ISSN: 1401-5617

On Rank One H_{−3}-Perturbations of Positive Self–adjoint Operators

P.Kurasov K.Watanabe

Research Reports in Mathematics Number 10, 1999

Department of Mathematics Stockholm University

Electronic versions of this document are available at http://www.matematik.su.se/reports/1999/10

Date of publication: August 31, 1999

Postal address:

Department of Mathematics Stockholm University S-106 91 Stockholm Sweden

Electronic addresses:

http://www.matematik.su.se info@matematik.su.se

On Rank One H_{−3}-Perturbations of Positive Self–adjoint Operators

P. Kurasov and K. Watanabe

Abstract. Rank one H_{−3} perturbations of positive self–adjoint operators are constructed using a certain extended Hilbert space and regularization procedures. Applications to Schrödinger operators with point interactions are discussed.

1. Introduction

Self–adjoint operators with complicated spectral structure can be obtained using finite rank perturbations of well studied operators with rather simple structure of the spectrum. Nevertheless these perturbed operators are exactly solvable in the sense that all eigenfunctions, spectral decomposition and scattering matrix can be written explicitly, sometimes using analytic functions. Suppose that A is a certain self–adjoint operator acting in the Hilbert space H. Then a finite rank perturbation of it is formally defined by the formula A_V = A + V,

(1.1) where V is a finite dimensional operator. The domains of the perturbed and unperturbed operators coincide if the perturbation is a bounded operator in the Hilbert space V ∈ B(H). But it is possible to consider more general perturbations determined by operators V acting in the scale of Hilbert spaces associated with the original operator A V : H_2(A) → H_{−2}(A).

(1.2)

In the latter case the perturbed operator can be defined using the form perturbation technique and the extension theory for symmetric operators. Really the operators A and A_V restricted to the domain Dom(A^0) = {ψ ∈ Dom(A) : ψ ∈ Ker(V )} coincide. If the operator V is symmetric and finite dimensional then the restricted operator has finite deficiency indices and the resolvents of the perturbed and original operators are related via Krein’s formula [19, 20, 21, 24]. This approach has been used to construct the so-called operators with point interactions [2, 7, 9, 25, 26]. Perturbations with the support on a discrete set of points or on low dimensional manifolds have been studied in detail, especially in applications to Schrödinger

Supported by The Royal Swedish Academy of Sciences, Sweden-Japan Sasakawa Foundation and Gakushuin Univ. Foundation. 1

operators. More general finite rank perturbations of self–adjoint operators have been investigated recently [3, 4, 14, 18, 22, 23, 32]. It has been shown that standard perturbation theory allows one to define only perturbations determined by operators acting as H_1(A) → H_{−1}(A), the so-called H_{−1} perturbations. It is possible to generalize this approach to include more general perturbations (1.2). The perturbed operator cannot be determined uniquely in this case only a finite parameter family corresponding to the formal expression (1.1) can be established. To determine a unique operator one needs to use extra assumptions, for example scaling properties of the original operator and the perturbation [3, 4, 5]. This approach does not work for H_{−3} perturbations determined by the operators acting as V : H_3(A) → H_{−3}(A).

(1.3) Really consider the one dimensional perturbation formally determined by

A_α = A + α⟨φ, ·⟩φ,

(1.4)

where φ ∈ H_{−3}(A) \ H_{−2}(A). The restriction of the operator A to the domain Dom(A^0) = {ψ ∈ Dom(A) : ⟨φ, ψ⟩ = 0} is essentially self–adjoint. Every self– adjoint extension of this symmetric operator coincides with the original operator A. Therefore the operator corresponding to (1.4) cannot be defined in the original Hilbert space using standard methods of extension theory. The aim of the current paper is to define the operator A_α as a self–adjoint operator in a certain extended Hilbert space.

Operators formally defined by (1.4) are important in different applications. For example, consider the Laplace operator with one point interaction acting in L_2(R^3). The deficiency indices of Laplace operator restricted to the set of functions vanishing at one point are equal to (1, 1). All self–adjoint extensions of this symmetric operator are rotationally invariant. Therefore no non-spherically symmetric point interaction for the Laplace operator in R^3 can be constructed. Different modifications of this approach have been suggested. The first mathematically rigorous approach uses perturbations in Pontryagin spaces, where the perturbed operator has been defined in a certain extension of the original Hilbert space with non positive definite scalar product [12, 17, 27, 28, 29, 30, 31].^1 Another approach has been used by physicists who suggested considering certain abstract boundary conditions connecting coefficients in the asymptotics of wave functions [10, 11] without paying any attention to the fact that the wave functions corresponding to the pstate have non-normalizable singularities of order r^{−2}. Therefore no scalar product space has been taken into consideration. Another constructive approach has been suggested by Yu.E. Karpeshina [16]. In the first step a set of functions having the form of p-scattering states is constructed. Then the self–adjoint operator and the Hilbert space are defined using this set of scattering waves. Recently I. Andronov suggested using extended Hilbert spaces to model non-spherically symmetric scatterers in R^2 [6]. This model is very similar to the generalized point interactions introduced by B. Pavlov [5, 25]. We are going to use some of the ideas suggested by I. Andronov to construct rank one H_{−3} perturbations. Nonspherically symmetric point interactions appear naturally in the studies of the Aharonov-Bohm effect but no modification of the Hilbert space is needed [1, 8].

1After finishing this manuscript the authors learned about the recent paper [13] where the idea of using Pontryagin spaces to define singular perturbations is developed.

In [3, 4] it was proven that H_{−2} perturbations can be defined uniquely using a certain regularization procedure. It appears that a similar approach works for H_{−3}-perturbations. In our paper we are going to show how to define arbitrary rank one H_{−3}-perturbations of self–adjoint operators restricting our consideration to the case of semibounded (positive) operators. The approach suggested can easily be modified to include finite rank and not necessarily semibounded operators. We are not going to discuss how to construct regularizations and relations to symmetry properties of the problem. We are planning to present those results in one of our forthcoming publications.

2. The Hilbert Space

Our aim is to define the self–adjoint operator corresponding to (1.4), where A is a certain positive self–adjoint operator acting in the Hilbert space H and φ is an element from the space H_{−3} from the scale of Hilbert spaces associated with the operator A. In what follows we are going to consider the case where

φ ∈ H_{−3} \ H_{−2},

(2.1)

since rank one perturbations from the class H_{−2} have already been studied in detail in [3, 4, 22, 23, 32].

It is natural to determine the operator A_α using the restriction-extension method. The operator A_α coincides with one of the extensions of the operator A^0, which is the restriction of the operator A to the set of functions u from the domain Dom(A) of the operator A satisfying the condition

⟨φ, u⟩ = 0.

(2.2)

Suppose that the operator A is considered as an operator in the original Hilbert space H. Then the domain of the operator coincides with the space H_2, Dom(A) = H_2 and the operator A^0 is essentially self–adjoint if φ satisfies (2.1). The operator A^0 is not essentially self–adjoint for such φ only if the domain of the unperturbed operator A is a subset of H_3. Therefore let us consider the operator A as a self– adjoint operator acting in the Hilbert space H_1 equipped with the scalar product

⟨u, v⟩_1 = ⟨u, (1 + bA)v⟩,

(2.3)

where b is a positive real number,

b > 0.

(2.4)

The norm determined by the latter scalar product is equivalent to the standard norm in the space H_1 and is given by

‖ u ‖^2_1= ⟨u, (1 + bA)u⟩.

Then the domain of the operator A coincides with the space H_3 and the operator is self–adjoint on this domain. The operator A^0 being the restriction of the operator A to the domain

Dom(A_0) = {u ∈ H_3 : ⟨φ, u⟩ = 0}

(2.5)

is a densely defined symmetric operator, since φ satisfies (2.1). The domain of the self–adjoint operator corresponding to the formal expression (1.4) necessarily contains the element g_1 =^1_{A+a1} φ ∈ H_{−1}. Therefore the extension of the operator

A^0 corresponding to formal expression (1.4) cannot be constructed in the Hilbert space H_1. Let us consider the one dimensional extension H of this space, H = Dom(A^0) ˙+C ∋ U = (u, u_1).

(2.6) Note that H ⊂ H_3 ˙+C. We define the following natural embedding ρ of the space H into the space H_{−1}: ρ : H → H_{−1}

(u, u_1) → u + u_1g_1.

(2.7)

Then the scalar product in the space H can be introduced using the following formal calculations where b is a certain positive constant:

≪ U, V ≫_H = ⟨ρU, ρV⟩ + b⟨ρU, AρV⟩ = ⟨u + u_1g_1, v + v_1g_1⟩ + b⟨u + u_1g_1, A(v + v_1g_1)⟩ = ⟨u, v⟩ + b⟨u, Av⟩ + ū_1v_1 ( ‖ g_1 ‖^2 +b⟨g_1, Ag_1⟩ ) +ū_1 (⟨g_1, v⟩ + b⟨Ag_1, v⟩) + v_1 (⟨u, g_1⟩ + b⟨u, Ag_1⟩) .

The last two terms can be simplified taking into account that Ag_1 = −a_1g_1 + φ and the fact that the functions u, v ∈ H_3 satisfy (2.2). Then the scalar product is given by the expression

≪ U, V ≫_H = ⟨u, v⟩ + b⟨u, Av⟩ + ū_1v_1 ( ‖ g_1 ‖^2 +b⟨g_1, Ag_1⟩ ) +(1 − ba_1) (u_1⟨g_1, v⟩ + v_1⟨u, g_1⟩) , which can be considered only formally, since the scalar product ⟨g_1, Ag_1⟩ and the norm ‖ g_1 ‖^2 are not defined (since φ is an element from H_{−3} \ H_{−2}). To define the scalar product we extend φ as a bounded linear functional using the equalities ⟨g_1, g_1⟩ = c_1, ⟨g_1, Ag_1⟩ = c_2,

(2.8) where c_1 and c_2 are arbitrary positive real constants.^2 In what follows we are going to use thenotation d = c_1 + bc_2 ∈ R_+.

(2.9) The scalar product determined by the following expression will also be considered:

≪ U, V ≫_H = ⟨u, v⟩ + b⟨u, Av⟩ + dū_1v_1 + (1 − ba_1) {ū_1⟨g_1, v⟩ + v_1⟨u, g_1⟩} .

(2.10)

This formula defines a sesquilinear form on the domain Dom(A^0) ˙+C. This form defines a scalar product only if it is positive definite.

Let us denote by ‖ U ‖^2_H=≪ U, U ≫_H the norm associated with the previously introduced scalar product. The space H with this norm is not complete, and the following lemma describes its completion with respect to this norm.

Lemma 2.1. Let the following inequality be satisfied d > |1 − ba_1|^2 ‖ g_1 ‖^2_{−1} .

(2.11) Then the norm ‖ · ‖_H is equivalent to the standard norm in the Hilbert space H_1 ⊕C ‖ U ‖^2≡‖ (u, u_1) ‖^2= ⟨u, (1 + bA)u⟩ + |u_1|^2.

2One can use some regularization procedure similar to those introduced for H_{−2}-pertubations in [3, 4].

The completion of the space H = Dom(A^0) ˙+C with respect to the norm ‖ · ‖_H coincides with the space H_1 ˙+C.

Proof. We prove first that the norm ‖ · ‖_H can be estimated from above by the standard norm. The last term in (2.10) for U = V can be estimated as follows

|(1 − ba_1) {ū_1⟨g_1, u⟩ + u_1⟨u, g_1⟩} | ≤ 2|1 − ba_1||u_1| ‖ u ‖_1 ||g_1||_{−1} ≤ |1 − ba_1| ‖ g_1 ‖_{−1} {|u_1|^2+ ‖ u ‖^2_1}.

(2.12)

It follows that ≪ U, U ≫_H ≤ ‖ u ‖^2_1 +d|u_1|^2 + |1 − ba_1|{‖ u ‖^2_1 +|u_1|^2} ≤ (max{1, d} + |1 − ba_1|) ‖ U ‖^2 .

(2.13)

This upper estimate is proven without using any assumption on the parameters d, b, a_1.

Let us prove the lower estimate provided that condition (2.11) is satisfied. Using estimate (2.12) we can estimate the norm as follows

≪ U, U ≫ ≥ ‖u‖^2_1 + d|u_1|^2 − 2|1 − ba_1| ‖ g_1 ‖_{−1} |u_1| ‖ u ‖_1 = (‖ u ‖ −|1 − ba_1| ‖ g_1 ‖_{−1})^2 + ( d − |1 − ba_1||^2 ‖ g_1 ‖^2_{−1} ) |u_1|^2 ≥ ϵ ‖ U ‖^2

where ϵ = min{^{d−|1−ba1|2‖g1 ‖2−1}_2 ,^{d−|1−ba1|2‖g1 ‖2−1}

d+|1−ba_1 |^2‖g_1 ‖^2_{−1} } > 0. This completes the proof of

the Lemma.

Note that the scalar product in the space H calculated on the vectors with the component u_1 equal to zero is equivalent to the scalar product in the space H_1. But the decomposition of the space H = H_1 ˙+C is not orthogonal. Only if ba_1 = 1 does the decomposition become orthogonal. We are going to use the same notation H for the completed space.

3. The Operator

We define the operator A on the set of regular elements Dom_r ⊂ H which possess the representation

U = (u, u_1) = (u_r + u_2g_2, u_1),

where u_r ∈ H_3, u_2 ∈ C. The vector

g_2 = 1 A + a_2 g_1 = 1 A + a_2 1 A + a_1 φ ∈ H_1

is defined using another one positive parameter, a_2 > 0. The embedding operator ρ maps every such element to a vector from H_{−1} as follows:

ρ(u_r + u_2g_2, u_1) = u_r + u_2g_2 + u_1g_1.

Then the operator A in H is defined on Dom_r in such a way that the following equality holds:

AρU ≡ ρAU(modφ),

(3.1)

where this equality in H_{−3} holds if and only if the difference between the left and right hand sides is proportional to φ ∈ H_{−3}. In other words, the operator A acts as formal adjoint operator. There exists a unique operator A in H satisfying (3.1)

AU = A ( u_r + u_2g_2 u_1 ) = ( Au_r − a_2u_2g_2 u_2 − a_1u_1 ) . (3.2)

The operator A is not self–adjoint. In fact it is not even symmetric. The boundary form of the operator can be calculated explicitly. We present here the result of these tedious but otherwise straightforward calculations

≪ AU, V ≫_H − ≪ U, AV ≫_H=< u_r, φ > (bv_2 + (1 − ba_1)v_1) − (bū_2 + (1 − ba_1)ū_1) < φ, v_r > +a {ū_2v_1 − ū_1v_2} ,

(3.3)

where we used the notation

a = d + (ba_1 − 1) < g_1, g_2 > (a_2 − a_1).

This formula defines the following sesquilinear form in C^3:

≪ AU, V ≫_H − ≪ U, AV ≫_H=

(3.4) = ⟨ 0 −c b c 0 −a −b a 0

< φ, u_r > u_1 u_2 , < φ, v_r > v_1 v_2 ⟩ , where c = ba_1 − 1 ∈ R. The rank of the 3 × 3 matrix appeared in this formula is equal to 2 if at least one of the parameters a, b, c is different from zero, since the characteristic polynomial for the matrix is given by −λ(λ^2 + a^2 + b^2 + c^2). Then all symmetric restrictions of the operator A can be defined by certain boundary conditions imposed on the functions from the domain of the operator. The problem of defining a symmetric restriction of A is equivalent to the problem of finding a Lagrangian plane of the boundary form.

Suppose that the boundary conditions are written in the form

α < φ, u_r > +βu_1 + γu_2 = 0,

(3.5)

where α, β, γ ∈ C are certain complex parameters, not all equal to zero simultaneously. Suppose that the parameter α is different from zero. Then the boundary form of the operator restricted to the linear set of functions satisfying the boundary conditions is given by

≪ AU, V ≫_H − ≪ U, AV ≫_H = ū_1v_1c

(_β α −^{β̄}_ᾱ ) + ū_2v_2b ( −^γ_α +^{γ̄}_ᾱ ) +ū_1v_2 ( a + b^{β̄}_ᾱ + c^γ_α ) − ū_2v_1 ( a + b^{β̄}_ᾱ + c^γ_α ) .

(3.6)

This expression vanishes for arbitrary u_{1,2}, v_{1,2} if and only if the following three conditions are satisfied: β α ∈ R; γ α ∈ R; a + b β̄ ᾱ + c γ α = 0.

(3.7)

The first two conditions imply that the complex parameters α, β and γ have equal phase. Hence, without loss of generality, we can restrict our consideration to the case of real parameters, since the boundary condition (3.5) is linear. Then the first two conditions are fulfilled automatically. The third condition can be written as

αa + βb + γc = 0 ⇔ (α, β, γ) ⊥ (a, b, c).

(3.8)

The symmetric restrictions of A have been described by three real parameters (α, β, γ) ∈ R^3 satisfying (3.8). Since the length of the vector (α, β, γ) does not play any role, all of the Lagrangian planes can be parameterized by one real parameter θ ∈ [0, 2π) as follows:

(α, β, γ) = (b sin θ, −a sin θ − c cos θ, b cos θ),

(3.9) where we have taken into account that b is not equal to zero due to (2.4). We are going to use the following definition in what follows

Definition 3.1. The operator A_θ, θ ∈ [0, 2π), is the restriction of the operator A defined by (3.2) to the domain of functions U = (u, u_1) ∈ H possessing the representation (u, u_1) = (u_r + u_2g_2, u_1), u_r ∈ H_3, u_{1,2} ∈ C and satisfying the boundary condition b sin θ⟨φ, u_r⟩ − (a sin θ + c cos θ)u_1 + b cos θu_2 = 0.

(3.10)

4. Self–adjointness Theorem 4.1. The operator A_θ is a self–adjoint operator in H with the scalar product ≪ ·, · ≫_H .

Proof. It has already been proven that the operator A_θ is symmetric. We are going to prove that it is self–adjoint by calculating its resolvent for large negative λ, λ ≪ 0.

We prove that the range of the operator A_θ −λ coincides with the Hilbert space H R(A_θ − λ) = H, i.e. that for for any V = (v, v_1) ∈ H there exits an element U = (u_r + u_2g_2, u_1) ∈ Dom(A_θ) such that (A_θ − λ)U = V.

The last equation can be written as (A − λ)u_r − (a_2 + λ)u_2g_2 = v;

u_2 − (a_1 + λ)u_1 = v_1.

The first of these equations can be rewritten as

u_r − (a_2 + λ) 1 A − λ g_2u_2 = 1 A − λ v, which implies

⟨φ, u_r⟩ − (a_2 + λ)⟨φ, 1 A − λ g_2⟩u_2 = ⟨φ, 1 A − λ v⟩. The vector U = (u_r + u_2g_2, u_1) should satisfy the boundary condition (3.5). Hence the vector (⟨φ, u_r⟩, u_1, u_2) ∈ C^3 solves the system of linear equations

1 0 −(a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ 0 −(a_1 + λ) 1 b sin θ −a sin θ − c cos θ b cos θ

⟨φ, u_r⟩ u_1 u_2 = ⟨φ,^1_{A−λ} v⟩ v_1 0 . (4.1)

The determinant of this system is given by

−(a_1 + λ)b cos θ − b sin θ(a_1 + λ)(a_2 + λ)⟨φ, 1 A − λ g_2⟩ + a sin θ + c cos θ.

(4.2)

To prove the theorem we have to show that the determinant is not equal to zero for some λ.

Suppose first that θ ≠ 0. Then the second term is dominant for very small negative λ, λ < 0. Let us denote by σ_φ the spectral measure associated with the positive self–adjoint operator A and the element φ ∈ H_{−3} \ H_{−2}. Then we have:

∫_∞ 0 1 (μ + 1)^3 dσ_φ(μ) = ⟨φ, 1 (A + 1)^3 φ⟩; lim_{N→∞}

∫_N 0 1 (μ + 1)^2 dσ_φ(μ) = ∞.

(4.3)

Actually the estimate | | | ⟨ φ,^λ_{A−λ}^1_{A+a1}^1_{A+a2} φ ⟩| | = ∫_∞ 0 |λ| μ+|λ| 1 μ+a_1 1 μ+a_2 dσφ(μ) ≥ ∫_N 0 |λ| μ+|λ| 1 μ+a_1 1 μ+a_2 dσφ(μ)

≥^{|λ|}_{N+|λ|}

∫_N 0 1 μ+a_1 1 μ+a_2 dσφ(μ),

whcih is uniform in N > 0, implies that lim λ→−∞ | | | | ⟨ φ, λ A − λ 1 A + a_1 1 A + a_2 φ ⟩| | | = ∞,

if one takes into account (4.3). It follows that the asymptotics of the determinant for small negative λ is given by

−b sin θλ⟨φ, λ A − λ g_2⟩

and it follows that the determinant is different from zero in a neighborhood of −∞.

Consider now the case θ = 0. The determinant is then given by

−a_1b + c − bλ

and is different from zero for small negative λ, since b ≠ 0 according to (2.4).

We have proven that the linear system (4.1) has a unique solution. Then the element U can be calculated to be U = ( 1 A − λ v + 1 A − λ g_1u_2, u_1 ) . The theorem is proven.

We have actually proven that the operator A_θ is not only self–adjoint, but semibounded from below. Moreover the resolvent of the operator can easily be calculated. The solution of the linear system (4.1) is given by

⟨φ, u_r⟩ =

(a sin θ + (c − b(a_1 + λ)) cos θ) ⟨φ,^1_{A−λ} v⟩ + (a_2 + λ)⟨φ,^1_{A−λ} g_2⟩(a sin θ + c cos θ)v_1

cos θ (c − b(a_1 + λ)) + sin θ ( a − b(a_1 + λ)(a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ ) ;

u_1 = b sin θ⟨φ,^1_{A−λ} v⟩ + b ( cos θ + (a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ sin θ ) v_1

cos θ (c − b(a_1 + λ)) + sin θ ( a − b(a_1 + λ)(a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ ) ;

u_2 = b sin θ(a_1 + λ)⟨φ,^1_{A−λ} v⟩ + (a sin θ + c cos θ) v_1

cos θ (c − b(a_1 + λ)) + sin θ ( a − b(a_1 + λ)(a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ ) . Then the resolvent can be calculated as 1 A_θ − λ

(v, v_1) = ( 1 A − λ v + ( 1 A − λ g_1 ) u_2, u_1 ) . (4.4)

The resolvent restricted to the subspace H_1 ⊂ H of functions V = (v, v_1) ∈ H with zero component u_1 = 0 is given by ρ 1 A_θ − λ

|_{H1} v = 1 A − λ v + (4.5)

+ b sin θ

cos θ (c − b(a_1 + λ)) + sin θ ( a − b(a_1 + λ)(a_2 + λ)⟨φ,^1_{A−λ} g_2⟩ ) ( 1 A − λ g_1 ) ⟨ φ, 1 A − λ v ⟩ . Consider the special case θ = 0. In this case the resolvent and the restricted resolvent are given by 1 A_0 − λ V = ( 1 A − λ v + ( 1 A − λ g_1 ) 1 c b − a_1 − λ v_1, 1 c b − a_1 − λ v_1 ) (4.6) and 1 A − λ

|_{H1} = 1 A_0 − λ

|_{H1} ,

(4.7)

respectively. The range of the restricted resolvent in this case is a subset of H_1 again. Moreover the restricted resolvent coincides with the resolvent of the original operator A, and this property is characteristic of the operator A_0. In other words, the domain of the operator A_0 contains the domain of the original operator A, and the action of the operators A_0 and A restricted to this domain coincide,

A_0|_{Dom(A)} = A.

Therefore the operator A_0 should be considered as an unperturbed operator, since this is the unique operator possessing the properties described above. All of the other operators A_θ corresponding to θ ≠ 0 are perturbations of A_0.

Acknowledgments The authors are grateful to Prof. S. Albeverio for his interest in their work and many fruitful discussions.

References

[1] R.Adami and A.Teta, On the Aharonov–Bohm Hamiltonian, Lett. Math. Phys., 43, 1998, 43–53.

[2] S.Albeverio, F.Gesztesy, R.Høegh-Krohn and H.Holden, Solvable models in quantum mechanics, Springer, 1988.

[3] S.Albeverio and P.Kurasov, Rank one perturbations, approximations, and selfadjoint extensions, J. Funct. Anal., 148, 1997, 152–169.

[4] S.Albeverio and P.Kurasov, Rank one perturbations of not semibounded operators, Int. Eq.

Oper. Theory, 27, 1997, 379–400.

[5] S.Albeverio and P.Kurasov, Singular perturbations of differential operators, Cambridge Univ.

Press, to appear.

[6] I.Andronov, Zero-range potential model of a protruding stiffener, J.Phys.A, 32 , 1999, L231– 238.

[7] F.A.Berezin and L.D.Faddeev, Remark on the Schrödinger equation with singular potential, Dokl. Akad. Nauk SSSR, 137, 1011–1014, 1961.

[8] L.Da̧browski and P.Šťovíček, Aharonov–Bohm effect with δ–type interaction, J. Math. Phys., 39, 1998, 47–62.

[9] Yu.N.Demkov and V.N.Ostrovsky, Zero-range potentials and their applications in atomic physics, Plenum Press, New York and London, 1988.

[10] Yu.N.Demkov and G.F.Drukarev, Loosely bound particle with nonzero orbital angular momentum in an electric or magnetic field, Sov. Phys. JETP, 54 (4), 1981, 650–656.

[11] Yu.N.Demkov and G.F.Drukarev, Potential curves for the p-state of the system AB^− in the approximation of small radius potentials, in: Problems of atomic collisions, vyp. 3, Leningrad Univ. Press, Leningrad, 1986, 184–195.

[12] J.F.van Diejen and A.Tip, Scattering from generalized point interactions using self–adjoint extensions in Pontryagin spaces, J. Math. Phys., 32, 1991, 630–641.

[13] A.Dijksma, H.Langer, Yu.Shondin and C.Zeinstra, Self–adjoint operators with inner singularities and Pontryagin spaces, to be published in Proceedings of Krein conference.

[14] F.Gesztesy and B.Simon, Rank-one perturbations at infinite coupling, J. Funct. Anal., 128, 1995, 245–252.

[15] S.Hassi and H. de Snoo, One-dimensional graph perturbations of self–adjoint relations, Ann.

Acad. Sci. Fenn. Math., 22, 1997, 123–164.

[16] Yu.E.Karpeshina, Zero-Range Model of p-scattering by a Potential Well, Preprint Forschungsinstitut für Mathematik, ETH, Zürich, 1992.

[17] A.Kiselev and I.Popov, An indefinite metric and scattering by regions with a small aperture, Mat. Zametki, 58, 1995, 837–850, 959.

[18] A.Kiselev and B.Simon, Rank one perturbations with infinitesimal coupling, J. Funct. Anal., 130, 1995, 345–356.

[19] M.Krein, On Hermitian operators whose deficiency indices are 1, Comptes Rendus (Doklady) Acad. Sci. URSS (N.S.), 43, 131-134, 1944.

[20] M.Krein, On Hermitian operators whose deficiency indices are equal to one. II, Comptes Rendus (Doklady) Acad. Sci. URSS (N.S.), 44, 131-134, 1944.

[21] M.Krein, On a remarkable class of Hermitian operators, Comptes Rendus (Doklady) Acad.

Sci. URSS (N.S.), 44, 175-179, 1944.

[22] P.Kurasov and S.T.Kuroda, Krein’s formula in perturbation theory, in preparation. [23] S.T.Kuroda, H.Nagatani, H_{−2}-construction and some applications, in: Mathematical Results in Quantum Mechanics (QMath 7, Prague, 1998), J.Dittrich, P.Exner, M.Tartar (eds.), Operator Theory: Advances and Applications, 108 Birkhäuser Verlag, 1999.

[24] M.Naimark, On spectral functions of a symmetric operator, Bull. Acad. Sciences URSS, 7, 285-296, 1943.

[25] B.Pavlov, The theory of extensions and explicitly solvable models, Uspekhi Mat. Nauk, 42, 99-131, 1987.

[26] B.Pavlov, Boundary conditions on thin manifolds and the semiboundedness of the three-body Schrödinger operator with point potential, Mat. Sb. (N.S.), 136, 163-177, 1988.

[27] B.S.Pavlov and I.Popov, An acoustic model of zero-width slits and the hydrodynamic stability of a boundary layer, Teoret. Mat. Fiz., 86, 1991, 391–401.

[28] B.S.Pavlov and I.Popov, Scattering by resonators with small and point holes, Vestnik Leningrad. Univ. Mat. Mekh. Astronom., vyp. 3, 1984, 116–118.

[29] I.Popov, The Helmholtz resonator and operator extension theory in a space with indefinite metric, Mat. Sb., 183, 1992, 3–27.

[30] Yu.Shondin, Perturbation of differential operators on high-codimension manifold and the extension theory for symmetric linear relations in an indefinite metric space, Teoret. Mat. Fiz., 92, 1992, 466–472.

[31] Yu.Shondin, Quantum mechanical models in R^n connected with extensions of the energy operator in a Pontryagin space, Teoret. Mat. Fiz., 74, 1988, 331–344.

[32] B.Simon, Spectral analysis of rank one perturbations and applications, in: Mathematical quantum theory. II. Schrödinger operators (Vancouver, BC, 1993), 109–149, CRM Proc. Lecture Notes, 8, AMS, Providence, RI, 1995.

Dept. of Math., Stockholm University, 10691 Stockholm, Sweden E-mail address: pak@matematik.su.se

Dept. of Mathematics, Gakushuin Univ., 1-5-1 Mejiro, Toshima-ku, Tokyo, 171-8588 Japan

E-mail address: watanabe@math.gakushuin.ac.jp