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T
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S(t)

Z0�kj
T
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S(t) = 1 − F (t)
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F (t)
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T
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1	X
T

f irj|[�uplq�,l f [�l#g
f

g0o{ e irupXFirup�% �3¢k\ 'miruKZ0[so{ikX³�KikuKZ

S(t) =

∫ ∞

t

f(u)du

⇒ f(t) = −
dS(t)

dt
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lim
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P (t ≤ T < t + dt | T ≥ t)
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�3j�irX d lq[�W)l{[�u e ir\S\SiAo
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h0jqVC}�[�oqo

X(t)
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ω ∈ Ω
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Fs = ∩t>sFt
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ZC[�u i�wJu0Vk\S\ f �ruKZC[�\So{[]j#Q 1	X £K\nl{j�i,l d VAu0[]u d u0u0[ f r\S\S[]jaXY�ku0vAZ0[]u i�wpu0Vk\S\ f �ruKZ0[]\�om[�j	oq�rvAot£K\nl{j�i,l d VkuK[]uIw,irj�i
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Ft = σ{X(s) : 0 ≤ s ≤ t}
Q
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}�[#o{oYo{VkX e Vku+l{jqVk\S\n[�jqikj³VAX d uKZ d w d Z
i
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}�[�uKo{�0j{[�j d u0vA[]u��rj d } e []� d uC�3VkjqXFi,l d w�g�w d \ e []l d uKu0[]�K�kj³i,l{l }�[�uKo{�0j{[�j d u0v+o�l d ZC[�u �rj`Vk�<[]jqV)[]uKZ0[�i�w�l d ZC[�u l d \n\
f �kuKZC[]\�o{[]u�VC} f i,lml³Z0[N}�[�uKom�Kj{[�jqiAZC[@l d ZC[]jquKi d u+l{[Yl d \S\ �3¢Aj³uKkvkVku ®+lmlq[]jq\ d vAikj{[ d uC�3VkjqXFi,l d VAu-g
oq e iku�XYiku
ZC[]£Ku d []j�i VAX^j�� e u0[]hKj{VC}�[#o{o{[]u

Ni(t)
o{ f �rj 0

c rl
Ui

w,irj�iFZC[]u oml{V e ikoml d o e iFw,irj d ir�<[]\�o{VkX XYVrl�omw,irj�irjªl d Z0[]uI�3¢Aj	uK�kj�oml{�KZ d []u i�w)o{\S�ClqiAo|�3¢kj d u!Z d w d Z
i
g0omVAX �rj|VA�![�j{V)[�uKZC[`i�w

Ti
QK¬/¢kjtirlml|[]u d uKZ d w d ZJo e i f i@�0hKh0\n[�w+l f �ruKZ0[]\�om[�u�w d ZNl d Z0[]u

t
oq XYAo�lq[kgKo{VkX

l d Z d vAikj{[Ag
Ti ≤ t

g/X@[�u u)� f irj XFiru ��wA[]u e jqi�wA[�l irlml
Ti ≤ Ui

Q��	[]u j�� e u0[�h0jqV)}][�oqo`omVAX e Vku+l{jqVk\S\S[]j�irj
VkX d uKZ d w d Z

i
f irj	�0h0h0\S[]w+l f �kuKZC[�\So{[]uIw d ZJl d ZC[]u

t
Z0[�£Ku d []j�iko�ir\S\ l�o{Fi�w

Ni(t) = I(Xi ≤ t, δi = 1)
g<Z0�rj

Xi = min(Ti, Ui)
VC} f

δi = 1
VkX

Ti ≤ Ui
Q
	�� e iku XFiru oq�,l{lqip�0h0h�h0jqVC}�[�oqo{[]u

N = (N1, . . . , Nm)′o{VkX ik\n\nlqoq d u0uK[ f k\n\S[]j d uC�3VkjqXFi,l d VAu0[]upVkX ik\n\�i
m

o�l d uKZ d w d Z0[]jquKi0Q
�C�rlml�u)�

N(t) =
∑m

i=1 Ni(t)
g<o{VkX Z0NV)} e oqY�0\ d j	[]u�j�� e u0[�h0j{VC}][�oqo]gCXY[]u omVAX [�uKZ0ikoml�vA¢kj f VAh0h i�w

\��ru0v+ZC[]u�� RAg!XY[�u o{VkX d omlq�k\n\S[�l_j�� e uKirj	ZC[�lal{Vklqir\�iNiku+lqir\S[�l d u!Z d w d ZC[]j`o{VkX f ikj	�0hKh0\n[�w+l f �kuKZC[�\So{[]u�w d Z
l d ZC[�u

t
d �3¢kj�o{¢ e []l�gCZCwCo�Q f �0j|XFru0v+i f VAh0hIomVAX^h0jqVC}�[�oqo{[]u

N
f ikj|v '�VAjml|w d Z�l d ZC[�u

t
Q

. u�o{AZ0iru f �rj_j�� e u0[]hKj{VC}�[#o{o��%rj_uKkvkj�iYl{jq[]w)\ d v+iN[�vk[�uKo e ikh![�j�Q 1	X XFiru om[�j	l d \S\¡h0jqVC}�[�oqo{[]u
N

d [�l{l
\ d lq[�l³l d ZKo d u+l{[]jqw,ir\S\

(t, t + dt]
g/oq e VAXYX@[�j

dN(t) = N((t + dt)−) − N(t−)
i,l{l w,irj�iIirh0hKj{V�W d XYirl d w+l

[]u�� ) R w,ikj d ir�<[]\�Q-��[]ls\n[#ZC[]j d o d u lq�0j`l d \S\ i,lml
E(dN(t) | Ft−) = P (dN(t) = 1 | Ft−)

Q-°	�ku+l{[]w,�kjqZC[]l
�3¢kjYj�� e u0[�h0j{VC}][�oqom[�u

N
d []lml�\ d lq[�lYl d Z0o d u+l{[�j{w,ik\n\ e VkXYXY[]jYir\S\ l�o{ i,l{lYXYVklqo{w�ikjqi oqiru0u0VA\ dSe)f [�lq[]u �3¢kjFi,l{l

h0jqVC}�[�oqo{[]u�l�irj|[]lml�oml{[]v d Z0[�l|l d Z0o d u+lq[]jqw�ik\n\S[�ltv d wA[�l f0d o�lqVkj d [�u��0hKh�l d \S\
t−

Q
¬/¢kj�irlml�u)�F,lq[]j e VAX@XFi	l d \S\!w,irj{�3¢kj f i���ikjqZC�3�0u e l d Vku0[�uF��wk[]uY�0jq� e irj e ik\n\�iko9�3¢Aj d u+l{[]u!o d l{[]lqom�3�0u e l d Vku0[�u

oq o e i w d l d lml�i hK �3¢k\ 'miruKZC[ o{ikX³�KikuKZ�Q c ,l
Ni(t)

w,irj�i�[]u � ) R jq� e uK[]h0jqVC}�[�oqoYXY[�Z d } e []� d uC�3VAj{XFi,l d w
f ¢Avk[]j�}�[�uKo{�0j{[�j d u0v�ZC[�£!u d [�jqiAZ []u0\ d vkl�V,w,iru-g VC} f iru+l�i i,lmlpZC[�lN[]W d oml{[�jqikjF[]u"lq�rl f []l�l d \S\

Ti
Q��	�v+�r\S\n[�j

�3¢k\ 'miru!ZC[+0

E(Ni(t)) = P (Xi ≤ t, δi = 1)

= P (Ti ≤ t, Ti ≤ Ui)

=
{

Ti
iru+lqiAo f i [�uplq�,l f [�l }

=

∫ t

0

P (Ui ≥ u)f(u)du

=

∫ t

0

P (Ui ≥ u)S(u)
f(u)

S(u)
du

=
{

h(u) = λ(u) = f(u)/S(u)
}

=

∫ t

0

P (Ui ≥ u)P (Ti > u)λ(u)du



��� � �/�����`����� � �����2�������������/���ª�t��� ���9� �
���/� � ��	/���a������� �	���	� �/� ���|� �

=
{

Ti
V)} f

Ui
VA�![�j{V)[�uKZC[ }

=

∫ t

0

P (Ui ≥ u, Ti ≥ u)λ(u)du

= E
(

∫ t

0

I(Ti ≥ u, Ui ≥ u)λ(u)du
)

= E(Ai(t))

Z0�kj
Ai(t) =

∫ t

0
I(Ti ≥ u, Ui ≥ u)λ(u)du

VC} f
Ai(t)

e ir\S\SiAo'�3¢kj
Ni
0 o d u+l{[�uKo d l{[]lqo{h0jqV)}][�oqo'ZK�rj

λ(u)
�rj

d uAlq[]uKo d l{[�l�o��3�Ku e l d Vku0[�u-Q
�tjtZ0[�lml�i@�3¢k\ '�[]jtirlml

E(N(t)) = E

( m
∑

i=1

Ni(t)

)

=

m
∑

i=1

E(Ni(t)) =

m
∑

i=1

E(Ai(t)) = E(A(t))

Z0�kj
A(t) =

∑m
i=1 Ai(t)

Q
> *AE9�/�3��� �!� 0C��irj{l d u0v+ir\S[]j#g)o{�0�0XFikjml d u0v+ir\S[]j
1	X

E(| M(t) |) < ∞
�3¢Ajtir\S\Si

t ∈ [0,∞)
oqirXsltirlml

E(M(t) | Fs) = M(s)
�3¢kj

s ≤ t
oq e ik\n\�iko|Z0[]uIo�lqV e ikoml d o e i h0jqVC}�[�oqo{[]u

M(t)
�3¢kj|XFirj{l d u0vAik\ Q

E(M(t) | Fs) ≥ M(s)
�3¢kj

s ≤ t
oq e ik\n\�iko|Z0[]uIo�lqV e ikoml d o e i h0jqVC}�[�oqo{[]u

M(t)
�3¢kjto{�0�0XFirj{l d u0vAik\ Q

c rl
s ≤ t

V)} f
N(t)

w,irj�iY[]u�j�� e u0[�h0jqV)}][�oqoªZC[�£Ku d [�jqiAZJ[]u0\ d vkl�V,w,iru-Q�� d wA[�l fKd oml{VAj d []uJ�0h0h�l d \n\�l d ZC[]u
s

vk[]uK[]jq[]j�ikZpi�w
N

g!oqYwk[�l	XYikuJw d \ e i�h0j{VC}][�oqom[�jtomVAX f ikj f VkhKhKi,l#Q c rl
Ni(t)

�<[�lq[�} e uKiFZC[�uIh0jqV)}][�oqom[�u
o{VkX^vA¢kjª[�l{l f Vkh0hJw d ZNl d Z0[]u

ti
QK�aYvA�k\n\S[]j|irlml

E(N(t) | Fs) = E
(

∑

ti≤t

Ni(t) | Fs

)

= E
(

∑

ti≤s

Ni(t) +
∑

s<ti≤t

Ni(t) | Fs

)

= N(s) + E
(

∑

s<ti≤t

Ni(t) | Fs

)

⇒ E(N(t) | Fs) ≥ N(s)

oq
N(t)

�rj_ir\S\ l�o{�[]u o{�0�0XFikjml d u0v+ir\�Q . l{lsiru0uKirlaoq�,l{lai,l{l e VkXYXFiY�3j�irX l d \n\¡oqirXYXFi�jq[�o{�0\nlqi,la�rj_i,lml
�<[�l{j�i e l�i	ZC[�[]u!o e)d \SZ0i

Ni(t)
omVAX ir\S\Si	�rj d } e [�� i�w+lqirv+iruKZ0[kg��0j9w d \ e [�l¡ZC[�l9�3¢k\ '�[]j¡irlml

N(t)
�rj9o{�0�0XFirj{l d u0vAik\ Q

. ��lq[]j�omVAX^w d V,w,iru f irjªw d oqi,l�irlml
E(N(t)) = E(A(t))

g<oqirX³l|w d oqi,lti,l{l
N(t)

�kj|[]uJom�0�KXYikjml d uKvAir\-oq
e VAXYX@[�j��3¢k\ 'miruKZC[`jq[�o{�0\nlqirl e ikuKo e [`i,lml e �ruKuKikoª\ d lq[`XY[]j|j d XY\ d vkl�Q
. u0\ d vrl��	V)Vk�C� �I[]®A[]j�oFZC[ e VkXYh<VAo d l d VAuKo{oqi,l�oFo{ [�W d oml{[�jqikj�ZC[�l�l d \n\	w,irj,'�[ om�K�0XFirj{l d u0vAik\

N
[]uH�0u dne

f ¢Avk[]j e VAu+l d u+�K[]jq\ d v�VC} f �<[�omlq�kX³�Kikj e VAX@h<[]u!o{irl{Vkj
A

oqkZ0iku irlml
M = N − A

�rj_[]u�XFirj{l d u0v+ir\�g<w d \ e [�l
\S[�ZC[�jsl d \S\'i,l{l

A
�kj d u+l{[]u!o d l{[]lqo{h0j{VC}][�oqom[�u l d \S\

N
Q��tj@ZC[�l{lqi��3¢k\ '�[]j irlml ��wA[]u ir\S\�i

m
o�l

Mi = Ni − Aie VAXYX@[�j|i,lmltw,ikjqi@XFirj{l d u0vAik\n[�j'VC} f i,l{ltXYiku e ikupoq�,l{lqi@�0h0hIZC[�uIo d X³�0\nlqikuKi@h0jqV)}][�oqom[�u
M = N −A

Q
° ikZ d uKu0[]�K�kj|Z0YZC[�l f �kj'�<[�omlq�kX³�Kikjqi 3 ��lml|h0jqV)}][�oqom[�u

A
�rjª�<[�omlq�rX �Kirj|o{®+��lqirj d ZC[]l f �rj|i�wCom[�[]uKZC[]l

hK i,lml
E(A(t) | Ft−) = A(t)

g0Z0w)o�Q+£K\nl{j�i,l d VkuK[]uNo{VkX vAkj��0hKh�l d \S\
t−

�![#o�l��rXYXY[]j��Clm�%ik\n\S[�l d
t
QC¬KVkjqX@[�\n\nl

oq�rvk[�j¡XFiru�i,l{l
A(t)

�kj
Ft−

� XF�,l{�!irj#Q 1	X XFiku�om[�j¡l d \n\<j�� e u0[]hKj{VC}�[#o{o{[]u
N(t) =

∑m
i=1 Ni(t)

g)ZC[�£!u d [�jqiAZ
V,w,iru��3¢kj f ¢Avk[�jq}][]uKo{�0jq[]j�ikZC[�ZKi,lqiKgCVC} f o{[]jªl d \S\

E(dN(t) | Ft−) = E(dA(t) | Ft−)

= dA(t) = I(T ≥ t, U ≥ t)λ(t)dt

XY[]u
E(dN(t) | Ft−) = P (dN(t) = 1 | Ft−)

oq
dA(t) = P (dN(t) = 1 | Ft−)

Q
dA(t)

�rj`ir\S\ l�o{
ZC[�u �![]l d u0vAiAZC[�oqiruKu0Vk\ dne)f []l{[�u i,lmlYj�� e u0[]hKj{VC}�[#o{o{[]u

N
f VAh0hKikj³[�l{lYoml{[�v d�d u+l{[�j{w,ik\n\S[�l

(t, t + dt]
v d wk[�l

f0d o�lqVkj d [�u��Kh0hpl d \n\
t−

Q



� ��ª����� � � � 	 ��� � b

¬/¢kj|i,l{l|vA`l d \S\S�Ki e i l d \n\��Kh0h<Z0[]\Su d uKvk[]u
M = N −A

gKoq e ikuNXFiruJom[_hK@ZC[�u f �kjªh0j{VC}][�oqom[�u�o{VkX []u
}�[�u+l{jq[]j�ikZ�h0j{VC}][�oqo|XY[�ZJw,�ru+l{[�w,�rj�ZC[s�0g!V)} f Z0�kj

A
e iruI�<[�lqjqi e lqiko�omVAX o{®)oml{[�XFi,l d o e �%i e lqVkj�o{VkX

N
j{¢Aj

o d vFo{\n�0XYh0XF�Ao{o d v e j d u0v �3¢kj|w,ikj('�[al d ZCh0�Ku e l
t
g0v d wk[]l fKd oml{VAj d []up�0h0hpl d \S\

t−
Q

� � �"� �
#��������
� ��
. u e V f Vkj{lqoml{�!Z d [_�rjª�0hKh0\SikvAZpo{Yirlml|XFiru�lqirj d u d uKZ d w d ZC[]j d []lml|�3¢Ajqo{¢ e ) oml{�!Z d [	XY[]\S\SikuNlqw�@l d Z0h0�0u e l{[�j�g
omlqirj{l9V)} f oml{VkhKh-g,[]u0\ d vrl¡uKrvAVrl9[]\S\n[�j9uKrvAjqi e j d l{[�j d []j#g]�3¢Aj i,l{l9�KuKZC[]j�o{¢ e i�u!rvkVkl/w d o{oml o{ikX³�KikuKZsXY[�\n\�iru l d Z
l d \S\CuKrvAVkusw d o{o f �kuKZC[]\�o{[�o{VkX l�Q [�W�Qrirlml*'m�rX@�3¢kj�i f �0j�l{w,aVk\ dSe i	�<[ f ikuKZC\ d u0v+irj/hK�wk[�j e ikj-l d ZC[�u³l d \S\+l d \n\n�3j d o e �
uKikuKZC[kQ � uC�3VAj{XFi,l d VAu0[]uFVAX d uKZ d w d ZC[]j d oml{�!Z d [�uNoqirXY\SiAo d u�h0jqVAo{h![ e l d wAl#gAw d \ e [�l d u0u0[��K�rjªi,l{l d uKoqirXY\ d u0vA[]u
i�w d uC�3VAj{XFirl d Vku�o e []j��0uKZC[�j��3¢Ajqo{¢ e [�lqo9v+ru0v!gkVC} f uK�kj�w,�r\!�3¢kj�om¢ e []l��rj'i�wCo{\n�0lqi,l¡£!u0uKo�ZC[�l d u0vA[�l��![ f V,w@i�w
l d \S\n�Ki e ir�0\ d } e ikj9�3¢kj i,l{l e �0u0uKi_iku+w,�kuKZ0i_ZC[]u d uKoqirXY\SiAZC[ d uC�3VkjqXFi,l d VkuK[]u-Qr�	[�l'o{VkX e V f Vkj{l¡o{®+��lqikj¡hK d ZC[]l
f �kjªoqirXYXFiru f iru0vA[�l|�rjtirlml|XFirupvk¢kjªvAj{�0hKh�'m�rX@�3¢kjq[]\�o{[]j#Q+��uAl�irvYi,l{l d uKZ d w d Z

i
�Kh0h0\S[]wk[�j f �ru!ZC[]\�om[�upo{VkX

XFiruY�rj d uAlqj{[#o{o{[]j�ikZ³i�w`w d Z³l d ZC[]u
ti

Qr�	[]u 'm�kX �3¢Aj{[�\So{[�XYiku@ZK�vA¢kj¡�rj¡ZC[�u XY[]\S\�iru d uKZ d w d Z
i
VC} f ZC[ª¢,w+j d vAi

d uKZ d w d ZC[�j�omVAX �rj|w d Zpj d o e w d Z�l d ZC[]u
ti

QK��lmlt[�u d uKZ d w d ZI�rj|w d Zpj d o e w d ZNl d Z0[]u
ti

d u0u0[]�!�rjti,l{lth![�jqo{VkuK[]u
d uAlq[ f ikj	�Kh0h0\S[]w+l f �kuKZC[�\So{[]u�w d ZJl d ZC[�u

ti−
[�\n\S[]ja�0h0hK\n[�wk[]j f �ru!ZC[]\�om[�u�w d ZIl d ZC[]u

ti
Q �|d o e XF�ru0v+ZC[]uIw d Z

l d ZC[�u
t

�rjªXF�ruKvAZC[�uJi�w d uKZ d w d Z0[]j�o{VkX ZK �<[�£!u0u0[]j	o d vYw d Z�j d o e V)} f �<[�l{[#} e uKikoªXY[�Z
R(t)

Q
	tVkl{[�jqi i,l{l d uKZ d w d Z0[]jquKi�omVAX �rjFw d Z j d o e w d Z l d ZC[�u

ti
e VkXYXY[]jF��wA[]u¯irlml e �0u0u!i w,ikjqi d u!Z d w d ZC[]j

o{VkX om[�uKirjq[ e VkXYXY[]j irlml f ¢kvA[]j�}�[]u!om�0jq[]j�iko�g�XY[]u []��l{[�jqo{VkX ZC[�u []uKZKi d uC�3VkjqXFi,l d Vku o{VkX¨XFiru f irj l d \n\
o d l{l��3¢Ajm�3VAvAikuKZC[tw d Z

ti
�rj�VkX d uKZ d w d Z0[]u f irj��0h0h0\S[]w+l f �kuKZC[]\�o{[]uN[�\n\S[]j d uAlq[kg0oqirX³l'[]wA[]u+l{�K[]\S\ l d uKZ d w d ZC�0[�\n\

�Ki e vAj{�KuKZ0oqZ0i,l�i0QK��uAl�irv+iruKZC[]l�VkX d } e []� d uC�3VkjqXFi,l d w f ¢kvA[]j�}�[]u!om�0jq[]j d u0v e VkXYXY[]jair\S\ l�o{ d u+lq[³\S[�Z0iYl d \S\¡i,l{l
XFiru e ikomlqikj��<Vkj{l	ir\S\ d uC�3VAj{XFi,l d VAuIVkX ZC[ }][]uKo{�0jq[]j�ikZC[ d uKZ d w d Z0[]jquKi0g!�Clqiku�omuKikjqikj{[ d uC�3VAj{XFi,l d VAu0[]u�o{VkX
e iru lq�ku e iko/w,irj�i e Vkh0h0\�ikZ`l d \n\K}][]uKo{�0jq[]j d uKvAoml d ZCh0�0u e lq[]u-Q,�tj/£KvA�0j � g�V,w,iru
g e iku XFiruYo{[ f �0j9j d o e XY�ku0vAZ0[]u
�3¢kj/ZC[�VA\ dSe i|�%ik\n\S[]u d o�lq�KZ d []u@omVAX w d o{irlqo d £KvA�0j�R e VkXYXY[]j/i,l{l/o{[ �Cl�g�VC} f i,l{l/ZC[#o{oqi e VkXYXY[]j�irlml d u0uK[ f k\n\�i
d uKZ d w d ZC[�jtomVAX e VAX@XY[�jti,lml�}][]uKo{�0jq[]j�iko�Q

����� �
	����	��������
¬/¢kj|i,l{lª�3¢kj�o�l� f �0j�T'V�W�XYVCZC[]\S\��3�0u0vA[]j�irj��3¢kjª[]u e V f Vkj{lqoml{�!Z d [_oq³�<[ f ¢,wCo�[]vA[]u+l{\ d vk[]u d u+lq[aXFikjml d u0v+ir\S[]j#g
�Cl�iruJZC[�ltj��k} e []j�XY[#Z�w,iku0\ d vAi �<[�l d u0v+ikZC[`oqiru0u0VA\ dSe)f [�lq[]j#Q+��u0\S[�ZCu d u0vA[]upl d \n\-irlml�ZC[]lt�ruKZ0@�rj|XFikjml d u0v+ir\n�
o{®+u!o{�rlml{[]l�o{VkX«h0j{[#om[�u+l{[]j�iko f �rjp�rjF�3¢Aj�i,l{lpZC[]lpo e i �0\ d \��,l{lqirjq[ irlmlpo{[ f �0j�XYiku �Clqw d ZCv+irjNZC[�u f �kj
XYVCZC[]\S\n[�uIo{Yi,l{ltZC[]up�3�0u0vA[]j�irj��3¢kj|[�u d u)�K�AZ0Z0ikZN�%ir\S\n� e Vku+l{jqVk\S\�o�lq�KZ d [kQ

T'V�W�XYVCZC[]\S\
�rj#g0o{VkX l d Z d vAikj{[auK�kX@u+l�o]g0[�upo{[]X d ��h!irj�irXY[�lqj d o e jq[]vAj{[#o{o d VkuKo{XYV)Z0[]\S\ Q)��[]l�om[�X d �
hKikjqikX@[]l{j d o e i �![#o�l�rj d i,lml�X@VCZC[�\n\S[]u f irj�[�u d } e []��h!irj�irXY[�lqj d o e vAj{�KuKZCj d o e oqirXslpi,lml�XYikuHiru+lqikj�[�l{l
hKikjqikX@[]l{j d o e l��<[]jqV)[]uKZ0[_i�wF�!i e vkjq�0uKZ0o{w,irj d ik�0\S[]jquKi0Q . uIi�wNZC[`o�lqVkj�is�3¢AjqZ0[]\�irjquKi³XY[#ZJT'V�WNXYVCZC[�\n\ 'm�kX �
�3¢kj{l`XY[�Z ZC[Yj{[�uAl`hKikjqikXY[�l{j d o e i�[�\n\S[]j d } e []��hKikjqikXY[�l{j d o e iFXYVCZC[]\S\S[]jquKi��kjsi,l{l`Z0[]u
'��Ko�l`l�irj f �kuKom®)u l d \n\
�Ki e vAj{�KuKZ0o{w�ikj d ir�K\n[�j�g)��wk[�u e ir\S\SiAZC[ e V,w,irj d i,l{[�j�g)o{VkX ��wA[]u e iku�l d \S\�,lqiAoªw,irj�i³�<[]jqV)[]uKZC[`i�wFl d Z0[]u-Q

> *AE9�/�3��� �!� 0KT'V�WNXYVCZC[]\S\��3¢kjª£KWCi e V,w�ikj d i,lq[]j

λ(t | Z) = λ0(t) exp{β′Z}
Z0�kj

λ0(t)
�kjavAj{�KuKZCj d o e [�u-gK�KiAom[�\ d u0[ f i��#irj�Z�g

Z = (z1, . . . , zp)
�rjawk[ e lqVkjqu�XY[�Z e V,w,irj d irl{[]j#gKVC} f

β�rj|wA[ e l{VAj{u�XY[�Zpj{[�vkjq[�oqo d Vku!o e V+[���} d []u+l{[�j�Q
�tu+l�irvNirlmlaZ0[�l f irj	v '�VAjml�o�[�u oml{�KZ d [³XY[#Z

m
o�l d uKZ d w d ZC[]j#g!VC} f u)��w d \n\/XFiru�'m�kX@�3¢kj�i f �0jaoml{VAj	ZC[�u

jq[]\�i,l d w,i�j d o e [�u �rj	�3¢kj d uKZ d w d ZC[�j_X@[#Z e V,w�ikj d i,lq[]j
Z1
'm�rX@�3¢kj{l_X@[#Z d uKZ d w d ZC[�j_X@[#Z e V,w�ikj d i,lq[]j

Z2
Q��	[�l

d u0u0[]�!�rjti,l{l

λ0(t) exp{β′
Z1}

λ0(t) exp{β′
Z2}

=
exp{β′

Z1}

exp{β′
Z2}

= exp{β′(Z1 − Z2)}

ZCwCo�Q��3¢kj/l{w, d uKZ d w d ZC[�j¡X@[#Z³VA\ dSe i e V,w,irj d irl{[�j e VAXYX@[�j ZC[]u@jq[]\�i,l d w,i�j d o e []uYi,lml¡w,irj�i e Vku!o�l�iru+l d l d Z0[]u-Q
�	[]u f �kj-[]vA[]uKo e irh<[]u`vA¢kj
irlml9T'V�WaX@VCZC[�\n\+�0jq� e irj e ik\n\�iko-�3¢kj-[�ush0jqVkh<Vkj{l d Vku0[�\n\ f i���ikjqZaXYVCZC[]\S\�Q]  jqVk�0\S[]XY[]l
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XY[�Z�Z0[]u f �kj�[�vk[]u!o e irh<[]u��kj	irlmlaZ0[]u d u+l{[ ik\n\�iFv+ru0vA[]jt�rj	j d XY\ d vKg!VC} f \n[#ZC[]j�l d \n\/[�l{laXYVCZC[�\n\�iru+lqikvAikuKZC[
o{VkX^XFkoml{[alq[�omlqiko�Q0z�[�oml{[]jti�wNX@VCZC[�\n\S[]u!o|\S�kXYh0\ d v f [�l e VAX@XY[�jªirlml|l�ikoª�0h0hJ\ d lq[`\S�ku0vkjq[a�3jqikXJQ

	t�Kj e VkXYXY[]jsZK�XFikjml d u0v+ir\S[]u
M = N − A

d u d � d \SZ0[]u d vA[]u 3 � T'V�W�XYVCZC[�\n\�oqJ�rjsZC[]l '�� d u+l{[�uC�
o d lq[�lqom�3�0u e l d VAu0[]u

λ
o{VkX XFiku ikuAl�irj f ikjF[�lml�w d o{omlF�Clqo{[][�uKZC[Ag¡V)} f ZC[�u"�kj e VkhKh0\SiAZ l d \S\th0jqVC}�[#o{o{[]u

Aw d \ e []l f irj`w d o{irlqo_l d Z d v+irjq[kQ�1	X XFiku �0l{vAkj d �3j�ru e VkXYh![�uKoqi,l{VAj{u l d \n\'[]u�j�� e u0[]hKj{VC}�[#o{oaVC} f iru+lqikjsi,l{l
ZC[�u f ikja[�u w d o{o	�3VkjqXJg��0uKZC[�jaw d o{oqiF�3¢Aj{�0lqoq�,lmlqu d u0vAikj�g<o{ e VAX@XY[�j	XFiru �3jqikX l d \n\¡XYVCZC[�\n\S[]j_omVAX e ir\S\SiAo
�3¢kj�X³�0\nl d h0\ dne i,l d w,i d u+l{[�uKo d l{[]lqo{XYV)Z0[]\S\n[�j�gko{VkX '��Koml f ikj¡[]vk[�uKo e ikh![�uFi,lml�ZC[ e iruFZC[�\SiAo¡�0h0h d

M = N −A
Q

¬/¢k\ 'miruKZ0[ªZ0[�£Ku d l d VkuFi�w³Z0[]u@X³�0\nl d h0\ dne i,l d w,i d u+l{[]u!o d l{[]lqo¡XYVCZC[]\S\S[]uYvk[#o d ¬�\S[]X d u0v`VC} f 		irjqj d u0vkl{Vku�. �$0 0
�	[]uFX³�K\ l d h0\ dSe irl d w,i d u+l{[�uKo d lq[�lqo{XYVCZC[]\S\n[�uY�3¢kj VA�Ko{[]jqw�irl d Vku0[�j9�3jqku

m
Vk�<[]jqV)[]uKZC[ d uKZ d w d Z0[]j#gr�![#o�l�rj�i�w

m
l{j d h0h0\�irj

(Ni, Yi,Zi)
i�w`j�� e u0[]�qg,}�[�uKo{�0j{[�j d u0v+o���VC} f³e V,w,ikj d i,lqh0j{VC}][�oqom[�j�g�[�u f ¢kvA[]j e Vku+l d u)�0[�j{\ d v fKd oml{VAj d i

{Ft : t ≥ 0}
g'VC} f ZC[

m
oml d u+l{[]u!o d l{[]lqo{h0j{VC}][�oqom[�j{uKi

li(t) = λ0(t)Yi(t) exp{β′
Zi}

�0u!ZC[]j��3¢k\ 'miruKZ0[
iru+l�irvAikuKZC[�u 0

RAQ
N

�rjY[]u o d X³�K\ l�iru j�� e u0[�h0jqV)}][�oqo ZK�rj d u0v+i�lqw, hKj{VC}�[#o{o{[]j
Ni

VC} f
Nj

f VAh0hKirjYoqirXsl d Z d vkl�g¡ZCwCo]Q
P (∆Ni(t) = ∆Nj(t) = 1) = 0

�3¢kjtik\n\�i
i 6= j

VC} f
t ≥ 0

Q
� Qª�3¢kjtir\S\�i

i
vA�r\S\S[]j|i,l{l

Mi = Ni − Ai
�rjª[�upXFikjml d u0v+ir\�XY[�Zpi�wCom[�[]uKZ0[ah!

Ft
gKZK�rj

Ai(t) =

∫ t

0

li(u)du

�rj|ZC[]u e Vku+l d u)�0[]jq\ d vAi e VAX@h<[]u!o{irl{Vkjqu-Q
yKQtir\S\Si�}�[]u!om�0jq[]j d u0vAo{h0jqV)}][�oqom[�j

Yi
VC} f e V,w�ikj d i,lqh0jqV)}][�oqom[�j

Zi
�kj	�<[�omlq�kX³�KikjqiFXY[#Z i�wCom[�[]uKZ0[shK

Ft
Q

Zi
0 u!i@�kjt��wk[�uN\SV e ir\nl|�![�vkj��ruKoqikZC[AQ

�	[�£Ku d l d VkuK[]u¯i�w ZC[�u X �0\ l d hK\ dSe i,l d w,i d u+l{[�uKo d l{[]lqo{XYV)Z0[]\S\n[�u �3¢Aj d } e []� d uC�3VkjqXFi,l d w+l f ¢Avk[�jq}][]uKo{�0jq[]j�ikZC[
Z0irlqi�X@[#Z�£KWCi e V,w,ikj d i,lq[]j	oq�rvA[]j_i,l{l`Z0[�l`[�W d o�lq[]j�irj	�3�0u e l d Vku0[�j

li
o{AZ0iruKi�i,l{l

Ai(t) =
∫ t

0
li(u)du

o{VkX
f ikjª�3VkjqX@[�u

li(t) = λ0(t) exp{β′
Zi}Yi(t)

Z0�kj
Yi(t) = I(Ti ≥ t, Ui ≥ t)

V)} f �0h0h0�3®+\S\S[]j
Mi = Ni − Ai

Q0��[�ZJiruKZ0jqi@Vkj�Zpo{Y�rj�T'V�WNXYVCZC[�\n\-[�u
X³�K\ l d h0\ dSe irl d w d u+l{[]u!o d l{[]lqo{X@VCZC[�\n\
�0uKZC[�jtZC[�oqo{iYikuAl�irv+iruKZC[�u-Q
. ��lq[]j�omVAX d u+lq[]uKo d lq[�l�o��3�0u e l d VAu0[]u

λ
�kj_�![]l d u0vAiAZ XY[�Z�i�wCo{[][]u!ZC[ h! e V,w,irj d irl{[]jquKi

Z
e VkXYXY[]j`��wA[]u

¢,wk[�j{\S[]w)uKiAZ0om�3�0u e l d Vku0[�u
S

i,l{ltw,irj�i �<[�l d uKvAikZ�XY[�ZIi�wCo{[][]u!ZC[	h!FZC[�oqo{iKQ0�tj�Z0[so{ikX³�KikuKZNXY[�\n\�iru d uAlq[]uC�
o d lq[�lqom�3�0u e l d VAu0[]uJVC} f ¢,wA[]jq\n[�w)uKikZ0om�3�0u e l d VAu0[]uNo{VkX w d oqi,l�o�l d Z d v+irjq[_oq �%ko|irlml

S(t | Z) = exp
{

−

∫ t

0

λ(u | Z)du
}

= exp
{

−

∫ t

0

λ0(u) exp{β′
Z}du

}

= exp
{

− exp{β′
Z}

∫ t

0

λ0(u)du
}

= S0(t)
exp{β′

Z}

Z0�kj
S0(t) = exp

{

−
∫ t

0
λ0(u)du

} Q

����� ����� ��������	 	��
	��������� ����� ����� ������� 	 	 ���� ��������������������! 
β

	��Ao�l�i	oml{[�vt�3¢Aj9irlml e VAX@XFi�w d Z0ikj{[��rj¡i,l{l e �0u0u!i	o e i,lml�i	Z0[]u
p
� Z d XY[]u!o d Vku0[�\n\�itwA[ e l{VAj{u

β
g,w d \ e []l�XFiru vk¢kj

vk[�u0VkX irlml	\S¢AoqiNZ0[
p

oml�®C} e [�u�\ dSe [�\ dSf V)VCZC[ e w,i,l d VAu0[]jquKi ∂
∂βg

log L(β) = 0
g)�3¢kj

g = 1, . . . , p
g�u)�0XY[]j d o e l

XY[�Z f 'm�k\nhIi�wYl�Q [�W�Q 	�[#"ªlqVkuC� � irh f omVAuKo�XY[�l{VCZ�Q
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�	[]uJw,iru0\ d v+i@\ dSe [�\ dSf V)VCZC[]uIiru)w,�ru!ZC[]jªXFiru '��Jl d \S\
i,l{l f0d l{lqi�o e i,l{l{u d u0vAikj|i�w�Vk\ dne iFo{\SikvAo�hKikjqikX@[]l{j�irj#g
d w,rj{l��%ir\S\�j{[�vkjq[�oqo d Vku!omhKikjqikXY[�l{j�irjquKi

β
QC�I[�uNw,ikZ��rjªZ0³ZC[�uNhKikjml d [�\n\�is\ dSe []\ dSf V)V)Z0[]u��3¢Aj'u!rvkVkl 3 z/iru e []u

XY[�Z Z0[]u hKikjml d [�\n\�iI\ dne []\ dnf V)VCZC[�u �rj³irlml fKd l{lqiI[�u X d uKZ0j{[�\ dSe []\ dSf V)V)Z �ku ZC[]u w�iku0\ d v+i0g-XY[]u¯omVAX �3VAjml{�
�%irj�iru!ZC[ f irjsoqirXYXFip[]vk[�uKo e ikh![�j�Q���u0\n[#ZCu d u0vk[�u l d \n\�Z0[�lml�iI�rjsirlmlsVkX XYiku om[�j_l d \n\�Z0[�Z0i,l�ipo{VkX XYiku
�%rj'�3j�ru�[�u�¢,wk[�j{\S[]w)uKiAZ0o{oml{�!Z d [Agkoq e VAXYX@[�j'ZC[]lªirlml'£Ku0uKiAo �%i e lqVkjq[]j�omVAX±h!�wk[]j e irj�Z0[�oqo �3�0\S\�o�l��ruKZ d v f [�l�g
l�Q [�W�Q+}�[]u!om�0jq[]j d u0v`VC} f l{jq�0u e [�j d u0v!Qr��[]l'XFiruFu)�Fw d \S\<vk¢kj�i_�rj�irlml �%³�!VAjml�Z0[	Z0irlqi`o{VkX d u+l{[tl d \n\n�3¢kj'uKrvAVku
®+lmlq[]jq\ d vAikj{[ d u0�3VkjqXYirl d Vkupw,ikZ�vA�r\S\S[]j|o e irlml{u d u0v+irjquKi@i�w�j{[�vkjq[�oqo d Vku!omhKikjqikXY[�l{j�irjquKi

β
Q

�tu+l�irvFi,l{ltXYiku f irj|[]lml d } e []� d uC�3VkjqXFi,l d w+l f ¢kvA[]j�}�[]u!om�0jq[]j�i,lªZ0i,l�irXFi,lq[]j d ik\�omVAX d u0u0[ f r\S\n[�j d uC�3VAj{XFir�
l d Vku@VkX

(Xi,Zi, δi)
�3¢kj d uKZ d w d ZC[�j{u!i

i = 1, . . . , m
Qr�tu+lqikvairlml¡�Kirj�i

D
d uKZ d w d ZC[�j f irj9�0hKh0\n[�w+l f �ruKZC[�\So{[]u

w d ZIoml{�!Z d [�uKoto{\n�0l�w d Zpl d ZC[�j{u!i
t1 < · · · < tD

VC} f \Srl
t1 > t0 = 0

oqirXsl
tD < tD+1 = ∞

Q!�tu+l�irv���wk[�u
i,l{l d u0�3VkjqXYirl d Vku0[�u d

(Xi,Zi, δi)
e iruIo e j d w�iAo�VkX o{VkX f �ruKZC[�\So{[]j

Gi
g
Hi

g
i = 1, . . . ,

� []u0\ d vkl|�3¢k\ 'miruKZ0[+0
c rl

Gi
w,irj�i f �ruKZ0[]\�om[�upirlml	ZC[�uJVkj�ZCuKikZ0[ d uKZ d w d Z

(i)
f irj|�0h0hK\n[�wAl f �ruKZ0[]\�om[�upw d Z�l d ZC[]u

ti
g0VC} f \Srl

Hi
�<[�lq[�} e uKi f �ruKZC[�\So{[]u��3¢kj_ZC[ d uKZ d w d ZC[�jao{VkX }�[�uKo{�0j{[�jqiAo d/d u+l{[�j{w,ik\n\S[�l

[ti−1, ti)
oqirX³l	ZC[]j�iko	}�[�uKom�Kj{[]�

j d u0v+o�l d Z0[]jsVC} f i,l{l h0jq[�} d o³[]u d uKZ d w d Z f irj³�Kh0h0\S[]w+l f �kuKZC[�\So{[]u w d Z l d ZC[]u
ti

Q 	�� e iru XFiku o�l��r\S\SiI�Kh0h
\ dne []\ dnf V)VCZC[�u

L(β) ∝ P (G1, H1, . . . , GD, HD)

=

{

D
∏

i=2

P (Gi | Hi, Gi−1, Hi−1, . . . , G1, H1)

}

P (G1 | H1)

×

{

D
∏

i=2

P (Hi | Gi−1, Hi−1, . . . , G1, H1)

}

P (H1).
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j d u0v �![#o�l�rj³ZC[�u �3¢kj�omlqiIZC[�\n[�u i�w �<[�l d u0v+ikZC[�o{iku0u0Vk\ dSe+f [�l{[�j³o{VkX j{¢Aj³ZC[�[]WCi e lqiIVA�Kom[�j{w,irl d Vku0[�j{uKi�VC} f
ZC[�u�iruKZCj�i`i�w Z0[�omVAX~�<[]jq¢kj�}][]uKo{�0jq[]j d uKvAirj#Q 1	X~XFikuFu+�Y�3¢Ajqo{¢ e []j irlml'ZCj�i_hKikjqik\n\S[]\S\n[�j¡XY[]\S\Siku�ZC[�oqo{ialqw,
h0jqVCZC� e l{[�j'VC} f ZC[�jqiAo d u)wk[]j e iru�h!

β
gC�kj�ZC[]l'�3¢Aj f Vkh0h0u d u0v+omw d o \��,l{lqirjq[�irlml�lq�ru e i³hK@ZC[�oqo{i`l{w,³�0lml{jq®C} e o

�3¢kj f k\n\�iruKZ0[�l d \S\ e V,w,ikj d i,lq[]jquKi0g+omVAX d o d u�l{�0j��kj e VkhKh0\SiAZC[	l d \n\
β

QK��lml e V,w,irj d irl{[]jquKis�kj e VkhKh0\SiAZC[	l d \n\
Z0[
[�W0i e l�iFVk�!om[�j{w,i,l d VAu0[]jquKi��kj�j d XY\ d vkl�g�VC} f ZC[]l_�kj	��wk[�u�j d XY\ d vklai,l{l	lqj{Vpi,l{l_ZC[@}�[�uKom�Kj{[�jqiAZC[sVk�!om[�j{w,i,l d Vk�
u0[�j{uKi d u+lq[ f ikj	u!rvkVAu e VAh0h0\ d uKv�l d \S\ e V,w,irj d irl{[�j{uKiKgC[]\S\n[�j_[]uKZ0iAo�l f ikj	[�u o{w�ikv e Vkh0h0\ d u0vKQ��I[�Z f 'm�r\Sh i�w
ZC[]l f �rj|\S¢AoqiYjq[�o{Vku0[�XYiku0vk[]l e ikupw d u+�Iik\n\nlqoqFo�lqj{® e iYZC[]u�ikuKZCj�i@h0j{VCZC� e lq[]uJ�0jt�0lml{jq®C} e []ltV,w�iku-gCVC} f w d
f ikjtZ0 �%,lml|�3j�irX ZC[]uJhKikjml d [�\n\�i@\ dSe [�\ dSf V)VCZC[]u

L(β) ∝

{

D
∏

i=2

P (Gi | Hi, Gi−1, Hi−1, . . . , G1, H1)

}

P (G1 | H1).

¬/¢kj9i,l{l��<[�omlq�rXYXFi	�Clmlqj{®C} e []l
�3¢Aj/ZC[�u³hKikjml d [�\n\�it\ dSe []\ dSf V)V)Z0[]u`�3¢Aj�[�uYT'V�W)��XYVCZC[�\n\k�3¢kj9[]u e V f VAjml�o�lq�KZ d [
XY[�Z d } e []� d uC�3VkjqXFi,l d w f ¢kvA[]j�}�[]u!om�0jq[]j d u0vaZK�rj d u0vAi d uKZ d w d Z0[]j��Kh0h0\S[]wk[�j f �kuKZC[�\So{[]uFoqirXsl d Z d vkl'o{ e ikuFXYiku
�<[�omlq�rXYXFi@�Clmlqj{®C} e []u��3¢kjtZC[`�<[�l d u0v+ikZC[`oqiru0uKVk\ dne)f []l{[]jquKi@o{ f �rj 0

P (
d uKZ d w d Z/� d ,ª�0hKh0\n[�wk[�j f �ruKZC[�\So{[]uJw d Z

ti |
[]u d u!Z d w d Zp�0h0h0\S[]wA[]j f �ru!ZC[]\�om[�uJw d Z

ti) =

=
P (

d u!Z d w d Z/� d ,��0h0h0\S[]wA[]j f �kuKZC[]\�o{[]upw d Z
ti|

f ikj d u+l{[_�0hKh0\n[�w+l f �ruKZ0[]\�om[�upw d Z
ti−)

P (
[�u d uKZ d w d Zp�0hKh0\n[�wk[�j f �ruKZ0[]\�om[�u�w d Z

ti|
f irj d uAlq[`�0h0h0\S[]w+l f �kuKZC[�\So{[]upw d Z

ti−)

=
λ(t|Z(i))

∑

j∈Ri
λ(t|Zj)

=
λ0(t) exp{β′

Z(i)}
∑

j∈Ri
λ0(t) exp{β

′
Z

j
}

=
exp{β′

Z
(i)

}
∑

j∈Ri
exp{β′

Z
j
}

Z0�kj
Ri

�kjtj d o e XY�ku0vAZ0[]u-g0XF�ku0vAZC[�u�i�w d uKZ d w d Z0[]j	o{VkX d uAlq[ f ikjt�0h0hK\n[�wAl f �ru!ZC[]\�om[�uIw d Z
ti

gK�3¢Aj	ZC[�u
Vkj�ZCuKiAZC[ d uKZ d w d ZC[]u

(i)
o{VkX^�0hKh0\n[�wk[�j f �ruKZ0[]\�om[�u�w d ZNl d Z0[]u

ti
Q0�	Y�0\ d jtZC[]uJhKikjml d [�\n\�i@\ dSe [�\ dSf V)VCZC[]u

L(β) =

D
∏

i=1

exp{β′
Z(i)}

∑

j∈Ri
exp{β′

Zj}
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 ¡Fo{ikXYXYiYoq�,l{l�omVAX d Z0[]uJw,iru0\ d v+i@XYirW d X �0XY\ dSe [�\ dSf V)VCZ)l{[�Vkj d uJo{@�%AotZC[`hKikjml d [�\n\�iYXFi,W d X³�0X \ dSe []�
\ dnf V)VCZ o e i,l{l{u d u0vAikj{u!iFvk[�u0VkX i,l{la\S¢Aoqi�ZC[

p
oml�®C} e [�u�[ e w,i,l d VAu0[]jquKi ∂

∂βg
logL(β) = 0

�3¢kj
g = 1, . . . , pZ0�kj

logL(β) =

D
∑

i=1

(

β′
Z(i) − log

∑

j∈Ri

exp{β′
Zj}

)

w d \ e []l|vk[]j

∂

∂βg
logL(β) =

D
∑

i=1

z(i)g −

D
∑

i=1

∑

j∈Ri
zjg exp{β′

Zj}
∑

j∈Ri
exp{β′

Zj}
= Ug(β)

Z0�kj
Ug

�rj|[�u e VkXYh<Vku0[�u+l d oq}�VAj{[]� �3�Ku e l d Vku0[�u
U(β)

Q
� uC�3VAj{XFi,l d VAuKo{XYirl{j d o{[]u e VAX@XY[�jt��wk[]uJi,l{lt�![ f ¢,w,iko�g0�0\�iruKZJiku0uKi,lª�3¢Aj�i,l{l e �Ku0uKiFiru)w,�ru!Z0i 	t[#"ªlqVkuC�

� ikh f o{VkuKoªXY[�lqVCZ�Q!�)VAX^w,iru0\ d vkl e VkXYXY[]j|[�\n[�XY[]u+l{[�u d-d uC�3VAj{XFi,l d VAuKo{XYirl{j d o{[]upi,l{ltvk[�oªi�w

Igh(β) = −
∂2

∂βg∂βh
logL(β)

=
D

∑

i=1

∑

j∈Ri
zjgzjh exp{β′

Zj}
∑

j∈Ri
exp{β′

Zj}
−

D
∑

i=1

(
∑

j∈Ri
zjg exp{β′

Zj})(
∑

j∈Ri
zjh exp{β′

Zj})

(
∑

j∈Ri
exp{β′

Zj})(
∑

j∈Ri
exp{β′

Zj})

° ikZ�vA�k\n\S[]j|o e i,lmlqu d u0vAikj{uKi@i�w
β

oq e VkXYXY[]jtZ0[�oqo{i@i,l{ltw�ikjqi@iko{®)XYhCl{Vkl d o e l|u0VkjqXFir\n�3¢kj�ZC[]\�ikZ0[	[�u0\ d vrl

β̂ ∈ N(β̂, I(β̂)−1).
. ��lq[]j�omVAX ZC[]u hKirj{l d []\S\Si	\ dne []\ dnf V)VCZC[�u d uAlq[��kj9[]us�3�K\n\�o�l��ruKZ d v_\ dne []\ dnf V)VCZ�g,oq e VAXYX@[�j/Z0[�oqo�[�vk[�uKo e ikh![�j

d uAlq[ f []\S\n[�j`i,lml`�<[�lq[Yo d vpo{VkX o d v��<¢kj d ir\S\�iN\��rvA[]u-g�XY[]u �3¢kj`ZC[@�%ir\S\¡omVAX �rj d uAlqj{[#o{oqiru+l�i e VAXYX@[�j d u0v+i
h0jqVk�0\S[]X i,lmlt�Kh0hKomlq0Q

�	[�l f �kj�o{�rlml{[]lNi,l{lFiku0vkj d hKi Z0[]u"hKirj{l d []\S\�i \ dSe []\ dSf V)V)Z0[]u f irj�'�� d uAlq[�iru)w,�ru+l�o d v i�w XFirj{l d u0vAik\n[�j
¢,wk[�j f �0w)�KZ)l�irvA[�l�g�XY[]u f irj��3¢kj f VkhKh0u d u0vAo{w d oNv d w d lJ[]u�\ d l{[ �K�,l{l{jq[��3¢kj�omlqr[�\So{[��3¢Aj f �0jJZC[�u�hKikjml d [�\n\�i
\ dne []\ dnf V)VCZC[�uJ�kjt�0h0hK�+®)vAvAZpVC} f �3�Ku0vk[�jqikj�Q0¬/¢kj�[]u f �kj{\S[�ZCu d u0v�i�wpZC[]uIh!irj{l d []\S\Si@\ dne []\ dnf V)VCZC[�uI�Cl{v+r[]u!ZC[
d �3jqku d u+l{[]u!o d l{[]lqo{h0j{VC}][�oqom[�u f �ku)w d oqiko'l d \n\-l�Q [�W�Q0¬/\n[�X d u0vFVC} f 	�irjqj d u0vkl{VAu".��40 Q

����� � � � � �!� 	�� � �������������� � ��

�	[�l f �kj e ikh d l{\S[�l e VkXYXY[]j d h0j d u!} d hp�!irj�i irlmltvA@�Clth!@irlml�ZC[]£Ku d []j�i@[�lml	hKirj|w,iruK\ d vAi@o d vku d £ e ikuKo�lq[�oml{[�j
i�w

β
Q'��u0\n[#ZCu d u0vk[�u"l d \n\_ZC[]lmlqi �kjNi,l{l��3¢kjN[]uHXY[]j e VkXYh0\S[�l{lNvk[�u0VkXYvAku0v e VAX@XY[�jFXYiku i,l{lN�![ f ¢,w,i

Z d wk[�jqo{[�iAom®)XYhClqVrl d o e i	jq[�o{�0\ l�i,l o{VkX�vAkj9�ClqikuC�3¢kj¡�0hKhKo{irlqo{[]uKo/VAX �%irlmlqu d uKvKQk¬/¢kj9[�u VAjqZC[�u+l{\ d vavk[�u0VkXYvAku0v
f �ku+w d o{iAo'l d \n\
¬/\S[]X d u0vFVC} f 		irjqj d u0vrlqVku6. � 0�[]\S\n[�jt�tuKZC[�jqo{[]up[�l�ik\ Q�.nR�0 Q

� e i,l{l{u d u0v+irj9i�w_Z0[]uYir�Ko{Vk\S�Clqi�j d o e []u³V)} f ¢,wk[�j{\S[]w)uKiAZ0o��3�Ku e l d Vku0[�u_�3¢kj/v d w+u!i e V,w�ikj d i,lq[]j e VkXYXY[]j d u+lq[
i,l{l�h0jq[�o{[]u+l{[�jqiAo d ZC[�l f �rj e ikh d lq\n[]l�g0h
Q v!Q iKQKi�w�irlml|�3¢kj{�%irj�iru!ZC[�lto{VkX e VkXYXY[]jtirlml�h0jq[�o{[]u+lq[]j�iko d
e irh d lq\n[]l
o{VkX^jq¢kj d u+�!�kZ0Z0iAZ��%ik\n\n� e Vku+lqj{VA\n\�oml{�KZ d []u e VkXYXY[]j|i,l{ltw�ikjqi []uJVAX³w,�rv 'm�rX@�3¢kj{l|XY[�ZJZC[�l|lqjqiAZ d l d Vku0[�\n\�i0Q

��� � ��� 	 � ��� � � � � 	 �
	�� � � � � 	�� ��  ���
��� � � � �
¬/¢kj�irlmltlq[�omlqi f ®)h<Vrl{[#om[�u

H0 : β = β0

�3¢kj
β = {β1, . . . , βp}

′ g0£Ku0u!o�ZC[]l	[�l{l	iru+l�ir\-VA\ dSe iYl{[#o�lq[]j�irlmltl�i
l d \S\ Q)��[	l{[#o�lq[]j�omVAX±hKj{[#om[�uAlq[]j�iko f �kj�g+�)®)vkvk[�j¡hK³irlmlªo�l�i,l d oml dSe VkjquKi`�kj'iko{®)XYhCl{Vkl d o e l

χ2 �/�3¢kj�ZC[]\�ikZC[�X@[#Z
p

�3j dSf []lqo{vkj�ikZC[�j��KuKZC[]j
H0

Q
�+l�i,l d oml dSe VkjquKi³�3¢kjtZC[#o{oqi³l{[�oml{[�j��rj 0

�0}�Vkjq[���l{[#o�l 0
χ2

SC = (U(β0))
′I(β0)

−1
U(β0)c-dSe [�\ dSf V)VCZ � i,l d Vr��l{[#o�l 0

χ2
LR = 2{logL(β̂) − logL(β0)}� ik\SZ0o�� o�l{[�oml 0

χ2
W = (β̂ − β0)

′I(β̂)(β̂ − β0)
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	  �������� �  ��� � �������  � �!�
¬/¢kj¡i,l{l e �0uKuKit�3¢Aj{\ d lqiao d v	h!	ZC[�jq[�o{�0\ l�i,l¡omVAX�XFiru f irj/�%,l{l/�3j�irX�w d Z`lq[�oml¡i�w_VA\ dSe i e V,w�ikj d i,lq[]j�o d u+wA[]j e iru
hK�XYV)Z0[]\S\n[�u-g�o{NXYAo�lq[ XFiku �0uKZ0[]j�om¢ e i f �0j	w,�k\/XYVCZC[�\n\�iru+lqikvAikuKZC[]u!i��rja�0h0hC�3®)\S\SZKi0Q-¬/¢kjsT'V�WIX@VCZC[�\n\
�rj|ZC[]l�g0o{VkX^oqirvklqo�l d Z d v+irjq[kgCiru+l�irvAikuKZC[]l'VkX hKj{VAh!VAjml d VAu0[]\S\!j d o e o{VkX XFkoml{[a�0uKZ0[]j�om¢ e iAo]Q 1	X^XFiru d u+lq[
wk[]l f �0j e V,w,irj d irl{[]jquKi e iruYl��ru e iko��![]l{[ao d v³�rj�ZC[�lª��wk[�uYi�w d uAlqj{[#o{o{[ti,l{l'�0u!ZC[]j�om¢ e i`ZC[]j�iko �3VkjqXpg+ZCwCo]QAVkX
ZC[`�<¢kjªlqjqikuKo��3VAj{XY[�jqiAo�[�\n\S[]j d u+l{[kQ

����� � ����������  ��� ���������� ���!�
1	X XFiru�o{[]jtl d \S\¡ZC[

m
oml	\SV e ir\�iYXFirj{l d u0vAik\n[�j{uKi

Mi = Ni − Ai
�3¢Aj_T'V�WJXYV)Z0[]\S\�XY[�Z�£0W0i e V,w,ikj d i,lq[]j

�3¢kj d } e []� d uC�3VAj{XFi,l d w+l f ¢kvA[]j�}�[�uKom�Kj{[�jqirl�Z0irlqirXFirl{[]j d ir\�o{Y�kj

Ai(t) =

∫ t

0

I(Ti ≥ u, Ui ≥ u) exp{β′
Zi}λ0(u)du.

c rl
Λ(t)

�<[�l{[#} e uKi�ZC[�u e �KX³�0\�i,l d w,i d u+l{[]u!o d l{[]lqom�3�0u e l d Vku0[�u VC} f
Λ0(t)

�<[�lq[�} e uKi�Z0[]u e �0X �0\Sirl d w,i
�KiAom[�\ d u0[ d u+l{[�uKo d l{[]lqom�3�0u e l d VkuK[]u-Q 	�� e iku�XFikupo e j d w,i

Ai(t) =

∫ t

0

I(Ti ≥ u, Ui ≥ u) exp{β′
Zi}dΛ0(u).

	t�Io e i w d l�iYVAoqo'[�upl d lml�hKY©�jq[�o{\nV "`� o�[#o�l d XFirl{Vkj

Λ̂0(t) =

∫ t

0

∑m
j=1 dNj(u)

∑m
k=1 Yk(u) exp{β̂

′
Zk}

¬/¢kjª[]u f �kj{\S[�Z0u d uKvYi�w�©�jq[�o{\nV "`� o�[�oml d XFi,l{VAjto{ f �ku+w d o{iAo'l d \n\�l#Q []W�QK¬/\n[�X d u0vFVC} f 	�irjqj d u0vkl{VAu".��40 Q
©�j{[#om\SV "`� o�[#o�l d XFi,lqVkjª�%kjª�3¢k\ 'miruKZC[_�Cl�om[�[]uKZ0[_�3¢kj d } e [�� d uC�3VkjqXFi,l d w+l f ¢kvk[�jq}][]uKo{�0jq[]j�ikZC[	Z0i,l�i

Λ̂0(t) =

∫ t

0

∑m
j=1 dNj(u)

∑m
k=1 I(Tk ≥ u, Uk ≥ u) exp{β̂

′
Zk}

=

m
∑

j=1

∫ t

0

1
∑m

k=1 I(Tk ≥ u, Uk ≥ u) exp{β̂
′
Zk}

dNj(u)

XY[]up[���lq[]j�omVAX ir\S\Si
Nj(u)

�kj f ¢kvA[]j e Vku+l d u)�0[�j{\ d v+is� ) R	hKj{VC}�[#o{o{[]j|oqY�rj

∫ t

0

fj(u)dNj(u) = fj(uj)∆Nj(uj)
VkX

uj ∈ [0, t]
VC} f �Firu0uKikjqo�Q

uj
XYVrl�omw,irj�irj f �kj f Vkh0h0l d ZC[]up�3¢kj|hKj{VC}�[#o{o{[]u

Nj
VC} f

∆Nj(uj) = Nj(uj) − Nj(uj−) = 1
Q

	t�p�3¢A\ '�[�jti,lml

Λ̂0(t) =
∑

uj≤t

1
∑m

k=1 I(Tk ≥ uj , Uk ≥ uj) exp{β̂
′
Zk}

=
∑

uj≤t

1
∑

k∈Rj
exp{β̂

′
Zk}

1	X^XFirupu)�Iom[�jªl d \n\

dΛ̂0(t) =

∑m
j=1 dNj(t)

∑m
k=1 I(Tk ≥ t, Uk ≥ t) exp{β̂

′
Zk}



� ��ª����� � � � 	 ��� � R �

oq e iruJXFirupu)�Io�l��r\S\Si@�0h0h

M̂i(t) = Ni(t) −

∫ t

0

I(Ti ≥ u, Ui ≥ u) exp{β̂
′
Zi}dΛ̂0(u)

= Ni(t) −

∫ t

0

I(Ti ≥ u, Ui ≥ u) exp{β̂
′
Zi}

∑m
j=1 dNj(u)

∑m
k=1 I(Tk ≥ u, Uk ≥ u) exp{β̂

′
Zk}

= Ni(t) −

m
∑

j=1

∫ t

0

I(Ti ≥ u, Ui ≥ u) exp{β̂
′
Zi}

∑m
k=1 I(Tk ≥ u, Uk ≥ u) exp{β̂

′
Zk}

dNj(u)

VC} f h!@oqirXYXFiYo{�rlmlto{VkX^V,w,iru e VAXYX@[�j d u+l{[�vkj�ir\S[]uJi,l{l e �0uKuKiFo e j d w,iAo'VAXJgCw d \ e [�ltvA[]j

M̂i(t) = Ni(t) −
∑

uj≤t

I(Ti ≥ uj , Ui ≥ uj)
∑m

k=1 I(Tk ≥ uj , Uk ≥ uj) exp{β̂
′
Zk}

exp{β̂
′
Zi}

= {I(Ti ≥ uj , Ui ≥ uj) = 0
�3¢kjtik\n\�i

0 ≤ ui ≤ uj ≤ t
ZK�rj

ui
�rj f VAh0hCl d ZC[�up�3¢kj

Ni}

= Ni(t) −
∑

uj≤ui≤t

1
∑

k∈Rj
exp{β̂

′
Zk}

exp{β̂
′
Zi}

z/iru e []u��kj|u)�Jirlml|�0uKZ0[]j�om¢ e i
M̂i

ZK
t → ∞

Q
> *AE9�/�3��� �!� 0C��irj{l d u0v+ir\Sj{[#o d ZC�Kik\n[�j��3¢Ajª£0W0i e V,w,irj d irl{[]j

M̂i = Ni(∞) −

∫ ∞

0

Yi(u) exp{β̂
′
Zi}dΛ̂0(u).

¬/¢kj d } e [�� d uC�3VkjqXFi,l d w+l f ¢kvk[�jq}][]uKo{�0jq[]j�ikZC[aZ0i,l�i �%ko|Z0Yi,l{l

M̂i = δi − Λ̂0(ti) exp{β̂
′
Zi} = δi − ri

Z0�kj
δi =

�	VAX d uKZ d w d Z d �kj }�[]u!om�0jq[]j�ikZ³VC} f R|iku0uKirj�o�Q
ti

XYVrlqo{w,irj�irj f �rj9l d Z0[]u�Z0 d uKZ d w d Z d �0hKh0\n[�wk[�j
f �kuKZC[]\�o{[]u�[�\n\S[]j�}�[]u!om�0jq[]j�iko�Q 	�� e iru�XFiku�om[	hKs�0hKh<ZC[�\nu d u0vA[]u

M̂i = δi − ri
o{VkX irlml

δi
XYVklqo{w�ikjqikj�ZC[]l

Vk�!om[�j{wA[]j�ikZC[|iru+l�ir\S[�l �%ik\n\<VC} f
ri

XYVrlqo{w,irj�irj�Z0[t�3¢kjqw,�ru+lqiAZC[�i�w X@VCZC[�\n\S[]u
Q)�	[
m

oml
M̂i

e VkXYXY[]j���wk[�u f i
ZC[�up[�vk[�uKo e ikh![�upirlmltZC[so{�0XYX@[�jqikj�l d \n\-uKVk\S\ Q

�	[�l_£KuKipXY[�Z XFirj{l d u0vAik\njq[�o d Z0�Kir\S[]jquKi��kj_irlml`XFiru e iru �0uKZC[�jqo{¢ e i e V,w,irj d irl{[�jqoª�3�Ku e l d Vku0[�\n\�i��3VkjqXpQ
�I[#ZY[]u e V,w,ikj d i,l

Zi
0 o �3�0u e l d VkuK[]\S\Si_�3VAj{XJgrXY[�uKiko Z0[�oqo �<[�l{[�[]uKZ0[kgAo{VkX±[]wA[]u+l{�K[]\S\ l¡�3¢A\ '�[�j�uKkvkVku@�3�0u e l d VAu

i�wsl�®)h<[]u
Z2

i

g
log Zi

VAo{w<Q 1	X XFiruF�0l{vAkj¡�3j�ru�i,l{l�XFiruFwA[�l'ZC[�uY�3�0u e l d VkuK[]\S\Si_�3VAj{XY[�u f VAo e V,w,irj d irl{[]jquKi
Z
∗ VC} f�f ikj|XYVrlqo{w,irj�iruKZ0[ e V+[���} d []u+l{[�j

β∗ oq e iku�XFikupvA¢kj�is�3¢A\ 'mikuKZC[_�0h0h!o�l��r\S\nu d u0v

Λ(t | Z∗, Zi) = Λ0(t) exp{β∗′
Z

∗
} exp{g(Zi)}

. ��lq[]j�omVAX
M̂i

e VAXYX@[�j irlml w,ikjqi�}][]u+l{jq[]j�ikZ e j d uKv�u0Vk\S\�iru��3¢kjYZC[�u e VAj{jq[ e lqiJXYVCZC[�\n\S[]u-g/w d \ e []l@ZC[�u
iru+l�ikoYw,irj�i �3¢kj

Z
∗ g'o{ e VAXYX@[�jF[]uHi�w)w dne []\�om[Ji,l{lNiru+l�®CZ0i�ZC[]u �3�0u e l d VAu0[]\S\Si �3VAj{XY[�u

g
f VAoFZC[�u"u+®+i

e V,w,ikj d i,lq[]u
Zi

Q

����� � � � �   ��� 	 � 	 ����� 	 �� ��� � � � 	�� � ���!� � � ��� � � 	 ������
¬/¢kjªi,l{l'�0uKZ0[]j�om¢ e i³iru+lqikvAiru!ZC[�l�VAX h0jqVkh<Vkj{l d Vku0[�\n\!j d o e@e VAXYX@[�j�w d i,l{l�iru)w,�ru!Z0is[�u�vkj�i,£!o e X@[]l{VCZNo{VkX
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Ŝ0(t) = exp{−Λ̂0(t)}

oq³v+rj|XFirupw d i
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Andersenplot, konstanta vikter, grundpopulation = 3000
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Andersenplot, exponentiellt avtagande vikter, grundpopulation = 3000
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