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THE SIMILARITY PROBLEM FOR THE NONSELFADJOINT
OPERATORS WITH ABSOLUTELY CONTINUOUS SPECTRUM:
RESTRICTIONS TO THE SPECTRAL SUBSPACES

ALEXANDER V. KISELEV

ABSTRACT. The similarity problem for the restrictions of the nonselfadjoint operator pos-
sessing absolutely continuous spectrum only to its spectral subspaces corresponding to the
Borel subsets ¢ of its spectrum (see [6]) is considered. Necessary and sufficient conditions
of such similarity are obtained in the form of a pair of integral estimates on 6 C R. The
results are then applied to the analysis of one-dimensional nonselfadjoint Friedrichs model
operator.

1. Preliminaries

The nonselfadjoint operator L acting in the Hilbert space H is called similar to a selfad-
joint operator A if there exists a bounded, boundedly invertible operator X in H such, that
L=X1AX.

In the present article we are going to consider a class of operators of the form [7]

L=A+1V,
where A is a selfadjoint operator in H defined on the domain D(A) and the perturbation
V' admits the factorization V' = O‘TJO‘, where « is a nonnegative selfadjoint operator in H

and J is a unitary operator in £ = m. This factorization corresponds to the polar
decomposition of the operator V. In order that the expression A 4 ¢V be meaningful,
we impose the condition that V' be (A)-bounded with the relative bound less then 1, i.e.
D(A) C D(V) and for some a and b (a < 1) the condition

IVull < af|Aul] + bljull,  u < D(A)

is satisfied, see [4]. Then the operator L is well-defined on the domain D(L) = D(A).

Alongside with the operator L we are going to consider the maximal dissipative operator
LIl = A+ zo‘; and the one adjoint to it, L=l = LI* = A — 2%2 Since the functional model
for the dissipative operator LIl will be used below, we require that Ll be completely non-
selfadjoint, i.e. that it has no reducing selfadjoint parts. This requirement is not restrictive
in our case due to the Proposition 1 in [7].

Now we are going to briefly describe the construction of the selfadjoit dilatation of the
completely nonselfadjoint dissipative operator Lll, following [1, 9], see also [7].

The characteristic function S()) of the operator L is the contractive, analytic operator-
valued function acting on the Hilbert space E, defined for ImA > 0 by

SO\) =1 +ia(L™T=X"ta, Im)>0. (1.1)
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In the case of unbounded « the characteristic function is first defined by the latter expression
on the manifold £ N D(«) and then extended by continuity to the whole space E.
Formula (1.1) makes it possible to consider S(\) for Im)A < 0 with S(A) = (S*(A\))~..
Finally, S(X\) possesses boundary values on the real axis in the strong sense: S(k) = S(k +
i0), k € R (see [1]).
Consider the model space H = Lo( %5 ), which is defined in [9] as the Hilbert space of
two-component vector-functions (g, g) on the axis (g(k), g(k) € E, k € R) with metric

(GG =S (st *5) Gao) G,
9/’ \g)) J \\S&) I J\g(k))"\g(k)) ) por
It is assumed here that the set of two-component functions has been factored by the set of

elements with the norm equal to zero.
Let’s define the following orthogonal subspaces in H :

0 Hy (E)
D_ = D, = K= D_&D
(HQ_(E))’ + ( 0 ) H@( D +)7
where H; (7)(E) denotes the Hardy class of analytic functions f in the upper (lower) half
plane with the values in the Hilbert space F.

The subspace K can be described as K = {(g,9) € H: g+ S*g € Hy (E),S§+ g €
HS(E)}. Let Pk be the orthogonal projection of H onto K:

re(7) = (116250
K - ~ )
g 9—P(59+9)
where Py are orthogonal projections of Lo(E) onto Hi(E).

The following theorem holds [1, 9]:

Theorem 1.1. The operator (LI —X\y) ™" is unitary equivalent to the operator Pr(k—Xo) ™|
for all \g, ImAy < 0.

This means, that the operator of multiplication by & serves as the minimal (clos a0 (k —
A)71K = H) selfadjoint dilatation [1] of the operator Ll.

Provided that the non-real spectrum of the operator L is countable, the characteristic
function of the operator L is defined by the following expression:

O\ =TI +iJo(L* =N 'a,  Im\#0,

and is a meromorphic, J-contractive (©0*(\)JO(N) < J,  ImA > 0) operator-function [2].
The characteristic function ©()) admits a factorization in the form of the ratio of two
bounded analytic operator-functions (in the corresponding half-planes ImA < 0, ImA > 0)
triangular with respect to the decomposition of the space E into the orthogonal sum

E=(X.E)® X %;
(

fONO)7Y N, ImA >0

O(\) = O;(\)(©)'(N),  ImA <0,
2
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where the following designations have been adopted [6]:

O:(\) = X_+ S(\X,,
O2(\) = Xy + SOX_,
OL(\) = X_ + 5" (VA
O,(\) = X, + S* VX,

and S(A) is defined by (1.1).
Following [6], we define the subspaces N in H as follows:

ﬁﬁ5<{(§): (i) € H. F}(@?§4—@;ﬁ::0}

and introduce the following designation:
Ny = closPKNi.
Then, as it is shown in [7], one gets for ImA < 0(/mX > 0) and (g,9) € N_(+), respec-

tively:
. 1 j
L-N"'Pe(9) =P
e (3) =res ()

The absolutely continuous and singular subspaces of the nonselfadjoint operator L were
defined in [5]: let' N = N, N N_, Ny = Px Ny, then

N, = clos <N+ N N,) = closPx N

(1.2)
N; = K & N,(L").

We call operator L an “operator with absolutely continuous spectrum only” if N, = H, i.e.
Pr N is dense in K.

The spectral projector Ps to the portion ¢ of the absolutely continuous spectrum was
constructed in the model terms in [6]. Namely, the following theorem holds:

Theorem 1.2. For any Borel set § C R

Pori (1) = P (1), (13)

where (g) € N and X5 is the operator of componentwise multiplication by the characteristic

function of the set . For the operator Ps defined by (1.3) on the linear set N.=N_NN,
the following assertions hold:
() PgNe C Ne;
(i) (L —Xo) 'Ps = Ps(L — Xo)~t,  ImAg # 0;
(i) PsPs = Psns, 0,0 CR;
(iv) Psu — u as 6 — (—00,00), u € N,;
(v) Pou=lim._ g5 [;[(L —k —ie)™ — (L — k + i) Yudk, ue N.,.

11

!The linear set N is called a set of “smooth” vectors of the operator L (see [7])
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In the second section of the present paper we are going to obtain the conditions, necesary
and sufficient for the restrictions of the operator L posessing absolutely continuous spec-
trum only to its spectral subspaces to be similar to selfadjoint operators. Then, in the third
section, we will apply these results to the analysis of the nonselfadjoint Friedrichs model
operator in one simple case. See also [11] where analogous results are given for the simi-
larity of the nonselfadjoint operator L as a whole to a selfadjoint one and [12], where the
computations of the same nature are applied to the analysis of the nonselfadjoint extensions
of symmetric operators with finite deficiency indices.

2. The restrictions of L to its spectral subspaces: functional model approach

We are going to rely on the following conditions considered for all u € H:

e>0

sup € / (L — k —ie) " ul*dk < C|lul)

e>0

sup € / (L* — k —ig) " ul|?dk < Cul?

(2.1)

e>0

sup € / (L — k +ig) || ?dk < C|ul?

e>0

sup € / (L — k +de) " ul|?dk < Cul?

which if fulfilled for any £ > 0 are necessary and sufficient [8, 10] for a nonselfadjoint operator
with the real spectrum to be similar to a selfadjoint one. Furthermore, notice that the first
pair of estimates above is clearly equivalent to the second pair. This makes it possible to
prove the following

Theorem 2.1. Provided that the spectrum of L is absolutely continuous, the following as-
sertions are equivalent:

(a) The restriction of L to its invariant subspace, corresponding to the “portion” of its
spectrum contained in the Borel set 6 C R, PsH, is similar to a selfadjoint operator;
(b) For any u € PsH the following estimates hold:

/((@(k: —i0)JO*(k —i0) — J)Xpa(L ™ =k —i0) " u, Xya(L™ — k —i0) " u)dk
§
< Clulf?
/((J — 0"k +1i0)JO(k +i0)X_a(L " = k —i0) tu, X_a(L™ = k —i0) " u)dk
é
< Clull;
4



(¢c) For any u € PsH the following estimates hold:

/((J — Ok +1i0)JO*(k +i0)X_a( LI — k +i0) tu, X_a(Ll — k + i0)"'u)dk

1)

< Clfulf®

/((@*(k —i0)JO(k — i0) — )X a(Ll — k +i0) Lu, X a(Ll — k 4 i0) " u)dk

1)

< Clull*.

Proof. Our first goal is to rewrite the estimates (2.1) in the model terms. This will allow us
to pass to limit as € — +0 in the corresponding estimates in the model representation for

the operator L. To this end, we are first going to prove the following Lemma.

Lemma 2.2. The estimates in (2.1), considered on the vectors uw € PsH, are one-to-one

equivalent to the following ones:

- o
P+< g+5*g

)
(s st
)

)

g+S*g
P .
‘ <—(Sg+g)

H( (g + S*g) + S*(k)ei (k)
(Sg+g) — a(k)

where (g) € XsN and

Ti(A) = [X- + S (V)& !
Ty(\) = [X, + X S\
c1(A) = Ti(A)(P-(g + 57g)(A)
c2(A) = (M) (P(9 + S7g)(A)

S

7 N N 7N N

Q

@ @ Or @ O @ W

A

N N N N S

P_(55+g)(N)

P (Sg+g)(N)-

[\

[\

N

(2.2)

Proof. We will show that the first estimates in the statement of the Lemma 2.2 and in (2.1)
are equivalent; the corresponding proof for the other three pairs of estimates is carried out

in a similar manner.
Note, that clearly XsN C N, therefore one gets

(L = o) @) — Py
5

1

— X

(2



for every (g) € XsN. On the other hand, the straightforward computation shows that

1 PK(§)+ 1 <P+(§+5*9)(/\0))’ Imhg > 0

(L — o)™ ' Px (g) = k—l)\o g k_1>‘0 :?r(tgg‘i‘g)()\o)
9 9 (g +579) (M)
k}—)\OPK(g)+k’—/\0< P_(S§+g)()\0) ), Im)\0<0

Taking into account that the first estimate in (2.1), considered on all u € PsH, in the
model representation of the operator L can be written as
g

supa/ H(L —k —ie) ' Pg <g)
e>0 g

) € X5N, one can compute the left hand side in the latter estimate. Then
-1 g

5/dx (L —x —ig) PK< )

g

= 7T/dft?(||f-D+(§ +87g)(x +ig)||* + || P+(Sg + g)(a + ie) |*) —

2

)

2
dkSC’

g

where (g

2

_9Re / da / dkmw(/{;)msg] 4 g)(x+ie), Pu(i + S*g) (& + ie)).

Having used the fact that (see [3])

[ S (SWPLSi+ 0)(w +8). Puli+ S"g)a + ) =
=7(S(x+ie)Py(Sq + g)(x +ie), Py (g + S*g)(x + ic))

since S(A) is a bounded analytic operator-function in the upper semiplane of the com-
plex plane, and then passing to the limit as ¢ — 0, taking into account that P,(g +
S*g)(N\), Py (Sg + g)(\) € HF (E) [3], we arrive to the following rezult:

AV g+ S
ti e [ ar (L”‘“)_lpf(( ) :W‘ﬂ(—(smg))

g
Therefore the equivalence claimed is proved.
When considering the estimates of (2.1) that involve the resolvent of the adjoint operator
L*, one has to use the following model representation for the action of the resolvent of the
adjoint operator on the “smooth” vectors of the operator L (see [5, 7]):

2

H

s )-

g—Pi(g+5"g)
9= P_(S§+g) — X[ + (5" (Ao) — DAL+
#(P_(g + 579)(Ao) = 57 (X)) P-(59 + 9)(Xo))

The rest of the proof in this case is essentially similar to the one carried out above. 0
6
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In order to complete the proof of Theorem 2.1, we need to rewrite the estimates obtained
by virtue of Lemma 2.2 in terms of the initial Hilbert space H and of the operators in
it. To this end, we will first rewrite our estimates in terms of ), the three-component
representation of H, see [9, 7]. The space § = D_ @ H & D, consists of three-component
vector-functions (0, u, 04 ), where 0_ € Ly(R_; E), 04 € Ly(R,; E) and u € H. The unitary
operator (see [7]) that maps $) onto H is given by the following formulas:

g+ S*g= —\/%_WQ(L” — k+40) " ru + S*(k)v_(k) + vy (k)

™

Si+g— —J%_Q(L—H =) v (k) + S(R)us (K),

where?
1

=—— [e¢
V2T

by the Paley-~Wiener theorem [3]. )
We are going to use this mapping extensively. First of all, note that the fact that (Z) eN
in the model representation is equivalent to

v+ (k) "o, (6)d¢ € Hy (E)

{X—(§+S*g) =0 (2.3)

X (Sg+g)=0

which is of course also true for the subspace we are considering, PsN. Next, for the latter
subspace we clearly have

X5(Sg+9)=Sg+g
and finally,
(2, a(LIED + (—)i0)"'u € B2, (E)

{X+v(k) =0 a.ak

X vy(k)=0 a.a k
+(k) | (2.5)

X_S*(kyv_(k) = —X_a(Ll =k +i0)"'u  a.a. k
X, S (ko (k) = \/%XM(L—H —k—i0) ' a a k

\

where we have used (2.3) and the orthogonality of H?(E) and H?(E) in L*(E).

Let’s prove now that the assertions (a) and (c) of Theorem 2.1 are equivalent. In order
to do so we need to show, that the third and fourth estimates in the statement of Lemma
2.2 are respectively equivalent to the ones provided by the assertion (c) of Theorem 2.1.

2We assume here that the functions @_, 7, have been extended by zero to the complementary semiaxes.
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We begin with the third estimate of Lemma. One immediately obtains:

(g + S*g
H( 59+g))
- / ak (| P-(3 + S°)1> + | P-(S3 + 9)| — 2Re(SP_(3 + 5%9). P-(S3 + 9))) .

2

where we have used (2.3), (2.4) and the following simple observation:

JPefiw). k) = [P, P o) =

R R

- / (1 (k) fok))dk = / (Pefu(k). folk))dk  when fu(k) = Xofi (K).

1)

The direct computation now shows that the third estimate of Lemma is equivalent to the
following one:

[k (o = s ) +

1)

+ 2Re/dk (\/%_WXM(L“ — k +140) " 'u, (S*(k)X- — X.5*(k)) v(k)) <
< Cllul?, (26)

where we have taken into account that [7]

[l

The conditions (2.5) when applied to (2.6) show the equivalence of the latter estimate to

2

XoafLl =k 4-i0) " || dk < C|lul?.

/dk (XX )T — SS*) (XS A ) ' A_a(Lll - k +i0) u
3
X_a(Ll =k +i0)""u) < Cllul?,

where X_SAX_ is treated as a bounded linear operator on X_F for a.a. k. It’s not hard to
show on the basis of Hilbert identity, that

(XA_SNX) ™ = X0\
8



Then
(X_SNX) LI = SN S* W) (XS (VA T a( L — X)L,
X_a(Llh = X)) =
= (X_O(N)X_O5(N)J(J — O(N)JO*(A\)JO;NAX_0*(NX_X_af LI — X)tu,
X_a(Ll = X)) =
= (J(J —ON)JO*N\)JX_X_a(Ll — X))y,
X_a(LIl = X)~ 1),

since, clearly, ©3(A\)AX_O*(A\)X_ = X_. The latter result leads to the desired estimate.
Analogous computations based on (2.3), (2.4) and (2.5) applied to the fourth estimate of
the Lemma 2.2 show that the latter is equivalent to the following one:

/dk((?(_ + S(k) X)) NI — S (A + X, 5% (k) X Ll — k +i0) M,
s
Xoa(Ll — k+i0)72u) < C|lul® (2.7)
Taking into account that
X+ XS = (A + S(NXL)” = O3,
we have:
(X + SN (T = S)S* A + 2,57 (V) " Xa(Z! =),
Xoa(Llh = X)) =
= (611 (NN J(J = O(A)JO* (1) JO3(\)O; ' (M) Xya(L! — 1),
XoofLl = X)) =
= (0N J(J —OWN)JO*\)JoN X, a(Ll — X)) u,
Xya(Llh = X)) =
= ("N JON) — N Xpa(Ll = X)lu, Xpa LI = X)),

which finishes the proof of the equivalence of the assertions (a) and (c) of the Theorem 2.1.
The equivalence of assertions (a) and (b) is shown in analogous fashion, so we omit the
corresponding calculations here. O

The results obtained are yet quite complicated since the integral estimates of Theorem
2.1 involve the boundary values of the resolvent of the dissipative operator LI and its
adjoint, rather then the boundary values of the operators L and L* like the conditions
(2.1). Therefore we are now going to prove a modification of the Theorem 2.1. Namely, the
following result holds:

Theorem 2.3. Provided that the spectrum of L s absolutely continuous, the following as-
sertions are equivalent:

(a) The restriction of L to its invariant subspace, corresponding to the “portion” of its

spectrum contained in the Borel set 6 C R, PsH, is similar to a selfadjoint operator;
9



(b) For any u € PsH the following estimates hold:

/((1 — S*(k)S(k) X oL — k —i0)™!

3
X, a(L —k —i0)"tu)dk < Clul|®

(-5 wswx-a - k—io)u
X_a(L* —k —i0) 'u)dk < Cllul*;

(¢) For any u € PsH the following estimates hold:

/((1 — S(R)S (k)X (L — k + i0) "
)
X_a(L —k+i0)"'u)dk < C|ul]?

/((I — S(k)S* (k)X a(L* — k+1i0)u
5
X a(L* — k+1i0) " u)dk < C|lul*.

Proof. This theorem is proved by direct computation. For example, for the first estimate of
the assertion (b) of Theorem 2.1 one has:

(ON)JO*N) = NX oL = X)), Xpa (L= X)) =
= (0T (V)X (O(N)JO*(N) — )X, 01(N)a(L — ) 'u, L — N) " Mu),
(L= X))t =0;(N)a(L — Nt
Then

T (N)XL(O(N)JO*(N) — )X, 0,(N) =
= (X = XS (WAL J (X = AS(N) L) = OT(N) XX, 0:1(A) =
— (X — XS ()XY, + XSV, -
— (A 4+ A5 (W) Xy (A + S(N) X ) =
=X, — XS (NAXASN)XL — XS (N)XLS(N)X,
2,1 = S NSO,
where we have used the fact that by the Hilbert identity
O*(N)X,0:(\) = X — X_S(\)X,.
In the case of the other respective pairs of estimates the proof is carried out similarly. O
Corollary 2.4. Provided that the spectrum of the operator L is absolutely continuous, the

following conditions are sufficient for the restriction of L onto the subspace PsH for any

Borel set 6 C R to be similar to a selfadjoint operator:
10



(a) There exists a constant C' < 0o such that for all u € PsH the following estimates hold:

L a0\ =1,,112 2
{faumw k= i0)ull* dk < Clul 28)

[ 1X-a(L* — &k —i0) || dk < Culf?

(b) There exists a constant C' < oo such that for allu € PsH the following estimates hold:

2.9
[ 1 Xa(Lr —k + iO)_luHde: < Clul? (29)

{f6 |X_a(L — & +i0) 1| dk < C|ul|?

In the last section of the present paper we are going to apply the results obtained above

(more specifically, the result of the Corollary 2.4) to the analysis of the similarity problem
for the operator of one-dimensional nonselfadjoint Friedrichs model.

3. Application: Friedrichs model operator
We consider the operator acting in the Hilbert space Ly(R) defined by the formula

(Lu)(x) = zu(z) + ¥(x) /u(t)mdt, u, @, € Ly(R). (3.1)

The determinant of perturbation D(\) in this case is given by the following expression:
D) =1+ [o(t)y(t)(t — X)~'dt. In order to simplify the calculation of the operators
and XL let’s restrict ourselves to the case of orthogonal functions ¢, 1: (¢, 1) = 0.

Let’s denote the class of the functions f analytic in the upper (lower) half-plane and
satisfying the condition

. dk
sup /\f(k:—l—ze)|p1+k2 < 00

e>0(e<0)

by Hﬁ,loc (Hg,IOC).
The following lemma, characterizing the structure of the spectrum of the operator under
investigation, holds:

Lemma 3.1. (i) Let the spectrum of the operator (3.1) be absolutely continuous. Then
(D)™ € HE™, (D) (@)t = A)7'9(1) € HE.
(ii) Provided, that
(a) (D))" € HE™™, 6 >0,
(b) ¥(t) € Leo(R),

the spectrum of the operator (3.1) is absolutely continuous.

We finally note, that the condition (2.8) for the operator (3.1) can be reduced to the
test of boundedness of the certain singular integral operators acting in Ls(R). Namely, the
following theorem can be proved:

Theorem 3.2. Provided that the spectrum of the one-dimensional perturbation of the mul-

tiplication operator (3.1) is absolutely continuous and (p,v) = 0, the boundedness of the
11



singular integral operators with the kernels

i ) = AP0 Lol o)~k = 0)", b)) 70

t—k—1 k+1 t—k—10’
—20 (k +10) i0 (3.2)

ip(t)  1—illlllell " (p(@) @ =k —i0)~" o(x)) ()
Btk t) == 5 D..(k +i0) t—k—i0’

where D,(A) = D()), in the space Lo(0) is sufficient for the similarity of the restriction of
the operator L to a spectral set, corresponding to the Borel set 6 C R, to a selfadjoint one.

The proof of this theorem is a straightforward application of the Corollary 2.4 to the
operator under investigation.
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