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1 Introduction

If T is an ideal of a (commutative) ring R and {g(R/I) = h, we say that I
has colength h. Maximal ideals have colength 1, and there may be many other
ideals of finite colength even in non-Noetherian rings. If R is a one-dimensional
Noetherian domain, every non-zero ideal has finite colength.

We are interested in the class of rings in which there is a finite number of
ideals for each finite colength, and how this number grows as a function of h. In
Artinian rings there are no ideals of colength h, if A >> 0 and we show that, in
a Noetherian ring of dimension at least two, the number of ideals of colength h
grows exponentially with h (for a precise statement, cf. Theorem 2.8). If R has
a finite number of ideals for each finite colength, then R is semilocal and each
localization at a maximal ideal has the same property. Thus the one-dimensional
(Noetherian) local rings are a natural class of rings to investigate. For a large
natural subclass of those, we give a precise measure of the growth: if (R, m) is a
one-dimensional analytically unramified residually rational local ring with finite
residue field and the integral closure R has d maximal ideals, with |R/m| > d,
we prove that the number of ideals of colength h is a polynomial of degree d — 1
in h, if h > Igr(R/R : R) (cf. Theorem 3.7). In particular, when d = 1, i.e. when
R is analytically irreducible, the number of ideals of colength A is, for large h,
a constant that of course depends on the cardinality of the residue field of R.

All the information on the number of ideals of finite colength of a ring R
can be collected in a generating function, the colength series of R, which in the
case of our subclass of rings has a nice form.

To prove the mentioned results, we use the value semigroup associated to a
one-dimensional analytically unramified ring and we refer for that to [1].



2 Generalities

Let R be a (not necessarily Noetherian) ring. We consider ideals J of R of finite
colength (i.e. Ir(R/J) = h < oo). This is equivalent to say that R/J is an
Artinian ring.

Notice that many ideals of finite colength may exist also in non-Noetherian
rings. R =7 + XQ[[X]] is an example of a non-Noetherian ring with ideals of
any colength h € N. As a matter of fact R/XQ[[X]] = Z and so, if p is a prime
in Z, p"R = p"Z + XQI[[X]] is an ideal of R of colength h.

Lemma 2.1 Suppose that J C I are ideals of a quasilocal ring (R, m) with
Ir(I/J)=1. Then Im C J.

Proof. If [ is finitely generated, this follows from Nakayama’s lemma, but the
statement is always true. Let t € I\ J. Then ¢t ¢ J + tm, since otherwise
t=j7+tmy,5 € Jm €m,sot(l—my)=j€J,andt € J since 1 —my
is invertible. Since J C J + tm C I and the last inclusion is proper, the first
inclusion cannot be proper, and we get J +tm = J forallt € I, so Im C J.

Proposition 2.2 Let (R,m) be a quasilocal ring. If J is an ideal of colength
h, then m" C J. In particular J is m-primary.

Proof. We use induction on h. If h = 1, then J = m. Suppose lg(R/J) = h
and that the statement is proved for ideals of colength A — 1. Choose an ideal
I D J of colength h — 1. Then m"~' C I, so m" C mI C J by Lemma 2.1.

Corollary 2.3 Let R be a ring with a finite number of ideals for each colength
h € N and let m be a mazimal ideal, then the localization R,, has also a finite
number of ideals for each colength h € N.

Proof. By Proposition 2.2, ideals in R, of finite colength are mR,,-primary,
and there is a 1-1 correspondence between mR,,-primary ideals @,, in R,, and
m-primary ideals @ in R, and lg,, (Rm/Qm) = Ir(R/Q).

If the ring (R,m) is Noetherian, then each m-primary ideal is of finite
colength, but in general this is not true. By Proposition 2.2, if the maximal ideal
of R is idempotent, i.e. m = m? (this happens for example in a one-dimensional
non-discrete valuation domain), then the only ideal of finite colength is the
maximal ideal, but each non-zero ideal is m-primary. However, if we restrict to
Noetherian rings, we get:

Proposition 2.4 Let (R,m) be a local (i.e. quasilocal and Noetherian) ring.
Then there ezists, for each h € N, an ideal of colength h.

Proof. By induction on h. Let I be an ideal of colength h — 1. Any ideal J
which is maximal in the set of proper subideals of I is of colength h.

In the sequel we will restrict to (Noetherian) local rings. There is no restric-
tion to assume that R is complete:



Proposition 2.5 If (R, m) is local with (m-adic) completion (R, 1), there are
just as many ideals of colength h in R as in R.

Proof. By Proposition 2.2, m}j C Iif I is of colength h (and correspondingly
for ideals in R), and R/m" = R/m".

Notice however that even such a simple ring as R = C[X,Y]/(X,Y)? =
C[z, y] has infinitely many ideals of colength 2. Any maximal chain of ideals in
R looks like this:

R D (z,y) D (ax + by) D (0)

and there are infinitely many choices for (a,b) # (0,0) giving different ideals.
The following proposition gives the class of rings we will study.

Proposition 2.6 Let (R, m) be a local ring. Then, for each h € N, there is
a finite number of ideals of colength h if and only if R is a DVR, an Artinian
principal ideal ring, or if R/m is finite.

Proof. Suppose that the number of ideals of colength 2 is finite. The ideals of
colength 2 are in 1-1 correspondence to R/m-subspaces of m/m? of codimension
1. Then either m/m? is one-dimensional or R/m is a finite field. In the first case
m = (x) is a principal ideal and, since by Krull intersection theorem (1, mi =
0, we get that every element of R is of the form ex?, for some i > 0 and some
unit e. It follows that, if m® # 0 for each 4, then R is a DVR and, if m* = 0 for
some 7, R is an Artinian principal ideal ring.

If Ris a DVR or an Artinian principal ideal ring, the number of ideals of each
colength is at most one, so we assume that R/m is a finite field. By induction
we can assume that there are finitely many ideals J; of colength h — 1. The
ideals of colength h corresponds to R/m-subspaces of .J;/m.J; of codimension 1,
which are finitely many.

We are interested in the growth of the number of ideals of colength A in
a local ring R as a function of h. We denote the number of ideals in R of
colength h by Qg(h), or just Q(h) if the ring R is understood from the context.
If R is Artinian, then Q(h) =0, if h >> 0. We will first see that, if dim R > 2,
then Q(h) cannot be bounded by a function which grows less than exponentially,
thus the following theorem shows that it is natural to restrict to one-dimensional
rings. We will use the following, certainly well known, lemma.

Lemma 2.7 LetV be a vector space of dimension n over a field with q elements.

Then the number of subspaces of dimension (or codimension) [n/2] is at least
[n/2)?
q .

Proof. The number of subspaces of dimension [n/2] is (¢" —1)(¢" —q) - - - (¢" —
g1 /(g =1) (gl —q) - - - (qI*/?1—gI*/2171)) T n > 4 (and so0 [n/2] -1 >
1), since (¢" — ¢*)/(¢"/? — ¢*) > ¢I"/?!, and we have at least two factors, the
statement follows. If n < 4, the result is still true since [n/2]? = [n/2].



Theorem 2.8 Let (R,m) be a local ring. If dim R > 2, there is a positive
rational number F such that, for each N there is an M > N with Q(M) > ¢t™M.

Proof. Suppose that dim R = 2. Then we have I[g(R/m™) = an® + bn + ¢
and [r(m"™/m" ™) = 2an + a + b, for some a > 0, if n >> 0. Let M, =
[(2an + a + b)/2] (integer part). There are, by Lemma 2.7, at least q(Mn)’
subspaces of codimension M,, in m™/m"™*! so there are at least q(M")2 ideals
of colength an® +bn+c+ M, in R. If we let M = an® 4+ bn+ ¢+ M, we will
show that (M,)? > FM], for some F > 0, if n >> 0. Since (M,)? > (an)?/2 if
n >> 0 and M} < 2an? if n >> 0, it suffices to show that (an)?/2 = F - 2an?,
for some F > 0, and so F' = a/4 will do. If dim R > 2, let I be an ideal in R
such that dim R/I = 2. Obviously Qr(n) > Qg/r(n).

In the next section we will see that we can get good control over the growth
of Q(h) for a large class of one-dimensional rings.

3 Analytically unramified one-dimensional rings

In this section we consider a particular class of one-dimensional rings. In all
this section R will be an analytically unramified one-dimensional local ring, i.e.
a one-dimensional reduced Noetherian local ring, such that the integral closure
R is finite over R. An important class of examples of such rings are the local
rings of an algebraic curve.

As we noticed in the previous section, it is not restrictive to suppose that R
is complete. So we can suppose that, if P;,..., Py are the minimal primes of
R, each R/P; is analyticlly irreducible, with integral closure V;, a DVR. Thus
we have RC R/P; x --- x R/Pyjand R=V; x --- x V.

We also suppose that R is residually rational (i.e. that all localizations at
maximal ideals of R have the same residue field as R) and that the cardinality
of the residue field of R is at least equal to the number d of minimal primes.

Since RC R/PyX---XR/Py C Vi x ---xVy, each element x = (x1,... ,24) €
R has a value v(z) = (vi(x1),...,va(zq)), where, for i = 1,...,d, v; is the
valuation of the DVR V; (it is convenient to assume v;(0) = c0).

The value semigroup of R is S = v(R) = {v(z);z € R} C (NU {00})? and
each ideal I C R has its value set v(I) = {v(z);x € I} C S. On S there is a
natural partial ordering, (aq,...,aq) < (B1,...,084), if a; < f; for all i. For
other properties of S, we refer to [1].

If C = (R : R) is the conductor, then C is an ideal (of R and) of R , so
C =1tV x - x tg% Vi, where t; is the uniformizing parameter of V;. Thus
v(0) ={a = (a1,...,aq) € NU{oc})? | oy > §;, fori =1,...,d}. We will
always denote minv(C) by § = (d1,...,d4) in the sequel. Notice in particular
that each element € R =V x --- x Vg, with v(x) > § (i.e. v(z) € v(C)) is in
R, because it is in C.

If J C I are ideals of R, it is possible to compute [r(I/J) looking at v(I)
and v(J) (cf. [1, Section 2.1]).



Finally, in order to study how the number of ideals of colength h grows with h
in R, we have to suppose that the residue field of R is finite, cf. Proposition 2.6.

In this setting, that is fixed for all Section 3, and with the notation introduced
above, if I, J are ideals of R, we define I ~ J if there exists an element x in the
quotient ring of R such that v(I) = v(zJ). This is an equivalence relation and
we call a shape for the ideals of R an equivalence class. If I is an ideal in the
equivalence class Z, we say that Z is the shape of I or I is of shape Z.

Notice that the shapes are finitely many for a ring R.

Example 1. For the ring R = k[[(¢,u), (t3,u?)]] = k[[x,y]]/(z® — y) N (2* — y)
that has the following value semigroup

N

1 2 3
Fig. 1. The value semigroup of R

we have the following shapes:

N\ \ \

T;=the principal shape. Ty=shape(((t,u), (t3,u?))R). Iz=shape(C).
Definition. Given a shape Z for the ideals of R, we define the function Qz(h)
as the number of ideals of R of shape Z and colength h. Of course we have

Q(h) = 227 Qz(h).

3.1 The analytically irreducible case

We first consider the analytically irreducible case, i.e., we assume that the inte-
gral closure of the ring R is a DVR which we denote by (V,t). We denote the
conductor C' = R : V by t°V.



Lemma 3.1 The map ¢;(I) = t'I,i > 0, from ideals I with minv(I) = § to
ideals J with minv(J) = ¢ + 0 is a bijection which preserves the shape of the
ideal.

Proof. Since '] is a fractional ideal and t'I C C' C R, we get that ¢;(I) is an
ideal of R. The map is bijective with (b;l(J) = t~%J as inverse. The shape is
preserved by the definition of shape.

Lemma 3.2 Qz(h) is constant, if h > 6.

Proof. If minwv(I) < 4§, then Igr(R/I) = #(v(R) \ v(I)) = #((v(R) \ v(I)) N
[1,8)) + #(((R) \ (1)) N [5,00)) < Lp(R/C) + In(V/R) = Ln(V/C) = 5. Thus
ICC,iflg(R/I)>§. According to Lemma 3.1, the number of ideals of shape
T is constant (i.e. independent of min v(7I)) for all ideals inside the conductor.

We now state the main result for analytically irreducible rings.

Proposition 3.3 If R is analytically irreducible, then Q(h) is constant, if h >
lr(V/C).

Proof. We have Q(h) = >, Qz(h). The sum is finite and each summand is a
constant, by Lemma 3.2, if h > 6 = Ix(V/C).

As usual it is convenient to collect the information in a generating function.
We define the colength series of R to be CLg(Z) = > 5o, Q(h)Z". For an
analytically irreducible ring R we get CLr(Z) = p(Z)/(1 — Z). Then p(Z) €
Z[Z], and p(1) = Q(h), for h > Ir(V/C).

The constant Q(h),h >> 0, of course depends on ¢ = |R/m|. We will
determine this dependence in an example.

Example 2. Let R = k[[t3,t*,¢°]]. There are the following shapes of ideals:
T, = shape(R), Iy = shape((t3,°,t7)), Z3 = shape((t3,t*)), and finally 7, =
shape((t3,t*,1%)). We get, if ¢ = ||,
Q(0) = 07, (0) = (1) = Qz,(0) =1,
9(2) =Qz, (2) + QIs (2) +Qz, (2) =q+ q2 +1,
Q(h) = Qz, (h) + Qz, (k) + Qz,(h) + Qz,(R) = ¢ + g+ ¢ + 1, if h > 3.
CLr(Z) = (1 + (¢ +a*) 2>+ ¢*Z%)/(1 - Z).

We could generalize the example and show that, if v(R) = (§,0+1,...,20 —
1), then the constant Q(h) is a polynomial of degree [§/2])% in ¢ = |R/m]|, if
h > 4. In general the dependence of Q(h) of ¢ is more complicated. We can,
however, show that (k) is always bounded by a polynomial of degree [§/2]? in

q.
3.2 The non-analytically irreducible case

We consider now the analytically unramified case with d > 1. Recall that,
as above, § = (d1,...,d4) is minv(C). By the properties (1) and (2) of [1,



Proposition 2.1], the semigroup S is given by the union of a finite number of
sets that, modulo a reordering of the coordinates, are of the following form:

T= {(alv"' 7au;5u+17"' 755565+15"' 75d>} (1)

where 6; < a; € N, for i < u, and 3; are fixed integers, 0 < (; < §;, for
s+1<i<d.
If s =0, T is just a single element of S, and s = d, if T = v(C). Any subset

T of S of this form has a minimum element, min T = (1, ... ,ds, Bs+1,--- , Bd)-
Denote by T5,.... s..8.41,...,3, the union of the previous subsets with the same
minimum (d1, ... ,ds, Bs+1,---,84). We have v(C) =Ty, . 5, and, for a point
B=(0,...,04) <8, wehave B=Tg, .3,

Lemma 3.4 Letx = (x1,... ,xq4) € R, withv(z) = (a1, ... ,as, Bst1,--- ,0d) €
Ty, 86.BernssBa- If 03 —a; <my < oo, fori=1,...,s, then

(21, .. xa) (.. ", 1,... 1) € R.

Proof. Every element 2’ = (z},...,2.,0,...,0) of R, with v;(x}) > §;, for i =
1,...,shasavaluein v(C),so 2’ € C C R. In particular (z1,... ,2s,0,...,0) €
Randso (21,...,24)—(21,... ,25,0,...,0)=(0,...,0,Z541,...,24) € R, and
thus every element (af,..., 2., Tst1,...,2q) with v;(2}) > §;, fori =1,...,s
belongs to R. The element (z1,...,zq)(t]", ... ,t7,1,...,1) in the statement
of the lemma is such an element.

Lemma 3.5 a) Let I be an ideal of R with minv(l) = minT5, .. s, 8..:1,....84-
Then the map ¢(I) = (¢7*, ... ,t0=,1,..., 1)1, from ideals I with minv(I) =
(01,...,0s,Bst1y--.,84) to ideals J with minv(J) =

(01 + n1,...,0s + ng, Bst1,--- ,0d) is a bijection which preserves the shape of
the ideal.

b) The number of ideals of R of shape T with minv(I) € Ts, .. 5,.8,41,...,84 5 @
constant.

Proof. a) By Lemma 3.4, if z = (z1,... ,2q) € I, then (¢7,... ,t7,1,... , 1)z €

R. So the fractional ideal (¢7*,...,t7= 1,...,1)I is contained in R and is an
ideal of R. The map is bijective with ¢=1(J) = (¢t7",... ,t;",1,...,1)J as
inverse. The shape is preserved by the definition of shape.

b) By a) the number of ideals of R of shape Z with minv(I) € Ts,.... 5., 8.,1,....8

sPd
does not depend on the element e = minv(I).
Denote the constant in Lemma 3.515) by f1(Ts,,....5,,841,....84)-

For an analytically unramified ring with d > 1 minimal primes, we need to
make the definition of the function Qz(h) finer.

Definition. Given a shape Z for the ideals of R, we define the function
wz(h, Ts,,....5,,8011,...,84) s the number of elements v € T, ... 5.,8,.,,...,3, such
that there exists an ideal I in R of shape Z and colength h, with minv(I) = a.



The computation of the function wz(h,Ts, ... 5..8.51,...,3,) gives an answer
to our problem at semigroup level and is the first step in the computation of the
growth (with k) of Q(h), the number of ideals of colength h. It is convenient to
introduce before next lemma another notation. If I is an ideal of shape Z, with
minv([) = min T517~~~ 05,8541, .Bd>» set bI(T51,--- 105,85 41,--- 7Bd) = ZR(R/I)

Lemma 3.6 wz(h,Ts,.... 5,8.,1,...,8,) i a polynomial of degree at most s — 1,
if h > bI(T517»»» 055854150 ﬂd)'

Proof. We know that Ts, ... s5.,8,,1,...,8, is a finite union of subsets T of type
(1) described in the beginning of this section. We will first count the number
of elements o € T' (where T is of type (1)), such that there exists an ideal I
of R of shape Z and colength h, with minv(I) = a. If such an ideal I with
minv(I) € T5,, .. 5.,8.41,....5, €xists, we have to count the number of ways to
write h — bZ(T617~~~7637Bs+17~~,ﬁd) as a sum of w non-negative summands h; =
a; — 0;, where u < s. This is given by

(h = bz(T5,,... 60,8041, Ba) T U — 1)
u—1
which is a polynomial in h of degree u — 1 < s — 1.
Since T, ... .5,,8.41,... .84 15 & finite union of subsets of type (1), then, by the
principle of inclusion-exclusion, wz(h, T, ... 5,,8.41....,3,) 1S an alternating sum
of polynomials of degree < s — 1, thus a polynomial of degree at most s — 1.

Theorem 3.7 If R s analytically unramified, with d minimal primes, then
Q(h) is a polynomial in h of degree d — 1, if h > Ig(R/C).

Proof. We have Q(h) = > Qz(h) and the sum is finite. Thus it is enough to
prove the theorem for a fixed shape Z.

By Lemma 3.6, wz(h,T5,.... 5, 8.41.....84), -6 the number of elements o €
Ts,,... .65,8s11,... .8 Such that there exists an ideal I in R of shape 7 and colength
h, with minv(I) = «, is a polynomial in h of degree at most s — 1, if h >
bI(T(;l’___155#35“7”,75(1). All the numbers bI(T(;ly»»»7557ﬁs+17»»»7ﬁd) are bounded by
bz(Ts, ... s,) = bz(v(C)). Moreover, if R is the shape of a principal ideal, all the
numbers bz (v(C')) are bounded by bg (v(C)). It follows that, for h > br (v(C)) =
IrR(R/C)+1r(R/R) = Ir((R/C) and for each shape Z, wz(h, T5,, .. 5, 8011, .8a)
is a polynomial in h of degree at most s — 1. It is actually a polynomial of
degree d — 1, when T5,, . 5.8..1,....8. = v(C), because an ideal I of shape T
with minv(I) € v(C) certainly exists.

On the other hand we have to count, fixed a certain 15, ... s,.8,,4,...,84> fOT
each a € Ty, ... 5, 8..1,... 84> how many ideals I of R of shape Z and colength A,
with minv(I) = o exist. By Lemma 3.5, this number, fz(Ts,,... 5..8,11.....84)
does not depend on the element o € T5,.... 5, 3.,4,...,3, chosen. So, for h >
IrR(R/C), we get that

QI(h) = Z wl—(h’T517vvv1657ﬁ5+11---1ﬂd) .fI(T(;lq---1651B5+11---7ﬁd)

Ts

d

15--305,85415---:8q



is a polynomial in h of degree d — 1.

Example 3. We use the same ring R as in Example 1 from the beginning of this
section. We get le (TO,O) = 17f11 (Tlal) = Q7f11 (TQ,Q) = q(q - 1)7f12(T0,0) =
0, fr,(Th1) = 1, f1,(T22) = ¢ — 1, fr,(Too) = 0, fz;(T11) = 0, fz,(To2) = 1.
Furthermore wz, (h,Tp0) = 1 for h = 0 and = 0 otherwise, wz, (h,T1 1) = 1 for
h = 2 and = 0 otherwise, wz, (h,T22) = h — 3 for h > 4 and = 0 otherwise,
wz,(h,To,0) = 0 for each h, wr,(h,T11) = 1 for h = 1 and = 0 otherwise,
wz, (h,Ts2) = h —2 for h > 3 and = 0 otherwise, wz, (h,T22) =h—1for h > 2
and = 0 otherwise. Thus Qz(0) =1, Qr(1) =1, Qr(2) =14+¢, Qr(3) =1+g,
and Qr(h) =1+q+ (h—3)¢? if h > 4 =1x(R/C).

For the generating function CLr(Z) of 2(h) we get the following result.

Corollary 3.8 CLr(Z) = p(Z)/(1 — Z)*, where p(Z) € Z[Z], degp(Z) =
Ir(R/C), p(1) equals the number of ideals I with minv(I) = c for any o > 6,
and d equals the number of mazrimal ideals in R.

Example 4. The generating function from Example 1 (and Example 3) becomes

CLr(Z)=(1—-Z+qZ? - qZ> + ¢*Z%) /(1 - 2)%.
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