ISSN: 1401-5617

Homoclinic Orbits for Asymptotically Linear Hamiltonian Systems

Andrzej Szulkin Wenming Zou

Research Reports in Mathematics Number 9, 1999

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.matematik.su.se/reports/1999/9

Date of publication: August 26, 1999 1991 Mathematics Subject Classification: Primary 34C37 Secondary 35Q55, 58E05..

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses:

http://www.matematik.su.se info@matematik.su.se

Homoclinic Orbits for Asymptotically Linear Hamiltonian Systems

Andrzej Szulkin

Department of Mathematics, Stockholm University 106 91 Stockholm, Sweden

Wenming Zou

Department of Mathematical Sciences, Tsinghua University Beijing 100084, P. R. China

Abstract We study the existence of homoclinic orbits for first order time-dependent Hamiltonian systems ż = J H_z(z, t), where H(z, t) depends periodically on t and H_z(z, t) is asymptotically linear in z as |z| → ∞. We also consider an asymptotically linear Schrödinger equation in R^N .

1 Introduction

In this paper we shall be concerned with the existence of homoclinic orbits of the Hamiltonian system

(H) ż = J H_z(z, t),

where z = (p, q) ∈ R^N × R^N = R^{2N} and J = ( 0 −I I 0 )

is the standard symplectic matrix. We assume that the Hamiltonian H is 1-periodic in t, H ∈ C(R^{2N} × R, R), H_z ∈ C(R^{2N} × R, R^{2N} ) and H_z is asymptotically linear as |z| → ∞. Recall that a solution z of (H) is said to be homoclinic (to 0) if z ≢ 0 and z(t) → 0 as |t| → ∞. In recent years several authors studied homoclinic orbits for Hamiltonian system via critical point theory. In particular, second order systems were considered in [1], [2], [4]-[6], [13]-[15], and those of first order in [3], [7]-[9], [17], [18], [20]. We emphasize that in all these papers the nonlinear term was assumed to be superlinear at infinity. To the best of our knowledge, the existence of homoclinics for first order Hamiltonian systems has not been previously studied by variational methods.

1991 Mathematics Subject Classification: 34C37, 35Q55, 58E05. Key words and phrases: Homoclinic orbit, linking, vanishing, nonvanishing. The first author was supported in part by the Swedish Natural Science Research Council. The second author was supported by the Swedish Institute. He thanks the members of the Department of Mathematics of Stockholm University for their hospitality.

Let H(z, t) =^1_2 Az · z + G(z, t) and assume without loss of generality that H(0, t) ≡ 0. Suppose σ(J A)∩iR = ∅ (σ denotes the spectrum). Let μ_1 be the smallest positive, μ_{−1} the largest negative μ such that σ(J (A + μI)) ∩ iR ≠ ∅ and set μ_0 := min{μ_1, −μ_{−1}}. We introduce the following assumptions:

(H_1) A is a constant symmetric 2N × 2N-matrix such that σ(J A) ∩ iR = ∅;

(H_2) G is 1-periodic in t, G(z, t) ≥ 0 for all z, t and G_z (z, t) / |z| → 0 uniformly in t as z → 0;

(H_3) G(z, t) =^1_2 A_∞(t)z · z + F (z, t), where F_z(z, t) / |z| → 0 uniformly in t as |z| → ∞ and A_∞(t)z · z ≥ μz · z for some μ > μ_1;

(H_4)^1_2 G_z(z, t) · z − G(z, t) ≥ 0 for all z, t;

(H_5) There exists δ ∈ (0, μ_0) such that if |G_z(z, t)| ≥ (μ_0 − δ)|z|, then^1_2 G_z(z, t) · z − G(z, t) ≥ δ.

In Section 3 we shall make some comments on these assumptions. The main result of this paper is the following

Theorem 1.1 Assume (H_1) − (H_5). Then system (H) has at least one homoclinic orbit.

It follows from (H_2) and (H_3) that |G_z(z, t)| ≤ c|z| for some c > 0 and all z, t. Therefore

Φ(z) := 1 2 ∫ R (−J ż − Az) · zdt − ∫ R G(z, t)dt

(1.1)

is continuously differentiable in the Sobolev space H^12 (R, R^{2N} ) and critical points z ≠ 0 of Φ correspond to homoclinic solutions of (H) (see e.g. [19, Section 10]). It will be shown later that Φ has the so-called linking geometry; therefore it follows from [11] that there exists a Palais-Smale sequence (z_n) with Φ(z_n) → c > 0. However, it is not clear whether this sequence is bounded and therefore it cannot be used in order to construct a critical point z ≠ 0. To circumvent this difficulty we adapt a method due to Jeanjean [10]. More precisely, we consider a family (Φ_λ)_{1≤λ≤2} of functionals such that Φ_1 = Φ and show that for almost all λ ∈ [1, 2] there exists a bounded Palais-Smale sequence. This we do in Section 2, and in Section 3 we use the above result in order to prove Theorem 1.1. Finally, in Section 4 we consider an asymptotically linear Schrödinger equation.

2 Abstract Result

Let E^− be a closed separable subspace of a Hilbert space E and let E^+ := (E^−)^⊥. For u ∈ E we shall write u = u^+ + u^−, where u^± ∈ E^±. On E we define the norm

‖u‖_τ := max{‖u^+‖, ∞∑ k=1 1 2^k

|⟨u^−, e_k⟩|},

where (e_k) is a total orthonormal sequence in E^−. The topology generated by ‖ · ‖_τ will be called the τ-topology.

Recall from [11] that a homotopy h = I − g : [0, 1] × A → E, where A ⊂ E, is called admissible if: (i) h is τ-continuous, i.e. h(s_n, u_n)^τ→ h(s, u) whenever s_n → s and u_n^τ→ u; (ii) g is τ-locally finite-dimensional, i.e. for each (s, u) ∈ [0, 1] × A there exists a neighborhood U of (s, u) in the product topology of [0, 1] and (E, τ) such that g(U ∩ ([0, 1] × A)) is contained in a finite-dimensional subspace of E.

Admissible maps are defined similarly. Recall also that admissible maps and homotopies are necessarily continuous and on bounded subsets of E the τ-topology coincides with the product topology of E^−_{weak} and E^+_{strong}.

Let Φ ∈ C^1(E, R), R > r > 0 and u_0 ∈ E^+ with ‖u_0‖ = 1 be given and define

M := {u = u^− + ρu_0 : ‖u‖ ≤ R, ρ ≥ 0}, N := {u ∈ E^+ : ‖u‖ = r},

Γ := {h ∈ C([0, 1] × M, E) : h is admissible, h(0, u) = u and s → Φ(h(s, u)) is nonincreasing}.

The boundary of M in Ru_0 ⊕ E^− will be denoted by ∂M.

Theorem 2.1 Let E = E^+ ⊕ E^− be a Hilbert space with E^− separable and orthogonal to E^+. Suppose that (i) ψ ∈ C^1(E, R), ψ ≥ 0, ψ is weakly sequentially lower semicontinuous and ψ^′ is weakly sequentially continuous;

(ii) Φ_λ(u) :=^1_2 ‖u^+‖^2 − λ(^1_2 ‖u^−‖^2 + ψ(u)) = A(u) − λB(u), 1 ≤ λ ≤ 2;

(iii) there exist R > r > 0, b > 0 and u_0 ∈ E^+, ‖u_0‖ = 1, such that Φ_λ|_N ≥ b > 0 ≥ sup_{∂M} Φ_λ for all λ ∈ [1, 2].

Then for almost every λ ∈ [1, 2] there exists a bounded sequence (u_n) such that Φ^′_λ(u_n) → 0 and Φ_λ(u_n) → c_λ ≥ b, where c_λ := inf_{h∈Γ} sup_{u∈M} Φ_λ(h(1, u)).

This theorem should be compared with Theorem 1.1 in [10], where a similar result was proved for functionals having the mountain pass geometry. Note also that it follows from Theorem 3.4 in [11] and Corollary 6.11 in [21] that for any λ a (not necessarily bounded) sequence (u_n) as above exists. Although no variational characterization of c_λ was given in [11, 21], it is easy to obtain such characterization by a slight modification of the arguments there.

The conclusion of Theorem 2.1 is a direct consequence of Lemma 2.3 below. Since B(u) ≥ 0, λ → c_λ is nonincreasing. Therefore c^′_λ =^{dcλ}_{dλ} exists for almost every λ ∈ [1, 2].

Let λ ∈ (1, 2] be an arbitrary (fixed) value where c^′_λ exists and let (λ_n) ⊂ [1, 2] be a strictly increasing sequence such that λ_n → λ.

Lemma 2.2 There exists a sequence h_n ∈ Γ and k = k(c^′_λ) > 0 such that for almost all n: (i) If Φ_λ(h_n(1, u)) ≥ c_λ − (λ − λ_n), then ‖h_n(1, u)‖ ≤ k. (ii) sup_{u∈M} Φ_λ(h_n(1, u)) ≤ c_λ + (2 − c^′_λ)(λ − λ_n).

Proof Our argument is a straightforward modification of the one in Proposition 2.1 of [10]. We include it for the reader’s convenience.

By the definition of c_{λn} , there exists h_n ∈ Γ such that sup_{u∈M} Φ_{λn} (h_n(1, u)) ≤ c_{λn} + (λ − λ_n).

(2.1)

(i) If Φ_λ(h_n(1, u)) ≥ c_λ − (λ − λ_n) for some u ∈ M, then Φ_{λn} (h_n(1, u)) − Φ_λ(h_n(1, u))

λ − λ_n ≤ c_{λn} − c_λ λ − λ_n

+ 2.

Since c^′_λ exists, there is n(λ) such that if n ≥ n(λ), then

−c^′_λ − 1 ≤ c_{λn} − c_λ λ − λ_n

≤ −c^′_λ + 1.

(2.2)

Therefore, for n ≥ n(λ),

B(h_n(1, u)) =

Φ_{λn} (h_n(1, u)) − Φ_λ(h_n(1, u)) λ − λ_n

≤ −c^′_λ + 3 and A(h_n(1, u)) = Φ_{λn} (h_n(1, u)) + λ_nB(h_n(1, u)) ≤ c_{λn} + (λ − λ_n) + λ_n(−c^′_λ + 3).

Note that the right-hand side above is bounded independently of n. Since ψ ≥ 0, then either A(h_n(1, u)) or B(h_n(1, u)) tends to infinity as ‖h_n(1, u)‖ → ∞, and it follows that ‖h_n(1, u)‖ ≤ k for some k and all u ∈ M, n ≥ n(λ).

(ii) Since Φ_{λn} (v) ≥ Φ_λ(v) for any v ∈ E, it is easy to see from (2.1) and (2.2) that Φ_λ(h_n(1, u)) ≤ Φ_{λn} (h_n(1, u)) ≤ c_λ + (c_{λn} − c_λ) + (λ − λ_n) ≤ c_λ + (2 − c^′_λ)(λ − λ_n). � Lemma 2.3 (i) c_λ ≥ b for all λ.

(ii) Let k = k(c^′_λ) be the constant of Lemma 2.2. Then there exists a sequence (u_n) such that ‖u_n‖ ≤ k + 4 for all n, Φ^′_λ(u_n) → 0 and Φ_λ(u_n) → c_λ.

Proof (i) The proof can be easily deduced from the argument on p. 456 in [11] or from the proof of Theorem 6.10 in [21]. Therefore we only sketch it briefly. Let G : [0, 1] × M → Ru_0 ⊕ E^− be given by G(s, u) := g(s, u)^− + (‖g(s, u)^+‖ − r)u_0, where g ∈ Γ and g(s, u) = g(s, u)^+ + g(s, u)^− ∈ E^+ ⊕ E^−. G is an admissible homotopy and G(s, u) = 0 if and only if g(s, u) ∈ N. Since Φ_λ|_{∂M} ≤ 0 and Φ_λ(u) ≥ Φ_λ(g(s, u)) ≥ b whenever g(s, u) ∈ N, 0 /∈ G([0, 1] × ∂M). Hence deg(G(s, ·), M, 0), where deg denotes the degree of [11], is well-defined and deg(G(1, ·), M, 0) = deg(G(0, ·), M, 0) = 1.

Therefore G(1, ū) = 0 for some ū, so g(1, ū) ∈ N and Φ(g(1, ū)) ≥ b.

(ii) If the conclusion is not true, there exists ε > 0 such that ‖Φ^′_λ(u)‖ ≥ ε for all u with ‖u‖ ≤ k + 4 and |Φ_λ(u) − c_λ| ≤ ε. In order to obtain a contradiction we shall construct a certain deformation by modifying an argument which may be found on pp. 454-455 of [11] and in Lemmas 6.7, 6.8 of [21]. Choose g_n satisfying the conclusions of Lemma 2.2 with n so large that (2 − c^′_λ)(λ − λ_n) ≤ ε and ε_0 := λ − λ_n ≤ ε. For u ∈ F := {u ∈ E : ‖u‖ ≤ k + 4, c_λ − ε_0 ≤ Φ_λ(u) ≤ c_λ + ε} we set

w(u) :=

2Φ^′_λ(u) ‖Φ^′_λ(u)‖^2 . Since on bounded sets v_n^τ→ v if and only if v^+_n → v^+ and v^−_n ⇀ v^−, it follows from the weak sequential continuity of Φ^′_λ that the map v → ⟨Φ^′_λ(v), w(u)⟩ is τ-continuous on F (i.e., ⟨Φ^′_λ(v_n), w(u)⟩ → ⟨Φ^′_λ(v), w(u)⟩ as v_n^τ→ v). Hence there exists a τ-open neighborhood U_u of u such that ⟨Φ^′_λ(v), w(u)⟩ > 1

for all v ∈ U_u ∩ F . Let U_0 := Φ^{−1}_λ (−∞, c_λ − ε_0). Since Φ_λ is τ-upper semicontinuous (by the weak lower semicontinuity of B, cf. [11, Remark 2.1(iv)]), U_0 is τ-open, the family (U_u)_{u∈F} ∪ U_0 is a τ-open covering of F ∪ U_0, and we can find a τ-locally finite τ-open refinement (N_j )_{j∈J} with a corresponding τ-Lipschitz continuous partition of unity (λ_j)_{j∈J} . For each j we can either find u ∈ F such that N_j ⊂ U_u, or if such u does not exist, then we have N_j ⊂ U_0. In the first case we set w_j = w(u), in the second w_j = 0. Let N := ⋃ j∈J N_j ; then N is τ-open and N ⊃ F ∪ U_0. Define

V (u) := ∑ j∈J λ_j (u)w_j

and consider the initial value problem dη ds = −V (η), η(0, u) = u

for all u with ‖u‖ ≤ k and c_λ − ε_0 ≤ Φ_λ(u) ≤ c_λ + ε. According to [11, 21], V is τ-locally and locally Lipschitz continuous. So in particular, for each u as above there exists a unique solution η(·, u). Since w_j is either 0 or ‖w_j ‖ = ‖w(u)‖ = 2 / ‖Φ^′_λ(u)‖ ≤ 2/ε, V is bounded and η(·, u) exists as long as it does not approach the boundary of N. Furthermore, ⟨Φ^′_λ(u), V (u)⟩ ≥ 0 for all u ∈ N and ⟨Φ^′_λ(u), V (u)⟩ > 1 whenever u ∈ F . Therefore

‖η(s, u) − u‖ = ‖

∫_s 0 dη dt dt ‖ ≤

∫_s 0 ‖V (η(t, u))‖dt ≤ 2s ε , s → Φ_λ(η(s, u)) is nonincreasing and if Φ_λ(η(s, u)) ≥ c_λ − ε_0, then

Φ_λ(η(s, u)) − Φ_λ(u) =

∫_s 0 d dt Φ_λ(η(t, u))dt = − ∫_s 0 ⟨Φ^′_λ(η(t, u)), V (η(t, u))⟩dt < −s.

It follows that if ‖u‖ ≤ k and c_λ − ε_0 ≤ Φ_λ(u) ≤ c_λ + ε, then ‖η(s, u)‖ ≤ k + 4 whenever 0 ≤ s ≤ 2ε. So η(s, u) exists for 0 ≤ s ≤ 2ε and Φ_λ(η(2ε, u)) < c_λ − ε_0. According to Proposition 2.2 in [11] or Lemma 6.8 in [21], η is an admissible homotopy.

Now we complete the proof of (ii) by setting

g(s, u) := { g_n(2s, u), 0 ≤ s ≤^1_2 η(4εs − 2ε, g_n(1, u)),^1_2 ≤ s ≤ 1.

Then g ∈ Γ and Φ_λ(g(1, u)) ≤ c_λ − ε_0 for all u ∈ M, a contradiction to the definition of c_λ. �

3 Proof of Theorem 1.1

Throughout this section we assume that the hypotheses (H_1) − (H_5) are satisfied even though some lemmas below remain valid under weaker conditions.

Let Lz := −J ż−Az and denote the inner product in L^2(R, R^{2N} ) by (·, ·). Since σ(J A)∩iR = ∅, it follows from the results of Sections 8 and 10 of [19] that if E := D(|L|^12 ) (D denotes the domain), then E is a Hilbert space with inner product

⟨z, v⟩_D := (z, v) + (|L|^{12} z, |L|^{12} v)

and E = H^12 (R, R^{2N} ). Moreover, to L there corresponds a bounded selfadjoint operator L : E → E such that ⟨Lz, v⟩_D = ∫ R (−J ż − Az) · vdt,

E = E^+ ⊕ E^−, where E^± are L-invariant and ⟨z^+, z^−⟩_D = (z^+, z^−) = 0 whenever z^± ∈ E^±. Also, ⟨Lz, z⟩_D is positive definite on E^+ and negative definite on E^−. We introduce a new inner product in E by setting ⟨z, v⟩ := ⟨Lz^+, v^+⟩_D − ⟨Lz^−, v^−⟩_D. Then ⟨Lz, z⟩_D = ‖z^+‖^2 − ‖z^−‖^2, where ‖ · ‖ is the norm corresponding to ⟨·, ·⟩. It is easy to see from [19, Corollary 10.2] and the definitions of μ_0, μ_{±1} that

‖z^+‖^2 ≥ μ_1(z^+, z^+), ‖z^−‖^2 ≥ −μ_{−1}(z^−, z^−) and ‖z‖^2 ≥ μ_0(z, z).

(3.1) Let ψ(z) := ∫ R G(z, t)dt.

Clearly, ψ ≥ 0 and it follows from Fatou’s lemma that ψ is weakly sequentially lower semicontinuous. Since |G_z(z, t)| ≤ c|z| and z_n ⇀ z implies z_n → z in L^2_{loc}(R, R^{2N} ), it is easily seen that ψ^′ is weakly sequentially continuous. So (i) of Theorem 2.1 is satisfied. Set

Φ_λ(z) := 1 2 ‖z^+‖^2 − λ( 1 2 ‖z^−‖^2 + ψ(z)), 1 ≤ λ ≤ 2.

Then Φ_1 ≡ Φ (cf. (1.1)).

Remark 3.1 (i) Let {E_μ : μ ∈ R} be the resolution of identity corresponding to L. Then E_0 is the orthogonal projector of E onto E^− and E_μ(E) ⊃ E^− whenever μ ≥ 0. If μ is as in (H_3), then μ > μ_1 and since μ_1 is in the spectrum of L [19, Corollary 10.2], it follows that E_μ(E) ≠ E^− and there exists z_0 ∈ E^+, ‖z_0‖ = 1, such that ∫ R (−J ż_0 − Az_0 − μz_0) · z_0dt = 1 − μ(z_0, z_0) < 0.

(3.2)

(ii) Hypothesis (H_2) implies that H_z(z, t) = Az + o(|z|) as z → 0, where A is independent of t. In general, A = A(t); however, as was observed in [3], in many cases one can get rid of t-dependence of A by a suitable 1-periodic symplectic change of variables. If this is not possible, then the assumption σ(J A) ∩ iR = ∅ in (H_1) should be replaced by the one that 0 is in a gap (μ_{−1}, μ_1) of the spectrum of L = −J^d_{dt} − A(t), and in (H_3) the constant μ should be larger than μ_1. Also (H_5) should be changed accordingly. Note that by a result in [8] the spectrum of L is completely continuous and is the union of disjoint closed intervals.

(iii) Assuming (H_1)−(H_4), a sufficient condition for (H_5) to be satisfied is that s → s^{−1}G_z(sz, t)· z is nondecreasing for all s > 0. Indeed, suppose |z| = 1. Then 1 2 G_z(sz, t) · sz − G(sz, t) =

∫_s 0 ( G_z(sz, t) · z s − G_z(σz, t) · z σ ) σdσ and the integrand is nonnegative. Since s^{−1}G_z (sz, t) · z → 0 uniformly in t as s → 0, we either have G_z(σz, t) · z = G(σz, t) = 0 and hence G_z(σz, t) = 0 for 0 ≤ σ ≤ s (recall G ≥ 0), or G_z(sz, t) ≠ 0 and the left-hand side above is positive. Moreover, since s^{−1}G_z(sz, t) · z ≥^1_2 μ_1 for all s ≥ s_0 (s_0 independent of z and t), the integrand is positive and bounded away from 0 for small σ and large s. Hence the conclusion. Let us also note that if G is twice differentiable with respect to z, then s → s^{−1}G_z(sz, t) · z is nondecreasing if and only if G_{zz}(z, t)z · z ≥ G_z(z, t) · z for all z, t.

Choose now z_0 ∈ E^+ as in Remark 3.1(i) and let

N := {z ∈ E^+ : ‖z‖ = r} and M := {z = z^− + ρz_0 : ‖z‖ ≤ R, ρ ≥ 0},

R > r > 0 to be determined.

Lemma 3.2 There exist r > 0 and b > 0 (independent of λ) such that Φ_λ|_N ≥ b.

Proof Choose p > 2. By (H_2) and (H_3), for any ε > 0 there exists C_ε > 0 such that

G(z, t) ≤ ε|z|^2 + C_ε|z|^p.

Hence ψ(z) = ∫ R G(z, t)dt ≤ ε‖z‖^2 + C_ε‖z‖^p ≤ c(ε‖z‖^2 + C_ε‖z‖^p),

where c is independent of ε (‖ · ‖_s denotes the usual norm in L^s(R, R^{2N} )). Since ε was chosen arbitrarily, it follows that ψ(z) = o(‖z‖^2) as z → 0 and there are r > 0, b > 0 (independent of λ) such that Φ_λ(z) =^1_2 ‖z‖^2 − λψ(z) ≥ b > 0 for z ∈ N. �

Lemma 3.3 There exists R > r (R independent of λ) such that Φ_λ|_{∂M} ≤ 0.

Proof Since G(z, t) ≥ 0 according to (H_2), we have

Φ(z^−) = − 1 2 ‖z^−‖^2 − ∫ R G(z^−, t)dt ≤ 0.

Noting that Φ_λ(z) ≤ Φ(z) for any z ∈ E, it suffices to prove that Φ|_{∂M} ≤ 0 whenever R is large enough. If this is not true, then there exist z_n = ρ_nz_0 + z^−_n , ‖z_n‖ → ∞, such that

Φ(z_n) ‖z_n‖^2 = 1 2 δ^2_n − 1 2 ‖v^−_n ‖^2 − ∫ R G(z_n, t) ‖z_n‖^2 dt ≥ 0,

(3.3)

where δ_n =^{ρn}_{‖zn‖} and v^−_n =^{z−n}_{‖zn‖} . Therefore δ_n ≥ ‖v^−_n ‖. Since δ^2_n + ‖v^−_n ‖^2 = 1, δ_n → δ > 0 and v^−_n ⇀ v^− weakly in E after passing to a subsequence. Set v = δz_0 + v^−. Since (z_0, v^−) = 0, it follows from (H_3) and (3.2) that

δ^2 − ‖v^−‖^2 − ∫ R A_∞(t)v · vdt ≤ δ^2 − ‖v^−‖^2 − μδ^2(z_0, z_0) − μ(v^−, v^−) < 0.

Therefore there exists a bounded interval I such that

δ^2 − ‖v^−‖^2 − ∫ I A_∞(t)v · vdt < 0.

On the other hand, by (3.3), 0 ≤ 1 2 δ^2_n − 1 2 ‖v^−_n ‖^2 − ∫ I G(z_n, t) ‖z_n‖^2 dt = 1 2 δ^2_n − 1 2 ‖v^−_n ‖^2 − 1 2 ∫ I A_∞(t)v_n · v_ndt − ∫ I F (z_n, t) ‖z_n‖^2 dt, where v_n = δ_nz_0 + v^−_n . Since v_n ⇀ δz_0 + v^− = v in E, v_n → v in L^2(I, R^{2N} ). By (H_2) and (H_3) it is easy to check that |F (z, t)| ≤ c|z|^2 for all z ∈ R^{2N} . Since F (z, t) / |z|^2 → 0 as |z| → ∞, it follows from Lebesgue’s dominated convergence theorem that

lim_{n→∞} ∫ I F (z_n, t) ‖z_n‖^2 dt = lim_{n→∞} ∫ I F (z_n, t) |z_n|^2

|v_n|^2dt = 0,

and therefore δ^2 − ‖v^−‖^2 − ∫ I A_∞(t)v · vdt ≥ 0,

a contradiction. Consequently, there exists R > 0 such that Φ_λ(z) ≤ Φ(z) ≤ 0 for z ∈ ∂M. � Combining Lemmas 3.2, 3.3 and Theorem 2.1 we obtain

Corollary 3.4 For almost every λ ∈ [1, 2] there exists a bounded sequence (z_n) ⊂ E such that Φ^′_λ(z_n) → 0 and Φ_λ(z_n) → c_λ.

Remark 3.5 Let (z_n) ⊂ E be a bounded sequence. Then, up to a subsequence, either

(i) lim_{n→∞} sup_{y∈R}

∫_{y+R} y−R |z_n|^2dt = 0 for all 0 < R < ∞, or

(ii) there exist α > 0, R > 0 and y_n ∈ R such that lim_{n→∞}

∫_{yn+R}

y_n−R

|z_n|^2dt ≥ α > 0.

In the first case we shall say that (z_n) is vanishing, in the second that it is nonvanishing.

Lemma 3.6 For any bounded vanishing sequence (z_n) ⊂ E, we have lim_{n→∞} ∫ R G(z_n, t)dt = lim_{n→∞} ∫ R G_z(z_n, t) · z^±_n dt = 0.

Proof Since (z_n) is vanishing, by the concentration-compactness lemma of P.L. Lions [12, 21], z_n → 0 in L^s for all 2 < s < ∞ (usually this lemma is stated for z ∈ H^1; however, a simple modification of the argument of Lemma 1.21 in [21] shows that the conclusion remains valid in H^12 ). On the other hand, by assumptions (H_2) and (H_3), for any ε > 0 there exists C_ε > 0 such that |G_z(z, t)| ≤ ε|z| + C_ε|z|^{p−1},

(3.4) where p > 2. Hence ∫ R G(z_n, t)dt ≤ c(ε‖z_n‖^2 + C_ε‖z_n‖^p), ∫ R |G_z (z_n, t)| |z^±_n |dt ≤ c(ε‖z_n‖ ‖z^±_n ‖ + C_ε‖z_n‖^{p−1}_p ‖z^±_n ‖_p) (c independent of ε), and the conclusion follows. � Lemma 3.7 Let λ ∈ [1, 2] be fixed. If a bounded sequence (v_n) ⊂ E satisfies 0 < lim_{n→∞} Φ_λ(v_n) ≤ c_λ and lim_{n→∞} Φ^′_λ(v_n) = 0, then there exist y_n ∈ Z such that, up to a subsequence, u_n(t) := v_n(t + y_n) satisfies u_n ⇀ u_λ ≠ 0, Φ_λ(u_λ) ≤ c_λ and Φ^′_λ(u_λ) = 0.

Proof Since ⟨Φ^′_λ(v_n), v_n⟩ = 0, lim_{n→∞} λ ∫ R ( 1 2 G_z(v_n, t) · v_n − G(v_n, t))dt = lim_{n→∞} Φ_λ(v_n) > 0, and it follows from Lemma 3.6 that (v_n) is nonvanishing, that is, there exist α > 0, R > 0 and ȳ_n ∈ R such that lim_{n→∞}

∫_{ȳn+R}

ȳ_n−R

|v_n|^2dt ≥ α > 0.

Hence we may find y_n ∈ Z such that, setting u_n(t) := v_n(t + y_n), lim_{n→∞}

∫_{2R} −2R |u_n|^2dt ≥ α > 0.

(3.5) Since G(z, t) is 1-periodic in t, (u_n) is still bounded, 0 < lim_{n→∞} Φ_λ(u_n) ≤ c_λ and lim_{n→∞} Φ^′_λ(u_n) = 0.

(3.6) Therefore, up to a subsequence, u_n ⇀ u_λ and u_n → u_λ a.e. in R for some u_λ ∈ E. Since u_n → u_λ in L^2_{loc}(R, R^{2N} ), it follows from (3.5) that u_λ ≠ 0. Recall ψ^′ is weakly sequentially continuous. Therefore Φ^′_λ(u_n) ⇀ Φ^′_λ(u_λ) and by (3.6), Φ^′_λ(u_λ) = 0.

Finally, by (H_4) and Fatou’s lemma,

c_λ ≥ lim_{n→∞}(Φ_λ(u_n) − 1 2 ⟨Φ^′_λ(u_n), u_n⟩) = lim_{n→∞} λ ∫ R ( 1 2 G_z(u_n, t) · u_n − G(u_n, t))dt ≥ λ ∫ R ( 1 2 G_z(u_λ, t) · u_λ − G(u_λ, t))dt = Φ_λ(u_λ). � Corollary 3.8 If the sequence (v_n) in Lemma 3.7 is nonvanishing, then the hypothesis lim_{n→∞} Φ_λ(v_n) > 0 may be omitted.

Lemma 3.9 There exists a sequence (λ_n) ⊂ [1, 2] and (z_n) ⊂ E \ {0} such that λ_n → 1, Φ_{λn} (z_n) ≤ c_{λn} and Φ^′_{λn} (z_n) = 0.

Proof This is a straightforward consequence of Corollary 3.4 and Lemma 3.7. � Lemma 3.10 The sequence (z_n) obtained in Lemma 3.9 is bounded. Proof We modify an argument of [10]. Assume ‖z_n‖ → ∞ and set w_n = z_n / ‖z_n‖. Then we can assume that, up to a subsequence, w_n ⇀ w. We shall show that (w_n) is neither vanishing nor nonvanishing thereby obtaining a contradiction. Step 1. Nonvanishing of (w_n) is impossible.

If (w_n) is nonvanishing, we proceed as in the proof of Lemma 3.7 and find α > 0, R > 0 and y_n ∈ Z such that if w̃_n(t) := w_n(t + y_n), then ∫_{2R} −2R |w̃_n(t)|^2dt ≥ α for almost all n.

Moreover, since Φ^′_{λn} (z_n) = Φ^′_{λn} (z̃_n) = 0, where z̃_n(t) = z_n(t + y_n), for any ϕ ∈ C^∞_0 (R, R^{2N} ) we have ⟨w̃^+_n , ϕ⟩ − λ_n⟨w̃^−_n , ϕ⟩ − λ_n ∫ R A_∞(t)w̃_n · ϕ dt − λ_n ∫ R F_z(z̃_n, t) · ϕ |z̃_n|

|w_n|dt = 0.

(3.7)

Since ‖w̃_n‖ = ‖w_n‖ = 1, up to a subsequence, w̃_n ⇀ w̃ in E, w̃_n → w̃ in L^2_{loc}(R, R^{2N} ) and w̃_n(t) → w̃(t) a. e. in R. In particular, w̃ ≠ 0. Since |F_z (z, t)| ≤ c|z| for all z, t, it follows from (H_3) and Lebesgue’s dominated convergence theorem that passing to the limit in (3.7) gives

⟨w̃^+, ϕ⟩ − ⟨w̃^−, ϕ⟩ − ∫ R A_∞(t)w̃ · ϕ dt = 0,

that is, equation ż = J (A + A_∞(t))z has a nontrivial solution in E, which contradicts the already mentioned fact that the spectrum of the operator −(J^d_{dt} + (A + A_∞(t)) is continuous (cf. [8]). Therefore nonvanishing of (w_n) is impossible.

Step 2. Also vanishing of (w_n) is impossible.

By contradiction, suppose that (w_n) is vanishing. Since Φ^′_{λn} (z_n) = 0, we have

⟨Φ^′_{λn} (z_n), z^+_n ⟩ = ‖z^+_n ‖^2 − λ_n ∫ R G_z (z_n, t) · z^+_n dt = 0,

⟨Φ^′_{λn} (z_n), z^−_n ⟩ = −λ_n‖z^−_n ‖^2 − λ_n ∫ R G_z(z_n, t) · z^−_n dt = 0.

Since ‖w_n‖^2 = ‖w^+_n ‖^2 + ‖w^−_n ‖^2 = 1, ∫ R G_z (z_n, t) · (λ_nw^+_n − w^−_n ) ‖z_n‖ dt = 1.

Setting Ω_n := {t ∈ R :

|G_z (z_n, t)| |z_n|

≤ μ_0 − δ},

we obtain using Hölder’s inequality, the relation (w^+, w^−) = 0 and (3.1) that ∫ Ω_n

G_z(z_n, t) · (λ_nw^+_n − w^−_n ) ‖z_n‖ dt ≤ (μ_0 − δ) ∫ Ω_n

|w_n| |λ_nw^+_n − w^−_n |dt

≤ (μ_0 − δ)λ_n‖w_n‖^2 ≤

(μ_0 − δ)λ_n μ_0 < 1 for almost all n. Hence

lim_{n→∞} ∫ R\Ω_n

G_z(z_n, t) · (λ_nw^+_n − w^−_n ) ‖z_n‖ dt > 0,

(3.8)

and since |G_z (z, t)| ≤ c|z|, it follows that ∫ R\Ω_n

G_z(z_n, t) · (λ_nw^+_n − w^−_n )

‖z_n‖ dt ≤ c̃ ∫ R\Ω_n

|w_n|^2dt ≤ c̃ meas(R \ Ω_n)^{(p−2)/p}‖w_n‖^{2/p}_p

for some c̃ > 0. Since (w_n) is vanishing, w_n → 0 in L^p(R, R^{2N} ) and we obtain from (3.8) that meas(R \ Ω_n) → ∞ as n → ∞. So by (H_4) and (H_5), ∫ R ( 1 2 G_z(z_n, t) · z_n − G(z_n, t))dt ≥ ∫ R\Ω_n ( 1 2 G_z(z_n, t) · z_n − G(z_n, t))dt ≥ ∫ R\Ω_n

δdt → ∞.

However, recalling that Φ_{λn} (z_n) ≤ c_{λn} and ⟨Φ^′_{λn} (z_n), z_n⟩ = 0, we obtain ∫ R ( 1 2 G_z(z_n, t) · z_n − G(z_n, t))dt ≤ c_{λn} λ_n , a contradiction because the right-hand side above is bounded. � Proof of Theorem 1.1 We have shown that there exist λ_n → 1 and a bounded sequence (z_n) such that Φ_{λn} (z_n) ≤ c_{λn} and Φ^′_{λn} (z_n) = 0. Therefore

Φ^′(z_n) = Φ^′_{λn} (z_n) + (λ_n − 1)(z^−_n + ψ^′(z_n)) = (λ_n − 1)(z^−_n + ψ^′(z_n)) → 0.

Since ⟨Φ^′_{λn} (z_n), z^±_n ⟩ = 0, we obtain using (3.4) that

‖z^+_n ‖^2 = λ_n ∫ R G_z(z_n, t) · z^+_n dt ≤ 1 4 ‖z_n‖^2 + C‖z_n‖^p,

‖z^−_n ‖^2 = − ∫ R G_z (z_n, t) · z^−_n dt ≤ 1 4 ‖z_n‖^2 + C‖z_n‖^p,

where p > 2. Hence ‖z_n‖^2 ≤^1_2 ‖z_n‖^2 + 2C‖z_n‖^p and ‖z_n‖ ≥ c for some c > 0. If (z_n) is vanishing, it follows from Lemma 3.6 that the middle terms above tend to 0; therefore z_n → 0. Hence (z_n) is nonvanishing. According to Corollary 3.8 there exist y_n ∈ Z such that if z̃_n(t) := z_n(t + y_n), then z̃_n ⇀ z̃ ≠ 0 and Φ^′(z̃) = 0. This completes the proof. �

4 Asymptotically linear Schrödinger equation

In this section we consider the Schrödinger equation

(S) −Δu + V (x)u = f(x, u),

where x ∈ R^N , V ∈ C(R^N , R) and f ∈ C(R^N × R, R). Suppose that 0 is not in the spectrum of −Δ + V in L^2(R^N ) (denoted 0 /∈ σ(−Δ + V )). Let μ_1 be the smallest positive and μ_{−1} the largest negative μ such that 0 ∈ σ(−Δ+V −μ) and as in Section 1, set μ_0 := min{μ_1, −μ_{−1}}. Furthermore, denote F (x, u) =

∫_u 0 f(x, s)ds. It is well-known that if V is periodic in each of the x-variables, then the spectrum of −Δ + V (in L^2) is bounded below but not above and consists of disjoint closed intervals [16, Theorem XIII.100]. Similarly as in Section 1, we introduce the following hypotheses:

(S_1) V is 1-periodic in x_j for j = 1, . . . , N, and 0 /∈ σ(−Δ + V );

(S_2) f is 1-periodic in x_j for j = 1, . . . , N, F (x, u) ≥ 0 for all x, u and f(x, u)/u → 0 uniformly in x as u → 0;

(S_3) f(x, u) = V_∞(x)u + g(x, u), where g(x, u)/u → 0 uniformly in x as |u| → ∞ and V_∞(x) ≥ μ for some μ > μ_1;

(S_4)^1_2 uf(x, u) − F (x, u) ≥ 0 for all x, u;

(S_5) There exists δ ∈ (0, μ_0) such that if f(x, u)/u ≥ μ_0 − δ, then^1_2 uf(x, u) − F (x, u) ≥ δ.

Theorem 4.1 If the hypotheses (S_1) − (S_5) are satisfied, then (S) has a solution u ≠ 0 such that u(x) → 0 as |x| → ∞.

It is well-known (see e.g. [11, 19, 21]) that the functional

Φ(u) := 1 2 ∫ R^N

(|∇u|^2 + V (x)u^2)dx − ∫ R^N

F (x, u)dx

is of class C^1 in the Sobolev space E := H^1(R^N ) and critical points of Φ correspond to solutions u of (S) such that u(x) → 0 as |x| → ∞. If σ(−Δ + V ) ∩ (−∞, 0) ≠ 0, then E = E^+ ⊕ E^−, where E^± are infinite-dimensional, and the proof of Theorem 4.1 follows by repeating the arguments of Section 3. Note only that in Lemma 3.7 we now have y_n ∈ Z^N . If σ(−Δ + V ) ⊂ (0, ∞), then E^− = {0}, μ_{−1} = −∞ and Φ has the mountain pass geometry. Theorem 4.1 remains valid in this case, and it is in fact already contained in Theorem 1.2 of [10].

References

[1] A. Ambrosetti and V. Coti Zelati, Multiplicité des orbites homoclines pour des systèmes conservatifs, C.R. Acad. Sci. Paris 314 (1992), 601-604.

[2] P.C. Carrião and O.H. Miyagaki, Existence of homoclinic solutions for a class of timedependent Hamiltonian systems, J. Math. Anal. Appl. 230 (1999), 157-172.

[3] V. Coti Zelati, I. Ekeland and E. Séré, A variational approach to homoclinic orbits in Hamiltonian systems, Math. Ann. 228 (1990), 133-160.

[4] V. Coti Zelati and P.H. Rabinowitz, Homoclinic orbits for second order Hamiltonian systems possessing superquadratic potentials, J. Amer. Math. Soc. 4 (1991), 693-727.

[5] Y. Ding, Existence and multiciplicity results for homoclinic solutions to a class of Hamiltonian systems, Nonl. Anal. T.M.A. 25 (1995), 1095-1113.

[6] Y. Ding and M. Girardi, Periodic and homoclinic solutions to a class of hamiltonian systems with the potentials changing sign, Dyn. Sys. Appl. 2 (1993), 131-145.

[7] Y. Ding and S. Li, Homoclinic orbits for first order Hamiltonian systems, J. Math. Anal. Appl.

189 (1995), 585-601.

[8] Y. Ding and M. Willem, Homoclinic orbits of a Hamiltonian system, ZAMP, to appear. [9] H. Hofer and K. Wysocki, First order elliptic systems and the existence of homoclinic orbits in Hamiltonian systems, Math. Ann. 228 (1990), 483-503.

[10] L. Jeanjean, On the existence of bounded Palais-Smale sequences and application to a Landesman-Lazer type problem set on R^N , Proc. Roy. Soc. Edinb. (to appear).

[11] W. Kryszewski and A. Szulkin, Generalized linking theorem with an application to semilinear Schrödinger equation, Adv. Diff. Eqns. 3 (1998), 441-472.

[12] P L. Lions, The concentration-compactness principle in the calculus of variations. The locally compact case. Part II, Ann. Inst. H. Poincaré, Analyse non linéaire, 1 (1984), 223-283.

[13] W. Omana and M. Willem, Homoclinic orbits for a class of Hamiltonian systems, Diff. Int.

Eqns. 5 (1992), 1115-1120.

[14] P.H. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems, Proc. Roy. Soc. Edinburgh, 114 (1990), 33-38.

[15] P.H. Rabinowitz and K. Tanaka, Some results on connecting orbits for a class of Hamiltonian systems, Math. Z. 206 (1991), 472-499.

[16] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. IV, Academic Press, New York, 1978.

[17] E. Séré, Existence of infinitely many homoclinic orbits in Hamiltonian systems, Math. Z. 209 (1992), 27-42.

[18] E. Séré, Looking for the Bernoulli shift, Ann. Inst. H. Poincaré, Analyse non linéaire, 10 (1993), 561-590.

[19] C.A. Stuart, Bifurcation into spectral gaps, Bull. Belg. Math. Soc., Supplement, 1995. [20] K. Tanaka, Homoclinic orbits in a first order superquadratic Hamiltonian system: Convergence of subharmonic orbits, J. Diff. Eqns. 94 (1991), 315-339.

[21] M. Willem, Minimax Theorems, Birkhäuser, Boston, 1996.