£�

Y
lvk#hWn}n �ªMisk�lvn}p

gA
z � p�q�pFlvk2z � p µ lvpFk��}�s�j� r p��}q*� ηA r p�i}p�q*��ztp�n�� ¡ g

1,1
A ¥ � hj ;h5�yh r lou����5nWp r q�p�p� �Fp�l r � z � � ¦ � ª®zxlok`w}qth��jpBn|lvi � µ � ¯�É���z � ��z ηA

u h5lyiPu lonWp�k;��lyz � z � p¸nWlo� r hjis�j�k��}�s��� r p��}q*� ⊕∞p≥1g
p,p
A

��isnblyz�lvk�wsq�h��5p�n«lvi � Jq � �°� ¢ � µ � � �°�2z � ��z U(ηA) = A! �� ���3� 	�� 	=��� � �� � �5�
gA � � ��<8�;<8!1,�!1�+!�6�% �@*� �1 � � �5� � !GF

A
��(��

ηA
��<8�;�3*�

.0E � �� � � �5� � !QF
gA � �5(�� � �1�+��� � % g

1,1
A C R:<8�I�@*� �� � � �5� � L = (ηA)≥2 = [ηA, ηA]* .9#��� $ "��� ��<8��� �3*�>�� � � ��� � ��.B.5!
#�*�1�+��� �+!

A �C�� � </�4.-�7?M! ��� ��� ���0. 
 ��68� � *$�=% �1(�� �
?M�5* � < � N ≥ 2

P C
�



µ p�z L
�Dpxz � p µ lypx�j� r p��}q*�-�jktk�h�u�lv��z�pBn¸zth

A
��iPn³�yp�z

gr(L)
nWp�i}hjz�pxz � p r q*�jnWpBn�jktk�h�u�lv��z�pBn µ lvp���� r p��}q*�9hj�Wz*��lvi}p�n¿�¤qthj  z � p��vh��±p�qxu�p�i{z�q*����kmp�q�lvp�k

L ⊃ [L, L] ⊃
[L, [L, L]] ⊃ · · · ½ l � p � ¢

gr(L) = (gr(L))1 ⊕ (gr(L))2 ⊕ · · · = L/[L, L]⊕ [L, L]/[L, [L, L]]⊕ · · · .

¬ �5u � (gr(L))i � �jk��ji³lyiPnW�su pBn r q*�jn}lyi r �¤qthj 
L ¢ (gr(L))i = ⊕j(gr(L))j

i ���#� p�¤hj�v�vh���lyi r z � p�hjqtp� Êq�p��v��z�p�k
gr(L)

zth
TorS(A, k) ¢ � � lou � lok,z � p � hj ;hj�vh r5¡ h��Fz � p�/h5k����}�Ju�hj ;w}�vp À�hj�

A
ly�

xi
lok�p��5p�i¹�¤hjq:���v�

i ���#� p`z � p�hjqtp� 7 `� ¡ �Dpxkmp�p�i³�jk��kmz��sn ¡ hj�W�ji�p�n r pJlvi � ��q*�� ;h�� � kÇk�wDp�u�ztqt�j�5k�p�§{�}p�isu p ¥ � � ����É�� ¦�¢ � � lvu ��� �jk2�5k E2 �Qz�p�q� 
TorTorS(A,k)(k, k)

��isn¸� � lvu � u h5i��jp�q r pBk�zth
U(g≥2

A )∗ � � z,z � lvk,wDhjlvi{z,�±p;�±�ji{z�z�hz � ��i}��� � � ¬ � ©�h�h5k ¢ � � h!u�hji�~�pBu�z��sq�pBn`ws��q�zFh5i}p�hj� z � p�z � p�h5q�p� Á�Dp��vh����jisn`p�iPu hj�sqt���
r pBnx�Pk#z�h`k��}w}w}� ¡ �!w}qth�h�� �
� ����� ^�� �Fa����d^�� ^���^ 	�� e [7\ �#] � ��^��!\ ����d^�� ^,\�^����

�9e ����� 	����b] �
��� �H�/� � � � �� � �5�

A = S/I = k[x1, . . . , xn]/I � ��� Z2 × N ���� �����B� #B!1(/(:�B#5�A�B�
k � �1 � � �5� � 
 #�!1, , E �+�1�=*$2��K*$(-��<8� ��� ������� .5��(/.�� � % �$</� ' � .0� ��� ��� ��� 
 ?�<H*#�< * . #B�1 $ "������<8�� 6/� � *$�7% � 	 �$</� .5��#B!1(�� ��� �1� ��� * . #��� $ �B� �$</� ��?M�5* � < � �C ���5� H = ⊕Hi,j = ⊕TorS

i,j(A, k)N<8� � � i
* . ��<8� <8!1,�!1 "! � *#��� ��� ��� ��� ��(:�

j
* . �$</� ?M��* � <H�"P 
 ?�<H*#�< * . #�!�(8.0*��� � ����4.D� ��� �����B� �1 � � �5� � *$( ��<8� F�!� $ !�?@*$( � ?M��% 	 H = k ⊕ H(1) ⊕ H(2) ⊕ · · · 
 ?�<8� � �

H(i) = ⊕jHj−i,j C�� E � ��<8� � ,�! � � 6/� � *$�7%>�1(��9?M��* � <H� *$( A
���'M(���. � � * ��� ���1*$( � !�(

����#�<
H(i)

N+?�<H*#�<D* . #�!�, 68�1�=* �  "� ?@*$��<-��<8� , E  &�=* 6: &*#����7*!�(;*$(
H
P C ���5� L � � ��<8� �3*��� � � ��� � �4.�.5! #5*���A���L�A! A

�1(��
gr(L)

��<8� ��� ������� �4.�.5! #5*���A��� �3*� �� � � ��� �L?@*$�$< � �0.76/�B#5��A! ��<8�  "!1?M� � #B�5(/� � �1 .5� � *��. C R:<8�5(
gr(L)

</�4. 
I� ��.0*����. � 68� � *$�=% 
 �=?M! ��� ���1*$( � . 

gr(L) = ⊕i≥1,j≥2(gr(L))j

i

N7.5��� � � !�2��QP C R:<8�SF�!� $ "!1?@*$( � (:���7E � �� * .5!�,-! � 6/<H* .0,O.M<8!1 "� 
?�<8� � �O*$( (ii)
��<8� !B6/� � �1�+! � s � EH.0�K#�<8�1( � �0. ��<8� 6/� � *$�7% C

(i)
R:</� � ����� �1 � � �5� �D!GF

H
* .L* .5!�,-! � 68< *# �+!I�$</� ��!�. �5E  �1E/�� !GF U(gr(L)) 	* C � C�
 (H !)! ∼= (U(gr(L)))!

(ii) H(1)
∼= s(L/[L, L])∗

(iii) ker(H(1) ∧H(1) → H(2)) ∼= ([L, L]/[L, [L, L]])∗

(iv) � F A
* .���!4.��5E  
 ��<8�5( H ∼= ExtU(L)(k, k)

��.O�� � � �5� ��. 
 *$(-6/� � �7*#�E  � �
Hj−i,j = H(i),j

∼= (Exti
U(L)(k, k))j .

	 �/��� 

�� ��
 � � ��D*$��<;(:!��A���7*!�( ��. *$( �$</�L��<8��! � �5, 
 .�E
6�68!�.5� xi
* .L�524�5( F�! � �� $ i CR:<8�5(

(i) Lj = [L, L]j
F�! � j ≥ n + 2

(ii) � F A
* .���!4.��5E  
 �$</��( gldim(U(L)) < ∞ .

�



	 �/��� 

�� ��
 � � � �D*$��<;(:!��A���7*!�( ��.L*$( ��<8�O�$</�B! � �5, 
 ?M��<8�124�

(i) dimk(H1,2)even = dimk(L2)odd

(ii) dimk(H1,2)odd = dimk(L2)even

(iii) dimk H2,3 = dimk L3

(iv) dimk H3,4 = dimk L4/[L2, L2]

(v) dimk(ker(H1,2 ∧H1,2 → H2,4)) = dimk[L2, L2]

(vi) dimk(ker(H1,2 ⊗H2,3 → H3,5))even = dimk([L2, L3])even

(vii) dimk(ker(H1,2 ⊗H2,3 → H3,5))odd = dimk([L2, L3])odd

(viii) dimk ker (H2,3 ∧H2,3 ⊕H1,2 ⊗H3,4 → H4,6) =

dimk

(

[L3, L3] + [L2, L4]
)

/[L2, [L2, L2]] .

� � � �8��� � � � ª®z � �jkÂ�Pp�p�i«��i}h���i«k�lyiPu p��vhji r z � ��z dimk H2,3 = dimk L3 �jisn!z � lvk�#�jk±z � p�k�z*��q�z�lvi r wPh5lyi{z��¤h5q�hj�}q�kmz��sn ¡ h�� r p�i}p�qtlou/wDhjlvi{ztk��jisndl£z�lok� `��lvi}� ¡ z � lvk��º�ju�z�±p���lv�v� �sk�p�lvidz � p��jw}w}�vlvu���ztlyh5isk#h���z � p,z � p�h5q�p�  �
�����S��TM��T ��� �H�/� � � � �� � » p���lv�y� r lv�jp�z � qtp�p�nWl!�Tp�qtp�i{zFw}qth�h��ºk � ¬ �5p�i«ly�Çz � p�kmpBu h5isnhjisp�lokFk � hjq�z ¢ �±p � �°�5p�lyiPu �v�snWp�n`z � p�h�z � p�qFz��Fh ¢ k�lyiPu p��±p��Dp��vlvp��jp�z � p� ;p z � hWn}kÂ�PkmpBnz � p�qtp,�jq�p,lvi{z�p�qtp�kmz�lvi r lvibz � p� `k�p��v�jpBk �}�#� p,¾Pqtkmz#z��Fh;�sk�p�z � p� ;lvi}ly `�j�  ;h�n}p�� hj�

A ��#� p,z � lyq*nd�sk�p�k#z � p�u h5�s��q�u�hjiskmz�qt�su�ztlyh5ibhj� ¥ z � p�n}�s��� hj� ¦ z � p���h{km���}� u h5 ;w}�yp�Àd�jisnz � p�wDp�q�z��}qt�s��ztlyh5i²z � p�hjq ¡ n}p��jp��yh5wPpBn-� ¡ � � r p�i � p�lv  ¢ Å{z*�jk � p � ¢Tµ �� :�Pp!��isn²hjz � p�qtk��� �W� µ ����Å{z�¯}��� ¢ � ���W�M���;¯}��� ¢ � �jhj� µ � � �°� �� 	���� � � �4� ��T � µ p z (
∧

(V ), d)
�Dp:�` ;lvi}ly `�j�f ;hWnWp���hj�

A
�5k�nWpBk�u�q�lv�Dp�n
�j�Ph��5p � ªMiws�jqmztlvu��}�v�jq�z � lok,lvk��b�¤qtp�p;qtp�k�hj�v�Wz�lvhji�h��

A
�jk��d ;hWnW�}�vp;h��jp�q

S ∼=
∧

(V0) � ��p�isu p
TorS(A, k)

 `� ¡ �Pp#u h5 ;w}�Wz�pBn��jk2z � p � h5 ;hj�vh rj¡ h�� ∧

(V )⊗S k =
∧

(V≥1)
��lyz � z � plvisnW�su�p�n�n}l��Tp�qtp�i{z�lo���

d � � �}pFz�h/z � p± ;lyi}lv `���vl£z ¡ hj�
(
∧

(V ), d)
��isn,z � pF�º�ju�zfz � ��zfz � pr p�i}p�q*��zthjq*k lvi S � �°�5pJwDh5k�l£ztly�5pF�±p�l r � z ¢ �±pF `� ¡ u h5isu �v�snWpFz � ��z�z � p±�Fp�l r � zflvk%�j�y�#� ¡ kr qtp���z�p�q�z � ��i!z � p � hj ;h5�yh r lou����WnWp r qtp�p � µ p z W

�Pp#z � p�k��}�sk�ws�ju�p±hj�
V≥1

nWp�¾si}p�n;� ¡p��vp� ;p�i5z*k�h��? ;lvi}ly `�j�2wDh5ktkmlv�}�vp��Fp�l r � z ½ l � p � ¢ W = ⊕i≥1Vi,i+1 �D�#� p�i L = (sW )∗ �� ¡ nWp r q�p�pbqtp��5kmh5isk ¢ z � p-nWl��Tp�qtp�i{ztlv�j�
d

 `��wPk
W

zth
W ∧ W

�jisn��±p²�#lv�v��u����v�z � lvkF `��w
d2 � ��p�iPu p

(
∧

(W ), d2)
lokF�:km�s�Du�hj ;w}�vp À`h��

(
∧

(V≥1), d)
��isn« !h5q�p�h��jp�q

(d)−1(W ∧ W ) = W � Â�Wz
W (1) = ker(d2)

�jisn
W (2) = d−1

2 (W (1) ∧ W (1)) ��#� p�i W (1) ⊂ W (2) ⊂ W �}» p � �°�jp
H(1) = W (1)

ker(H(1) ∧H(1) → H(2)) = d2(W
(2)) .

	 
�8	�� �

(sW (1))⊥ = [L, L]

(sW (2))⊥ = [L, [L, L]]

�/isu�p�z � lokJlokJwsq�h��5p�n ¢ �±p r p�z (sH(1))
∗ = (sW (1))∗ = (sW )∗/(sW (1))⊥ = L/[L, L]� � lou � wsq�h��5p�k

(ii) �2» p`���ok�h r p z (sW (2))∗ = L/[L, [L, L]] � µ p z d22
n}p�i}hjz�p!z � pqtp�kmz�qtlvu z�lvhji¼h��

d2
zth

W (2) ¢ z � p�i d22 : W (2) → W (1) ∧ W (1) � � ¡ z � p¹�j�Ph��5p
ker(H(1) ∧ H(1) → H(2)) = im(d22) ��� h¼w}qth��jp

(i)
�Fp � �°�jp¹z�h¼w}qth��jp¹z � ��z

φ−1(im(d22))
⊥

lvk#pB§{�s���Tzth;z � p��5p�qti}p��Th��
[L/[L, L], L/[L, L]]F → [L, L]/[L, [L, L]] .

�



� �Wz�z � lvk�lok r lv�jp�id�5k±z � p��5p�qti}p��Thj��z � p�u h5 !wDh5k�lyz�lvhjidh��2z � p,�¤hj�v�vh���lyi r  `��wPk �
[(sW (1))∗, (sW (1))∗]F

φ→ (W (1) ∧W (1))∗
d∗22→ (W (2))∗ → (sW (2))∗

Å�lvisu p�z � p/¾sq*k�z#��isn`z � p��v�5k�z± `��wx�jq�p�lok�hj ;hjqtw � lokm `k ¢ z � lvkF�jp�q�isp��slok
φ−1 ker(d∗22) =

φ−1(im(d22))
⊥

� � lou � w}qth��jpBk
(i) �� h��

(iii)
�¤hj�v�yh���kF�¤qthj �Jq�h5wPh{kmlyz�lvhji²Æ � Æ (iv) �ª®�

A
lvk²�/h5k����}�/z � p�i W = V≥1

��isn � p�isu�p (
∧

(V≥1), d)
lvkbz � p9kt�� ;p9�jk

(
∧

(W ), d2) ¢ � � lou � lok�z � p ¥ºr p�isp�q*���vly��p�n ¦ kmzt��iPn}��q*n�g � p������v�vp ¡ � ¬ ly�vp�i��Dp�q r u�hj ;w}�vp À
¥ u � � g � � ¬ l É5��� ¦ z�h`u�hj ;w}�Wztp/z � p�u h � hj ;hj�vh r5¡ hj�2z � p µ lvp��j� r p��}q*� (sW )∗ ¥ � p�q�p/z � p´m�FpBn r p��®nWp r qtp�p ¶�lvk±z � p�u h � hj ;hj�vh r lvu����TnWp r q�p�p���isnbz � p�kmpBu hjiPnbnWp r qtp�p,h��

W
lok#z � p�±p�l r � z ¦ � ��p�iPu p

H = H((
∧

(W ), d2)) = ExtU(L)(k, k)
� � lou � w}q�h��5p�k

(iv) ������S��T ��T 	 
��8	� �

» p � �°�jp�z � ��z [L, L]
lok±z � p�lv `� r p,hj�2z � p� ;�jw

[(sW )∗, (sW )∗]F
φ→ (W ∧W )∗

d∗2→ W ∗ → (sW )∗ .

��p�isu p
[L, L] = s−1(im(d∗2)) = s−1(ker(d2))

⊥ = (sW (1))⊥ �� h«w}qth��jp�z � p!kmpBu h5isn-u �o��lv  ¢ �±p � �°�jp,zth«w}qth��jp,z � ��z�z � p� `�jw
���Dh��jp� `��wsk�z � pk��}�sk�ws�ju�p
[(sW )∗, (sW (1))⊥]F

hji{z�h
(sW (2))⊥ �s» p���lv�y� n}h;z � lok�lvixz��±h`k�ztp�wsk

1. φ([(sW )∗, (sW (1))⊥]F ) = (W (1) ∧W (1))⊥

2. d∗2((W
(1) ∧W (1))⊥) = (W (2))⊥ .

� hdwsq�h��5px� � ¢ �±p:¾Pqtkmz�hj�sk�p�qt�jp�z � p!�¤hj�v�vh���lyi rdr p�i}p�q*���f�º�5u�z � ÅW�}w}wDh5k�p B → C
lvk��k��}qº~�pBu�ztly�5p� ;�jw`��l£z � �jp�q�i}p��

D �5�#� p�i T(B)/〈D〉 ∼= T(C) ¥ �sk�p�qtl r � zJp À}�ju z�i}pBk�k%hj�z � p:ztp�isk�hjq�w}qthWnW�su�z ¢ nWlo� r q*�� (u � �5kmlvi r ��isn¸lyisn}�su�ztlyh5i ¦ � ��p�isu�p;�j�vk�h F(B)/〈D〉 ∼=
F(C) � ªMi-ws�jqmztlvu��}�o��q

ker([B, B]F(B) → [C, C]F(C)) = [B, D]F(B) � � h��Ãkmlvisu p
φlok��;is��zt�}qt�j�Tlvk�hj ;hjqtw � lok�  ¢ φ

lvisnW�Pu p�k���idlvk�hj ;hjqtw � lok� 

ker
{

[(sW )∗, (sW )∗]F → [(sW (1))∗, (sW (1))∗]F

}

→

ker
{

(W ∧W )∗ → (W (1) ∧W (1))∗
}

.

� ¡ z � p r p�i}p�q*���±�º�ju zx���Dh��jp ¢ z � p²¾sq*kmz«�jp�qti}p���lvk
[(sW )∗, (sW (1))⊥]F � ÅWlyisu�p²z � pk�p�u h5isn��jp�q�i}p���lok

(W (1) ∧ W (1))⊥ ¢ z � p-¾sq*k�zbkmzt��z�p� !p�i{z«lvkxw}q�h��5p�n �J�#� p¸kmpBu h5isnkmzt��ztp� ;p�i{z�lvk��xnWlvqtp�u�z,u h5iskmpB§{�}p�isu�p�h��?z � p��¤h5�y�vh���lvi r«r p�i}p�q*���2�º�ju z ¥ � � lvu � lok/p��jk�lv� ¡w}qth��jp�i ¦ � Å��}wswPh{kmp f : B → C
lokJ�� `��w;h��D�jp�u z�h5qJkmws�5u pBkf�jisn!�yp�z

D
�Dp��,km�}�Pkmws�5u ph��

C �s�#� p�i f∗(D⊥) = (f−1(D))⊥ �� ��������� � �4� ��T �
» pÂ��lv�y���sk�pJz � p±kt�� ;p±u hjiPk�ztq��su z�lvhjiskf��iPn�i}h�z*��ztlyh5isk��5k lvi�z � pÂ¾Pqtkmz�w}qth�h�� � ¬ �jp�i�ly�

A
lvk?ish�zF�/h5k����}� ¢ �±p� `� ¡ ��q r �}p�lvi;z � p�k��j ;p��±� ¡ �5k?lvi;z � p�wsq�h�h��Th��

(iv)
���Dh��jp±z�hu h5isu �v�snWpJz � ��z H(

∧

(W ), d2) = ExtU(L)(k, k) � Å�lvisu p (
∧

(W ), d2)
lvk���k��}�Du�hj ;w}�vp À

h��
(
∧

(V≥1), d)
�Fp r p z:�
 ;�jw³h������ r p��}q*�jk ExtU(L)(k, k) → H ��» pb��ly�v�Fkmz��sn ¡z � lvkd `��w lvi��vh�� nWp r qtp�p�kb��isn w}q�h��5p-z � ��zdz � p�� ��Æ°�M��� r p��}qt�¹hj�

ExtU(L)(k, k)
loklokmh5 !h5q�w � lvu�z�h«z � pd� ��Æ°�M��� r p��sqt�:h��

H �T�#� lok ¢ u h5 ��}lvi}p�n
��l£z � JqthjwDh5k�l£ztlyh5i¸Æ � Èx�jisnJqthjwDh5k�l£ztlyh5ixÆ � É ¢ w}q�h��5p�k (i) ���#� p�i (ii)
�¤hj�v�yh���kJ�¤q�h5 

(i)
�jisn

(iii)
�jisn

(iv)
��qtpw}qth��jpBnx�jk#�Dp �¤h5q�p ��/����lyh5�skm� ¡ �±p � �°�jp Ext1U(L)(k, k) = W (1) = H(1) �

¯



Å�lvisu p
(d)−1(W ∧W ) = W ¢ �±p � �°�5p

im(d2) ∩ (W (1) ∧W (1)) = im(d) ∩ (W (1) ∧W (1)) .
��p�isu p ¢

(Ext1U(L)(k, k))2 = W (1) ∧W (1)/im(d2) ∩ (W (1) ∧W (1))

= W (1) ∧W (1)/im(d) ∩ (W (1) ∧W (1)) = (H(1))
2 .

ª®z��¤hj�v�vh���kÂz � ��z
ker

{

Ext1U(L)(k, k)⊗ Ext1U(L)(k, k) → (Ext1U(L)(k, k))2
}

=

ker
{

H(1) ⊗H(1) → (H(1))
2
}

��iPn � p�isu p,z � p`� ��Æ°�M��� r p��}q*��h��
ExtU(L)(k, k)

lok#p�§{�s���Tzth;z � p`���MÆ��®�j� r p��}q*��hj�
H ���� 	�� � � �4� ��T �

µ p�z (K, d)
�Dp�z � p��/h5k����}��u hj ;w}�vp Àdh��

A
��lyz � qtp�k�wPpBu�z�zth

(x1, . . . , xn) ½ l � p � ¢
(K, d) = A[sx1, . . . , sxn; d(sxi) = xi] ¥ �Fpdu hj�s�vn��j�vk�h � �°�5p«�sk�p�n

(
∧

(V≥1), d)�¤qthj  �j�Ph��5p ¦ �}�#� p�i (K, d)
lok��!n}l��Tp�qtp�i{z�lo��� r q*�jnWpBnx��� r p��}q*� ¥ � � � � ¦ ��isn

H(K, d) = H � Å�lyiPu p k
lok��`¾sp��vn ¢ H

lok/�bk�ztq�h5i r nWp��¤hjqt ;��z�lvhji
qtp ztqt�5u�z�hj�
(K, d)¥ �ji!Å � © ¦ ½ l � p � ¢ z � p�qtpF�jq�pF `��wsk

f : (K, d) → (H, 0)
��isn ∇ : (H, 0) → (K, d)

k��su �z � ��z f∇ = id
��isn ∇f

lvk � h5 !hjz�h5w}lvu�z�h
id � � q�h5  z � lok,lyz�lok�wPh{k�k�ly�s�yp:z�h²nWp ¾Pi}p��idÅ � ©

(T((sK+)∗), dK) → (T((sH+)∗), 0) ¢ � � p�qtp dK
lokJz � p/z�p�iPkmh5qÂp À�ztp�isk�lyh5ih��%z � p�nWl!�Dp�q�p�i{z�lo���2h5i

K � � h�� ¢ z � p� ��}�yz�lvw}�vlvu���z�lvhji¸hji
K+

n}p ¾si}pBk��«n}l��Tp�qtp�i{z�lo���
d2

hji
T((sK+)∗)

lyidz � p�k��j !p��#� ¡ �jk#lvi
Å�p�u z�lvhji-Æ ½ l � p � ¢ �5k±z � p�u�hj ;wDh5k�l£ztlyh5i

(sK+)∗ → K∗
+ → (K+ ⊗K+)∗

φ−1

→ (sK+)∗ ⊗ (sK+)∗

��iPn
(T((sK+)∗), dK + d2)

lvkÂz � p/u h5�s��q±u h5isk�ztq��Pu�z�lvhji`h5i
K∗ �{�#� lvi}��lvi r hj�

dK +
d2

�5k-�¿wPp�qmzt�}q��P��z�lvhji hj�
dK ¢ hji}p³ `� ¡ �Pkmp³z � p�wDp�q�z��}qt�s��z�lvhjiÄ�yp� ! `�¿zth¼hj�W�zt�jlyi��¸nWl!�Dp�q�p�i{z�lo���

d
hji

T((sH+)∗) ¢ km�su � z � ��z (T((sH+)∗), d)
lok!��i�Å � © hj�

(T((sK+)∗), dK +d2) � ¨-hjqtp�h��5p�q
d

lvk±��nWp�q�lv����z�lvhji ¥ kmp�p � �jhj� µ � � �°� ¦ � � �WzFz � p�u�h��
� h5 !h5�yh rj¡ hj�sz � p�u hj�P��qJu h5iskmz�qt�su�ztlyh5i�hji

K∗
lok

Ext(K,d)(k, k)
�jisn�z � lok?lok

U(g≥2
A )¥ � � ���°É�� ¦ ���p�isu p��Fp � �°�jp�� � � � ¢ (T((sH+)∗), d) ¢ ��lyz � u h � hj ;hj�vh r5¡ U(g≥2

A ) ¢ � � lou � lvk��wsw}q�h°ÀWlv `��z�pBn-� ¡ (T((sH+)∗), d2) = ExtH(k, k) � �#� lvk�lok�z � p�´tÅ � ©��Q�5p�q*kmlvhji�¶�hj�
� �{q*�� ;h�� � k2k�wPpBu�z�q*���Wk�p�§{�}p�isu p � ¥ gFhj ;ws�jq�pÂz � lokf��l£z � z � p# !hWnWp��

(
∧

(V≥1), d)
���Dh��jp ¢� � lou �b� �jk � h5 ;hj�vh rj¡ H ¢ �jw}w}qth°À�lv `��ztp�n«� ¡ H(

∧

(V≥1), d2) = Ext
U(g≥2

A )
(k, k) � ¦J�Wz

V i,j = (sHi−1,j)
∗

�¤h5q
i > 1

��isn�w}�Wz
V = ⊕V i,j �B�#� p�i d

lvk�nWp ztp�qt !lvi}pBn� ¡ z � p:�°�j�y�sp�h��
d

hji
V ¢ d = d2 + d3 + · · · ¢ � � p�q�p dn : V → V ⊗n ¢ d2

lok ¥ lviw}qtlyiPu lvws��� ¦ z � p�n}�s��� hj��z � p� :�}�£ztlyws�ylou���z�lvhji²hji
H

�jisnbz � p � l r � p�q dn
�jq�p�nW�s�j�vk#hj�¨
�5k�k�p ¡ w}qthWnW�su�z*k �Ç» p � �°�jp V i,j = 0

l£�
i > j

��isn � p�isu p:z � p;p��yp� !p�i{ztk�h��
V i,i��qtp�u ¡ u �vp�k �}�#� p�u h � hj ;h5�yh rj¡ h��

(T(V ), d)
lyi-nWp r qtp�p (i, i)

lvk
U(L)i �jisn � p�isu�p

U(L)i = V i,i ⊕ (V ⊗ V )i,i/
�Dhj�}iPn}��qtlypBk ⊕ (V ⊗ V ⊗ V )i,i/

�Ph5�}isn}�jq�lvp�k ⊕ · · ·
�#� lok�n}p�u h5 ;wPh{kmlyz�lvhji�u�hjqtq�pBkmwDhjiPn}kTz�h/z � pJ¾s�yz�q*��ztlyh5i�h��

U(L)
��l£z � qtp�k�wPpBu�z2zth�wDh��Fp�qtkh��

I = U(L)+ �B�#� lokflvkfk�h ¢ �PpBu����Pkmp±���v�5p��yp� !p�i{ztk�h��
(V ⊗V ⊗· · ·⊗V )i,i/

�Dhj�}isns��qtlypBk��qtp�w}qthWnW�su ztk/h��Jp��vp� ;p�i5z*k��¤qthj 
V j,j � ªMi
wP��q�z�lou �}�o��q ¢ I/I2 = ⊕iV

i,i = (sH(1))
∗ ¢

I2/I3 = ⊕i(V ⊗ V/d2(V ))i,i
��isn

ker
(

I/I2 ⊗ I/I2 → I2/I3
)

= im(d2) = φ−1
(

ker(H(1) ⊗H(1) → H(2))
)⊥

.

� �



��p�isu pÂz � p�� ��Æ°�M��� r p��}q*�Fhj�
H

lvk�lokmh5 !h5q�w � lvu?z�h�z � p#��h{km���}�5nW�P���{h��
gr(U(L)) �°�#� �sk ¢�sk�lyi r Âq�h5wPh{kmlyz�lvhji-Æ � É ¢ �±p r p z (i)

��isn
(ii) ½ (iii)

�¤h5�y�vh���k#�jk#�Dp �¤h5q�p �Å��}wswPh{kmp
A

lok«��h{km���}� �Â�#� p�i (T(V ), d) � �jk«u�h � h5 !h5�yh rj¡ h5i}� ¡ hji�z � p¸nWlo���
r h5is��� � gFhjiPkmlonWp�q

j − i
�jk,z � p � h5 !h5�yh r lou��j�JnWp r q�p�p!hj�

T(V )i,j � » p � �°�5p`�b `�jw
(T(V ), d) → (U(L), 0) ¥ � � p�qtp U(L)

lok�u hjiPkmlonWp�qtp�n«z�h!�Pp�u�hjisu�p�i{z�q*��ztp�n`lvi � hj ;h���vh r lou��j�ÇnWp r q�p�p���p�qth ¦ ¢ � � lvu � lvisnW�su�p�k��jiblokmh5 ;hjqtw � lokm  lvi � hj ;hj�vh r5¡ ���p�isu p
(T(V ), d)

lokb�³ ;lvi}lv ;�j� ¥ �¤q�p�p¸�jktk�h�u�lv��z�lv�jp ¦  !hWnWp��/hj�
U(L) � ÅW�su � � ;hWnWp��  `� ¡ �j�y�#� ¡ kF�Dp�u h5iskmz�qt�su�ztp�nx�¤hjq���i ¡ Z2 × N

� r q*�jnWpBn u hjisi}p�u z�p�n
k
�®�j� r p��}q*�

B �F�#� lok`lokxk�ly ;lv�v�jq;z�h³z � p¸u�hjiskmz�qt�su�ztlyh5i�hj�� !hWnWp��vk
(
∧

(V ), d)
h���u h5 ; ��Wz*��z�lv�jp��� r p��}q*�jk�n}p�ktu qtly�Dp�n����Dh��jp ¢ �}�Wz,i}h��Ãz � p`kmwP�ju p

(sV )∗
lok/z � p;��� r p��}q*� Ext+B(k, k)��iPndz � p�n}�s��� hj�

d2 ¥ ��l£z � z � p:�skm�P���2k�l r i-u hjqtqtp�u�ztlyh5isk ¦ lok�z � p�nW�P���2hj�%z � p � h5i}p�ns�w}qthWnW�su�z � ��p�isu p,lvi²hj�}q�u��jk�p��±p r p�z ExtU(L)(k, k) ∼= H ¢ � � lou � w}qth��jpBk
(iv) � 2

��������
� � � ��� ª�kfz � p#u�hji��jp�qtk�pJhj�
(iv)

lyi �#� p�hjqtp� ÃÉ � �Jztq��sp����/q ¢ wDp�q � �jwskf�FpB���jp�q ¢ly�Jz � p!nWhj�s�}�yp:%hjlvisu��jq ��k�p�qtlvp�k�hj�
U(L) ¢ PU(L)(x, y) ¢ lok�pB§{�s���2z�h

H(1/x, xy) ¢ loklyz�z � p�ibztq��sp,z � ��z A
lok���h{km���}���

�/�sk�p�qt�jp/z � ��z�z � p�pB§{�s���vl£z ¡ PU(L)(x, y) = H(1/x, xy)
lv ;w}�ylvp�k�z � p�pB§5�P���vl£z ¡

A(z) ·A!(−z) = 1 �
� �����cF^`^�]%_de [���\ � ]%e [ 	 ^�� 	���[��#]fe c �¹^�e [:\ �
	 Z���

��[b_�����

ª®�
X = {P1, . . . , Ps}

lok#�:k�p z#h���wPh5lyi{ztk±lvi
P n

k ¢ �Fp,nWp�ish�z�p/z � p�u�h{h5qtn}lyis��z�p/q�lvi r hj�
X ¢ k[X0, . . . , Xn]/I(X) ¢ � ¡ AX � ª®z±lok±�Fp��y�y�Q��i}h���i ��� p �m�/q��}� �Dz � ��z±z � p���ly�v�Pp�qmzk�p�qtlypBk�h��

AX
kt��ztlvkm¾sp�k

AX(z) ≤
∑

i≥0 min(
(

n+i
i

)

, s)zi �T�#� p�qtp�lvk/p�§{�s�j�ylyz ¡ hji¸�jihjwDp�idi}h5iW�Qp� ;wWz ¡ k�p z�lyi
(P n

k )s ¢ ��isnblvi²u��jk�p/hj�fpB§{�s���vl£z ¡ z � p�wDhjlvi5z*k���qtp�kt��lonxz�h;�Pplvi r p�isp�qtlvu;wDh5k�l£ztlyh5i � � wPh5lyi{z
P = (c0 : · · · : cn) ∈ P n

k

lvk�u����v�ypBn r p�i}p�qtlvu;ly�#z � p
ci
� k���qtp���� r p��}qt�jlvu����v� ¡ lvisnWp�wPp�isnWp�i5z�h��jp�qFz � p�w}qtlv !p�¾sp��ondh��

k � � kmp�z�h��% ��}z��s�j�y� ¡r p�i}p�qtlou-wPh5lyi{z*k«lokxhj��u hj�sqtk�p-lyi r p�isp�qtlvu-wDh5k�lyz�lvhji �±» p���ly�v��lyi¼z � p�k�p�§{�}p��/�j�y�#� ¡ k�jktk��} ;p�z � ��zÂhj�sqFk�p ztkÂh��ÇwDhjlvi5z*kF�jq�p r p�i}p�q�lou �j» p/ ;� ¡ ���ok�h��jktkm�} ;p�z � ��z s ≥ n+1 ¢k�lyisu�p,h�z � p�qt��lvk�p�z � p�wDhjlvi{ztk#�vlyp�lvi
P n−1

k �� ���3� 	�� 	=���������� *$24�5(
n

��(:�
s ≥ n + 1 
  "�5� d ≥ 2

�4.O� F�E (:#��7*!�( !QF
n

��(��
s

� � ���'M(���� � %
(

n + d− 1

d− 1

)

≤ s <

(

n + d

d

)

.

ª®z�lok#�Fp��y�y�Q��i}h���ibz � ��z
TorS

i,j(AX , k) = 0
l£�

j 6= i + d− 1, i + d

¥ � p�qtp/��iPn;lyixz � p�kmpB§5�sp��
S

��lv�y�Ç�j�y�#� ¡ kJnWp�ish�z�p
k[X0, . . . , Xn] ¦ � ªMixws��q�z�lou �}�o��qÂz � p ;lyisly `��� r p�i}p�q*��zthjq*k��¤hjq�z � p«lonWp��j�

IX
��qtp«h���nWp r qtp�p�k d

��isn
d + 1 � � �ok�h ¢ lyz�lok�±p��v�£�®��i}h���i«z � ��z�ly�

s =
(

n+d−1
d−1

) ¢ z � p�i TorS
i,j(AX , k) = 0

ly�
j 6= i + d− 1 ¥ AX

� �5k��:�vlvi}p��jq�q�pBkmh5�y�Wztlyh5ixh��5p�q
S ¦ �ª®z � �5k��Dp�p�i|u h5i�~�p�u z��}qtp�n¹z � ��z�z � px `�jw

((IX )d)
n+1 → (IX )d+1 ¢ nWp ¾Pi}p�n³� ¡

(f0, . . . , fn) 7→ ∑n
i=0 Xifi ¢ lvk:p�lyz � p�q!lyi�~�pBu�ztly�5pbh5q:k��}qº~�pBu�ztly�5p �%�#� lvk:lok:u����v�ypBn9z � pª�nWpB��� � p�isp�q*��z�lvi r gFhji�~�p�u�zt�}qtp ¥ ª � g ¦ � ª®z�lok�pB§5�sly�����vp�i{z#z�h!z � p,�º�ju z�z � ��z

TorS
1,d+1(AX , k) = 0

hjq
TorS

2,d+1(AX , k) = 0 .

�5�



�#� p r p�i}p�qt�j�ylv����z�lvhji`z � ��z��¤h5q����v�
i ¢

TorS
i,d+i(AX , k) = 0

h5q
TorS

i+1,d+i(AX , k) = 0

lok�u����v�vp�nbz � p�¨
lyi}lv `��� ©�pBkmh5�y�}z�lvhji
gFhji�~�pBu�z��sq�p ¥ ¨¸©�g ¦ ��#� p#¨
©�g9lok%w}qth��jp�n��¤hjq
P 2 ��� p �M¨
�;��É�� ½ �¤h5q P 3 � � ��� � p�� ��� ½ �¤h5q P 4 � » �;¯ � � ¢� µ �;¯ ��� ½ �¤hjq P n ¢ n + 1 ≤ s ≤ n + 4 ��� p � µ h`�j¯°� ¢ � g±���®©�h�� � �:¯s��� ½ �¤h5q P n ¢ s =

(

n+2
2

)

−n � µ h«¯jÈ°� ½ �¤hjq P n, n ≤ 9, s ≤ 50
p À}u p�wWz

(n, s) = (6, 11), (7, 12), (8, 13)� � p��®�,q�¯jÉ�� ½ ��isn|�¤hjq
P n ¢ s > 6n3 log n � ��ly��Å�l2¯ ��� �J�#� p�q�p � �5k`kmh5 ;pbztly ;p-�Dp�p�iu h5 ;w}�Wzt��z�lvhjis�j�#p���lvn}p�isu�px�¤h5q;k�hj ;p²u h5�}i{z�p�qtp À}�j !ws�ypBk�� ¡ ÅWu � qtp ¡ p�q ¢ �o��ztp�q � � h`¯�É�� ¢��iPn � � p �M�,q#¯jÉ�� ¢ ��isnbi}h���z � p�q�p,lok�k � h���i«z�h`p�ÀWlvkmz ¢ �¤h5q�p��ju � n ≥ 6, n 6= 9 ¢ hjisp s� � lou � r lv�jpBk��bu hj�si5ztp�qtp À}�� ;w}�vp,z�hd¨
©�g � ¬ l£�®%h`¯j¯°� � ªMi � � p�� � q��M©�h!� � ¢ �#� p�h5q�p� `kÉ � �`�jisn � � ���fª � gÄlok�w}qth��jp�n²lvi�k�p��5p�q*���fu��jk�p�k ¢ p � r � �¤hjq s ≤ 1 + n + n2/4

��isn
�¤hjq
(

n+2
2

)

− n ≤ s <
(

n+2
2

) � ªMi � gFh�� � q�� � �:¯ ���flyz/lok/w}q�h��5p�nbz � ��z AX
lok�p��jp�i
�/h5k����s�ly�

s ≤ 1 + n + n2/4 �» p`��ly�v�Ji}h��Ák�z*��z�p«k�hj ;p;�±p��v�£�®��i}h���i
�º�5u�ztk����Dhj�Wz�z � p«��lv�y�Dp�q�z�k�p�qtlypBk,h��
AX �µ p�z hn,s

i,j = dimk TorS
i,j(AX , k) ¢ hn,s

i,j = hi,j
� � p�i n

��iPn
s

�jq�p!u h5iskmlonWp�q�pBn²z�h
�Dp,¾}ÀWp�n²��isn

H(x, y) =
∑

hi,jx
iyj �

����� �����
	��
	��� ��� � � ! � ��(�% � *$2��5( n
��(��

s
?M��<8��2��

(i) AX (z) =
d−1
∑

j=0

(

n + j

j

)

zj +
szd

1− z

(ii) (1− z)n+1AX (z) = 1 +

n
∑

j=0

(−1)j+1

(

n

j

) {(

n + d

d

)

d

d + j
− s

}

zd+j

(iii) (1− z)n+1AX (z) = H(−1, z)

(iv) hj+1,d+j − hj,d+j =

(

n

j

) {(

n + d

d

)

d

d + j
− s

}

, 0 ≤ j ≤ n .

�����S��T � �#� p,�¤hjqt ��}�o�jk
(i)

��iPn
(iii)

��qtp��±p��v�y�Q��i}h���i²��isn
(iv)

�¤hj�v�yh���k±�¤qthj 
(ii)��iPn

(iii)
�jisn�z � p�q�p� `��qt�,�j�Ph��5p ��� h�wsq�h��5p

(ii)
lyz?lvk%p�i}hj� r � zth,w}q�h��5pJz � p#lvnWp�i{z�lyz ¡

(1− z)n+1
d−1
∑

j=0

(

n + j

j

)

zj = 1 +

n
∑

j=0

(−1)j+1

(

n

j

)(

n + d

d

)

d

d + j
zd+j .

�#� lok�u��ji9p��jk�lv� ¡ �Pp«nWh5i}p`� ¡ w}qth���lyi r z � ��z��Dh�z � kmlonWpBk � �°�jp!z � pxkt�� ;p`nWp�qtly����z�lv�jp ���p�q�p�lvkF��i}hjz � p�qJ�±� ¡ z�h:nWp�nW�Pu p�z � p�lonWp�i{ztl£z ¡ ��l£z � hj�}zF��i}h���lvi r z � p/q�l r � z � �jisn`k�lvnWp�Dp �¤hjqtp � ��isn � g±�j�y�%z � p;�yp�� z � ��iPn�k�lvn}p
p(z) � ª®z�lvk��bwDhj� ¡ ishj ;lv�j�?h��#nWp r q�p�p n + d ¢nWlv��lvk�ly�s�yp�� ¡ (1− z)n+1 ¢ ��isnblyz� ;� ¡ ���okmh;�Dp���q�lyzmztp�i²�jk

1− (1− z)n+1
∞
∑

j=d

(

n + j

j

)

zj ,

� � lou � k � h���k�z � ��z p(z) − 1
lvk,nWlv��lvk�ly�s�yp ¥ �jk,�xwPh5� ¡ i}h5 !lo��� ¦ � ¡ zd � ª®z��¤hj�v�yh���kz � ��z p′(z)

lok�nWlv��lvk�lv�}�yp�� ¡ zd−1 ��iPnb� ¡ (1− z)n ��isn � p�isu p�z � p�qtp�lvk��!u�hjiskmzt�ji{z
c

k��su � z � ��z p′(z) = czd−1(1− z)n = c
∑n

j=0(−1)j
(

n
j

)

zj+d−1 � ªMi{ztp�q r q*��z�lvi r z � lvkhjisp r p z*k
�°Æ



p(z) = 1 + c

n
∑

j=0

(−1)j

(

n

j

)

1

d + j
zj+d .

� �WzÇz � p � l r � pBk�z2u�h{p��«u lvp�i{z lyi
p(z)

lok
(−1)n+1

(

n+d−1
d−1

) ��iPn � p�isu�p c(−1)n 1
d+n =

(−1)n+1
(

n+d−1
d−1

) ¢ � � lou � r ly�5p�k c = −d
(

n+d
d

) � 2

� ���3� 	�� 	=������� � � �5�
n

��(��
s � � � *$2���( ��(:�

d
���=')(:��� � %�� �=')(/*$�7*!�(�� C � C R:</��(

m 
 �4.O� F�E (�#5�=*!1( !QF
n

��(:�
s 
 * .O���'M(����9��.���<8�O "���4.0�K*$(/�A� � � � .0E/#B< �$</���

(

n + d

d

)

d

d + m
− s ≤ 0

��(:�
t 
 �4.O� F�E (�#5�=*!1( !QF

n
��(:�

s 
 * .O���'M(���� � %

t =

(

n

m− 1

) {(

n + d

d

)

d

d + m− 1
− s

}

.

ª®z?lvk%pB�jk ¡ z�h�k�p�p±z � ��z?l£�
TorS

i,d+i−1(AX , k) = 0 ¢ �Fp � �°�5p TorS
j,d+j−1(AX , k) =

0
�¤hjq?�j�y�

j ≥ i ¢ �jisn�ly�
TorS

i,d+i(AX , k) = 0 ¢ �±p � �°�jp TorS
j,d+j(AX , k) = 0

�¤hjqJ���v�
j ≤ i � � qthj  z � lvk?�jisn:Jq�h5wPh{kmlyz�lvhji � � Æ�z � p±�¤hj�v�yh���lvi r w}qthjwDh5k�l£ztlyh5i�lvk%pB�jk�ly� ¡ nWpBnW�su pBn �
����� �����
	��
	��� ����� � ! � ��(�% � *$2��5( n

��(��
s
��<8��F�!� $ "!1?@*$( � � � � ���5E *$24�1 "��(�� C

(i) �
	 J <8!� �4.
(ii) hj−1,j+d−1 = hj+1,j+d = 0

F�! � .�!1,�� j

(iii) hm−1,m+d−1 = hm+1,m+d = 0

(iv) hj,j+d−1 =

(

n

j − 1

) {(

n + d

d

)

d

d + j − 1
− s

} ��(��

hj+1,j+d = 0
F�! � .�!1,�� j

(v) hm,m+d−1 = t
�1(��

hm+1,m+d = 0

2

� qthj  Âq�h5wPh{kmlyz�lvhji � � Æ|z � p¹�¤hj�v�vh���lyi r u � �jqt�5u�ztp�qtly�B��z�lvhji¼hj�!ª � g(ly ; ;p�n}lv��z�p�� ¡�¤hj�v�vh���k �
����� �����
	��
	��� ����� � ! � ��(�% � *$2��5( n

��(��
s 
 � � J <8!1 "�4. * F ��(��D!�(� &%I* F

h2,d+1 = max(n

{(

n + d

d

)

d

d + 1
− s

}

, 0) .

2 ª®z«lok«wDh5ktkmlv�}�vp²z�h³lvi5ztp�qtw}qtp z�p-¨
©�g���iPn�ª � g lvi¿z�p�qt `k`h��,z � p � hj ;hjz�hjw ¡|µ lyp��� r p��}q*��hj�
AX ¥ l£� d > 2 ¦ h5q#z � p µ lyp��j� r p��}q*���5k�k�hWu lo��ztp�nxz�h

AX ¥ l£� d = 2 ¦ �
��� �H�/� � � ����� � �5�

X � � �9.5�5� !QF
s � ��(:� � *# 6/!�*$(��. *$( P n

k

�1(��D "�5�
AX � � ��<8�#�! ! � ��*$(:���A� � *$( � !GF

X C ����� g � ����<8� </!�,-!��A!B6:% �3*� �� � � �5� �D!QF
AX

��(��- "���
L � ���<8�O�@*�I�� � � ��� � �4.�.5! #5*���A���;�+!

AX
N=.5���� �'M(/*$�7*!�(�� C �0P C ���5� d, m

�1(��
t � ����<8�

�BÈ



(/E , � � � .O���'M(���� F � !�, n
��(��

s � %�� �'M(/*$�7*!�( � C �;��(:� � C � C R:</��( 
 * F d > 2 
 ?M�<8�124� ��<8��F�!� $ "!1?@*$( �
(i) �
	 J <8!1 "�4. ⇐⇒ dimk g

m+1,m+d−1 = t
�1(��

g
m+2,m+d = 0

(ii) � � J </!� "��. ⇐⇒ dimk g
3,d+1 = max(n

{(

n + d

d

)

d

d + 1
− s

}

, 0)

� F d = 2 
 ?M��<8��2�� �$</�MF�!1 $ "!�?@*$( �
(iii) � 	 J <8!1 "�4. ⇐⇒ dimk(L/[L, L])m+1 = t

�1(��
(L/[L, L])m+2 = 0

(iv) � � J <8!� �4. ⇐⇒ dimk L3 = max(n

{

(n + 2)(n + 1)

3
− s

}

, 0)

�����S��T � Å��}wswPh{kmpF¾sq*k�z%z � ��z d > 2 � ªMi�z � p±z � lyq*n�wsq�h�h��Ph��}z � p�h5q�p� ÃÉ � �Flyz?�±�5k2w}qth��jpBnz � ��z U(g≥2
A )

lok«z � p¹u�h � h5 ;hj�vh rj¡ h��
(T(V ), d) ¢ � � p�qtp V ij = (sHi−1,j)

∗
�¤hjq

i > 1 ¥ ��iPn²��p�qth;h�z � p�qt��lvk�p ¦ � ¨-h5q�p�h��jp�q±z � p�lv ;� r p,h��%z � p�nWl!�Dp�q�p�i{z�lo��� lok�u h5i{zt��lvi}pBnlvi ⊕n≥2V
⊗n � ªMi
hj�sq/u��5kmp ¢ �±p � �°�5p�z � ��z V ij = 0

l£�
j − i 6= d − 2, d − 1 �D�#� pnWl!�Dp�q�p�i{z�lo���2 `�jwsk

V ij
z�h

T(V )i+1,j � ��p�iPu p ¢ ly�Jz � lok/lvk�i}hji}��p�qth ¢ d − 2
hjq

d − 3 ��Pk�z��Pp��bkm�s �hj�Â��z��vp��5k�z�z��±h«i��} :�Pp�qtk�p��ju � hj�J� � lvu � lok
d − 1

hjq
d − 2 �D�#� loklok`ly ;wDh5ktkmlv�}�vp-l£�

d > 2 � ��p�isu�p-z � p�nWl��Tp�qtp�i{ztlv�j��lvk«��p�qth³��isn
U(g≥2

A ) ∼= T(V ) �ªMi ws�jqmztlvu��}�o��q
g

i+1,i+d−1
A

∼= (Hi,i+d−1)
∗ �jisn

g
i+1,i+d
A

∼= (Hi,i+d)∗ � � h��'z � pkmzt��ztp� ;p�i{z*k
(i)

�jisn
(ii)

�¤hj�v�vh�� �¤qthj  JqthjwDh5k�lyz�lvhji � � É (v)
��iPnxJqthjwDh5k�lyz�lvhji � � � �Å��}wswPh{kmp�z � ��z d = 2 �Ç�#� p!k�z*��z�p� ;p�i{ztk

(iii)
�jisn

(iv)
�¤hj�v�yh�� �¤qthj �z � p!kt�� ;pw}qthjwDh5k�l£ztlyh5isk#�jk��j�Ph��5p��jisn �#� p�h5q�p�  É � � (ii) � 2

�#� p?i}p�À�z z � p�hjqtp� �k � h���k � h��
z � pJi��} ��Dp�q*k
hi,j

��qtp%u � ��i r p�n/� � p�i,z � pJi��} ��Dp�qh��FwPh5lyi{ztk�lok�lyisu�q�pB�jk�p�n � � h5q�� r lv�jp�i d ¢ hi,i+d
lvisu qtp��5kmpBk���lyz � s ¢ � � lv�yp hi+1,i+dnWpBu qtp��jk�p�k � ¨-hjqtp�h��5p�qFz � p�q*��ztp/hj�%u � ��i r p/lok��Dhj�}isn}p�nd� ¡ (

n
i

) �
��� �H�/� � � ��� � � �5�

AX � � ��<8� #B!
! � ��*$(��1�+� � *$( � !QFO�I.5���
X

!QF
s � ��(:� � *# 6/!�*$(/�=.*$(

P n
k

��(:�- "�5�
hn,s

i,j = dimk TorS
i,j(AX , k) C R:<8�5( F�! � ��(�% i 
 ?M��<8�124�

hn,s′

i,i+d ≤ hn,s
i,i+d ≤ hn,s′

i,i+d +

(

n

i

)

(s− s′)
��(:�

hn,s
i+1,i+d ≤ hn,s′

i+1,i+d ≤ hn,s
i+1,i+d +

(

n

i

)

(s− s′)

?�<8�5(��52�� � s
��(:�

s′
���=')(:�;��<8�D.5��,-�

d 	 * C � C�
 ?�</��(:��2�� � (

n+d−1
d−1

)

≤ s′ ≤ s ≤
(

n+d
d

) C
�����S��T � µ p z Y = {P1, . . . , Ps}

�DpÂ��k�p z h��
s r p�i}p�qtlou%wPh5lyi{ztk2��isn��vp z

X = Y \{Ps} �� � ztp�qx�³u�h�hjq*nWlyiP��z�p²u � �ji r p²�±pd `� ¡ �5k�k��} ;pdz � ��z Ps = (1 : 0 : · · · : 0) � µ p z
K = IX/IY

�Dpbz � pd�jp�q�i}p��Fhj��z � p²is��z��}q*���F `��w
AY → AX �%» p r p z K(z) =

AY (z)−AX(z) = zd/(1− z) ¢ kmh Kr
lok#hji}p��®nWlv ;p�isk�lvhjis�j�Dlvi²p��5u � nWp r qtp�p r ≥ d �µ p�z fd + IY ∈ K ¢ � � p�qtp fd /∈ IY

lok � hj ;h r p�i}p�hj�skÂh��2nWp r qtp�p d ½ l � p � ¢ fd(Pj) = 0�¤hjq
j = 1, . . . , s − 1

��isn
fd(Ps) 6= 0 �%�#� p�i (Xifd)(Pj) = 0

�¤h5q;�j�y�
j

��iPn
i = 1, . . . , n ¢ �jisn � p�iPu p Xifd ∈ IY

�¤hjq
i = 1, . . . , n � ¨
hjqtp�h��jp�q

(Xr
0fd)(Pj) =

0
�¤hjq

j = 1, . . . , s − 1 ¢ �jisn
(Xr

0fd)(Ps) = fd(Ps) 6= 0
�¤h5qbp��jp�q ¡ r ≥ 0 ��#� �sk Kr+d

lok r p�i}p�q*��ztp�n|� ¡ Xr
0fd + IY � ª®z;�¤hj�v�yh���k:z � ��z K

lok r p�i}p�q*��ztp�n�� ¡
��É



fd
�5kb�ji

S
�Q ;hWnW�}�vp��jisn¼z � ��z K ∼= S/(X1, . . . , Xn)[−d] �#» p�ish�� u�hjisk�lonWp�qz � pd�vhji r p À}�5u�z

TorS
∗,i+d(∗, k)

�®k�p�§{�}p�isu pbh��
0 −→ K −→ AY −→ AX −→ 0 �Å�lvisu p

K ∼= S/(X1, . . . , Xn)[−d] ¢ �Fp � �°�5p TorS
j,i+d(K, k) = 0

ly�
j 6= i

��isn
TorS

i,i+d(K, k) = k(n
i) ¢ �jisnb�Fp r p�z���idp À}�ju z�kmpB§5�sp�isu�p

0 −→ TorS
i+1,i+d(AY , k) −→ TorS

i+1,i+d(AX , k) −→ TorS
i,i+d(K, k) −→

TorS
i,i+d(AY , k) −→ TorS

i,i+d(AX , k) −→ 0.

�#� p!q�l r � zt !h{k�z/ws��q�z�hj�Jz � lvk,k�p�§{�}p�iPu p r ly�5p�k hn,s−1
i,i+d ≤ hn,s

i,i+d ≤ hn,s−1
i,i+d +

(

n
i

) ¢��iPn�z � p#�yp�� z� ;h5kmz?ws��q�z r lv�jp�k hn,s
i+1,i+d ≤ hn,s−1

i+1,i+d ≤ hn,s
i+1,i+d +

(

n
i

) ���#� p�kmzt��z�p� ;p�i5zi}h����¤hj�v�yh���k±� ¡ lvisnW�su z�lvhji � 2Å��}wswPh{kmpdz � ��zx¨
©�g � hj�on}k!�¤hjq
s′

��isn
s′′

wDhjlvi{ztk`lvi
P n

k �J�#� p�i ¢ �Pkmlvi r z � pw}qtp���lvhj�sk�z � p�hjqtp�  ¢ �±p� `� ¡ lyi¸k�hj ;p�u��jk�p�k/u hjiPu �v�snWp�z � ��z,¨
©�gÄ���okmh � hj�on}k��¤h5q��j�y�
s

�Pp�z��Fp�p�i
s′

�jisn
s′′ �

��� �H�/� � � ��� ��� E
6�68!�.�� �
	OJ <8!1 "�4. F�! � s′
�1(��

s′′
6/!�*$(��.;*$(

P n
k 
 ?�<8� � � F�! �.5!�,-�

d ≥ 2
��(:�-.5!�,-�

j 
 1 ≤ j ≤ n 

(

n + d

d

)

d

d + j
≤ s′ < s′′ ≤

(

n + d

d

)

d

d + j − 1
.

R:<8�5( �
	 J <8!� �4.MF�! � ��(/% s
68!1*$(/�=.L*$(

P n
k 
 ?�<8� � � s′ ≤ s ≤ s′′ C

�����S��T � � ¡ �#� p�h5q�p�  � � É ¢ �Fp � �°�5p hj+1,j+d = 0
�¤h5q

s′
wDhjlvi5z*k ¥ m = j

�¤hjq
s′ ¦ ���p�isu p ¢ � ¡ �#� p�hjqtp�  � � � ¢ hj+1,j+d = 0

lok ztq��sp±�j�vk�h��¤hjq
s

wDhjlvi{ztk � � �vk�h�� ¡ �#� p�hjqtp� � � É ¢ �±p � �°�5p hj−1,j+d−1 = 0
�¤hjq

s′′
wDhjlvi5z*k �T�#� lok�lvk�z�qt�}p!l£�

s′′ <
(

n+d
d

)

d
d+j−1 ¢k�lyisu�p«z � p�i m = j

�¤h5q
s′′ � ª®� s′′ =

(

n+d
d

)

d
d+j−1 ¢ z � p�i�� ¡ JqthjwDh5k�l£ztlyh5i � � Æd�¤hjq

s′′
wPh5lyi{ztk ¢ hj,d+j−1 − hj−1,d+j−1 = 0

��isn�kmlvisu p�¨
©�g � hj�on}k«�±p¸ :�skmz � �°�5p
hj,d+j−1 = hj−1,d+j−1 = 0 � ��p�isu�p ¢ � ¡ �#� p�hjqtp�  � � � ¢ hj−1,j+d−1 = 0

lok�z�qt�}p���ok�h��¤h5q
s

wDhjlvi5z*k � ��p�isu�p��¤hjq
s

wDhjlvi{ztk±�±p � �°�5p hj+1,j+d = hj−1,j+d−1 = 0 ¢ ��iPn
� p�isu p�¨
©�g � hj�on}k±�¤hjq

s
wDhjlvi{ztk � 2

	 �/��� 

�� ��
 ����� � ( ! � ��� � �A! 6 � !�2�� �
	OJ F�! � s
*$( �$</�D*$(/�A� � 2��� (

n+d−1
d−1

)

≤ s <
(

n+d
d

)


 *$�@* .��5(�!�E � <>�A! 6 � !124� � 	 J F�! � sj = d
(

n+d
d

)

d
d+j e 
 j = 1, . . . , n− 1 
 ��(:�F�! � s′j = b

(

n+d
d

)

d
d+j c C � ( ! � ��� � �A! 6 � !�2�� � � J *$( �$</��.5��,-��*$(/�A� � 24�1 
 *$�)* .L�5(�!1E � <�A! 6 � !�2�� � � J F�! � s = s1

��(��
s = s′1 C

2

U
i{ztly�Ti}h��¼z � p�q�pBkm�}�yztk±lvi«z � lvk#k�p�u z�lvhji � hj�on`�¤hjq#��i ¡ d � ��h��Fp��jp�q ¢ �¤qthj  i}h���hji ¢�±p���ly�v��k�wDp�u lo���vlv��p�zth`z � p!u��5kmp

d = 2 ��U kmlvi r �#� p�hjqtp�  � � �«��isn-�«q�pBkm�}�yz�� ¡ � i}is�
µ h5q�p�i}��lvi}lÇ�±p�u���i²w}qth��jp,¨
©�g¿lvidz � p�lyi{z�p�q����j�

[
(

n+2
2

)

− n,
(

n+2
2

)

]
�¤h5q����v�

n �}�#� lvk���ok�h��¤h5�y�vh���k±�¤q�h5  z � p�q�pBkm�}�yztk#lvi � � p�� � q��M©�h!� �°� �
	 �/��� 

�� ��
 ������ � F (

n+2
2

)

− n ≤ s ≤
(

n+2
2

) ��<8�5( �
	OJ </!� "��. C
�����S��T � ¨
©�g lvk:w}qth��jpBn�lvi � µ h`¯5È°�F�¤h5q

s =
(

n+2
2

)

− n � Å�lvisu p²¨
©�gÁ���ok�h � hj�on}k�¤hjq
s =

(

n+2
2

) ��isn (

n+2
2

)

2
3 ≤

(

n+2
2

)

− n ≤
(

n+2
2

) z � p«kmzt��z�p� ;p�i5z��¤hj�v�yh���k��¤qthj 
�#� p�hjqtp�  � � � � 2

�#� p��¤hj�v�yh���lvi r z � p�h5q�p�  ��ly�v�%�Pp!�sk�p �¤�}�%lvi
z � p:i}p�À�z,k�p�u z�lvhji ¢ � � p�q�p:�Fp:w}q�pBkmp�i{zqtp�k��}�£z*k#h��?u��j�vu��}�v��z�lvhjisk±lvidz � p µ lyp���� r p��}q*�:�5k�k�hWu lo��z�pBn`zth
AX �

� �



��� �H�/� � � ���� � ���5�
X � �I�>.5��� !GF

s � �5(�� � *# 6/!�*$(��. *$( P n
k

��(:�; "�5�
L � ����<8��3*�L�1 � � �5� ���4.�.5! #5*���A��� �+!O��<8��#�! ! � ��*$(:���A� � *$( � !QF X

N=.5��� � �=')(�*$�=*!1( � C ��P C � E
6�6/!4.5�
s <

(

n+2
2

) C � �L��<8�5(;</��2��

(i) L3 = 0 ⇒ � 	 J NQ��(:� <8�5(�#�� �� .5! � � J P <8!� �4.F�! � s′
68!1*$(/�=.L*$(

P n
k 
 ?�<8� � � s ≤ s′ ≤

(

n+2
2

)

(ii) dimk L3 = n
{

(n+2)(n+1)
3 − s

}

⇒ � � J <8!1 "�4.
F�! � s′

68!1*$(/�=.L*$(
P n

k 
 ?�<8� � � s′ ≤ s

(iii) dimk L3 = n
{

(n+2)(n+1)
3 − s

} ��(:�
L4 = [L2, L2] ⇒ �
	OJ </!� "��.

�����S��T � Å��}wswPh{kmp
L3 = 0 � � ¡ gFhjqthj�v�v�jq ¡ É � È (iii) ¢ �Fp r p�z h2,3 = 0 � Å�lvisu p;���okmh

h0,2 = 0 ¢ ¨
©�g � hj�on}k��¤hjq s
wPh5lyi{ztkf� ¡ JqthjwDh5k�lyz�lvhji � � É (ii) � � h��|¨
©�g9�j�vk�h � hj�on}k�¤hjq

s′′ =
(

n+2
2

) wDhjlvi{ztk � ��p�isu p ¢ (i)
�¤h5�y�vh���kF�¤q�h5  �#� p�hjqtp�  � � � �Å��}wswPh{kmp

dimk L3 = n
{

(n+2)(n+1)
3 − s

}

���#� p�i ¢ � ¡ Âq�h5wPh{kmlyz�lvhji � � Æ (iv)

¥ d = 2
�jisn

j = 1 ¦�¢ �±p r p�z h2,3 − h1,3 = dimk L3 � � �}z
dimk L3 = h2,3��iPn � p�isu�p h1,3 = 0 � � ¡ �#� p�hjqtp�  � � � ¢ h1,3 = 0

lok,z�qt�}p`�¤h5q:�ji ¡ s′
wPh5lyi{z*k�lvi

P n
k ¢ � � p�qtp n + 1 ≤ s′ ≤ s

��isn � p�iPu p (ii)
�¤h5�y�vh���k ��#� p;�o�jkmz�kmzt��z�p� !p�i{z��¤h5�y�vh���k ¢ k�lvisu p`�jk��j�Ph��5p

h1,3 = 0
�jisn ¢ � ¡ gFh5q�h5�y�o��q ¡ É � È

(iv) ¢ h3,4 = 0 � � h����sk�p,JqthjwDh5k�l£ztlyh5i � � É (ii) � 2

� � � �2a��*\ � ^��¿c ����cFa�� �,\�e�^�[��

» p-i}h�ztpbz � ��z«¨
©�g lvk;wsq�h��5p�n³�¤h5q
s <

(

n+2
2

) ly�
n < 9 ¢ p À}u�p�wWz`�¤h5q

(n, s) =
(6, 11), (7, 12), (8, 13) ¢ ��isnd���ok�h:�¤h5q

s ≤ 50
ly�

n = 9 ¢ � � p �M�,q#¯jÉ�� �s�#� �sk#�Fp�ztq�pB��zhjis� ¡ z � p�u��5kmp
n ≥ 9 �

��� �H�/� � � � �� � ! � n ≤ 20
�1(��

(n + 1)(n + 2)/3 ≤ s < (n + 1)(n + 2)/2 �
	 J<8!1 "�4. C
�����S��T � ÅWlyisu�p

s < (n+1)(n+2)/2
�±p � �°�jp d = 2 � � qthj  z � p�zt���s�yp�lvixÅ�p�u z�lvhji²�j��±p r p z�z � ��z L3 = 0

�¤hjq
n ≤ 20

�jisn
s = d(n + 1)(n + 2)/3e � ��p�isu�p�z � p�q�pBkm�}�yz�¤hj�v�vh���k±�¤q�h5  �#� p�h5q�p�  � � �j� (i) � 2

��� �H�/� � � � � � � F n ≤ 20
�1(��

s < (n + 1)(n + 2)/2 
 � � J <8!1 "�4. C
�����S��T � ª®�

s ≥ (n+2)(n+1)/3
z � p±u�hjisu��y�Pkmlvhji��¤h5�y�vh���kÇ�¤qthj Äz � pFwsq�p��{lvhj�Pk z � p�h5q�p�  �� qthj  z � pdzt���s�ypdlyi¿Å�p�u z�lvhji �j�«�±p r p z!z � ��z dimk L3 = n

{

(n+2)(n+1)
3 − s

} �¤hjq
s = b(n + 1)(n + 2)/3c � ��p�isu p�z � p�q�pBkm�}�yz#�¤hj�v�yh���k±�¤qthj  �#� p�h5q�p�  � � ¯ � 2

� ���3� 	�� 	=��� � � �

l3 = d(n + 1)(n + 2)/3e

l4 =

⌈

n2 + n + 1/2− 1

2

√

2n4 − 2n2 + 1

⌉

l5 =

⌈

n2/2 + n + 1− 1

10

√

5n4 + 20

⌉

� �



» p/u h5i�~�p�u z��}qtp�z � ��z±l£�
s ≥ li ¢ z � p�i Li = 0 ¢ i = 3, 4, 5 ¢ u�� � gFhji�~�pBu�z��sq�p�� � � � � q�h5 z � p,zt���s�yp,lvi-ÅWp�u�ztlyh5i9�j� ¢ lyz��¤hj�v�yh���k±z � ��z#z � p�u h5i�~�p�u z��}qtp,lvk#ztq��sp/�¤h5q

L3
l£�

n ≤ 20 ¢�¤hjq
L4 ¢ ly� n ≤ 17 ¢ ��isn¹�¤h5q

L5 ly�
n ≤ 11 �2» pxu���i9�sk�p`z � pxq�pBkm�}�yz��¤hjq

L4 z�hp À�ztp�isnbz � p�lyi{z�p�q����j�Ç� � p�qtp,�Fp�u��jibwsq�h��5p�¨
©�g �
��� �H�/� � � � ��� � F n ≤ 17

�1(��
l4 ≤ s ≤

(

n+2
2

) ��<8�5( �
	 J </!� "��. C
�����S��T � � q�h5 Êz � p`z*���}�vp«lvi|Å�p�u z�lvhji¿�j�`�±p r p�z�z � ��z L4 = 0

�¤hjq
s = l4 � ��p�isu p� ¡ �#� p�h5q�p�  � � �-lyz`lvk!ztq��spd�j�vk�h¸�¤h5q

s ≥ l4 � gFhjqthj�v�v�jq ¡ É � È r ly�5p�k h3,4 = 0
�¤hjq

s ≥ l4 � Å�lvisu p
�±p � �°�5p-w}qth��jp�n|z � ��z dimk L3 = n
{

(n+2)(n+1)
3 − s

} �¤hjq
s =

b(n + 1)(n + 2)/3c ¢ lyz��¤hj�v�yh���k�z � ��z h1,3 = 0
�¤h5q�z � ��z: `��i ¡ wPh5lyi{z*k:�jisn¹z � p�i ¢� ¡ �#� p�hjqtp�  � � � ¢ lyz`�¤hj�v�vh���k�z � ��z h1,3 = 0

�¤hjq
s ≤ (n + 1)(n + 2)/3 � ��p�isu p

h1,3 = h3,4 = 0
�¤h5q

l4 ≤ s ≤ (n + 1)(n + 2)/3
��isn � p�isu p`¨
©�g � hj�on}k,lyi�z � lvklvi5ztp�qt����� � � �}z�� ¡ �#� p�h5q�p�  � � � ¢ ¨
©�g � hj�on}k#lvibz � p�lvi5ztp�qt�����

l3 ≤ s ≤
(

n+2
2

) � 2

U
k�lvi r �#� p�h5q�p�  � � � (iii) ¢ �±p�u���i²k � h�� ¨
©�g¼lyi-�:�¤p��Ä ;hjqtp,u��jk�p�k �

��� �H�/� � � � ��� �
	OJ * .L� � E/�L* F��P
n = 9

��(:�
d = 2

N+* C � C�
 s < 55
P C

� P (n, s) = (10, 39), (10, 40), (11, 47) 
 ��(:� (12, 55) C
�����S��T � � hjq

n = 9
�jisn

s ≤ 50 ¢ ¨
©�g¼lvk#w}qth��jpBn«lvi � � p �M�,q�¯�É�� � � h5q 50 < s < 55�±p � �°�5pFwsq�h��5p�n,z � ��z L3 = 0 ¥ k�p�p�Å�pBu�ztlyh5ix�j� ¦ ��isn � p�isu�p�¨
©�g � hj�on}k%� ¡ �#� p�hjqtp� � � �j� � � hjq�z � pbu��jk�p�k�lyi�� ¦ �±p � �°�5p`�skmpBn9z � pb¨
��z � p� ;��z�lou��-wsq�h r q*�� '´m�vlypBnWly :¶`z�hk � h��¼z � ��z [L2, L2] = L4 �}�#� p�i ¢ k�lvisu p dimk L3 = t ¢ z � p�k�z*��z�p� ;p�i{z#�¤hj�v�yh���kF�¤qthj 
�#� p�hjqtp�  � � � � ¥ ªMi¼�º�ju z ¢ z � p¹u��5kmp

(10, 40)
 `� ¡ �Dp�n}p�qtly�5p�n��¤qthj 

(10, 39)
�jisn

(10, 43)
�sk�lyi r �#� p�hjqtp�  � � � � ¦ 2

ª®z�lvk�is��zt�}qt�j�Tz�h`u h5i�~�p�u z��}qtp�z � ��z
TorS

r,s(AX , k) ∧ TorS
t,u(AX , k) → TorS

r+t,s+u(AX , k)lok#p�lyz � p�q�lyi�~�p�u�ztly�5p�hjq�k��}qº~�pBu�ztly�5p �W» p�u���idw}qth��jp/z � lok�lvi-kmh5 !p�k�wPpBu lo��� u��jk�p�k �
��� �H�/� � � � ��� � �5�

AX � � ��<8��#�! ! � ��*$(:���A� � *$( � !QF
s � ��(:� � *# 6/!�*$(��. *$( P n

k

��(��
 "�5�

S = k[x0, . . . , xn] C � F n ≤ 17
�1(��

s ≥ l4
�$</� , E  &�7* 6� &*#����7*!�(

TorS
1,2(AX , k) ∧ TorS

1,2(AX , k) → TorS
2,4(AX , k)

* .L*$( � ��#5�=*$2�� C
�����S��T � » p � �°�jp²k � h���i|z � ��z L4 = 0

lyi�z � lvk;lvi{z�p�qt����� ¥ k�p�p
Å�pBu�ztlyh5i��j� ¦ �J�#� �skgFhjqthj�v�o��q ¡ É � È (v) r lv�jp�k±z � ��z�z � p� ��s�£ztlyw}�vlou���ztlyh5iblok�lvi�~�p�u z�lv�jp � 2

��� �H�/� � � � � � � �5�
AX � � ��<8��#�! ! � ��*$(:���A� � *$( � !QF

s � ��(:� � *# 6/!�*$(��. *$( P n
k

��(��
 "�5�

S = k[x0, . . . , xn] C � ! � (n, s) =

(3, 6), (5, 13), (6, 17), (6, 18), (7, 21), (7, 22), (8, 26), (8, 27), (9, 32), (9, 33),

(10, 39), (10, 40), (11, 47), (12, 55)
��<8�O, E  &�7* 6� *#B�1�=*!1(

TorS
1,2(AX , k) ∧ TorS

1,2(AX , k) → TorS
2,4(AX , k)

* .�.0E � � �B#5�7*$24� C
� �



�����S��T � � hjq,z � p�k�p`ws��lvqtk�hj�
(n, s) ¢ �Fp � �°�5p�z � ��z TorS

i,∗(AX , k)
�¤hjq

i ≤ 3 � �°�jpz � p�p�ÀWwPpBu�z�pBnbn}ly ;p�iPkmlvhjisk±�¤h5q�¨
©�g ¥ � � p �M�,q�¯�É��2�jisn �#� p�hjqtp�  � � � ¦ � � ¡ gFhjqthj�v�o��q ¡É � È (v) ¢ z � p-�jp�qti}p��±hj�/z � p- ��s�£ztlyw}�vlou���ztlyh5i¿ ;�jw�lvi�z � p²z � p�h5q�p�  � �5k«nWlv !p�isk�lyh5i
dimk[L2, L2] ¢ ��isnd� ¡ gFhjqthj�v�o��q ¡ É � È (iv) ¢ h3,4 = dimk L4/[L2, L2] � ÅWlyisu�p�¨
©�g
� h5�vn}k ¢ �Fp;��i}h��

h1,2 ¢ h2,4 ¢ ��isn h3,4 � � qthj ÊÅWp�u�ztlyh5i|�5�:�±p:��i}h��
dimk L4

�¤hjq���v�ÂwP��lvqtk
(n, s)

lyi9z � p`z � p�hjqtp�  �2�#� �sk�z � pbk�z*��z�p� ;p�i{z��¤hj�v�vh���k,� ¡ u h5 ;w}�Wz�lvi r nWly� ;p�isk�lvhjisk � ¬ � r � ¢ ly� n = 6
�jisn

s = 17
�Fp � �°�jp�z � ��z h1,2 = dimk L2 = 11

��iPn
� p�isu p dimk(TorS

1,2(AX , k) ∧ TorS
1,2(AX , k)) = 55 � � �okmh ¢ h3,4 = 0

kmlvisu�p«¨
©�g
� h5�vn}k,�jisn

m = 2 ¢ ��isn ¢ � ¡ JqthjwDh5k�lyz�lvhji � � Æ (iv) ¢ �±p r p z h2,4 = 45 � ��p�isu p;� ¡gFhjqthj�v�o��q ¡ É � È (iv) ¢ L4 = [L2, L2] ¢ ��isn
�¤q�h5 (z � p!z*���}�vp ¢ dimk L4 = 10 � ��p�isu pz � p: `��w¸lvk,k��}qº~�pBu�ztly�5p ¢ kmlvisu p�z � p!�jp�q�isp��flvk:�	���®nWlv ;p�isk�lvhjis�j�2� ¡ gFhjqthj�v�v�jq ¡ É � È (v) �
2

» p!u���i¸u � pBu*�dz � p;u h5i�~�p�u z��}qtp:�j�Ph5�Wz/z � p! ��}�yz�lvw}�vlvu���z�lvhji�lyi¹�`�¤p��  ;hjqtp�u��5kmpBk �ª®�
s = n + 2 ¢ lyz�lvk�p��jk ¡ zth
kmp�p;z � ��z AX

lvk � h5q�p�iskmz�p�lvi � � ¡ q�pB�jk�hjisk�h���nWp r qtp�p ¢z � p/h5i}� ¡ wDh5ktk�ly�}�vp�ishjisk��}qÒ~�p�u�ztly�5p� :�}�£ztlyws�ylou���z�lvhjixlok
Tori ∧Torn−i → Torn �W�#� lokFlvkk��}qº~�pBu�ztly�5p ¢ k�lyisu�p AX

lok � hjqtp�iskmz�p�lyi �ªMi
P 3 z � p� ��s�£ztlyw}�vlou���ztlyh5i-lvk�lyi�~�p�u�ztly�5p�h5q/k��}qº~�pBu�ztly�5p,�¤hjq/�ji ¡ u � h5lvu�p�h��ÂnWp r qtp�pBk��iPn`i��} ��Dp�qFh�� wDhjlvi5z*k � ª®� s ≥ 7

z � lokJ�¤h5�y�vh���k%�¤qthj  �#� p�hjqtp�  � � � � ª®� s = 5 ¢ AX
lvk

� hjqtp�iPk�ztp�lvi � ª®� s = 4
z � p�q�pBkmh5�y�}z�lvhji²lvk��ylvi}pB��q���iPndz � p� :�}�yz�lvw}�ylou���z�lvhji²ztq�lv��lv�j� � � hjqz � p�q�p� ;�jlyislyi r u��jk�p

s = 6 ¢ z � p� ��}�yz�lvw}�vlvu���z�lvhji
TorS

1,2(AX , k) ∧ TorS
1,2(AX , k) → TorS

2,4(AX , k)

lok�km�}qÒ~�p�u z�lv�jp,� ¡ �#� p�hjqtp�  � � � �}�#� ��z�z � p� ��}�yz�lvw}�vlvu���ztlyh5i
TorS

1,2(AX , k)⊗ TorS
2,3(AX , k) → TorS

3,5(AX , k)

lok±k��}qÒ~�p�u z�lv�jp��¤h5�y�vh���kJlvib�!k�ly ;lv�v�jqÂ�#� ¡ �5kÂlvi«z � p�w}q�h�hj� h�� �#� p�hjqtp�  � � �,� ¡ nWp�z�p�qt ;l£�i}lvi r dimk L5 ¥ u�� � ÅWp�u�ztlyh5i9�j� ¦ �
� ZT_�� ��� � 	���[��#] �,\ ��_ ����	���[��#]fe c��;a���_x] �,\�e c ��^�]�� �

» p«u����v�J�d§5�P�jnWq*��ztlvu��¤hjqt  ∑

1≤i≤j≤n cijxixj
lyi

k[x1, . . . , xn] � �5(�� � *# l£� {cij}lokJ��� r p��}qt�jlvu����v� ¡ lvisnWp�wPp�isnWp�i5zFh��jp�q%z � p�w}qtly ;p�¾Pp��on:hj�
k ¥ z � p�����qtlv�j�}�vp�k

xi
��qtp#u�hjiW�k�lvnWp�q�pBn«zth`�Pp�p��jp�i ¦ �W» p���lv�y�2i}h�� u�hjisk�lvn}p�q�lonWp��j�vk

(f1, . . . , ft)
lyi

k[x1, . . . , xn] ¢� � p�q�p fk =
∑

1≤i≤j≤n c
(k)
ij xixj

��isn {c(k)
ij }

lok:�j� r p��}q*��lou��j�y� ¡ lvisnWp�wPp�isnWp�i5z!h��jp�qz � p!wsq�lv ;p�¾sp��vn�h��
k � � hjq�k�ly ;w}�vlvu�l£z ¡ �±p;k�� ¡ z � ��z�k��su � �ji¸lonWp��j�flok r p�isp�q*��z�pBn
� ¡

t r p�i}p�qtlou/§{�s�5nWqt��z�lou/�¤hjqt ;k �}» p���ly�v�2nWp�z�p�q� ;lvi}p,�¤hjq�� � lou � n
��iPn

t
�±p � �°�jp�z � ��z

k[x1, . . . , xn]/I
lok��¸��h{km���}�Â��� r p��}q*�²l£�

I
lok r p�i}p�qt��z�p�n9� ¡ t

§{�s�5nWqt��z�lou r p�i}p�qtlvu�¤hjqt `k ��» p���ly�v�ÇlonWp�i{z�ly� ¡ �jiblonWp��j�
(g1, . . . , gt) r p�i}p�qt��z�pBn«� ¡ �vlyi}pB��qt� ¡ lvisnWp�wPp�isnWp�i5z§{�s�jn}qt��z�lou�p��vp� ;p�i5z*k ¥ ��iPn`z � �skFz � p�§{�s�5nWq*��z�lou��j� r p��}q*� k[x1, . . . , xn]/(g1, . . . , gt) ¦��lyz � ��wDhjlvi{z±lvi

Grass(
(

n+1
2

)

, t) � �/i}p�ws�jqmz#h�� z � p��¤hj�v�yh���lvi r z � p�hjqtp�  lvk±w}qth��jpBn`lvi
� gFh�� � q�� � �!¯ �B� �
��� �H�/� � � � �� � �5�

A = k[x1, . . . , xn]/(g1, . . . , gt) � � � �5E/��� � ���7*# �1 � � �5� � 
 ?�<8� � ���<8� 2�� � *� �  "��. xi
� � �L#B!1(8.0*��� � ��� �A! � ����2��5( C � F t ≤ n

��<8� � � * . ��( !B6/�5(D(:!�( � �5, 6��7%.0E � .5�5� !QF Grass(
(

n+1
2

)

, t)
!�( ?�<H*#�<

A
* . ��!4.��5E  C � F t ≥ n2/4 + n/2

��<8� � � * . �(�!1( � �5, 6:�=% #�!�E (��+� �  �I*$(��+� � .5�B#5�7*!�( !GFI!B6/��( .5���=. *$(
Grass(

(

n+1
2

)

, t)
!�( ?�< *#B<

A

�B�



* . ��!�. �5E  C � F n < t < n2/4+ n/2 
 �$</��( A
* . (�!1� ��!4.��5E  :!1( ��( !�68�5( (�!1( � �5, 6:�=%.0E � .5�5� !QF Grass(

(

n+1
2

)

, t) C � ( 6/� � �7*#�E  "� � 
 * F A = k[x1, . . . , xn]/I 
 ?�<8� � � I
* .

� ��(:� � �1�+��� � % t � ��(:� � *# �5E/��� � ���7*#�F�! � ,O. 
 ��<8�5( A
* .���!4.��5E  S* FO�1(��D!�(/ %I* F

t ≤ n! � t ≥ n2/4 + n/2 C
�����S��T � ª®�

t ≤ n ¢ z � p�i9���v !h{k�z,���v�
A

��qtp!u�hj ;w}�vp ztp:lvi{z�p�q*k�p�u�ztlyh5isk ¢ �jisn
u h5 ;w}�yp�z�plvi5ztp�q*kmpBu�ztlyh5isk#��qtp,�/h5k����s� ¢ u�� � � � qm� µ � ¯}� � �� h�� �yp�z
t ≥ n2/4 + n/2 � gFhjisk�lonWp�q,z � p`q�lvi r k A

��lyz � t
¾}ÀWp�n9�5k,wPh5lyi{ztk,lvi

G = Grass(
(

n+1
2

)

, t) �P�#� p�k��}�sk�p z/h��
G

u h5q�qtp�k�wDhjisnWlvi r z�h«qtlvi r k A
��lyz � A3 = 0lok;hjwDp�i � � hjq`km�Pu � A ¢ z � p � ��q;u hj ;w}�vp À�h��

k
h��5p�q

A
lok!�s�jk�p�n�hji|z � p-�5p�u z�hjqk�ws�ju�p

A1 ⊕ A2 ¢ � � lou �9� �jk�z � p`¾sÀ�pBn9nWly ;p�iskmlvhji
n +

(

n+1
2

)

− t ¢ ��iPn¸z � pxnWl!�Tp �qtp�i{z�lo���flvk/p ÀWw}qtp�ktk�p�n²� ¡  ;p���iPk�hj�?z � p! ��}�yz�lvw}�vlvu���ztlyh5i
lyi
A � ��p�iPu p ¢ lyz�lok���i
h5wPp�iu h5isnWlyz�lvhji¼z � ��zdz � p � h5 ;hj�vh rj¡ lvkd��p�qth�lyiÄ�|u�p�q�zt��lvi �}lonWp r qtp�p (i, j) ¢ �jisn � p�isu p

A3 = 0
��iPn

TorA
i,j(k, k) = 0

lok`��i�hjwDp�i¿u h5isnWlyz�lvhji��¤hjq!¾}ÀWp�n
(i, j) �Â�#� ��z Alok:�/h5k����}� ¢ l � p � ¢ TorA

i,j(k, k) = 0
ly�

i 6= j ¢ lok�z � p�qtp �¤hjqtp`ztq��}pbhji��ji³lyi{z�p�qtk�p�u z�lvhjih��,hjwDp�i¼k�p z*k � ª®zxk�� �«u pBk;z�h�k � h�� z � ��z`z � lok`lvi5ztp�q*kmpBu�ztlyh5i�lok`i}h5iW�Qp� ;wWz ¡ � ª®�
A =

k[x1, . . . , xa]/(x1, . . . , xa)2 ⊗ k[x1, . . . , xb]/(x1, . . . , xb)
2 ¢ ��lyz � a = dn/2e ��isn

b = bn/2c ¢ �±p � �°�5p���i²p À}�� ;w}�vp�h��?�«�/h5k����}� �j� r p��}q*�:lyi
u��jk�p
t = dn2/4 + n/2e ¢� � q � � � � ª®� t

lok��o��q r p�q±�±p,u�hj�}�on:~��skmz�nWly��lonWp�� ¡ k�hj ;p, !h5q�p�§{�s�5nWqt��z�lou� ;h5i}hj ;lo���ok �� h��(�vp z
n < t ≤

(

n+2
3

)

/n ���#� p�i ¢ � ¡ � ��h�� µ �;� �B� ¢ z � p�qtp�lok²�|i}h5iW�®p� ;wWz ¡k��}�sk�p z«h��
G

��lyz � {xigj}
�ylvi}pB��qt� ¡ lvisnWp�wPp�isnWp�i5z ¢ � � p�q�p I = (g1, . . . , gt) � � ¡gFhjqthj�v�o��q ¡ É � È (iii) ¢ z � lvk r ly�5p�k L3 = 0 � ª®�

A
�±p�qtp��/h5k����s� ¢ z � p�i U(ηA)

lvkp�§{�s�j�fz�h
ExtA(k, k) � �#� p�i A

�±hj�}�on
�Dp`�bu�hj ;w}�vp z�p!lvi5ztp�q*kmpBu�ztlyh5i
� ¡ � � � ��� � ¢ �u h5i{z�q*�jnWlou�ztlyh5ibk�lyisu�p
t > n �� lyiP���v� ¡ �yp�z (

n+2
3

)

/n ≤ t < n2/4 + n/2 �Ç�#� p�i ¢ � ¡ � ��h�� µ �!� �B� ¢ A3 = 0
hji¸�

i}h5iW�Qp� ;wWz ¡ hjwDp�i;k��}�sk�p z?h��
G � ª®� A

lok?��h{km���}� ¢ z � p�i A!(z) = 1/(1−nz+(
(

n+1
2

)

−
t)z2) = 1/((1− nz/2)2 + (n2/4 + n/2− t)z2) � ��p�isu p

A!(z) � �jk#i}h;wDhj�vp,hjibz � pqtp����F��ÀWlvk � � �Wz�z � p�i³z � pbu h�p �«u lvp�i{z*k�lvi
A!(z)

�jq�p`ish�z:�j�y�Fi}hjiW�®i}p r ��ztly�5p ¢ k�lvisu px�k�p�qtlypBkJ��lyz � ishjiW�®i}p r ��ztly�5p�u h�p �«u lvp�i{z*k � �5kF��kmlvi r �s�v�jq�lyz ¡ h5i`z � p/wDh5k�l£ztly�5p�qtp����D��ÀWlokÂly�lyztk�q*�jnWlv�sk±h��?u h5i��jp�q r p�isu p/lvk±¾Pi}l£ztp � 2

� � � �8��� � � � ª®zd�¤hj�v�yh���k`�¤q�h5 �z � p
z � p�h5q�p�  ���Dh��jp²z � ��zxz � p-´mk� `���v�ypBk�zm¶-�j� r p��}q*�nWp�¾si}p�nb� ¡«r p�i}p�qtlou/§{�s�5nWqt��z�lou��¤h5q� `k±� � lou � lok#i}hjz��/h5k����s�Dlok#hj�}zt��lvi}pBn«� ¡ u � h�h5k�lvi r
n = 4

�jisn
t = 5 �P�#� lvk��±�5kFlvid�º�ju z�z � p,¾sq*kmz�p À}�� ;w}�vp,h��f�;ishjiW�M��h{km���}�Ç§{�s�jnWq*��ztlvu��� r p��}q*���¤h5�}isnd� ¡ g � qtlvkmz�p�q µ p�u � ��¯ � � �

� h�k�z*��ztp/k�hj ;p�u h5i�~�p�u z��}qtp�kF���Dhj�WzÂz � p�u h�hjq*nWlvis��ztp�q�lvi r hj� r p�isp�qtlvu�§{�s�5nWqt��z�lou#�¤hjqt `k ¢�±p�isp�p�n²�;u h5isu p�wWz#�¤q�h5  i}h5iW�Mu hj ; :�Wzt��z�lv�jp r q*�jnWpBnx��� r p��}q*�jk �
µ p�z B

�Pp���i
N

� r qt�5nWp�n;�jktk�h�u�lv��z�lv�jp���� r p��}q*���jisn {y1, . . . , yr}
��k�p zÂhj� � hj ;h��

r p�i}p�h5�sk±p��vp� ;p�i{z*k�lyi
B

h��%nWp r q�p�p�k d1, . . . , dr ¢ qtp�k�wDp�u�ztly�5p�� ¡ �}�#� p�i
B/(y1, . . . , yr)(z) ≥ B(z)/(1 + (zd1 + · · ·+ zdr)B(z))

��iPn«z � p�kmp�z�lvk�u����v�ypBn .0� � !�( �  &% F � �B� lvi
B

ly�fz � p�q�p,lok#p�§{�s���vlyz ¡j¢ � � i-�5ÆB� � � i ¡ k��}�sk�p zh����-kmz�qthji r � ¡ �¤q�p�p«kmp�z�lok�kmz�qthji r � ¡ �¤qtp�p � ª®� {y1, . . . , yr}
lvk��
k�ztq�h5i r � ¡ �¤qtp�pxk�p z�hj�§{�s�jn}qt��z�lou�p��yp� !p�i{ztk�lvidz � p,�¤qtp�p��jktk�h�u�lv��z�lv�jp,��� r p��}qt� k〈X1, . . . , Xn〉 ¢ �±p r p�z

k〈X1, . . . , Xn〉/(y1, . . . , yr)(z) = 1/(1− nz + rz2) .

�B¯



Å��su � ��i¹��� r p��sqt�x��ly�v�%�Pp`u��j�y�vp�n��«i}h5iW�Mu hj ; :�Wzt��z�lv�jp:u � l � ¥ u�hj ;w}�vp ztp:lvi{z�p�q*k�p�u�ztlyh5i ¦ ��#� p ¡ w}�v� ¡  :�su � z � p�kt�� ;p�q � �vp��¤h5qFishjiW�Mu h5 ! :�Wzt��z�lv�jp���� r p��sqt�5kJ�jk±u h5 !ws�yp�z�p�lyi{z�p�qm�k�p�u�ztlyh5isk�nWh!�¤hjq�u�hj ; ��}zt��ztly�5p���� r p��sqt�5k � ¬ � r � ¢ z � p��j� r p��}q*�
B = k〈X1, . . . , Xn〉/(y1, . . . , yr)

lok��!i}hjiW�Mu h5 ; ��Wz*��z�lv�jp,u � l � l£�?��iPnbh5i}� ¡ l£�
k〈X1, . . . , Xn, Y1, . . . Yr; dXi = 0, dYi = yi〉

lok��; ;lvi}ly `�j�2 ;hWnWp���h��
B ¥ u�� � p�isnh���w}qth�h���h�� �#� p�hjqtp�  É � � ¦ � ª®z��¤h5�y�vh���k�z � ��z B

lok��
i}hjiW�Mu h5 ; ��Wz*��z�lv�jp«u � l � l£���jisnhjis� ¡ l£�
gldim(B) ≤ 2 ¢ ��isn � p�isu�p��`i}h5iW�®u�hj ; ��}zt��ztly�5p�u � l � lvk��/h5k����}� � � �ok�h ¢ �¤h5q/�§{�s�jn}qt��z�lou���� r p��sqt� A ¢ A! lok��;i}h5iW�Mu hj ; :�Wzt��z�lv�jp�u � l � ly�Â��isn²h5i}� ¡ l£�

A
lok��/h5k����s���iPn

A3 = 0 �» pÂ��lv�y�{i}h��³u h5iskmlonWp�q lvn}p����ok
(h1, . . . , hr)

lyi
k〈X1, . . . , Xn〉 ¢ � � p�qtp?z � pF����qtlv���

�}�vp�k
Xi

�jq�p?hWn}n��jisn,� � p�qtp hk =
∑

1≤i≤j≤n d
(k)
ij [Xi, Xj ]

��iPn
[Xi, Xj ] = XiXj+

XjXi � ÅW�su � ��i!p��vp� ;p�i{zJlok?u����v�vp�n!����hjwW�Tp��vp� ;p�i5zÂ�jisn�z � p�u�hjqtq�pBkmwDhjisn}lyi r §{�}h�ztlyp�i{z��� r p��}q*�/�,§{�s�jn}qt��z�louF��hjwW�Ç��� r p��}qt� �°» p���lv�y�WlonWp�i5ztl£� ¡ ��i;lonWp��j�
(h1, . . . , hr) r p�i}p�qt���z�pBn;� ¡ �vlyisp���qt� ¡ lvisnWp�wDp�iPnWp�i{zF§{�s�5nWqt��z�lou���h5wW�Çp��vp� ;p�i{ztk ¥ �jisn!z � �skF���okmh,z � p�§{�s�jn}qt���z�lou���hjwW�f��� r p��sqt� k〈X1, . . . , Xn〉/(h1, . . . , hr) ¦ ��l£z � ��wDhjlvi{z±lvi

Grass(
(

n+1
2

)

, r) �� k;�Dp �¤h5q�p²�±p²��ly�v��k�� ¡ z � ��z;z � p-lvn}p����
(h1, . . . , hr)

lok r p�isp�q*��z�pBn³� ¡ r r p�i}p�qtlvu§{�s�jn}qt��z�lou���h5wW�Âp��vp� ;p�i5z*k�ly�?z � p!u�h{p��«u lvp�i{ztk {d(k)
ij }

lok/�j� r p��}q*��lou��j�y� ¡ lvisnWp�wPp�isnWp�i5zh��jp�q±z � p�w}qtlv !p�¾sp��vndhj�
k ��#� p�q�p,lok��;�Fp��y�y�®�{ish���ibnW�s�j�ylyz ¡ �Dp z��±p�p�i � qt�5k�k� `��i}lo��isk ¡ lvp��onWlyi r z � p,�¤h5�y�vh���lyi rw}qthjwDh5k�l£ztlyh5i �

����� �����
	��
	��� � � � R:<8�L#�! �0� �0.76/!�(�����(:#�� A ↔ A! ���=')(:�0.���(;* .5!�,-! � 68< * .0, !QF)6 � ! �
� ��#��7*$2��O,-��(�* F�!� "��. � ���7?M����( Grass(

(

n+1
2

)

, t)
��(��

Grass(
(

n+1
2

)

,
(

n+1
2

)

− t)

�����S��T � �#� p�qtp��o��ztlyh5isk#lvi
A!

��qtp�h5�Wzt�jlyisp�nx�¤q�h5  z � h{kmp�lvi
A

� ¡ kmh5�y��lvi r �`k ¡ k�ztp� h��Ç�vlyisp���qÂp�§{�s��ztlyh5isk � � ¡ gFq*�� ;p�q � k%qt�}�vp#z � p/kmh5�y�Wztlyh5isk? `� ¡ �Dp�p�À�wsq�pBk�k�p�n;�jkJqt��z�lvhjis�j��¤�}isu z�lvhjisk���iPn-�yhWu����v� ¡ z � p:kt�� ;p:nWp�z�p�q� ;lvis��i{z/ `� ¡ �Pp!�sk�p�n-lvi-z � p!n}p�i}h5 !lvis��z�hjq*k �
2

� h���z � p�n}�s���Ç�5p�q*kmlvhjibh�� �#� p�h5q�p�  � � �,n}lyqtp�u z�� ¡ �¤hj�v�yh���k �
��� �H�/� � � � ��� � �5�

B = k〈X1, . . . , Xn〉/(h1, . . . , hr) � � �
�5E/��� � ���7*#��O!B6�FO�� � � �
�5� � 
 ?�</� � �I��<8�924� � *� �  "��. Xi

� � �>#�!�(/.�*��� � �B� �A! � �D!
��� C � F r ≤ n2/4
��<8� � �I* .9�

#�!�E (��+� �  "�I*$(/�A� � .5��#5�=*!1( !QF-!B6/�5( .5���=. *$(
Grass(

(

n+1
2

)

, r)
!1( ?�<H*#�<

B
* . � !�.���E  C

� F r ≥
(

n
2

) ��<8� � � * . �1( !�68�5( (�!1( � �5, 6:�=%I.�E � .5��� !GF Grass(
(

n+1
2

)

, r)
!�( ?�<H*#�<

B* . ��!4.��5E  C � F n2/4 < r <
(

n
2

)


 ��<8�5( A
* .9(:!�� ��!4.��5E  K!�( ��( !�68�5( (:!�( � ��, 6��7%.0E � .5�5�O!QF Grass(

(

n+1
2

)

, r) C�� ( 68� � �=*#5E  "� � 
 * F B = k〈X1, . . . , Xn〉/J 
 ?�<8� � � J* . � ��(:� � ���A�B� � % r � ��(:� � *# ��E/��� � �1�=*#�� !B64F;�5 "��,-�5(/�=. 
 �$</��( B
* . � !�.���E  �* F>�1(��

!�(� &%>* F
r ≤ n2/4

! � r ≥
(

n
2

) �1(��
B

* .��>(:!�( � #�!1, , E �+�1�=*$2��-# C * C * F �1(�� !�(� &%>* F
r ≤ n2/4 C
�����S��T � � h r p z�z � p±k�z*��z�p� ;p�i{z����Dhj�}z2z � pF�/h5k����}��wsq�h5wPp�qmz ¡5¢ �±pÇ~��skmz��sk�p �#� p�hjqtp� � � ���iPn�JqthjwDh5k�l£ztlyh5i � � È ¢ h5�skmp�q���lvi r z � ��z (

n+1
2

)

−n2/4−n/2 = n2/4
�jisn (

n+1
2

)

−n =
(

n
2

) �5�#� p��v�5k�zFkmzt��z�p� !p�i{z ¥ w}qth��jpBn!lyi � � i-�{ÆB� ¦ �¤hj�v�yh���k%�¤qthj  z � p�qtp� `��qt�����Dh��jp#z � ��z
B

lok��²ishjiW�Mu h5 ! :�Wzt��z�lv�jp`u � l � l£���jisn¹hji}� ¡ ly�
B! lok���h{km���}�J��iPn

B!
3 = 0 ¢ � � lvu �� ¡ z � p¸wsq�h�h���hj� �#� p�hjqtp�  � � �
lok`ztq��}p¸l�� (

n+1
2

)

− r ≥ (n + 2)(n + 1)/6
�jisn

���ok�h (

n+1
2

)

− r ≥ n2/4 + n/2
hjq (

n+1
2

)

− r ≤ n � � �Wz«�¤hjq
n ≥ 2

�±p � �°�jp
n ≤ (n + 2)(n + 1)/6 ≤ n2/4 + n/2 � 2

Æ �



	 ��� � � �1����� � � ����� �5�
A = k[x1, . . . , xn]/I 
 ?�</� � � �$</� 2�� � *� �  "��. xi

� � � ��2���(
��(:�;?�<8� � � I

* . � ��(:� � �1�+��� � % ��E/��� � �1�=*# � �5(�� � *#9�5 "�5,��5(/�=. C R:</��( �5*$��<8� � A! * .-�
(�!1( � #�!�, , E �+�1�=*$2��O# C * C ! � ηA

* .L(/*$ 68!1�+�5(/� 
 ?�<8� � � A! = U(ηA) C
� h5qd���¤hjqt `����wPh��±p�qdkmp�q�lvp�k ∑

i≥0 aiz
i �Fp��yp�z

(
∑

i≥0 aiz
i)+ =

∑

i≥0 biz
i ¢� � p�q�p bi = ai

ly�
aj > 0

�¤hjq����v�
j ≤ i ¢ ��iPn bi = 0

h�z � p�qt��lvk�p � � �¤h5q� `����wPh��±p�qk�p�qtlypBk
p(z)

��l£z � lyi{z�p r p�q±u�h{p��«u lvp�i{ztk��jisnxu�hjiskmzt�ji5z±z�p�q� Ê�/ `� ¡ �Dp���qtlyzmz�p�iblvibz � p�¤hjqt 
p(z) =

∏∞
k=1(1 + z2k−1)e2k−1/(1− z2k)e2k �P» p�nWp�i}h�ztp�� ¡ Log(p(z))

z � pk�p�qtlypBk ∑

i≥1 eiz
i � ©�pBu����v�fz � ��z ¢ �¤h5q,� r q*�jn}p�n
�j� r p��}q*� A ¢ �±p � �°�jp U(ηA) = A! ¢k�h

ηA(z) = Log(A!(z)) �
» p�ish��� `���5p/z � p�u h5i�~�p�u z��}qtp, ;hjqtp�wsq�pBu lokmp �

	 ��� � � �1����� � � ��� � �5�
A = k[x1, . . . , xn]/I 
 ?�</� � � �$</� 2�� � *� �  "��. xi

� � � ��2���(
��(:� ?�<8� � � I

* . � ��(:� � �1�+��� � % (

n+1
2

)

− r
�5E/��� � ���7*# � �5(�� � *#@F�! � ,O. C R�</��( ηA(z) =

(Log(1/(1− nz + rz2)))+ C
��� �H�/� � � � � � J !�( � ��#5�=E � ��� C�� * .L� � E/�L*$( ��<8�MF�!� $ "!1?@*$( � #���.���.
��P � F A

* . ��!�. �5E  C
� P � F n ≤ 8 C#QP � F r ≥ (n2 − 1)/3

��(��
n ≤ 20 C��P � F r ≥ n2 − 1/2− 1

2

√
2n4 − 2n2 + 1

��(:�
n ≤ 17 C�QP � F r ≥ n2/2− 1

10

√
5n4 + 20

�1(��
n ≤ 10 CF P � F (n, r) = (9, 22) C

�����S��T � � ¦ � u�u h5qtn}lyi r z�h �#� p�hjqtp�  � � � ¢ A
lvk?�/h5k����s�Wl£�Ç��isn!h5i}� ¡ l£�

r ≥
(

n
2

) hjq
r ≤

n2/4 � ªMi²z � p,¾sq*k�z�u��jk�p��Fp���i}h���z � ��z A
lvk/�!u�hj ;w}�vp ztp�lyi{ztp�q*kmpBu�z�lvhji ¢ kmh ηA(z) =

nz+(
(

n+1
2

)

−r)z2 � � kmlv ;w}�yp�u����ou �}�o��ztlyh5i!k � h���kfz � ��z (Log(1/(1−nz+rz2)))+ =

nz + (
(

n+1
2

)

− r)z2
l£����isn|hji}� ¡ l£�

r ≥ (n2 − 1)/3 � Å�lyiPu p (

n
2

)

≥ (n2 − 1)/3 ¢z � p/qtp�k��}�yzJ�¤hj�v�yh���kÂlyixz � p�¾sq*k�z#u��jk�p � ªMi`z � p�k�p�u�hjisn`u��jk�p ¢ A!
lok±��i}h5iW�®u�hj ; ��}zt��ztly�5pu � l � ¥ kmlvisu�p A

lvk,�/h5k����}�%��isn
A3 = 0 ¦ ��isn � p�isu�p A!(z) = 1/(1 − nz + rz2) � ª®z�¤hj�v�vh���kÂz � ��z ηA(z) = Log(A!(z)) = Log(1/(1− nz + rz2)) � ��p�isu�p��j�vk�h

ηA(z) =
(Log(1/(1− nz + rz2)))+ ¢ k�lyisu�p (ηA)i = 0

�¤hjq�k�hj ;p
i

lv ;w}�vlypBk�z � ��z (ηA)j = 0�¤hjq��j�y�
j ≥ i �� ¦ » p�k � h�� � h��|z � p�qtp�k��}�£z?�¤h5�y�vh���k%�¤h5q

n = 8 �5�#� p�i A
lokJ�/h5k����}�sl£� (

9
2

)

−r =
t ≥ 82/4 + 8/2 = 20 ½ l � p � ¢ l£� A � �5k���z��vp��5k�z,Æ �`§{�s�jn}qt��z�lou,q�p��v��z�lvhjisk � ª®� A � �jk t§{�s�jn}qt��z�lou�qtp��o��z�lvhjiPk ¢ z � p�i A! � �jk r =

(

9
2

)

− t = 36 − t
§5�P�jnWq*��ztlvu�q�p��v��z�lvhjisk ¢ k�h

A!(z) ≥ 1/(1− 8z + rz2)
��isn � p�isu�p ηA(z) ≥ (Log(1/(1− 8z + rz2)))+ �}� h`kmp�pz � ��z�z � p�qtp!lok�pB§5�P���vl£z ¡
r p�i}p�q�lou��j�y� ¡ � � p�i t < 20 ¢ lyz�lvk�k�� �«u lvp�i{z�z�h-wsq�hWnW�su�p;hji}pp À}�j !ws�yp � µ p z A = AX/y ¢ � � p�q�p AX

lvkÂz � p/u h�h5qtnWlvis��z�p�qtlyi r h��
s

wPh5lyi{z*kÂlvi
P 8 ¢��iPn

y
lok����ylvi}pB��q2ishji}��p�qth�n}ly��lokmh5q lyi

AX ���#� p�i AX
��isn

A � �°�jp (

10
2

)

−s = 45−s§{�s�jn}qt��z�lou�q�p��v��z�lvhjisk �T�#� �Pk��±p:u���i
�sk�p!hj�}q�u����ou �s�v��z�lvhjisk��¤hjq�Æ �`h5q/ ;h5q�p:wPh5lyi{ztk/lvi
P 8 � � hjqbÆ �¹z�h|È �³wPh5lyi{z*k`�Fp¸�jp�qtly� ¡ z � p�u h5i�~�p�u z��}qtp
nWlvq�pBu�zt� ¡ �¤q�h5  z � p-z*���}�vp
lviÅ�pBu�z�lvhji|�j� � � h��

s ≥ 30
lok�pB§5�sly�����vp�i{z/z�h

t ≤ 15
��isn²zth

r ≥ 21 � ª®� n = 8
�Fp

r p�z (n2 − 1)/3 = 21 ¢ kmh (Log(1/(1− nz + rz2))+ = nz + (
(

n+1
2

)

− r)z2 ¢ u � � z � pw}qth�h��Phj�D� ¦ � � �Wz%�¤q�h5 Ãz � p#zt���s�yp#�±p r p z%z � ��z (ηĀ)3 = 0
�¤hjq

s = 30
�jisn � p�isu�pFz � loklok ztq��}p#���ok�h��¤hjq

s > 30 � ��p�isu�p
ηĀ = nz+(

(

n+1
2

)

−r)z2 = (Log(1/(1−nz+rz2))+��iPn«�±p � �°�5p�w}qth��jpBn;z � p�u�hji�~�pBu�z��sq�p/�¤hjq����v�
t

� � p�i n = 8 � ª®� n < 8
z � p,w}qth�h�� lokk�ly ;lv�v�jq �u ¦ » p�k � ���v�}w}qth��jp±z � p�kmzt��ztp� ;p�i{zJ�¤h5q

t ≤
(

n+1
2

)

− (n2−1)/3 = (n2 +3n+2)/6qtp��o��z�lvhjiPk � � k%�Dp �¤h5q�p±lyzÂkm� �«u�p�k�z�h�¾sisn!h5i}pFp�À}�� ;w}�vp ��» p r p zJk��su � �ji�p�ÀW�j ;w}�yp±�¤qthj 
Æ}�



s
wDhjlvi{ztk/lyi

P n
l£� (

n+2
2

)

− s ≤ (n2 + 3n + 2)/6 ½ l � p � ¢ ly� s ≥ (n2 + 3n + 2)/3 �» p�q�p��¤p�q#z�h �#� p�hjqtp�  � � Æ|� ¦ � �/�sk�p�qt�jp/z � ��z r = s− n− 1 �n ¦ » pÂk � ���v��w}qth��jpfz � pJk�z*��z�p� ;p�i{z �¤hjq
t ≤

(

n+1
2

)

−(n2−1/2− 1
2

√
2n4 − 2n2 + 1) =

(n + 1 − n2)/2 + 1
2

√
2n4 − 2n2 + 1

q�p��v��z�lvhjisk � � k��Dp �¤hjqtp«lyz:k�� �«u p�k�z�h²¾siPn³hji}p
p À}�j !ws�yp �j» p r p zFk��su � �ji«p À}�� ;w}�vp��¤qthj 

s
wDhjlvi{ztkÂlyi

P n
ly� (

n+2
2

)

− s ≤ (n+1−
n2)/2 +

√
2n4 − 2n2 + 1 ½ l � p � ¢ ly� s ≥ n2 + n + 1

2 + 1
2

√
2n4 − 2n2 + 1 �D» p:q�p��¤p�qz�h �#� p�hjqtp�  � � Æ|� ¦ �p ¦ � k/lyi�n ¦ lyz,k�� �«u pBk�zthbu h5isk�lvnWp�q

s ≥ n2

2 + n + 1 − 1
10

√
5n4 + 20

wDhjlvi{ztk/lyi
P n �W» p�qtp �¤p�q#zth �#� p�h5q�p�  � � Æ|u ¦ �� ¦ ��p�qtp��Fp�u��jibqtp �¤p�q#z�h`� � Æ�n ¦ ½ l � p � ¢ È5Æ�wPh5lyi{z*k�lyi

P 9 � 2

» p,u���i-���ok�h r ly�5p,k�hj ;p,ws�jqmztlv�j�Dqtp�k��}�yztk ���� �H�/� � � � � � � F A
* .O�4.L*$( J !1( � ��#5�=E � � � C�� 
 ?M��<8��2����P

ηA(z) ≡ (Log(1/(1− nz + rz2)))+ (mod z6)
* F

n ≤ 10 C
� P ηA(z) ≡ (Log(1/(1− nz + rz2)))+ (mod z5)

* F
n ≤ 17 C#QP

ηA(z) ≡ (Log(1/(1− nz + rz2)))+ (mod z4)
* F

n ≤ 20 C��P
ηA(z) ≡ (Log(1/(1− nz + rz2)))+ (mod z3) C

�����S��T � » p��sk�p/z � p�kt�� ;p, !p�z � hWn²�jk#lvidz � p�wsq�pBu p�pBnWlvi r w}q�h�hj� � 2

» p�p�isn`z � lokÂk�p�u z�lvhji`� ¡ qtp �¤h5q� :�}�o��z�lvi r z � p/u�hji�~�pBu�z��sq�pBkJ���Dh��jp�lvi`z�p�q� `kÂh�� ��h5wW���� r p��}q*�jk �	 ��� � � �1����� � � ��� � �5�
B = k〈X1, . . . , Xn〉/J 
 ?�</� � �I�$</��2�� � *� �  "��. Xi

� � �I!
�����(:�>?�<8� � � J
* . � �5(�� � ���A��� � % ��E/��� � �1�=*# � �5(�� � *# �O!�64F��� "�5,-��(��. C R�</��( �5*$��<8� � B* .O�-(:!�( � #�!1, , E �+�1�=*$2��O# C * C ! � η

* .L(/*$ 68!1�+�5(/� 
 ?�<8� � � B = U(η) C
	 ��� � � �1����� � � ���� �����

B = k〈X1, . . . , Xn〉/J 
 ?�</� � � �$</��2�� � *� �  "��. Xi
� � � !
�����(:�-?�</� � � J

* . � �5(�� � �1�+��� � % r
�5E/��� � ���7*# � �5(�� � *# � !B64F �5 "�5,��5(/�=. C R�</��( η(z) =

(Log(1/(1− nz + rz2)))+ 
 ?�</� � � B = U(η) C
U
k�lvi r JqthjwDh5k�l£ztlyh5i � � È`lyz�lok�pB�jk ¡ zthbk�p�p�z � ��z/z � pBkmp:i}p��·u�hji�~�pBu�zt�}q�pBk��jq�p�pB§{�}l£������vp�i{z,z�hdz � p�lvq�u hj ; :�Wzt��z�lv�jp;�jp�qtk�lyh5isk����Dh��jp � ªMi��º�ju z ¢ lyz�lvk,h5���{lvhj�Pk�z � ��z�z � p`hj�onu h5i�~�p�u z��}qtp�kÂly ;w}� ¡ z � p/i}p��¼h5i}p�k ¢ k�lvisu p�ly�

B
lokÂ��§{�s�5nWq*��z�lou���hjwW�2�j� r p��}q*�,� � lou � lvk�;i}h5iW�®u�hj ; ��}zt��ztly�5p�u � l � ¢ h5q�l£z*k��}isn}p�qt� ¡ lvi r«µ lvp���� r p��}qt�:lok�i}lv�ywDh�ztp�i{z ¢ hjq�lyz � �5k#z � p ;lyisly `���2wPh{k�k�ly�s�yp���lv�v�Pp�qmz�k�p�qtlypBk ¢ z � p�idz � p�k��j ;p�lok±z�qt�}p,�¤h5q#z � p r p�i}p�q�lou/u��jk�p �Å��}wswPh{kmp²z � ��zdgFh5i�~�p�u z��}qtp � � ¯¹lvk;ztq��sp
��isn¿u h5isk�lvnWp�q«§{�s�jnWq*��ztlvu²u�hj ; ��Wz*��ztly�5p��� r p��}q*�jk A

nWp ¾Pi}p�n�� ¡ t
qtp��o��ztlyh5isk � Å�lvisu�p A! lok,�xishjiW�Mu h5 ! :�Wzt��z�lv�jp!u � l � ly�±�jisnhjis� ¡ ly�

A
lokF�/h5k����}�D��isn

A3 = 0 ¢ lyzF�¤h5�y�vh���k?�¤qthj Áz � p/w}qth�h�� hj� �#� p�h5q�p�  � � � ¢ z � ��zz � p;k�p z�h5i�� � lou � A! lvk,�di}hji}�®u�hj ; ��Wz*��ztly�5p:u � l � lvk��ji¸lvi5ztp�q*kmpBu�ztlyh5i¸h��#u h5�}i{zt���s� ¡ `��i ¡ h5wPp�i kmp�ztkxlyi
Grass(

(

n+1
2

)

, t) � � �okmh ¥ �sk�lyi r Jq�h5wPh{kmlyz�lvhji � � È ¦�¢ z � p�k�p zxh5i
� � lou � ηA

lvkFi}lv�ywDh�ztp�i{zFlokF�ji«hjwDp�ibkmp�zFlvi
Grass(

(

n+1
2

)

, t) � �/isp�h��Çz � p�k�p/k�p z*kJ :�sk�z
�Dp¸i}h5iW�Qp� ;wWz ¡j¢ kmlvisu p�l£�

B
lok`z � p r p�i}p�q�lou
��hjwW���j� r p��}q*�³nWp ¾Pi}p�n¼� ¡ (

n+1
2

)

− t§{�s�jn}qt��z�lou���h5wW� p��vp� ;p�i{z*k ¢ z � p�i B!
lvkF�� ;p� :�Pp�qÂh�� h5i}p�hj�Çz � p�kmp�ztkJ� ¡ gFhji�~�p�u�zt�}qtp

� � ¯ � � �Wzxz � p�iÄ���okmh�z � p9§{�s�jnWq*��ztlvu¸u hj ; :�Wzt��z�lv�jp��j� r p��}q*�³nWp�¾si}p�n�� ¡ t r p�i}p�qtlouqtp��o��z�lvhjiPkFlok��! ;p� :�Pp�q�h��fz � p�u�hjqtq�pBkmwDhjisn}lyi r kmp�z �Å��}wswPh{kmpJish��¸z � ��zJgFhji�~�pBu�z��sq�p � � � �#lvk z�qt�}p �B�#� p�i,�¤h5q2pB�ju � r ¢ z � p�qtpJlvk���§{�s�jn}qt���z�lou,u h5 ! :�Wzt��z�lv�jp���� r p��sqt� A
nWp�¾si}p�nb� ¡ (

n+1
2

)

− r
qtp��o��ztlyh5isk ¢ k��su � z � ��z ηA(z)

lokz � p!u�hjqtq�pBu�z/k�p�qtlypBk � � �Wz,k�lvisu p�z � lok�lvk�z � p! ;lyisly `���%wDh5ktkmlv�}�vp:k�p�qtlypBk ¢ l£z��¤hj�v�vh���k��¤qthj JqthjwDh5k�l£ztlyh5i � � È;z � ��z�z � p:k�p z�hj�
A

lvi
Grass(

(

n+1
2

)

,
(

n+1
2

)

− r)
km�Pu � z � ��z ηA(z)

� �5kJz � p/qtl r � zF�����v�}p�lvk±��ixlyi{z�p�qtk�p�u z�lvhji«hj�2hjwDp�ibkmp�ztk � ÅWlyisu�p�z � lok±k�p z±lvk±i}h5iW�®p� ;wWz ¡ l£zu h5i{zt��lvisk±z � p r p�i}p�qtlvu���� r p��}q*� A �
Æ5Æ



� � ��[��#]fe c ��^�e [:\ � � 	���e [
� h����yp�z«�sk«u�hjisk�lvn}p�q;z � p
u h�hjq*nWlvis��ztpbqtlyi r A

hj�
s r p�i}p�qtlouxwDhjlvi{ztk`lvi

P n
k � µ p z

A = A/y
� � p�qtp y

lvkb�³�vlyi}pB��q«ishji}��p�qth�n}ly��lokmh5q � ª®�
n + 1 ≤ s <

(

n+2
2

) z � p�i
A(z) = 1 + nz + (s − n − 1)z2 ���#� lokdlvkxz � p³k�p�qtlypBk ¡ hj� r p zdl£� ¡ hj� nWly��lonWp9�wDhj� ¡ ishj ;lv�j�Çq�lvi r lvi

n
����qtlv�j�}�ypBk±��l£z � (

n+2
2

)

− s r p�i}p�qtlou�§{�s�5nWq*��z�lou/�¤hjqt `k ¢ � � p�q�p
s ≤ (n + 2)(n + 1)/3 ¥ k�p�pbz � pdw}qth�h���h�� �#� p�h5q�p�  � � � ¦ � µ p�z A! = U(ηA)

�jisn
A

!
= U(ηĀ) � ª®zblvkbis��zt�}q*����zth|u h5i�~�p�u z��}qtp-z � ��zx�¤h5qb�ji ¡ n + 1 ≤ s <

(

n+2
2

) ¢
ηĀ

�Pp � �°�jpBkb�5k«z � p¸�¤qtp�p µ lvp��j� r p��}q*�³h5i
n r p�i}p�q*��zthjq*k«nWlv�{lonWpBn � ¡ s − n − 1r p�i}p�qtlou/§{�s�5nWqt��z�lou µ lvp�p��yp� ;p�i{ztk � ��p�isu p�� ¡ gFh5i�~�p�u z��}qtp�� � �	� ¢ �±p�k � h5�}�on � �°�5p�z � ��z

ηĀ(z) = (Log(1/(1 − nz + (s − n − 1)z2)))+ � � �Wz�kmlvisu�p
A(z) = (1 + z)A

!
(z)�±p�k � h5�}�on � �°�jp ηA(z) = (Log((1 + z)/(1− nz + (s− n− 1)z2)))+ � ��p�isu�p�lyz�lvkis��z��}q*���Tzth! `�j�jp�z � p,�¤h5�y�vh���lvi r u�hji�~�pBu�zt�}q�p �

	 ��� � � �1����� � � �� � �5�
A � �;�$</� #�! ! � ��*$(:���A� � *$( � F�! � s � �5(�� � *# 6/!�*$(��.>*$(

P n
k 
?�<8� � � n + 1 ≤ s <

(

n+2
2

) C ���5� A! = U(ηA)
�1(��

L = η≥2
A C R:<8�5(

ηA(z) = (n + 1)z + L(z) = (Log((1 + z)/(1− nz + (s− n− 1)z2)))+.

� (-68� � �=*#5E  "� �
dimk L3 = max((n3 − n)/3− (s− n− 1)n, 0) C
dimk L4 = max((n4 − n2)/4− (s− n− 1)n2 +

(

s−n
2

)

, 0) C
dimk L5 = max(n5/5 + n4 + 2n3 + 2n2 + 4n/5− s(n3 + 2n2 + 2n) + ns2, 0) C
�O�5(�#�� ?M� #�!�( � ��#��7E � �O�$</���
L3 = 0

* FO�1(��D!�(/ %-* F
s ≥ l3 C

L4 = 0
* FO�1(��D!�(/ %-* F

s ≥ l4 C
L5 = 0

* FO�1(��D!�(/ %-* F
s ≥ l5 CN � ! � �$</� ���'M(/*$�7*!�( !QF
l3, l4

��(:�
l5 
 .5��� � �=')(/*$�7*!�( �1C � C P

��� �H�/� � � � � � J !�( � ��#5�=E � ��� C �I* .L� � E/�L*$( ��<8�MF�!� $ "!1?@*$( � #���.���.��
��P � F l3 ≤ s <

(

n+2
2

) ��(:�
n ≤ 20 C

� P � F l4 ≤ s <
(

n+2
2

) ��(:�
n ≤ 17 C#QP � F l5 ≤ s <

(

n+2
2

) ��(:�
n ≤ 10 C��P � F s ≤ 1 + n + n2/4 C�QP � F n ≤ 8 CF P � F (n, s) = (9, 32) C

� � � �8��� � �#� p µ ��Å�lyi¹� ¦ lok���w}w}qth°ÀWly `��z�p�� ¡ 0.293n2 �jisn�z � p µ ��Å�lyi9u ¦ lok���wW�w}qth°ÀWly `��ztp�� ¡ 0.276n2 �¤h5q��v�jq r p n �
� h!wsq�h��5p�z � p,z � p�hjqtp�  �±p,i}p�pBnb�;�vp� ; `� �

� � � � � � � � � F Li = 0
F�! � .5!�,-�I.��5� !GF s

6/!�*$(��.-*$(
P n 
 ��<8�5( Li = 0

F�! � t
� ��(:� � *# 6/!�*$(/�=.�* F t ≥ s C
�����S��T � ª®�

s
k�§{�s�jq�pBk r p�isp�q*��z�p Li ¢ z � p�i-���okmh

t r p�i}p�qtlou�kt§{�s��qtp�k#nWh ¢ l£� t ≥ s � 2

» p�i}p�p�n
�`���jq�lo��ztlyh5i-h��?z � p:u h5isu p�wWz/hj�Âk�ztq�h5i r � ¡ �¤qtp�p!kmp�ztk �P» p:n}p ¾si}p!�xk�p z�hj�§{�s�jn}qt��z�lou�p��yp� !p�i{ztk {y1, . . . , yt}
lvi

k〈X1, . . . , Xn〉
zth`�Pp

d
�Mkmz�qthji r � ¡ �¤qtp�p,ly�

k〈X1, . . . , Xn〉/(y1, . . . , yt)(z) ≡ 1/(1− nz + tz2) (mod zd+1) .

ÆjÈ



� � � � � � � � � (�% .�E � .5��� !QFO� d � .0� � !�( �  &% F � ��� .5����* . d � .�� � !1( �  &% F � ��� C
�����S��T � �#� lok#�¤h5�y�vh���kF�¤q�h5  z � p�u�hjqtq�pBkmwDhjiPnWlyi r w}qth�h��flyi � � i-�5ÆB� � 2

�����S��TI��T ��� �H��� � � � � ��� » p � �°�5pdk � h���i³z � ��z L3 = 0
�¤hjq

s = l3
q*��iPnWhj wDhjlvi5z*kfl£�

n ≤ 20 ¥ k�p�pFz � pFz*���}�vp±lyi`Å�p�u z�lvhjib�j� ¦ ���#� p�i µ p� ; `�,� � È r lv�jpBk�� ¦ � � h5q t =
b(n+1)(n+2)/3c q*��iPnWhj  wPh5lyi{ztkF�Fp � �°�jp�k � h���i;z � ��z dimk L3 = −nt+2

(

n+2
3

)

ly�
n ≤ 20 ¥ k�p�pbz � pbzt�j�}�vp ¦ �?�#� lok r lv�jpBk�z � ��z!z � p t

qt�jisnWh5 4kt§{�s��qtp�k r p�i}p�q*��ztlyi r
I⊥X

lok��
3
�®kmz�qthji r � ¡ �¤qtp�p!kmp�z �T�#� p�i
hj�Fu h5�}q*kmp

t
z�qt�}� ¡dr p�i}p�q�lou�kt§{�s��qtp�k�u hjiPk�ztl£zt�Wz�p�

3
�®kmz�qthji r � ¡ �¤qtp�p,k�p z ¢ ��isn µ p� ; `�;� � É!k � h���kFz � ��z s ≤ t r p�isp�qtlvu�k�§{�s�jq�pBk#��qtp

3
�kmz�qthji r � ¡ �¤qtp�p ¢ � p�isu p η(z) ≡ (Log((1+z)/(1−nz+(s−n−1)z2)))+ (mod z4)
ly�

n ≤ 20 ��» p � �°�jp����okmh!k � h���i`z � ��z L4 = 0
ly�

s = dl4e
ly�

n ≤ 17 � ��p�isu p
L4 = 0ly�

s ≥ l4
��iPn

n ≤ 17
� ¡`µ p� ! `�!� � È ���#� p�i L(z) ≡ (Log((1 + z)/(1− nz + (s−

n − 1)z2)))+ (mod z5)
ly�

n ≤ 17
�jisn¹� ¦ lok�w}qth��jp�n � u ¦ lok�w}qth��jp�n¹k�ly ;lv�v�jq�� ¡ � ªMi� gFh�� � q�� � �!¯ �B�flyz�lok/w}q�h��5p�ndz � ��z AX
lok���h{km���}�2ly�

s ≤ 1 + n + n2/4 �T�#� lok r lv�jp�kz � ��z (AX)!(z) = 1/(1− nz + (s− n− 1)z2) ¢ k�h:n ¦ �¤hj�v�vh���k � � h5qFp ¦ �jisn;� ¦ k�p�p/z � pzt�j�}�vp � 2

� ��^�e [dc ��]�� ���#]%e � � ^ � 	���[��#]%e c �¹^�e [:\ �
ªMi9z � lvk!kmpBu�ztlyh5i³�Fpxkmz��Pn ¡ z � px%h5lyisu���q��«kmp�q�lvp�k�h��#z � pdu h�hjq*nWlvis��ztp`q�lvi r AX ½ z � ��zlok ¢ PAX

(x, y) =
∑

dimk TorAX

i,j (k, k)xiyj � ��p�q�p ¢ �±p����v�vh�� �ji ¡ s ¢ i}hjz�hji}� ¡ s <
(

n+2
2

) � ªMix�º�5u�z ¢ z � p�u��jk�p
s ≥

(

n+2
2

) ��ly�v� �Dp,z � p�pB�jk ¡ hjisp �
	 ��� � � �1����� � � �� R:<8��� !�*$(:#B� ��� .5� � *��. PAX

(x, y)
* . � ���7*!�(:�� 
 ?�<8� � � AX

* .L��<8�
#�! ! � ��*$(:���A� � *$( � !QF ��.5�5�

X
!QF

s � �5(�� � *# 68!1*$(/�=.L*$( P n
k C

��� �H�/� � � � � � J !�( � ��#5�=E � �
	 C �I* .L� � E/�L*$( ��<8�MF�!� $ "!1?@*$( � #���.���. C��P � F s ≥
(

n+2
2

) C
� P � F J !�( � ��#5�=E � ��� C �I* .L� � E/� C
�����S��T � ªMi«u��jk�p�� ¦ �±p� `� ¡ ��q r �sp#�5k?lvi;z � p�wsq�h�h��Th�� �#� p�hjqtp�  � � ��zth�u h5isu �v�snWp#z � ��z
PAX

(x, y) = (1−x)n+1/(1−x(H(x, y)− 1)) ¢ � � p�qtp H(x, y)
lokJz � p/k�p�qtlvp�kJhj�Çz � p� h5 !h5�yh rj¡ hj�2z � p���h{km���}� u h5 !ws�yp�À ¥ AX

lok � h5�yhWn ¦ �ªMi u��5kmp¸� ¦ �±p
�sk�p
z � p-�º�ju zxz � ��z ¢ ly�
A = AX/f

� � p�q�p f
lokxk�hj ;p
�vlyi}pB��qi}h5i}��p�q�hWnWlv��lvk�hjq ¢ z � p�i PA(x, y)

lok
q*��z�lvhjiP����ly�x��isn h5i}� ¡ ly�
U(L)(x, y)

lok
q*���z�lvhjiP��� ¢ � � p�qtp L
lvkdz � p µ lvp9�j� r p��}q*�|�5k�k�hWu lo��ztp�n¿zth

A ¢ � µ � � ��� � ª®�«gFhji�~�pBu�zt�}q�p� � �9lvkdztq��sp ¢ z � p�i p�lyz � p�q L
lok²i}lv�ywDh�ztp�i{z ¥ �jisn � p�iPu p U(L)(z)

lvk²q*��ztlyh5is��� ¦ hjq
U(L)(z) = 1

(1+z)n(1−nz+(s−n−1)z2) 2

Y�� � ��[��#]fe�c ��^�]�� � e [ \ ��� ��;\ �#]%e ^�] ���
	����b] �
ª®�

f1, . . . , ft
��qtp r p�i}p�qtloux§{�s�jn}qt��z�lou`�¤hjqt `k!lyi

k[x1, . . . , xn] ¢ k
�-¾Pp��on|hj�/u � ���q*�ju�ztp�qtlvkmz�lou � ¢ z � p�q�p;lok��x�±p��v�y�Q��i}h���i¸u�hji�~�pBu�zt�}q�p!�¤h5q/z � p«��lv�v�Pp�qmz�k�p�qtlypBk/hj�

An,t =
k[x1, . . . , xn]/(f1, . . . , ft) ¢ is�� ;p�� ¡ z � ��z An,t(z) = ((1 − z2)t/(1− z)n)+ �P�#� lvku h5i�~�p�u z��}qtp�lok�w}qth��jpBnxlvi
 `��i ¡ u��jk�p�k ¢ ��iPnbishxu h5�}i{z�p�qtp À}�j !ws�ypBk���qtp��{ish���i �}»¼� p�iu��j�vu��}�o��z�lvi r p�ÀW�j ;w}�ypBk�hj�%lonWpB���ok r p�i}p�q*��ztp�nd� ¡ §{�s�5nWq*��z�lou��¤hjqt `k���lyz � z � p�p�À�wDp�u z�pBn
r p�i}p�qtlou!��ly�v�Dp�q�z�kmp�q�lvp�k ¢ p ÀWwDp�qtlyp�isu p`k�p�p� `k�zth-lyisn}lvu���z�p;z � ��z�h5i}p`nWh�p�k,i}hjz � �°�jp:z�h

Æ�É



u � h�h5k�p��j�y�P�¤hjqt `kÂ��z±qt�jisnWh5  � ªMi`�º�ju z ¢ l£z�k�p�p� `kÂz � ��zFh5i}p/u���i«���v ;h5kmz±�j�y�#� ¡ kJu � h�h5k�pz � p;¾sqtkmz
n

�¤hjqt `k�z�h²�Pp;z � p`k�§{�s�jq�pBk�h��Âz � p`����qtlv�j�}�vp�k � ªMi¹�º�5u�z ¢ �±p;��i}h�� hj�Fhjis� ¡hjisp/p�ÀWu�p�wWztlyh5i ¢ is�� ;p�� ¡ k�p��jp�i`�¤hjqt `k±lyix¾s�jp�����qtlv�j�}�ypBkJh��5p�q#��¾sp��vnxh���u � �jqt�5u�ztp�qtlvkmz�louÆ ���#� lvk� ;�5nWp«�sk��yh�hj�¹��z�z � p«w}qthj�}�vp� Êh�����lv�y�Dp�q�z:k�p�qtlypBk,h�� r p�i}p�qtlvu!�¤h5q� `k,lvi9z � pp À�ztp�qtlyh5q:��� r p��}q*� � ª®z:z��}qtisk:hj�Wz:z � ��z�z � pd�jiskm�±p�q�z�h
z � p²§5�sp�kmz�lvhji³lvi³z � pdp À�ztp�qtlyh5q��� r p��}q*� ¢ � � lvu � lvk#�jis���vh r hj�skJz�h:z � p,��hWu � kmz�p�qm� µ �j��k�h���qtp�k��}�yzF�¤h5q#wPh5� ¡ i}h5 !lo���Dqtlyi r k ¢lok�i}hjz�� � ��z:�Fp«p�ÀWwPpBu�z�pBn � � �£z � hj� r � dimk ∧3(V ) = 10
l£�

V
lok � �®nWlv ;p�isk�lvhjis�j� ¢z��±h r p�i}p�q�lou��¤hjqt ;k#hj�%n}p r qtp�p�Æ!nWh`i}hjz r p�i}p�qt��z�p ∧3(V ) �

��� �H�/� � � ������� J !1(8.0*��� � ��<8�L� �
�+� � *! � �� � � ��� � E

!124� � �O2���#��A! � .768��#B� ?@*$��< � �4.0* .
{e1, . . . , e5}

NA!124� � ��(/% 'K�� "�0P C ���5� f1 = c1e1 ∧ e2 + c2e1 ∧ e3 + c3e1 ∧ e4 + c4e1 ∧
e5 + c5e2 ∧ e3 + c6e2 ∧ e4 + c7e2 ∧ e5 + c8e3 ∧ e4 + c9e3 ∧ e5 + c10e4 ∧ e5

��(��
f2 = c11e1 ∧ e2 + c12e1 ∧ e1 + c13e1 ∧ e4 + c14e1 ∧ e5 + c15e2 ∧ e3 + c16e2 ∧
e4 + c17e2 ∧ e5 + c18e3 ∧ e4 + c19e3 ∧ e5 + c20e4 ∧ e5 � � �7?M! F�! � ,O.L*$( E C R�</��(
{e1 ∧ f1, . . . , e5 ∧ f1, e1 ∧ f2, . . . , e5 ∧ f2}

* .L &*$(:��� �  &%D���+6/�5(����5(/� C
�����S��T � ª®z:km� �`u�p�k�z�h
w}qth��jp!z � p`z � p�hjqtp� 7�¤hjq r p�isp�qtlvu!�¤h5q� `k ¥ kmh-�±pxu���i�k��}w}wDh5k�pz � ��z�z � p ci

� k���qtp,�j� r p��}q*��lou��j�y� ¡ lyiPnWp�wDp�isn}p�i{z�h��jp�qFz � p�w}qtly ;p�¾sp��vndh��
k ¦ � ªMib�º�ju z ¢

(−c3c1c12c20− c3c1c18c14 + c3c1c19c13 + c16c3c2c14− c16c12c4 + c3c2c11c20 +
c12c3c17 + c18c4c11 − c19c3c11 + c13c4c15 − c13c3c2c17 − c3c15c14 ¢

c3c1c16c19−c3c1c15c20−c3c1c18c17−c16c7c12+c16c5c14+c5c11c20+c6c17c12+
c18c7c11 + c13c15c7 − c5c13c17 − c15c6c14 − c6c11c19 ¢

−c9c12c16+c3c2c19c16+c9c11c18+c9c13c15+c20c12c5−c20c3c2c15+c12c8c17−
c11c8c19 − c3c2c18c17 + c18c5c14 − c5c19c13 − c8c14c15 ¢

−c16c12c10 + c16c3c19− c8c14c16 + c12c6c20 + c6c14c18 + c8c17c13− c3c20c15 +
c18c11c10 − c8c11c20 − c13c6c19 + c13c15c10 − c3c18c17 ¢

−c16c14c9 + c16c4c19− c9c11c20 + c9c17c13 + c20c7c12− c20c4c15− c10c17c12 +
c11c10c19 − c7c19c13 − c4c18c17 + c7c18c14 + c14c15c10 ¢

−c3c1c13c9+c3c1c12c10+c3c1c8c14+c3c9c11+c6c4c12−c12c3c7−c3c2c10c11−
c8c11c4 − c5c13c4 + c13c3c2c7 − c6c3c2c14 + c3c5c14 ¢

−c3c1c9c16+c3c1c15c10+c3c1c8c17−c16c5c4+c3c2c7c16+c9c6c11−c5c11c10+
c6c15c4 − c8c7c11 − c3c2c6c17 − c15c7c3 + c3c5c17 ¢

−c3c1c18c9 + c3c1c8c19 + c9c12c6 − c3c9c15 − c12c10c5 − c8c12c7 − c5c18c4 +
c8c15c4 + c3c2c18c7 − c6c3c2c19 + c5c3c19 + c3c2c10c15 ¢

c3c1c20c8 − c3c1c18c10 − c3c9c16 + c16c8c4 + c3c2c10c16 + c13c9c6 + c5c20c3 −
c3c2c6c20 − c18c6c4 − c13c5c10 − c8c7c13 + c18c7c3 ¢

c3c1c9c20 − c3c1c10c19 − c9c3c17 + c9c14c6 − c7c3c2c20 + c5c4c20 + c4c8c17 −
c5c10c14 − c14c8c7 + c3c2c17c10 + c7c3c19 − c4c6c19)lok��:qtp��o��ztlyh5i � 2

� hjz�lou p�z � ��z#z � lok��j�vk�h r ly�5p�k��:w}qth{hj��hj��z � p��º�ju�z�z � ��z#z � p�lvn}p����
(x2

1, . . . , x2
5)

lvi
S = k[x1, . . . , x5]

u���i9i}hjz��Ppxp À�z�p�isnWp�n9lvi���i ¡ �±� ¡ ��lyz � z��Fh-§{�s�jn}qt��z�lou!�¤hjqt ;kz�h���i lvnWpB���
I

��lyz � z � p¹p ÀWwPpBu�ztp�n r p�i}p�q�lou¸��ly�v�Dp�q�z²k�p�qtlypBk
S/I(z) = 1 + 5z +

8z2 ¢ ly� char(k) = 2 �Ç» p:�Dp��vlyp��jp ¢ � h��Fp��jp�q ¢ z � ��z�z � p:p�ÀW�j ;w}�yp;���Dh��jp:lvk�z � p!h5i}� ¡u h5�}i{z�p�q�p�ÀW�j ;w}�yp/z�h;z � p��¤hj�v�yh���lvi r u h5i�~�p�u z��}qtp �
	 ��� � � �1����� �	����� � � F A

* .I�1( �
�
�+� � *! � �1 � � �5� � !GF9� 2���#��A! � .76/��#��;!QFI��*$,-�5(8.0*!�(

n
,-!
��E  "!;��( *�����1 � ��(:� � ���A�B� � % t � �5(�� � *# ��E/��� � �1�=*# F�! � ,O. 
 �$</��( A(z) = ((1 +

z)n(1− z2)t)+ C

Æ �



ª®�
A

lok���i¸p�À�z�p�qtlvhjq/�j� r p��}q*�` ;hWnW�}�vhb�ji
lvn}p���� r p�i}p�qt��z�p�n²� ¡ §{�s�jn}qt��z�lou��¤hjqt `k ¢z � p�i A! = U(ηA) ¢ � � p�qtp ηA
lok«�ji�h5qtnWlvis�jq ¡³µ lvp
��� r p��}q*� ½ l � p � ¢ ���v� r p�i}p�q*��zthjq*k��qtp!p��jp�i � ª®�±z � p`nWp�¾si}lvi r lvnWpB���?hj�

A
lvk r p�i}p�qt��z�p�n¸� ¡ (

n
2

)

− r
§5�P�jnWq*��ztlvu��¤hjqt `k ¢z � p�i ηA

lok��b�¤q�p�p µ lvp;�j� r p��}q*�bhji
n r p�i}p�q*��zthjq*k� ;hWnW�}�vh-��i9lonWp��j� r p�isp�q*��z�pBn¸� ¡

r
§{�s�jn}qt��z�lou;p��vp� ;p�i{ztk � ©�pBu��j�y� ¢ z � ��z�ly�

U(ηA) = A! ¢ z � p�i ηA(z) = log(A!(z)) ¢� � p�q�p log(A!(z)) =
∑

i≥1 eiz
i ly�

A!(z) =
∏∞

i=1 1/((1− zi)ei ��/i}p±u hj�s�vn:�jk���� � p�i;��§{�}h�ztlyp�i{zfhj�P��i:p À�z�p�q�lvhjq%��� r p��}qt��hji
n r p�i}p�qt��z�hjq*kÇ ;hWnW�W��vh

t r p�i}p�qtlou�§{�s�jn}qt��z�lou��¤hjqt `kÂlok#��h{km���}� � � is��z��}q*��� r �}pBk�k ¢ �s�jk�p�n`h5i«z � p,q�pBkm�}�yztkFlviÅ�pBu�z�lvhji � ¢ lvk2z � ��z�z � lok2lok ztq��spÂly�P��isn�hji}� ¡ l£�
t ≥

(

n
2

)

−n2/4
hjq

t = 0 �°» pFu���i�w}qth��jpz � lvk±lvixhjisp/nWlvq�pBu�ztlyh5ixlvi«z � p�kt�� ;p��#� ¡ �jkFlyixz � p,w}qth�h�� h�� �#� p�hjqtp�  � � � �{�#� p�h�z � p�qnWlvq�pBu�ztlyh5i�lvk � �jqtnWp�q ¢ k�lyisu�p«z � pbp�À}�� ;w}�vpb���Dh��jpbk � h���k�z � ��z:z � p²��hWu � kmz�p�q�� µ ���Wk�h��qtp�k��}�£z�u���i}i}hjz�nWlyqtp�u z�� ¡ �Dp,z�q*��isk��o��z�pBn`zth;z � p�p�À{ztp�qtlyh5q���� r p��sqt�:u��jk�p �
��� �H�/� � � ����� � J !1(8.0*��� � ��(��

�
�A� � *! � �� � � ��� � A

!1(
n � �5(�� � ���A! � . ,-! �1E  "!

t &*$(:�B� �  &%>*$(����A6/��(:���5(/� �5E/��� � ���7*# F�! � , .���.�� 6/!�*$(/� *$( Grass(
(

n
2

)

, t) C � F t ≥
(

n
2

)

−
n2/4

�$</� � � * .��>(�!�( � ��, 6��7%D#�!�E (��+� �  � *$(/�A� � .5��#��7*!�( !GF !�68�5( .5���=. *$(
Grass(

(

n
2

)

, t)!�(9?�<H*#�<
A

* . ��!�. �5E  C � ! � �B!124� � 
 A
* .K(:!�� ��!�. �5E  H* F

t > 0
��(��

ηA
* . (/*$ 68!1�+�5(/� 
?�<8� � � A! = U(ηA) C

�����S��T � �#� p:kt�� ;p��jq r �} ;p�i{z��jk�lyi-z � p�wsq�h�h��%h�� �#� p�hjqtp�  � � ��k � h���k�z � ��z�z � p:k�p zh��
A

lyi
Grass(

(

n
2

)

, t) ¢ km�Pu � z � ��z A3 = 0
��isn

A
lvkx��h{km���}� ¢ lok«�9u h5�}i{zt�j�}�yplvi5ztp�q*kmpBu�ztlyh5ixh���hjwDp�i²kmp�ztk �{» p, `� ¡ �skmp/z � p,kt�� ;p�p À}�� ;w}�vp,�jk±�Pp��¤hjqtp�zth!k � h��¼z � ��zz � lvk/kmp�z�lvk�i}hjiW�®p� ;wWz ¡ l£�

t ≥
(

n
2

)

− n2/4 � ªMisnWp�p�n ¢ l£� a = dn/2e ��iPn
b = bn/2c ¢�;kmlv ;w}�vp�u hj ;w}�}zt��ztlyh5i-k � h���k±z � ��z (

a
2

)

+
(

b
2

)

= d
(

n
2

)

− n2/4e � ª®� ηA
lvk�isly�vwPhjz�p�i5z��iPn

(ηA)2 6= 0 ¢ z � p�i 1/A!(z)
lokÂ�,wDhj� ¡ i}hj ;lo���Whj�TnWp r qtp�p > n ¥ k�p�p��j�Ph��5p ¦ ¢ � � lvu �lok#ly ;wDh5ktkmlv�}�vp�l£�

A
lok��/h5k����}� ¢ kmlvisu�p A(z)

lok��!wPh5� ¡ i}h5 !lo���Çhj�fnWp r qtp�p ≤ n � 2ªMi`��is�j�yh rj¡ zth�z � p�u��5kmp#� � p�q�p#z � p�����qtlv�j�}�vp�kJ�jq�p#p��5p�i ¢ l£zÂlokJiP��z��sqt�j�Wz�h� `���5p#z � p�¤hj�v�vh���lyi r u h5i�~�p�u z��}qtp �
	 ��� � � �1����� �	����� � � F A

* . � � ��(:� � *# �5E/��� � ���7*# ��E/!1�=*�5(/�@!QF � 68!1 &%�(�!1, *�1 :�1 � � �5� � 
?�<H*#�<D* . #�!�, , E �+�1�=*$2�� *$(D��<8� ��� ������� .5�5(8.5� 
 ��<8�5( A! * . �5*$�$</� � � (�!�( � #�!�, , E �A���7*$24�# C * C ! � ηA
* .L(/*$ 6/!��A�5(/� C

�#� p,u h5i�~�p�u z��}qtp,lvkF�º���ok�p/�¤h5q�È r p�i}p�q�lou��¤h5q� `k±lvi � hWn}nx���jq�lo���}�vp�k ¢ kmp�p��Dp��vh�� ��» p���ok�h: `���5p�z � p�u�hji�~�pBu�z��sq�p, ;hjqtp,w}q�pBu lokmp,lvidz � p�hWn}ndu��5kmp �
	 ��� � � �1����� �	������� �����

A � � ��(>�
�
�A� � *! � �1 � � �5� � !�( n

2�� � *� �  �0. 
 ,-!
��E  "! (

n
2

)

−r
� ��(:� � *# �5E/��� � ���7*#MF�! � ,O. C R:<8�5( ηA(z) = (log(1/(1− nz + rz2)))+ C

ª®�
(n, r) = (5, 7)

hjq
(5, 8) ¢ z � pbu�hji�~�pBu�z��sq�p«lok��º�j�vk�p ¢ kmp�px�Dp��vh�� �2» px�Dp��vlyp��jp ¢

� h��±p��5p�q ¢ z � ��z�z � p�k�p���qtp�z � p�hjis� ¡ u hj�si5ztp�qtp À}�� ;w}�vp�k �
��� �H�/� � � ����� � J !1( � ��#��7E � � � � C � * .�� � E/�I*$( �$</�9!
��� #B��.5� F�! � n ≤ 8

�
�
#��+6:��F�! �

(n, r) = (5, 7), (5, 8)
?�</��( *$� * .KF��1 .5� C � � * . � � E/�I�1 .5! F�! � n = 9, r 6= 21

��(:�;*$(
� ��(:� � �1 �F�! � r ≤ n2/4 C
�����S��T � �#� p-u��jk�p

r ≤ n2/4
�¤hj�v�yh���k:�¤qthj  �#� p�hjqtp�  � � � È ¢ kmlvisu�pbz � p�i A!(z) =

1/(1−nz+rz2) � � hjqJz � p/h�z � p�qÂu��jk�p�k ¢ l£zFlvkÂhji}� ¡ isp�u pBk�kt��q ¡ zth�w}q�h���lonWp���i`p�À}�� ;w}�vp��lyz � z � pbu�hjqtq�pBu�z:k�p�qtlvp�k�lvi�pB�ju � u��5kmp ��» pxqtp �¤p�q�zth
z � px�o�jkmz�z*���}�vpxlvi�Å�pBu�z�lvhji��j� ��/�sk�p�qt�jp/z � ��z�z � p�u�hji�~�pBu�zt�}q�p,lok±z�qtly��lo���v� ¡ z�qt�}p,� � p�i (ηA)3 = 0 � 2

Æ �



� kblvi Å�p�u z�lvhji �9�Fp� ;� ¡ qtp �¤hjqt ��s�v��z�p²z � p¸z��±h|u h5i�~�p�u z��}qtp�kb���Dh��jp
lvi¼ztp�qt ;kh��,��h5wW���j� r p��}q*�jk � gFh5isk�lvnWp�q!z � pd�¤qtp�p-�jktkmhWu�lv��z�lv�jpb�j� r p��}q*� k〈X1, . . . , Xn〉 ¢ � � p �qtp«z � pb����qtlo���}�vp�k � �°�jpdkmh5 !pbws��qtlyz�lvp�k |Xi| ∈ Z2 �%» pd��ly�v��u��j�y�#��i�p��yp� ;p�i{z
f =

∑

cij [Xi, Xj ]
��i-��h5wW�fp��yp� ;p�i{z ¢ � � p�q�p [Xi, Xj ] = XiXj − (−1)|Xi||Xj |XjXi �

	 ��� � � �1����� �	����� � � F B = k〈X1, . . . , Xn〉/J 
 ?�</� � � J
* . � �5(�� � ���A��� � % r � �5(�� �

� *# �O!B6�F �� ��,-��(��. 
 ��<8�5( B! * . �I(�!1( � #�!�, , E �A���7*$2�� # C * C ! � η
* .L(�*$ 68!1�+�5(/� 
 ?�<8� � �

B = U(η) C
	 ��� � � �1����� �	����� � � F B = k〈X1, . . . , Xn〉/J 
 ?�</� � �O��<8� 24� � *� �  "��. � � � �524�5( �1(��
?�<8� � � J

* . � ��(:� � ���A�B� � % r � ��(:� � *# �O!�64F �5 "�5,��5(/�=. 
 �$</��( η(z) = (log(1/(1−nz+
rz2)))+ 
 ?�<8� � � B = U(η) C

� lyiP���v� ¡ �±p!nWloktu �sktk�z � p;u hj�si5ztp�qtp À}�� ;w}�vp�k�z�h
gFhji�~�pBu�zt�}q�pb�	� � � � � lyq*kmz��±p:u�hjisk�l£�nWp�q
(n, r) = (5, 7) ½ l � p � ¢ È r p�isp�qtlvu�§{�s�5nWqt��z�lou/�¤hjqt ;k�lyi � ����qtlo���}�vp�k � ª®z�lok�k � h���idlvi

� ¬ l£�M�/h;¯jÉ�� ¢ z � ��z�z � pÂ�¤hjqt ;k
x1x4+x2x3, x1x5+x2x4, x2x5+x3x4

��qtp r p�i}p�qtlvu ���#� pµ lvp��j� r p��}q*� η
�¤hjqJz � lokFu��jk�p�u��ji!�Dp/n}p z�p�q� ;lvi}p�n;lvi;z � p/kt�� ;p��±� ¡ �jk?lvi � µ � �®©�h;¯ �B� ��#� p`qtp�k��}�yz�lvk,z � ��z η(z)

lvk�wPp�q�lvhWnWlvu ¢ is�j !p�� ¡ η(z) = (5 + 3z)
∏∞

i=0 z2i+1 ¢ � � l£��vp
z � p¸p ÀWwDp�u z�p�n�kmp�q�lvp�k`lok
5z + 3z2 + 5z3 � ªMi¼�º�5u�z ¢ η

lok`z � p¸wDp�qtlvh�n}ly�B��z�lvhji¼hj�
sl(3)

p�§{�}lvw}wDp�n¹��lyz � �
Z2

� r q*�jnWlvi r � Å�pBu h5isnW� ¡j¢ ly� (n, r) = (5, 8) ½ l � p � ¢ Æ r p�i}p�q�lou�¤hjqt `kÂlvi � ����qtlv�j�}�vp�k ¢ z � p/p�ÀWwPpBu�z�pBnxk�p�qtlypBkÂlok
5z + 2z2 � gFh5q�h5�y�o��q ¡ É � È³lvlvl ¦ z�h r p z � p�q��lyz �¼�#� p�h5q�p�  �	� � �dk � h���k:z � ��z L3 = η3 lvk²���®nWlv ;p�isk�lvhjis�j� ¢ k�h��±p²q�pB���v� ¡ � �°�5p�³u h5�}i{z�p�q�p�ÀW�j ;w}�yp �J» p¸���okmh � �°�5p L4 = 0 ¢ k�h³lyi¿z � lvkbu��5kmp²z � p µ lvp¸�j� r p��}q*�¸loki}lv�ywDh�ztp�i{z��}�Wz�lyztk�kmp�q�lvp�k±lok�i}h�z�z � p,p ÀWwDp�u�ztp�nd ;lyisly `���2hji}p �

Æ �



Y�Y � ������� �

» p r lv�jp;z � p«qtp�k��}�yztk�hj��hj�}q�u����ou �}�o��ztlyh5isk�hj�
ηA(z)

�¤h5q�z � pxu h�hjq*nWlvis��ztp`q�lvi r hj�
sq*��isnWh5 (wPh5lyi{z*k/lvi

P n � � hjq�z � p`nWp�¾si}lyz�lvhji¹h��
m

��iPn
t ¢ kmp�p � p ¾Pi}l£ztlyh5i � � È � � hjqz � p�nWp ¾sisl£ztlyh5idhj�

l3, l4, l5 ¢ k�p�p � p�¾si}lyz�lvhji � � È �

n s m t ηA(z) l3 l4 l5È � � È
4z + 3z2 � � �È � Æ Æ
4z + 4z2 + 2z3 + 3z4 + 6z5 + · · ·É �	� � �
5z + 5z2

�	� � � �	�
� ��É � �

6z + 7z2 ��É ��É ��È
� ��È Æ �

6z + 8z2 + 5z3 + 3z4

� ��¯ � ¯
7z + 9z2

��� �B� � �
� ��� Æ É

7z + 10z2 + 4z3
� � � Æ � �

7z + 11z2 + 10z3 + 10z4

� Æ�É � �°Æ
8z + 12z2 Æ�É ÆjÈ ÆjÆ

� Æ�È Æ �
8z + 13z2 + 7z3

� ÆjÆ Æ ��É
8z + 14z2 + 14z3 + 7z4

� ÆW� Æ Æ}�
8z + 15z2 + 21z3 + 42z4 + 84z5 + 91z6� È � � � �
9z + 15z2

È � Æj� Æ �� Æ�¯ Æ �
9z + 16z2 + 8z3� Æ�� Æ � �
9z + 17z2 + 16z3� Æ � Æ Æ�É
9z + 18z2 + 24z3 + 27z4� Æ � Æ È{Æ
9z + 19z2 + 32z3 + 73z4 + 160z5 + 176z6¯ È � � �B�
10z + 18z2

È � ÈjÉ ÈjÈ¯ È � Æ �
10z + 19z2 + 6z3¯ È�É Æ Æ�É
10z + 21z2 + 24z3¯ ÈjÈ Æ È5È
10z + 22z2 + 33z3 + 33z4¯ È5Æ Æ É�Æ
10z + 23z2 + 42z3 + 91z4 + 126z5�	� ÉjÉ � Æ5Æ
11z + 22z2 ÉjÉ ÉP� Èj¯�	� É5È Æ � �
11z + 23z2 + 10z3�	� És� Æ È �
11z + 25z2 + 30z3�	� É � Æ É �
11z + 26z2 + 40z3 + 10z4�	� Èj¯ Æ � �
11z + 27z2 + 50z3 + 81z4�	� Èj� Æ � �
11z + 28z2 + 60z3 + 153z4 + 288z5 + · · ·�j� � Æ � Æ �
12z + 26z2 � Æ É{� É ��j� É5� Æ É5É
12z + 30z2 + 44z3�j� É � Æ � �
12z + 31z2 + 55z3 + 25z4�j� É � Æ � �
12z + 32z2 + 66z3 + 111z4�j� É � Æ � �
12z + 33z2 + 77z3 + 198z4 + · · ·

Æj�



n s m t ηA(z) l3 l4 l5�°Æ �}� � È �
13z + 30z2

�}� � � � È�°Æ � � Æ �
13z + 31z2 + 8z3�°Æ � � Æ � �
13z + 35z2 + 56z3�°Æ � � Æ �5�
13z + 36z2 + 68z3 + 3z4�°Æ � É Æ � �
13z + 37z3 + 80z3 + 105z4�°Æ � È Æ ¯{Æ
13z + 38z2 + 92z3 + 208z4 + · · ·�BÈ � � � È �
14z + 35z2

� � �jÉ �s��BÈ ��É Æ ���
14z + 41z2 + 78z3�BÈ �jÈ Æ ¯s�
14z + 42z2 + 91z3 + 42z4�BÈ �5Æ Æ �	�jÉ
14z + 43z2 + 104z3 + 162z4�BÈ �}� Æ �j� �
14z + 44z2 + 117z3 + 283z4 + · · ·��É � � � É �
15z + 40z2 � � ��È � ���É ��È Æ ¯5�
15z + 47z2 + 98z3��É ��Æ Æ �j�°Æ
15z + 48z2 + 112z3 + 36z4��É ��� Æ �BÆ �
15z + 49z2 + 126z3 + 175z4 + · · ·� � ¯}� � É �
16z + 45z2

¯}� �{Æ ��¯� � ¯ � Æ � �
16z + 46z2 + 10z3� � �5Æ Æ ��È �
16z + 54z2 + 130z3� � �	�{Æ � � �
17z + 51z2

� �5Æ ¯{Æ �5�� � ¯5Æ Æ �	� �
17z + 61z2 + 160z3� � �j��É � � �
18z + 57z2

�5��É � �jÈ ¯5�� � �	�5È Æ ��� �
18z + 68z2 + 187z3�B� �BÆ � � �5È
19z + 63z2 �°Æ � �5��É �	�5¯�B� �BÆ � Æ �°Æ
19z + 64z2 + 12z3 + · · ·�B¯ ��É � � � �
20z + 70z2

��É � �°Æ � �BÆ �
Æ � � � É � � �

21z + 77z2 � � É �BÈj¯ ��È{Æ

Æj¯



��p�q�p-�jq�pbz � p-qtp�k��}�yztk`hj�/h5�}q«u��j�vu��}�v��z�lvhjisk!hj�
η(z)

�¤h5q
r

qt�jisnWh5  §{�s�jnWq*��ztlvuqtp��o��z�lvhjiPkFlvi-��idhjq*nWlvis��q ¡«µ lvp���� r p��}qt��hji
n r p�i}p�q*��zthjq*k �

n r η(z)É �
4z + z2

� �
5z + 3z2 + 5z3 + 3z4 + 5z5 + 3z6 · · ·� �
5z + 2z2 + z3

� ¯
5z + z2

� �	�
6z + 5z2 + 10z3 + 10z4

� �j�
6z + 4z2 + 4z3

� �BÆ
6z + 3z2

� ��È
7z + 8z2 + 21z3 + 42z4 + 84z5 + 70z6

� ��É
7z + 7z2 + 14z3 + 7z4

� � �
7z + 6z2 + 7z3

� �	�
7z + 5z2� � �
8z + 11z2 + 32z3 + 73z4 + 160z5 + 144z6� ���
8z + 10z2 + 24z3 + 27z4� ��¯
8z + 9z2 + 16z3� Æ �
8z + 8z2 + 8z3� ÆW�
8z + 7z2¯ ÆjÆ
9z + 14z2 + 42z3 + 91z4 + 126z5¯ Æ�È
9z + 13z2 + 33z3¯ Æ�É
9z + 12z2 + 24z3¯ Æ �
9z + 11z2 + 15z3¯ Æ �
9z + 10z2 + 6z3¯ Æ �
9z + 9z2

� � � �#] ��[����#]
� � n�� ��� � � � � � n}�� `k ¢ � (-��<8� (:!�( � � �

* .0�+�5(�#�� !GF �5 "�5,��5(/�=. !QF �O!�64FK*$(/2�� � *�1(/�!�(:� ¢ � i}is�j�vk�hj�f¨
��z � � � � ¥ ��¯ � � ¦ �
� � i-�5Æ�� � � � i}lvu*� ¢�� !1(�#�!�, , E �+�1�=*$2�� �1� ������� �1 � � �5� �4. ��(�� ��<8�5* � � *$ � � � �.5� � *��. ¢ � � � � r p��sqt� � � ¥ ��¯5�5Æ ¦�¢ �BÆ �  ��É � �
� � � �°É�� µ � � ��q*�� ;h�� ¢ � ( �$</� � !B64F �� � � �5� � !QF �  "!
#��� � *$( ��¢ ª�km� � � ���jn �� �j�}� � Å}ÅsÅW© ¢ Å�p�q �  `��z � ¢ � � ¥ ��¯ �°É ¦ ¢ Æ � È  Æ � � ½ ¬ i r �ylok � z�q*��isk��o��z�lvhji��¨
��z � �/U Å}ÅW© ¢ ªM��� � � ¥ �B¯ �°É ¦ �
� � �d��É�� µ � � ��qt�j !h�� ¢ ��! #��� �1 � � �5� � �1(�� � ���7*!�(��1 �<8!1,�!1�+!�6�% ¢ lyi��J��hj ;h��z�h5w}lyp � � r ���}qtlo§5�sp�p z � � r�� �}qtp µ hWu����vp ¢ � kmz ��qtlok�§{�}p;�j�BÈ	�W�j��É ¥ �B¯j��É ¦� �  É5È �
� � ��� � p�� ��� ¬ � � �j�y�vlvu�h ¢ � � � � � p�q*�� ;lyzt� ¢ R�</� , *$(�*$,��1 �F � ��� � ��.�!1 &E �7*!�( !QFL��<8�

*������ !GF
s � �5(�� � �� �6/!�*$(/�=. *$( P 3 ¢ Jqth�u � �B¯j�jÉ � ��isu�hj�}�5p�qÂu�hjiW� � lvi��� r � r p�hj  � ¢ �  �	� ¢ g±¨¸Å-gFhji}� � Jqth�u � � ¢ � ¨¸Å ¢ Jq�h���lonWp�iPu p ¢ �B¯j� � �

È �



� � p��®�,q�¯jÉ�� Å � � pBu*� ¢ ¨ � �,q�p��}��p�q ¢ �O!1? �A!>#�!1, 6:E �+� ��<8�-#���(:!�(/*#��1 ,-!
��E  "�-!GF
��.5�5�K!QF�6/!�*$(��. ¢ � � r hjqtl£z �  `kFlvi-��� r � r p�hj  � ��isnd��wsw}� � ¥ ÅW��i{z*��isnWp�q ¢��¯5¯�É ¦ ¢ Jq�h r q � ¨
��z � � � � ¢ � �  ��� ¢ � lyqt� � � �sk�p�q ¢ � �jk�p�� ¢ ��¯j¯ � �

� � h`¯jÉ�� ¨ � � h5l ~ ¢ � � �7*$(  "�524�5 -�� � � �5� ��. ¢ � lvktk�p�q�zt��ztlyh5i·� � � ¢ Å{z�hWu*� � h5�y ��¯5¯�É �
� g±���M©�h�� � �:¯s� �(¨ �  � g±�°�����vlyp�q�p ¢ ¨ � ¬ � ©�h5ktkml ¢ � � � ���v�o� ¢ R:</� � � �B�5( � ��� �
� � .$F��5 "�#�!�( � ��#5�=E � ��F�! � n+4

6/!�*$(/�=. *$(
P n ¢ ©�p�iPn � Å�p�  � ¨
��z ��U i}ly� � %h5� �� h5q�lvi}h � � ¥ ��¯5¯}� ¦�¢ � � �  �B¯ � �

� g � � ¬ l É5��� g � g � p������v�vp ¡ ��iPn:Å � ¬ lv�yp�i��Pp�q rP¢�J !
<8!�,-!� ! � %O��<8��! � % !GFM�3*� ��� !1E
6�.��(:� �3*���1 � � �5� �4. ¢ � q*��isk � �  ;p�q � ¨
��z � � ÅWh�u � � � ¥ ��¯jÉ5� ¦ ¢ � �  �BÆ�É �
� gFh�� � q�� � �!¯ �°� � � gFh5isu�� ¢ � � � �}� qt�}i rP¢ � � � ���v�v� ¢ � !�.���E  6 � !B6/� � �=% F�! � 68!1*$(/�=. *$(6 � ! � ��#��7*$24�O.76/��#�� ¢ w}qtp�w}qtlyi{z���¯5¯ � ¢ �5u�u � �¤h5q�w}�}�}� � lvi²¨
��z � � ÅWu���isn �
� ¬ l£�M�/h;¯jÉ�� � � ¬ lvk�p�i��}�sn ¢ � � ��h � ¢ � �5�. !QF �� �+� � (��1�=*$( � ,-��� � *#B��. ��(��L�$</�  &*$(:�B� �.0% ��% � %D#�!�( � ��#��7E � � ¢ � nW� � ¨
��z � � ��� � ¥ ��¯j¯jÉ ¦ ¢ �  È � �
� ¬ l£�®%h«¯j¯�� � � ¬ lokmp�i��}�sn ¢ Å � %hjwDp�ktu � ¢ � �1 "� ��E/�1 &*$�7% �1(�� F � ��� � �0.5!1 &E �=*!1(8.D!GF

*������ &. !QFK6/!�*$(��. ¢ ªMi��jp�i{z�lvhji}pBk±¨¸��z �2� � � � ¥ �B¯j¯j¯ ¦�¢ ÉP��¯  ÉjÉ{¯ �
� � q � � � © � � q � �Dp�q rs¢ � ���A� � , *$(��1�=*!1( !QF �I#5 "��.B. !QF�� !1*$(�#�� � � .5� � *�0. ¢ ¨
��z � �ÅWu��jisn � � � ¥ �B¯ � � ¦�¢ Æj¯  È5¯ �
� � q�� µ � ¯s� � © � � q � �Pp�q rP¢ g � µ � �¤�#���v� ¢ � ( �L*$ � � � ��.5� � *�0.MF�! � #�!�, , E �+�1�=*$2�����(��(�!1(�#�!�, , E �A���7*$2�� �1� ������� �� � � ��� �4. ¢ � � J�}qtp � w}w}� � � � r p��sqt� � �

¥ �B¯j¯}� ¦�¢ ÈjÈ  È5� �
��� p � � qm�M©�h;� ��� � � � p�q*�� ;l£z*� ¢ � � � qtp r hjq ¡j¢�µ � ©�hj�Dp�q�ztk ¢ � !1(�!�, *�� *������ &. ��(��

68!1*$(/�=. *$( 6 � ! � �B#5�7*$24� .76/��#�� ¢ � � J�}qtp � wsw}� � � � r p��}q*� � � ¥ ��¯j� � ¦ ¢ÈjÈ

�5Æ �

��� p � µ h`�j¯�� � � � � � p�q*�� ;l£z*� ¢ � � µ hjqtp�i}��lyi}l ¢ R:<8� J !
<8�5( � � ��#��1E  "��% �7%B6/� !QF
n+

3
6/!�*$(/�=.�*$(

P n ¢ �#� p«gF�}qt�jpBk�k�p� ;lvis��q,��z��/�}p�p�i � k ¢ �5hj� � � ª ¢ i}h �� ¢ �/�}p�p�i � k#%�jwPp�qtk#lvi²J�}qtp���isn � wsw}� � ¨
��z � � � � ¥ ��¯5�j¯ ¦ �
��� p �M¨
�;��É�� � � � � � p�q*�� ;lyzt� ¢  � ¨¸��qth5ktu lo� ¢ R:<8�L*������ !GF�F�! � ,O. 24�1(/* . <H*$( � ���M�

')(�*$�+�L.��5� !QF�6/!�*$(/�=.L*$(
P n ¢ � � � � r p��sqt� � � ¥ ��¯5��É ¦�¢ � Æj�  � � � �

��� p �m�/q#�s� � � � � � � p�q*�� ;l£z*� ¢ � � �/q�pBu�u � lo� ¢ � ( �$</� J ! </��( � � ��#���E  "�1% �=%B6/�I!GF
s
 &*$(���.L*$(

An+1 ¢ � � � � r p��}q*� � � ¥ �B¯j�s� ¦�¢ �5�	�  ��É � �
��� �W� µ ����Å{z�¯}��� � � � � � � ¨ � � � r p�i � p�ly  ¢jµ � µ �j ��Dp ¢ � � Å{zt�5k � p � ¢ %p�q�z��}qt�s��ztlyh5i�z � p �hjq ¡ lyi!nWl��Tp�qtp�i{ztlv�j� � hj ;hj�vh r lvu����5�j� r p��}q*��ª�ª ¢ ªM� � � � ¨¸��z �2� ¢ � � ¥ ��¯j¯s� ¦ ¢È � ¯  È ��È �
��� � �W� � �,� � � � �}�v�vly�Wk�p�i ¢ � </!�,-!� "! � *#B�1 #B</� � ��#��A� � *�� �1�=*!1( !QF #�!�, 6� "�5�+� *$( ��+� � .5��#��7*!�(/. ¢ gFhj ;w � ¨
��z � � � � ¥ �B¯ �W� ¦�¢ Æ � �  Æ � � �
� ���;¯5Æ�� Å � �����vwDp�qtlyi ¢�� (�*$24� � .5�� ��(�24�5 "!�6�*$( � �1 � � �5� �4. ��(:�  "!
!B6 .76/��#��I<8! �,�!1 "! � % ¢ � � J�sq�p � w}w}� � � � r p��}qt� � � ¥ �B¯j¯5Æ ¦�¢ Æ�È �  Æ��5Æ �

Ès�



� ��ly�MÅ�l�¯ ��� � � ��lyq*k�u � h���l£zt� ¢ g � Å�lv !wPkmh5i ¢ � � � � .5!� E �=*!1( , *$(�*$,��1 "�>���- � *� � �� � � E ( � �0� �1( � ��,-�5(/� � � ( �5� �� �� � E ( �1� �1(�� (�!1, �5� � ���I68!1*$(/�=. ���1(8.
P n ¢ ªMi��jp�i{z � ¨
��z � � ��� � ¥ ��¯5¯ � ¦�¢ É � �  � �jÈ �

� ��h�� µ �;� �B� ¨ � ��hWu � kmz�p�q ¢ � � µ ���Wkmh�� ¢ R�</�� &*$(:�B� � .0% �5% � *�0.I!QF � �5(�� � *# F�! � ,O. ¢gFhj ;  � � � r p��}q*� � � ¥ �B¯j� � ¦�¢ Æ5Æ �  Æ�È5¯ �
� ���W�M���;¯}� � � � ���}p��sktu �  `��isi ¢ �,� ���jnWp�lvk � �{lv�vl ¢ � ,-�� $ 3,-! ���� . F�! � #�<8�1*$( �� � � �

��� �4. ¢ ¨
��z � � � � � � � ¢ � h � Æ ¥ ��¯5¯}� ¦�¢ Æ�É �  Æj� � �
� �jhj� µ � � ��� µ � �5h � �jisk�k�hji ¢{µ � µ �� :�Pp ¢ R � �1(8.�F�� �0� *$( � �  � � ��� � � � � E/#��7E � ��. E
6 �+!

�O!1,�!1 "! � %�� �5E *$2��� "�5(�#�� ¢ z�h«�jw}wDp���q �
� µ �;¯ �°� � � µ �j�}��p ¢ 	 ��( � ,-�

�
*$,��1 6/!�E � TP n ¢ ¨¸��i��sktu qtlywWz*��¨¸��z �2� � �¥ �B¯j¯ � ¦�¢ � Æ �  � É5È �

� µ h`¯jÈ�� � � µ h5q�p�i}��lvi}l ¢ R:<8� , *$(/*$,-�� � ��.�!1 &E �7*!�(I#�!�( � ��#5�=E � � ¢ � � � � r p��sqt� � � �¥ �B¯j¯jÈ ¦�¢ �  È � �
� µ � � ��� g � µ � �¤�#���v� ¢ � (>��<8� .0E � �1 � � �5� � � ��(:� � �1�+��� � %O��<8�L!�(:� � �1*$,��5(8.0*!1(��� �� ��,-��(��.�*$( ��<8����!1(��������

�
� � �1 � � �5� � ¢ lvi�� � � r p��}q*� ¢ � � r p��}q*��lou � h��wPh5�yh rj¡ �jisn�z � p�lvq`ªMi{z�p�qt�5u�z�lvhjiPk ¢?µ pBu�zt�}q�p � hjz�pBk;lyi¿¨
��z � � � � � � ¢¥ Å�wsq�lvi r p�q ¢ � p�q��vlyi¹��¯5� � ¦�¢ Æ�¯s�  È5Èj� �

� µ � ¯�Éj� g � µ � �¤�#���v� ¢�J �5(/� � �1 :�5 "�5,��5(/�=. ��(:� ���F�! � ,��1�=*!1(8. !QF  "! #��1 � *$( � . ¢ � �J�}qtp � w}ws� � � � r p��}q*� ��� ¥ ��¯5¯�É ¦ ¢ ���jÈ  �B¯�É �
� µ � �M©�h;¯ �°� g � µ � �¤�#���v� ¢ � � � ¬ � ©�h�h5k ¢ � (�!1(/(�*$ 68!1�+�5(/�

1 � 2 � 6 � ��.5��(��+��� �1� �������
�O!�64F9�1 � � �5� � ?�</!4.5� �L*$ � � � � .5� � *�0.D#�!�(�24� �=� �0.-*$( �$</�-E (/*$��#�* � #� "� ¢
� nW� � ¨
��z � � � � � ¥ ��¯5¯ � ¦ ¢ �	�s�  Æ � � �

� ¨
�;�j��� � � ª � ¨
�ji}lvi ¢�� E/��(��=E , � � !1E
6�. ��(�� � !�( �0J !�, , E �A���7*$24� � �B! �,��5� � % ¢ J�}�}� � g±©�¨ ¢ U i}lv� � nWp�¨-h5i{z�qtp���� ¢ ��¯5�j� �
� Jq � ��� � � Jqtlvn}n ¡j¢ � !�.���E  � ��.5!� &E �7*!�( ¢ � qt�jisk � � � ¨ � Å � � � � ¥ �B¯ � � ¦�¢ Èj¯  � � �
� » �`¯ � � g ��» ���yz�p�q ¢ R:<8� , *$(/*$,-�� �F � ��� � ��.5!� &E �7*!�(9!GFM��<8��<8!�,-! � �5(���!�EH.K*������ !QF

s � �5(�� � �1 H68!1*$(/�=. ¢ ¨
��z � � � � ����� ¥ ��¯5¯ � ¦�¢ Æ�Ès�  ÆjÈ�É �

È{Æ


