ISSN: 1401-5617

On the number of ideals of finite colength

Valentina Barucci

Ralf Fröberg

Research Reports in Mathematics Number 4, 2000

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.matematik.su.se/reports/2000/4

Date of publication: March 27, 2000 1991 Mathematics Subject Classification: Primary 13C05,13E05,13H10

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses:

http://www.matematik.su.se info@matematik.su.se

On the number of ideals of finite colength

Valentina Barucci Dipartimento di Matematica Università “La Sapienza”

Piazzale A.Moro 2 00185 Roma, Italy email barucci@mat.uniroma1.it

R. Fröberg Matematiska institutionen Stockholms Universitet 10691 Stockholm Sweden email ralff@matematik.su.se

March 24, 2000

1 Introduction

If I is an ideal of a (commutative) ring R and l_R(R/I) = h, we say that I has colength h. Maximal ideals have colength 1, and there may be many other ideals of finite colength even in non-Noetherian rings. If R is a one-dimensional Noetherian domain, every non-zero ideal has finite colength.

We are interested in the class of rings in which there is a finite number of ideals for each finite colength, and how this number grows as a function of h. In Artinian rings there are no ideals of colength h, if h >> 0 and we show that, in a Noetherian ring of dimension at least two, the number of ideals of colength h grows exponentially with h (for a precise statement, cf. Theorem 2.8). If R has a finite number of ideals for each finite colength, then R is semilocal and each localization at a maximal ideal has the same property. Thus the one-dimensional (Noetherian) local rings are a natural class of rings to investigate. For a large natural subclass of those, we give a precise measure of the growth: if (R, m) is a one-dimensional analytically unramified residually rational local ring with finite residue field and the integral closure R̄ has d maximal ideals, with |R/m| ≥ d, we prove that the number of ideals of colength h is a polynomial of degree d − 1 in h, if h ≥ l_R(R̄/R : R̄) (cf. Theorem 3.7). In particular, when d = 1, i.e. when R is analytically irreducible, the number of ideals of colength h is, for large h, a constant that of course depends on the cardinality of the residue field of R.

All the information on the number of ideals of finite colength of a ring R can be collected in a generating function, the colength series of R, which in the case of our subclass of rings has a nice form.

To prove the mentioned results, we use the value semigroup associated to a one-dimensional analytically unramified ring and we refer for that to [1].

2 Generalities

Let R be a (not necessarily Noetherian) ring. We consider ideals J of R of finite colength (i.e. l_R(R/J) = h < ∞). This is equivalent to say that R/J is an Artinian ring.

Notice that many ideals of finite colength may exist also in non-Noetherian rings. R = Z + XQ[[X]] is an example of a non-Noetherian ring with ideals of any colength h ∈ N. As a matter of fact R/XQ[[X]] ∼= Z and so, if p is a prime in Z, p^hR = p^hZ + XQ[[X]] is an ideal of R of colength h.

Lemma 2.1 Suppose that J ⊆ I are ideals of a quasilocal ring (R, m) with l_R(I/J) = 1. Then Im ⊆ J.

Proof. If I is finitely generated, this follows from Nakayama’s lemma, but the statement is always true. Let t ∈ I \ J. Then t /∈ J + tm, since otherwise t = j + tm_1, j ∈ J, m_1 ∈ m, so t(1 − m_1) = j ∈ J, and t ∈ J since 1 − m_1 is invertible. Since J ⊆ J + tm ⊂ I and the last inclusion is proper, the first inclusion cannot be proper, and we get J + tm = J for all t ∈ I, so Im ⊆ J.

Proposition 2.2 Let (R, m) be a quasilocal ring. If J is an ideal of colength h, then m^h ⊆ J. In particular J is m-primary.

Proof. We use induction on h. If h = 1, then J = m. Suppose l_R(R/J) = h and that the statement is proved for ideals of colength h − 1. Choose an ideal I ⊇ J of colength h − 1. Then m^{h−1} ⊆ I, so m^h ⊆ mI ⊆ J by Lemma 2.1.

Corollary 2.3 Let R be a ring with a finite number of ideals for each colength h ∈ N and let m be a maximal ideal, then the localization R_m has also a finite number of ideals for each colength h ∈ N.

Proof. By Proposition 2.2, ideals in R_m of finite colength are mR_m-primary, and there is a 1-1 correspondence between mR_m-primary ideals Q_m in R_m and m-primary ideals Q in R, and l_{Rm} (R_m/Q_m) = l_R(R/Q).

If the ring (R, m) is Noetherian, then each m-primary ideal is of finite colength, but in general this is not true. By Proposition 2.2, if the maximal ideal of R is idempotent, i.e. m = m^2 (this happens for example in a one-dimensional non-discrete valuation domain), then the only ideal of finite colength is the maximal ideal, but each non-zero ideal is m-primary. However, if we restrict to Noetherian rings, we get:

Proposition 2.4 Let (R, m) be a local (i.e. quasilocal and Noetherian) ring. Then there exists, for each h ∈ N, an ideal of colength h.

Proof. By induction on h. Let I be an ideal of colength h − 1. Any ideal J which is maximal in the set of proper subideals of I is of colength h.

In the sequel we will restrict to (Noetherian) local rings. There is no restriction to assume that R is complete:

Proposition 2.5 If (R, m) is local with (m-adic) completion (R̂, m̂), there are just as many ideals of colength h in R as in R̂.

Proof. By Proposition 2.2, m^h ⊆ I if I is of colength h (and correspondingly for ideals in R̂), and R/m^h ∼= R̂/m̂^h.

Notice however that even such a simple ring as R = C[X, Y ]/(X, Y )^2 = C[x, y] has infinitely many ideals of colength 2. Any maximal chain of ideals in R looks like this:

R ⊃ (x, y) ⊃ (ax + by) ⊃ (0)

and there are infinitely many choices for (a, b) ≠ (0, 0) giving different ideals.

The following proposition gives the class of rings we will study.

Proposition 2.6 Let (R, m) be a local ring. Then, for each h ∈ N, there is a finite number of ideals of colength h if and only if R is a DVR, an Artinian principal ideal ring, or if R/m is finite.

Proof. Suppose that the number of ideals of colength 2 is finite. The ideals of colength 2 are in 1-1 correspondence to R/m-subspaces of m/m^2 of codimension 1. Then either m/m^2 is one-dimensional or R/m is a finite field. In the first case m = (x) is a principal ideal and, since by Krull intersection theorem ⋂ i≥0 m^i = 0, we get that every element of R is of the form ex^i, for some i ≥ 0 and some unit e. It follows that, if m^i ≠ 0 for each i, then R is a DVR and, if m^i = 0 for some i, R is an Artinian principal ideal ring.

If R is a DVR or an Artinian principal ideal ring, the number of ideals of each colength is at most one, so we assume that R/m is a finite field. By induction we can assume that there are finitely many ideals J_i of colength h − 1. The ideals of colength h corresponds to R/m-subspaces of J_i/mJ_i of codimension 1, which are finitely many.

We are interested in the growth of the number of ideals of colength h in a local ring R as a function of h. We denote the number of ideals in R of colength h by Ω_R(h), or just Ω(h) if the ring R is understood from the context. If R is Artinian, then Ω(h) = 0, if h >> 0. We will first see that, if dim R ≥ 2, then Ω(h) cannot be bounded by a function which grows less than exponentially, thus the following theorem shows that it is natural to restrict to one-dimensional rings. We will use the following, certainly well known, lemma.

Lemma 2.7 Let V be a vector space of dimension n over a field with q elements. Then the number of subspaces of dimension (or codimension) [n/2] is at least q^{[n/2]2} .

Proof. The number of subspaces of dimension [n/2] is (q^n − 1)(q^n − q) · · · (q^n − q^{[n/2]−1})/((q^{[n/2]}−1)(q^{[n/2]}−q) · · · (q^{[n/2]}−q^{[n/2]−1})). If n ≥ 4 (and so [n/2]−1 ≥ 1), since (q^n − q^i)/(q^{[n/2]} − q^i) ≥ q^{[n/2]}, and we have at least two factors, the statement follows. If n < 4, the result is still true since [n/2]^2 = [n/2].

Theorem 2.8 Let (R, m) be a local ring. If dim R ≥ 2, there is a positive rational number F such that, for each N there is an M ≥ N with Ω(M) > q^{F M} .

Proof. Suppose that dim R = 2. Then we have l_R(R/m^n) = an^2 + bn + c and l_R(m^n/m^{n+1}) = 2an + a + b, for some a > 0, if n >> 0. Let M_n = [(2an + a + b)/2] (integer part). There are, by Lemma 2.7, at least q^{(Mn)2} subspaces of codimension M_n in m^n/m^{n+1}, so there are at least q^{(Mn)2} ideals of colength an^2 + bn + c + M_n in R. If we let M^′_n = an^2 + bn + c + M_n, we will show that (M_n)^2 > F M^′_n for some F > 0, if n >> 0. Since (M_n)^2 > (an)^2/2 if n >> 0 and M^′_n < 2an^2 if n >> 0, it suffices to show that (an)^2/2 = F · 2an^2, for some F > 0, and so F = a/4 will do. If dim R > 2, let I be an ideal in R such that dim R/I = 2. Obviously Ω_R(n) ≥ Ω_{R/I} (n).

In the next section we will see that we can get good control over the growth of Ω(h) for a large class of one-dimensional rings.

3 Analytically unramified one-dimensional rings

In this section we consider a particular class of one-dimensional rings. In all this section R will be an analytically unramified one-dimensional local ring, i.e. a one-dimensional reduced Noetherian local ring, such that the integral closure R̄ is finite over R. An important class of examples of such rings are the local rings of an algebraic curve.

As we noticed in the previous section, it is not restrictive to suppose that R is complete. So we can suppose that, if P_1, . . . , P_d are the minimal primes of R, each R/P_i is analyticlly irreducible, with integral closure V_i, a DVR. Thus we have R ⊆ R/P_1 × · · · × R/P_d and R̄ = V_1 × · · · × V_d.

We also suppose that R is residually rational (i.e. that all localizations at maximal ideals of R̄ have the same residue field as R) and that the cardinality of the residue field of R is at least equal to the number d of minimal primes.

Since R ⊆ R/P_1×· · ·×R/P_d ⊆ V_1 × · · ·×V_d, each element x = (x_1, . . . , x_d) ∈ R has a value v(x) = (v_1(x_1), . . . , v_d(x_d)), where, for i = 1, . . . , d, v_i is the valuation of the DVR V_i (it is convenient to assume v_i(0) = ∞).

The value semigroup of R is S = v(R) = {v(x); x ∈ R} ⊆ (N ∪ {∞})^d and each ideal I ⊆ R has its value set v(I) = {v(x); x ∈ I} ⊆ S. On S there is a natural partial ordering, (α_1, . . . , α_d) ≤ (β_1, . . . , β_d), if α_i ≤ β_i for all i. For other properties of S, we refer to [1].

If C = (R : R̄) is the conductor, then C is an ideal (of R and) of R̄ , so C = t_1^{δ1} V_1 × · · · × t_d^{δd} V_d, where t_i is the uniformizing parameter of V_i. Thus v(C) = {α = (α_1, . . . , α_d) ∈ (N ∪ {∞})^d | α_i ≥ δ_i, for i = 1, . . . , d}. We will always denote min v(C) by δ = (δ_1, . . . , δ_d) in the sequel. Notice in particular that each element x ∈ R̄ = V_1 × · · · × V_d, with v(x) ≥ δ (i.e. v(x) ∈ v(C)) is in R, because it is in C.

If J ⊆ I are ideals of R, it is possible to compute l_R(I/J) looking at v(I) and v(J) (cf. [1, Section 2.1]).

Finally, in order to study how the number of ideals of colength h grows with h in R, we have to suppose that the residue field of R is finite, cf. Proposition 2.6.

In this setting, that is fixed for all Section 3, and with the notation introduced above, if I, J are ideals of R, we define I ∼ J if there exists an element x in the quotient ring of R such that v(I) = v(xJ). This is an equivalence relation and we call a shape for the ideals of R an equivalence class. If I is an ideal in the equivalence class I, we say that I is the shape of I or I is of shape I.

Notice that the shapes are finitely many for a ring R.

Example 1. For the ring R = k[[(t, u), (t^3, u^2)]] = k[[x, y]]/(x^3 − y) ∩ (x^2 − y) that has the following value semigroup

� �

1 2 3

1 2 3 � � � � � � � � � � � � � � � � � � � �

Fig. 1. The value semigroup of R we have the following shapes:

� � � � � � � � � � � � � � � � � � � � � �

I_1=the principal shape.

� � � � � � � � � � � � � � � � � � � � �

I_2=shape(((t, u), (t^3, u^2))R).

� � � � � � � � � � � � � � � � � � � �

I_3=shape(C).

Definition. Given a shape I for the ideals of R, we define the function Ω_I (h) as the number of ideals of R of shape I and colength h. Of course we have Ω(h) = ∑ I Ω_I (h).

3.1 The analytically irreducible case

We first consider the analytically irreducible case, i.e., we assume that the integral closure of the ring R is a DVR which we denote by (V, t). We denote the conductor C = R : V by t^δ V .

Lemma 3.1 The map ϕ_i(I) = t^iI, i ≥ 0, from ideals I with min v(I) = δ to ideals J with min v(J) = i + δ is a bijection which preserves the shape of the ideal.

Proof. Since t^iI is a fractional ideal and t^iI ⊆ C ⊆ R, we get that ϕ_i(I) is an ideal of R. The map is bijective with ϕ^{−1}_i (J) = t^{−i}J as inverse. The shape is preserved by the definition of shape.

Lemma 3.2 Ω_I (h) is constant, if h ≥ δ.

Proof. If min v(I) < δ, then l_R(R/I) = #(v(R) \ v(I)) = #((v(R) \ v(I)) ∩ [1, δ)) + #((v(R) \ v(I)) ∩ [δ, ∞)) < l_R(R/C) + l_R(V/R) = l_R(V/C) = δ. Thus I ⊆ C, if l_R(R/I) ≥ δ. According to Lemma 3.1, the number of ideals of shape I is constant (i.e. independent of min v(I)) for all ideals inside the conductor.

We now state the main result for analytically irreducible rings.

Proposition 3.3 If R is analytically irreducible, then Ω(h) is constant, if h ≥ l_R(V/C).

Proof. We have Ω(h) = ∑ I Ω_I (h). The sum is finite and each summand is a constant, by Lemma 3.2, if h ≥ δ = l_R(V/C).

As usual it is convenient to collect the information in a generating function. We define the colength series of R to be CL_R(Z) =

∑_∞ h=0 Ω(h)Z^h. For an analytically irreducible ring R we get CL_R(Z) = p(Z)/(1 − Z). Then p(Z) ∈ Z[Z], and p(1) = Ω(h), for h ≥ l_R(V/C).

The constant Ω(h), h >> 0, of course depends on q = |R/m|. We will determine this dependence in an example.

Example 2. Let R = k[[t^3, t^4, t^5]]. There are the following shapes of ideals: I_1 = shape(R), I_2 = shape((t^3, t^5, t^7)), I_3 = shape((t^3, t^4)), and finally I_4 = shape((t^3, t^4, t^5)). We get, if q = |k|, Ω(0) = Ω_{I1} (0) = Ω(1) = Ω_{I4} (0) = 1, Ω(2) = Ω_{I2} (2) + Ω_{I3} (2) + Ω_{I4} (2) = q + q^2 + 1, Ω(h) = Ω_{I1} (h) + Ω_{I2} (h) + Ω_{I3} (h) + Ω_{I4} (h) = q^2 + q + q^2 + 1, if h ≥ 3. CL_R(Z) = (1 + (q + q^2)Z^2 + q^2Z^3)/(1 − Z).

We could generalize the example and show that, if v(R) = ⟨δ, δ + 1, . . . , 2δ − 1⟩, then the constant Ω(h) is a polynomial of degree [δ/2]^2 in q = |R/m|, if h ≥ δ. In general the dependence of Ω(h) of q is more complicated. We can, however, show that Ω(h) is always bounded by a polynomial of degree [δ/2]^2 in q. 3.2 The non-analytically irreducible case

We consider now the analytically unramified case with d > 1. Recall that, as above, δ = (δ_1, . . . , δ_d) is min v(C). By the properties (1) and (2) of [1,

Proposition 2.1], the semigroup S is given by the union of a finite number of sets that, modulo a reordering of the coordinates, are of the following form:

T = {(α_1, . . . , α_u, δ_{u+1}, . . . , δ_s, β_{s+1}, . . . , β_d)} (1)

where δ_i ≤ α_i ∈ N, for i ≤ u, and β_i are fixed integers, 0 < β_i < δ_i, for s + 1 ≤ i ≤ d.

If s = 0, T is just a single element of S, and s = d, if T = v(C). Any subset T of S of this form has a minimum element, min T = (δ_1, . . . , δ_s, β_{s+1}, . . . , β_d). Denote by T_{δ1,... ,δs,βs+1,... ,βd} the union of the previous subsets with the same minimum (δ_1, . . . , δ_s, β_{s+1}, . . . , β_d). We have v(C) = T_{δ1,... ,δd} and, for a point β = (β_1, . . . , β_d) < δ, we have β = T_{β1,... ,βd} .

Lemma 3.4 Let x = (x_1, . . . , x_d) ∈ R, with v(x) = (a_1, . . . , a_s, β_{s+1}, . . . , β_d) ∈ T_{δ1,... ,δs,βs+1,... ,βd} . If δ_i − a_i ≤ n_i ≤ ∞, for i = 1, . . . , s, then

(x_1, . . . , x_d)(t^{n1}_1 , . . . , t^{ns}_s , 1, . . . , 1) ∈ R.

Proof. Every element x^′ = (x^′_1, . . . , x^′_s, 0, . . . , 0) of R̄, with v_i(x^′_i) ≥ δ_i, for i = 1, . . . , s has a value in v(C), so x^′ ∈ C ⊆ R. In particular (x_1, . . . , x_s, 0, . . . , 0) ∈ R and so (x_1, . . . , x_d)−(x_1, . . . , x_s, 0, . . . , 0) = (0, . . . , 0, x_{s+1}, . . . , x_d) ∈ R, and thus every element (x^′_1, . . . , x^′_s, x_{s+1}, . . . , x_d) with v_i(x^′_i) ≥ δ_i, for i = 1, . . . , s belongs to R. The element (x_1, . . . , x_d)(t^{n1}_1 , . . . , t^{ns}_s , 1, . . . , 1) in the statement of the lemma is such an element.

Lemma 3.5 a) Let I be an ideal of R with min v(I) = min T_{δ1,... ,δs,βs+1,... ,βd} . Then the map ϕ(I) = (t^{n1}_1 , . . . , t^{ns}_s , 1, . . . , 1)I, from ideals I with min v(I) = (δ_1, . . . , δ_s, β_{s+1}, . . . , β_d) to ideals J with min v(J) = (δ_1 + n_1, . . . , δ_s + n_s, β_{s+1}, . . . , β_d) is a bijection which preserves the shape of the ideal.

b) The number of ideals of R of shape I with min v(I) ∈ T_{δ1,... ,δs,βs+1,... ,βd} is a constant.

Proof. a) By Lemma 3.4, if x = (x_1, . . . , x_d) ∈ I, then (t^{n1}_1 , . . . , t^{ns}_s , 1, . . . , 1)x ∈ R. So the fractional ideal (t^{n1}_1 , . . . , t^{ns}_s , 1, . . . , 1)I is contained in R and is an ideal of R. The map is bijective with ϕ^{−1}(J) = (t^{−n1}_1 , . . . , t^{−ns}_s , 1, . . . , 1)J as inverse. The shape is preserved by the definition of shape.

b) By a) the number of ideals of R of shape I with min v(I) ∈ T_{δ1,... ,δs,βs+1,... ,βd} does not depend on the element α = min v(I).

Denote the constant in Lemma 3.5ḃ) by f_I (T_{δ1,... ,δs,βs+1,... ,βd} ).

For an analytically unramified ring with d > 1 minimal primes, we need to make the definition of the function Ω_I (h) finer.

Definition. Given a shape I for the ideals of R, we define the function ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ) as the number of elements α ∈ T_{δ1,... ,δs,βs+1,... ,βd} such that there exists an ideal I in R of shape I and colength h, with min v(I) = α.

The computation of the function ω_I (h, T_{δ1 ,... ,δs,βs+1,... ,βd} ) gives an answer to our problem at semigroup level and is the first step in the computation of the growth (with h) of Ω(h), the number of ideals of colength h. It is convenient to introduce before next lemma another notation. If I is an ideal of shape I, with min v(I) = min T_{δ1,... ,δs,βs+1,... ,βd} , set b_I (T_{δ1,... ,δs,βs+1,... ,βd} ) = l_R(R/I).

Lemma 3.6 ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ) is a polynomial of degree at most s − 1, if h ≥ b_I (T_{δ1,... ,δs,βs+1,... ,βd} ).

Proof. We know that T_{δ1,... ,δs,βs+1,... ,βd} is a finite union of subsets T of type (1) described in the beginning of this section. We will first count the number of elements α ∈ T (where T is of type (1)), such that there exists an ideal I of R of shape I and colength h, with min v(I) = α. If such an ideal I with min v(I) ∈ T_{δ1,... ,δs,βs+1,... ,βd} exists, we have to count the number of ways to write h − b_I (T_{δ1,... ,δs,βs+1,... ,βd} ) as a sum of u non-negative summands h_i = α_i − δ_i, where u ≤ s. This is given by ( h − b_I (T_{δ1,... ,δs,βs+1,... ,βd} ) + u − 1 u − 1 )

which is a polynomial in h of degree u − 1 ≤ s − 1.

Since T_{δ1,... ,δs,βs+1,... ,βd} is a finite union of subsets of type (1), then, by the principle of inclusion-exclusion, ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ) is an alternating sum of polynomials of degree ≤ s − 1, thus a polynomial of degree at most s − 1.

Theorem 3.7 If R is analytically unramified, with d minimal primes, then Ω(h) is a polynomial in h of degree d − 1, if h ≥ l_R(R̄/C).

Proof. We have Ω(h) = ∑ I Ω_I (h) and the sum is finite. Thus it is enough to prove the theorem for a fixed shape I.

By Lemma 3.6, ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ), i.e. the number of elements α ∈ T_{δ1,... ,δs,βs+1,... ,βd} such that there exists an ideal I in R of shape I and colength h, with min v(I) = α, is a polynomial in h of degree at most s − 1, if h ≥ b_I (T_{δ1,... ,δs,βs+1,... ,βd} ). All the numbers b_I (T_{δ1 ,... ,δs,βs+1,... ,βd} ) are bounded by b_I (T_{δ1,... ,δd} ) = b_I (v(C)). Moreover, if R is the shape of a principal ideal, all the numbers b_I (v(C)) are bounded by b_R(v(C)). It follows that, for h ≥ b_R(v(C)) = l_R(R/C) + l_R(R̄/R) = l_R((R̄/C) and for each shape I, ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ) is a polynomial in h of degree at most s − 1. It is actually a polynomial of degree d − 1, when T_{δ1,... ,δs,βs+1,... ,βd} = v(C), because an ideal I of shape I with min v(I) ∈ v(C) certainly exists.

On the other hand we have to count, fixed a certain T_{δ1,... ,δs,βs+1,... ,βd} , for each α ∈ T_{δ1,... ,δs,βs+1,... ,βd} , how many ideals I of R of shape I and colength h, with min v(I) = α exist. By Lemma 3.5, this number, f_I (T_{δ1 ,... ,δs,βs+1,... ,βd} ), does not depend on the element α ∈ T_{δ1,... ,δs,βs+1,... ,βd} chosen. So, for h ≥ l_R(R̄/C), we get that

Ω_I (h) = ∑ T_{δ1 ,... ,δs,βs+1,... ,βd}

ω_I (h, T_{δ1,... ,δs,βs+1,... ,βd} ) · f_I (T_{δ1,... ,δs,βs+1,... ,βd} ) is a polynomial in h of degree d − 1.

Example 3. We use the same ring R as in Example 1 from the beginning of this section. We get f_{I1} (T_{0,0}) = 1, f_{I1} (T_{1,1}) = q, f_{I1} (T_{2,2}) = q(q − 1), f_{I2} (T_{0,0}) = 0, f_{I2} (T_{1,1}) = 1, f_{I2} (T_{2,2}) = q − 1, f_{I3} (T_{0,0}) = 0, f_{I3} (T_{1,1}) = 0, f_{I3} (T_{2,2}) = 1. Furthermore ω_{I1} (h, T_{0,0}) = 1 for h = 0 and = 0 otherwise, ω_{I1} (h, T_{1,1}) = 1 for h = 2 and = 0 otherwise, ω_{I1} (h, T_{2,2}) = h − 3 for h ≥ 4 and = 0 otherwise, ω_{I2} (h, T_{0,0}) = 0 for each h, ω_{I2} (h, T_{1,1}) = 1 for h = 1 and = 0 otherwise, ω_{I2} (h, T_{2,2}) = h − 2 for h ≥ 3 and = 0 otherwise, ω_{I3} (h, T_{2,2}) = h − 1 for h ≥ 2 and = 0 otherwise. Thus Ω_R(0) = 1, Ω_R(1) = 1, Ω_R(2) = 1 + q, Ω_R(3) = 1 + q, and Ω_R(h) = 1 + q + (h − 3)q^2, if h ≥ 4 = l_R(R̄/C).

For the generating function CL_R(Z) of Ω(h) we get the following result.

Corollary 3.8 CL_R(Z) = p(Z)/(1 − Z)^d, where p(Z) ∈ Z[Z], deg p(Z) = l_R(R̄/C), p(1) equals the number of ideals I with min v(I) = α for any α ≥ δ, and d equals the number of maximal ideals in R̄.

Example 4. The generating function from Example 1 (and Example 3) becomes

CL_R(Z) = (1 − Z + qZ^2 − qZ^3 + q^2Z^4)/(1 − Z)^2.

References

[1] V. Barucci - M. D’Anna - R. Fröberg, Analytically unramified onedimensional semilocal rings and their value semigroups, J. Pure Appl. Algebra 147 (2000), 215-254.