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Abstract

What can we do in order to reduce our long-term costs if we are a policy-
holder of an insurance? This is the problem this paper is about. One
concept is that we could choose to pay a possible damage ourselves in or-
der to prevent a future increase of the premium. This concept extends
with a way to determine an optimal excess. We balance here the lower
premium with the undertaking of paying a part of a possible damage our-
selves. Finally we examine if we would win anything by investing in any
damage preventive measures. Now we balance the advantages with a lower
premium and lower risk for damages with the actual costs of the measures.
A conclusion that could be drawn from this paper is that for at least some
insurances the costs for a policy-holder could be reduced quite much if
good choices are made.
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Preface

This is my Master’s thesis in mathematical statistics at Stockholm Uni-
versity. The problem this paper deals with is which choices policy-holders
should make in order to reduce their long-term costs. This paper should
be useful for people and companies that have an insurance. However, in-
surance companies could use this paper as well when they are going to
determine premiums. Perhaps this paper also could be used in similar ar-
eas if some changes are made. The theory used in this paper is how to
control a Markov process by making optimal choices. There are no theo-
rems and proofs in this paper. However if one realizes that the methods
in this paper are the same as in a book that describes the theory more
carefully there should be no question about if the results from this paper
are correct.

How should this paper be read? I think that one should first understand
chapter 2 in order to be familiar with the problem and the theory. Chap-
ter 3 should then be understood before going into the latter chapters. The
chapters in this paper are very similar to each other and once one has
understood the concept used it should not be too difficult to understand
this paper. However, the latter chapters could be quite messy but the
concept is still the same. The strategy in this paper should be possible
to understand from the figures. If the mathematical formulas are hard to
understand the results from the examples should hopefully be understood
anyway. The assumed values in these examples may be a little unrealistic.

Why did I choose to write about this? The reason is that my supervisor
recommended this theory and I wanted to write about something related
to insurance. After some time I figured out the problem in this paper.
The article mentioned in the reference list that my supervisor has written
have been very useful for me. I would like to thank my supervisor Anders
Martin-Lof for these things and for encouraging me to write about this.
I would also like to thank Monica Béfverfeldt for her valuable comments
and for helping me with IATEX-related problems.

Michael Nilsson

m99mni@Qmath.su.se
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Chapter 1

Introduction

A problem that there has been written a lot about is how an insurance company
should determine premiums for insurances. This is not the main reason for this paper
even if it could be useful for that purpose as well. The main purpose of this paper
is to examine what a policy-holder of an insurance can do in order to try to reduce
the long-term costs. This problem has not been written about to the same extent.
The concept is that we want to prevent future increases of the premium and instead
reduce them. In order to do this we deal with issues like, when to claim a damage,
what excess to have and which damage preventive measures to have. This should be
reasonable problems to analyze. However the immediate costs of some of these actions
might be too large and then it won’t be profitable, not even in the long run.

We can see the problem as a Markov decision process which uses the theory of dynamic
programming. We here control a Markov process by choosing optimal choices during
time. We will start by giving a short summary of what a Markov decision process is
in next chapter. This chapter is sort of a survey while the rest of this paper examines
these things more carefully.
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Chapter 2

Markov Decision Processes

A Markov decision process is a Markov process that we can influence by different
decisions in frequent “decision epochs”. Assume that we have a Markov process with
transition probabilities given by P(3, j), that means that the probability for a transition
from state i to state j is given by P(i,7) where 4,5 = 1,2,..., N. Also assume that a
transition from state ¢ to state j has a certain cost given by C(i, j). The last assumption
is that we can influence the transition probabilities and the transition costs through
a control variable u. Il.e. the transition probabilities are P(i,j|u) instead and the
transition costs are C(i,j|u) when we are choosing the control u in state ¢, where
u(i) € D(u(i)). D(u(i)) is not necessarily the same for every i.

What can be done in order to minimize the costs for a long period of time? In this
chapter we intend to minimize the total expected discounted cost during both a finite
and an infinite time horizon by choosing an optimal u(7) in every decision epoch. The
discount factor is given by r. We begin with the finite case.

2.1 Finite time-horizon

Let V,,(i) be the total expected discounted cost in n stages if an optimal policy is
followed and our present state is i. In other words V(i) is the expected present value
of all costs during the next n stages. An optimal policy means that in every decision
epoch we choose the control u that minimize the remaining expected discounted cost.
How do we determine V,(i)?7 We use the simple principle that the total cost is the
sum of the immediate cost and future costs. Hence we must balance the the wish for
low immediate cost with increased future costs. With this principle in mind V,,(¢) can
be determined from

N N
V(i) = min | Y P(i, jlu) - O, jlu) + 1Y P(i, jlu) - Va-1()) (2.1)
j=1 j=1
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The first part of the right side of (2.1) is the expected immediate cost and the second
part is the expected future costs. Equation (2.1) is sometimes called the equation of
dynamic programming. Assume that V(i) are given V ¢. In many cases Vj(i)=0. Now
we can determine V,,(7) from (2.1) by iteration.

Example 1

This example is sort of a survey of this paper but has some obvious limitations. Com-
pare with section 6.2.

Imagine that we have a factory and for that factory we have an insurance against
fire, burglary and similar things. The insurance has three bonus classes with different
premiums. Let the state be given by (k,z). Here k is the bonus class during a year
and x is the cost of the damages during the same year. We assume that there are only
three possible amount of damages x1, x2 and x3. The insurance company has told
us that we can reduce our premium cost if we use some damage preventive measures.
These measures affect the probabilities for damages and hence also the transition prob-
abilities. We can also choose to pay the damages on our own so that we don’t loose
bonus and prevent an increase of the premium. The control variable u is thus given
by u = (u,ug) where in this example

up = (1(if measure 1 is used next year), 1(if measure 2 is used next year))

Here measure 1 is a fire alarm and measure 2 is a watchman. For example if we choose
to use a firealarm but no watchman next year then u; = (1,0).

ug = 1(if we pay the damage we had last year on our own)

So if we claim a damage uy = 0. The changes of bonus classes are given by

a(k,1) if up =0and x =2
kE— < a(k,2) ifus =0and z = x4
a(k,3) if up =0 and x = z3

Thus a(k, j) is the bonus class we will come to if we were in bonus class k and claim
the damage x;. In this example we have

a’(k7]) =

(NI
W W N
W W W

On the other hand
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k — b(k) ifup=1Va

Thus b(k) is the bonus class we will come to if we are in bonus class k and pay the
damage on our own. Then naturally

k) =(1 1 2)

The probability for having the damage x; when we have damage preventive measures
given by u; is denoted pj(ui;) = P(X = xj|u;) . Keep in mind that we know which
bonus class we will come to in the end of the year when we have observed X. Thus if
we claim a damage the transition probabilities are given by

P((k7xi)7 (l7xj)‘u = (ulvo)) =

pl(ul) pz(ul) pB(Ul) 0 0 0 0 0 0
0 0 0 pi(u1) p2(u1) ps(uwr) 0 0 0
0 0 0 0 0 0 P1 (’U,l) pg(ul) p3(u1)
P1 (ul) pg(ul) pg(ul) 0 0 0 0 0 0
0 0 0 0 0 0 p1(u1) pa(ur) ps(ur)
0 0 0 0 0 0 p1(u1) pa(ur) ps(ur)
0 0 0 pi(u1) p2(u1) ps(ur) 0 0 0
0 0 0 0 0 0 P1 (’U,l) pg(ul) p3(u1)
0 0 0 0 0 0 P1 (’U,l) pg(ul) p3(u1)
and if we pay the damage on our own
P((kvmi)v (l7xj)‘u = (U’l? 1)) =
pi(ur) pa(ur) ps(u) O 0 0 000
pi(ur) p2(ur) ps(u) O 0 0 000
pi(u1) p2(u1) ps(wa) 0 0 0 000
pi(u1) p2(u1) ps(wa) 0 0 0 000
pi(u1) p2(u1) ps(wa) 0 0 0 000
pi(u1) p2(ur) ps(u) O 0 0 000
0 0 0 pi(u1) p2(u1) pa(ur) 0 0 O
0 0 0 pi(u1) p2(u1) pa(ur) 0 0 O
0 0 0 pi(ur) p2(ur) ps(ur) 0 0 O
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The corresponding transition costs are

C((kwri)v (l?xj)|u = (Ul,O)) =

c(l,u1) e(l,ur) c(1,ur) 0 0 0 0 0 0
0 0 0 c(2,u1)  c(2,u1) e(2,u1) 0 0 0
0 0 0 0 0 0 c(3,u1) c(3,u1) c¢(3,u1)
c(l,ur) e(l,ur) e(l,u1) 0 0 0 0 0 0
0 0 0 0 0 0 c(3,u1) c(3,u1) c¢(3,u1)
0 0 0 0 0 0 c(3,u1) c(3,u1) c(3,u1)
0 0 0 c(2,u1)  c(2,u1)  e(2,u1) 0 0 0
0 0 0 0 0 0 c(3,u1) c(3,u1) c(3,u1)
0 0 0 0 0 0 c(3,u1) c(3,u1) c¢(3,u1)
and
C((k, i), (I zj)|u = (u1,1)) =
c(Liur)+x1 c(lur)+z1 e(l,ur) +x1 0 0 0 0 0 O
c(l,ur) +x2  c(l,ur) +x2  c(1,u1) + a2 0 0 0 0 0 O
c(Lyur) +x3 c(l,ur) +z3 c(l,ur) +xz3 0 0 0 0 0 O
c(l,ur) +x1 c(l,ur)+x1  c(1,u1) +x1 0 0 0 0 0 O
c(l,ur) +x2  c(l,ur) +x2 c(1,u1) + a2 0 0 0 0 0 O
c(Lyur) +x3 c(lur) +z3 c(l,u1) +x3 0 0 0 0 0 O
0 0 0 c(2,u1) +z1 c2,ur)+z1 c(2,ur)+21 0 0 O
0 0 0 c(2,u1) +x2 c(2,ur)+z2 c(2,ur)+z2 0 0 O
0 0 0 c(2,u1) +z3 c(2,ur)+x3 c(2,ur)+x3 0 0 O

c(k,u1) = p(k,u1) + c(uy) where p(k,u) is the premium cost for bonus class k when
we are using measures given by wuj. c(uy) is the cost for using the measures given by

ui.

We assume the following values:

p((0,0) = 068 m((0,0) = 021 ps((0,0) = 011
pi((0,1)) = 082 pa((0,1)) = 014 p3((0,1)) = 0.04
p((L0) = 075 p((L0) = 007  ps((10)) = 008
p((1,1)) = 086  po((1,1)) = 011 p3((1,1)) = 0.03
p(1,(0,0)) = 6 p(2,(0,0)) = 10 p(3,(0,0)) = 14
p(1,(0,1) = 4 p2,(0,1) = 6  p@3,(01) = 8
p(1,(1,0)) = 5 p(2,(1,0)) = 8 p(3,(1,0)) = 11
p(1,(LY)) = 3  p21L1) = 5 pB,(11)) = 7
c((0,0)) = 0 ¢((0,1)) = 55 ¢((1,0) = 25 ¢(1,1) = 8
r1r = 0 o = 10 r3 = 60
r = 09

We make the following notations for the
more clear.

control variable u in order to make things
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((0,0),0) = 0
(0,0,1) = 1
((0,1),0) = 2
(0,1),1) = 3
((170)a0) = 4
((1,0),1) =5
((171)a0) = 6
(L,1),1) =7

The optimal choises and corresponding values for V' for different horizons and states
are then:

u
state (Ix1) (Ix2) (1,x3) (2x1) (2,x2) (2,x3) (3,x1) (3,x2) (3,x3)
n= 0 0 2 0 2 2 0 2 2
n = 0 4 2 0 2 2 4 2 2
n= 0 4 2 0 1 2 4 2 2
n = 100 0 4 2 0 1 2 4 2 2
n = 1000 0 4 2 0 1 2 4 2 2
V
state (1,X1) (1,X2) (1,X3) (2,X1) (2,X2) (2,X3) (3,X1) (3,X2) (3,X3)
n = 5.30 10.00 12.20 5.30 12.20 12.20 10.00 12.20 12.20

n=2 11.79 16.51 21.60 11.79 21.60 21.60 16.51 21.60 21.60
n=23 1795 23.08 2797 1795 2795 2797 23.08 2797 2797
n =100 | 74.59 79.67 84.83 7459 84.59 84.83 79.67 84.83 84.83
n=1000 | 74.59 79.67 84.83 74.59 84.59 84.83 79.67 84.83 84.83

So if we are in state (2,x2) we should choose no measures but pay the damage of 10
on our own if n > 3. V,, will then be about 84.59 for large n.

2.2 Infinite time-horizon

In the case with an infinite horizon we let V(i) be the total expected discounted cost
for an infinite time period if an optimal policy is followed and our present state is i.
V(4) will be determined from the uniqge solution of

N
Z i,7|u) - C(i, jlu) +TZP i, 7|u) - V(j) (2.2)

j=1 7=1

To find the solution of (2.2) we must follow the algorithm given below.
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1. Choose initial guesses ug(i), (k = 0), for the control u V i.
2. Determine the corresponding Vi (i) from (2.2) by letting u = (7).

3. An improved control v = ug41(7) can now be obtained by choosing the u V ¢ for
which

N
Z (1, 7|u) - C (3, jlu) +rZPZJ]u) Vie(9)

Jj=1 7=1
is obtained.

4. We must make step 2-3 again until we have found the optimal control u(i) which
we have done when Vi (7) has stopped decreasing V i.

Example 1 (continued)

With this method the results are:

state (l,Xl) (1,X2) (1,X3) (2,X1) (2,X2) (2,X3) (3,X1) (3,X2) (3,X3)
U 0 4 2 0 1 2 4 2 2
V 74.59  79.67 84.83 74.59 8459 84.83 79.67 8483 84.83

We see that this is exactly what we get when we have a long horizon in the finite case.



Chapter 3

A method to find the optimal
claim-decision

The example from the last chapter can have more bonus classes and more possible
damages but then things would be very unclear. We will now analyze things in an-
other way. This chapter describes many of the things that will be used in the rest of
this paper and should be read carefully.

Imagine that we are a policy holder of an insurance with a bonus system. It means
that the premium cost depends on which bonus class we belong to. The bonus classes
are k = 1,2,..., K with a premium of C'(k) per year in bonus class k. However it’s
not necessary to see them as bonus classes. They could also be seen as different levels
of the premium cost, which in practice is the same thing. The damage X for a year is
the sum of all damages during the year and is supposed to be independent of damages
from other years. The distribution of X is given below, where F'(z) is assumed to be
a distribution of a continuous stochastistic variable.

F¥(z)=P(X <2)=PX <z |X=0PX=0+PX<z|X>0PX>0)=
=po+ (1 = po) F(x)

In this chapter we consider the following transitions for the bonus classes. The tran-
sitions occur at the beginning of every year. If a claim is made the change of a bonus
class k is

k — ag vV x

where z is the cost of the damage. If a claim is not made, i.e. we pay the damage
ourself, the change of a bonus class k is
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kb, Yz

Of course by should be less than a; when a small value of £ means a more desirable
bonus class than a high value of k. We assume that ay, by, K and C(k) are known,
otherwise we have to make guesses about them. Hopefully the following analysis could
give us some useful information anyway. The parameter py and the distribution F'(x)
are not known so they must be estimated.

As mentioned before this paper is about a strategy for minimizing the costs for a
policy holder of an insurance. In this chapter we can influence these costs through
the controlvariable u that could be chosen to a or b. The choice © = a means that we
claim the damage from a year which is a known amount. The choice u = b means that
we pay the damage on our own. These decisions are made at the end of every year.
Let (k,z) be the state of the Markov decision process, where k is the bonus class we
belonged to during a year and «x is the amount of damages during the same year. The
transition probabilities are accordingly:

P[(k,z) — (uk,y)] = F*(dy)

where

ar Hu=a
U =
bk ifu==%

We can now start to develop the strategy.

3.1 Infinite time-horizon

The following section is mainly what is described in the article by Anders Martin-Lof,
[2]. Let V(k,x) be the total expected discounted costs in state (k,z) during an infinite
time horizon with discount factor r under the optimal policy. V(k,z) can be deter-
mined from

(k) = min | Cups) + 7 (po- Vi 0) + (1= o) [~ Vi, y)F(an)) |

where the immediate cost C(ug,x) is

clay) ifu=a

C(ug,z) = C(k,z|u) = { c(bp) +z ifu=0b
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Here c(k) is the premium cost for bonus class k. After some consideration we realize
that the control variable u has the following form:

V(k,z) will look like figure 3.1. The line v(k) corresponds to claiming a damage and
the line w(k) — x(k) + = corresponds to paying the damage on our own. The thick
parts correspond to the optimal choice. z(k) is the x-value when it doesn’t matter if
we choose u = a or u = b. That is when V (k, z) has the same value for the two choices.
From figure 3.1 we see that when we have found the optimal values then w(k) = v(k).
The problem is thus to determine the optimal values for z(k) and v(k).

V(K,x)
10~

V) B - ————————— -

4l
3l
w(k) - x(K)

2L

1k

0 I I I I I I I I I I

Figure 3.1: V(k,z) for a fix k.
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‘We now know that

C(bk) + 2 +7(po - VB, 0) + (1= po) J5= V (bi ) F(dy))
if © < x(k)

Vik,z) = (3.1)
Clar) +7(po - V(ar,0) + (1 = po) J5° V(ar, y) F(dy))

if x > x(k)

We see from figure 3.1 that V' (k, z) is of the form

V(k,z) = min[w(k) — z(k) + x; v(k)] (3.2)
| w(k) —x(k) +z ifx <ax(k)
Vik,e) = { w(k) it 2 > (k) (3:3)

for suitable choices of w(k) and v(k). This gives us the following expression for V' (k,0)
and J¢°V (b, ) F(dy).

Jo2 Ve, y)F(dy) = J5 (w(k) — x(k) +y) F(dy) + [25 v(k)F(dy) =
= (w(k) — 2(k)) F(z(k)) + 2(k)F(x(k)) — G(z(k)) +vo(k)(1 — F(z(k))) =

= w(k)F(z(k)) — G(z(k)) +o(k)(1 - F(z(k))) := E(k)
where G(z) = [ F(y)dy
We have from (3.1) and (3.3) that
w(k) = C(bg)+ (k) +r(po- N(bg) + (1= po) - B(b)

o(k) = Clar)+7r(po- Nlag) +7 - (1—po) - Blax) (34)

In order to find the optimal policy we should go on like this.

1. Choose initial guesses z;(k), (j = 0), for z(k) V k.

2. Determine the corresponding w;(k) and v;(k) for w(k) and v(k) from (3.4). This
will be a system of equations.
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3. Determine the updated z(k) from
2y1(k) = 25 (K) + 03 (8) — w; (). (3.5)
The index j stands for the j-th iteration. (3.5) follows from (3.2).
4. Repete 2-3 until z(k) has converged V k.

It could be interesting to compare this strategy with one where we always claim a
damage (except when the damage is zero). In that case just put z(k) = 0 V k and
solve (3.4).

Example 2

Consider a factory with insurance against damages. Assume that there are 10 bonus-
classes. F'(x) is assumed to have a Pareto-distribution with parameters o = 60 and
v =5, pg is assumed to be 0.9. The expected value for the damage is then 0.1-15 = 1.5.
The discount factor is set to 0.9. Finally is this assumed:

k 1 2 3 4 ) 6 7 8 9 10
a, |2 3 4 ) 6 7 8 9 10 10
by, 1 1 2 3 4 5 6 7 8 9
Ck)y|j1 1 12 12 15 15 2 2 3 3

The results are with these values:

k 1 2 3 4 ) 6 7 8 9 10
xz(k) | 0.021 0.259 0478 0.780 1.063 1.530 1.979 2.891 3.504 1.586
v(k) | 10.04 10.28 10.52 11.06 11.58 12.59 13.56 1548 17.06 17.06

So if we have a damage of 1 during a year when we belong to bonus class 8 we should
pay the damage on our own since 1 < 2.89 and V' (8,1) = 15.48 — 2.89 + 1 = 13.59.

If we always claim a damage then we get these results:

k 1 2 3 4 ) 6 7 8 9 10
w(k) | 10.02 10.02 10.28 10.52 11.07 11.60 12.02 13.63 15.58 17.06
v(k) | 10.04 10.28 10.52 11.07 11.60 12.62 13.63 1558 17.17 17.17

Here the corresponding value is V'(8,1) = 15.58. We see that the difference is not so
big but that is mainly because pg is quite large.
3.2 Finite time-horizon

This section is very similar to the previous one and therefore mostly the corresponding
formulas for the finite case will be given. Let V,,(k, z) be the total expected cost in n
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periods with discount factor r under the optimal policy.

Valh) = o [Clu) + 7 (50 Vs (es0)+ (0= p0) [ Vs (s ) PG )|

where

Vo(k,z) =0

Vi (k, ) will look like figure 3.2 precisely as earlier and the control variable u has the
following form.

b itz <an(k)
R if x > xp(k)

Hence
C(bk) + 2+ 7(po - Vao1(be, 0) + (1= po) J5 Vo1 (bg, y) F(dy))
if & <z (k)
Vi, o) = (3.6)
Clar) +7(po - Vae1(ak, 0) + (1 = po) J§° Va1 (a, y) F(dy) )
if & >, x(k)

Vo (k,z) is of the form
Vi (k, ) = min[w, (k) — z, (k) + x50, (k)]

or

wp(k) —xp(k) + 2 if z < ax,(k)

vn (k) if & > xp(k) (3.7)

Vi(k,0) and [5° V;,(k,y)F(dy) are then

Vo (k,0) = wp (k) — zpn(k) := Np(k)

Jo~ Va(k, y) F(dy) = wn (k) F (20 (k) — G(zn(k)) + vn(k)(1 = F(zn (k) := En(k)
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V. (k)
10

9r -

8r -

AT S

al
3l
w (k) = x (K)

2k

1k

0 1 1 1 1 1 1 1 1 1 1

Figure 3.2: V,,(k,x) for fix k and n.

We have from (3.6) and (3.7) that

wa(k) = Clbr) + 2 (k) +7(po - Nur(br) + (1= po) - Enoa(by))

on(k) = Clag)+7(po- Na-1(ar) + (1= po) - En-1(a)) (38)

In order to find the optimal policy if our present state is (k*, 2*) and the time horizon
is n* we should go on like this.

1. Do 2-5 fori=1,2,....,n" — 1.
2. Choose initial guesses x;; (k), (j = 0), for z;(k) V k.

3. Determine the corresponding w;, (k) and v;, (k) for w;(k) and v;(k) from (3.8)

W

. Determine the updated z;(k) from

Lijpr = L (k) + Vi (k) — wij(k)-

ot

. Repete 3-4 until z;(k) has converged V k.
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6. Do 2-5 for ¢ = n* but only for k = k*.

If we always claim a damage then put z;(k) = 0V k,i and make for i =1,2,....,n* — 1
step 3 above V k but for ¢ = n* only for k = k*.

Example 2 (continued)

The results are in this case for different n* :

k 1 2 3 4 ) 6 7 8 9 10
z1(k) | 0.000 0.200 0.200 0.300 0.300 0.500 0.500 1.000 1.000 0.000
vi(k) | 1.000 1.200 1.200 1.500 1.500 2.000 2.000 3.000 3.000 3.000
xo(k) | 0.018 0.218 0.389 0.489 0.587 0.787 0.992 1.492 1.814 0.814
va(k) | 1.918 2.118 2.307 2.607 2.894 3.394 3.886 4.886 5.700 5.700
xs(k) |0.021 0.257 0.466 0.754 0.980 1.389 1.685 2.462 2918 1.207
vs(k) | 4120 4.357 4.586 5.111 5.566 6.500 7.251 8.962 10.17 10.17

xo0(k) | 0.021 0.259 0.478 0.780 1.063 1.530 1.979 2.891 3.504 1.586
voo(k) | 8.822 9.060 9.300 9.840 10.36 11.37 12.34 14.26 15.85 15.85

z100(k) | 0.021 0.259 0.478 0.780 1.063 1.530 1.979 2.891 3.504 1.586
vioo(k) | 10.04 10.28 10.52 11.06 11.58 12.59 13.56 15.48 17.06 17.06

We see that we get the same results as in the infinite case when n* is large enough.

Example 3

We will now use another example. This time with a factory that has a greater risk
for damages. The last example didn’t show how useful this strategy can be mainly
because of the high value of py. Let us have the following situation instead. Assume
that there are 6 bonusclasses. F'(z) is assumed to have a Pareto-distribution with pa-
rameters o = 24 and v = 4, pg is assumed to be 0.5. In practice this company probably
would have an excess but for now we assume that the company don’t have that. The
expected value for the damage is then 0.5-8 = 4. The discount factor is set to 0.9. The
transitions between bonus classes and the premium costs for different bonus classes are

k |1 2 3 4 5 6
ax |3 4 5 6 6 6
b |1 1 1 2 3 4
Ckk)|1 25 35 45 55 7

The results are in this case for n* =1 and n* = 100:

k 1 2 3 1 5 6
z1(k) | 2500 3500 4500 4.500 3.500 2.500
vi(k) | 3500 4500 5500 7.000 7.000 7.000
Z100(k) | 3470 6.621 8.642 10.33 9.023 5.872
vioo(k) | 25.46 28.612 30.63 34.48 34.48 34.48
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If we have a damage of 20 during a year when we belong to bonus class 4 we should
claim the damage and Vigo(4,20) = 34.48.

If we always claim a damage then we get the result for n* = 100:

k 1 2 3 4 5 6 |
wio(k) | 3293 32.93 3293 3621 38.02 41.97
vipo(k) | 38.02 41.97 43.79 47.07 47.07 47.07

In this case the corresponding value is Vigo(4,20) = 47.07. We see that this factory
has much to win if they follow the first strategy.
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Chapter 4

A method to find the optimal
claim-decision with thresholds

In the previous chapter it didn’t matter how big the damage was if we made a claim.
A reasonable assumption is that a large damage would result in a less desirable bonus
class than a small damage. We therefore extend the analysis with “thresholds”. For
these thresholds we will come to worse bonus classes if the damage exceeds them. From
now on we will always use a definite time horizon. The reasons for this are that it is
easier to analyze things and because we get the same results when n is large enough
we don’t have to use the infinite horizon.

4.1 One threshold

If a claim is made the change of a bonus class k is

ak1 if z < M (k)
k —
ako if > 2 (k)

This means that if z is greater than the threshold z(1) (k) we will come to the less
favourable bonus class ags. If a claim is not made the change is

k — by Vo

The transition probabilities are given by

Pk, x) — (ux(x),y)] = F*(dy)

where

19
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apy  ifu=a, z <zM(k)
up(z) =< apy  ifu=a, z>zM(k)
by, ifu=0b,Vx

Vi(k,x) can in this case be determined from

Vi(k,x) = mgn {C(uk(m),x) + 1"( Po * Vi—1(ug(x),0) +

H1=p0) [ Viss (o). ) ()]

where
c(akr) fu=a, < x(l)(k:)
Clup(z),z) = clapz) if u=a, z>z0(k)
c(bpy) +x fu=b Yz
and

Vo(k,z) =0

After some consideration we realize that V,,(k, x) will look like figure 4.1. x! (k) is the
first change b — a and 22 (k) is the second change. When the iteration has converged
we have that w) (k) = v} (k), w2 (k) = v2(k) and v2 (k) — 22 (k) = v} (k) — 2L (k).

n

The controlvariable u has the following form:

if z < 2l (k)
if zk (k) <2 < 2W (k)
if z(W(k) <z < 22(k)
if x> 22 (k)

Q@ o o o
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2
R N
sk

4r s

Vi(k) 3 f
W) = xHK) 5

1+

0 i I I 1 I I I I I )

xto  x® (k) X
Figure 4.1: V,,(k, ) with one threshold.

This gives us:

C(bx) + @ +7(po- Vo1 (b, 0) 4+ (1 = po) J5= Vo1 (br, ) F(dy))
if z < a2l (k)

C(ax1) + T(po Va1(ag1,0) + (1 = po) fo° Va1(ari, y)F(dZ/))
if 21 (k) <z < 2W (k)

Vo(k,z) = (4.1)
C(bx) + @ +7(po- Vo1 (b, 0) + (1 = po) J5 Vo1 (br, ) Fdy))
if #M (k) <z < 22(k)
Clakz) + T(po +Va—1(ax2,0) + (1 = po) J5° Va1(ake, ?/)F(dy))
if z > 22(k)

From figure 4.1 we see that
_ min[w} (k) — x} (k) + ;0L (k)] if 2 < 2D (k)
Valk,z) = { minfw? (k) — 22 (k) + z;02 (k)] if 2 > 20 (k) (4.2)
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wk(k) —a(k)+x  if x < 2l(k)
B0 if 2} (k) < @ < 2O (k)
Valk, ) = w2 (k) — 22 (k) +z  if sW(k) <z <22 (k) )
v2 (k) if x> 22 (k)

for suitable w} (k), w2 (k), v} (k) and v2 (k).

n n

If we look at figure 4.1 and move the threshold z(1(k) to the left we will eventually
(when we pass z(k)) have a situation that looks like figure 4.2. Now z(1(k) and

2! (k) have no significance so if we, after determined z1(k), see that 2™ (k) < zL (k)

we introduce a new variable called :cg)(k:) and put ) (k) = 0. We also put x1 (k) = 0.

If we instead move the threshold (M) (k) to the right we will eventually (when we pass
22 (k)) have a situation that looks like figure 4.3. So if (M (k) > x2(k) we now put
22 (k) = M (k). We can now use the following expressions:

Vn(k70) - w}m(k) - x%z(k) = Nn(k)

and

J5° Vil ) F(dy) =
— SO (wd (k) — b (k) + ) F(dy) + [, ol () F(dy)+

L o (k) = 23 (8) + ) P(dy) + [ v (R F(dy) =

— (Wh(k) — 23 () O Fly)dy + [0 yf(y)dy + vb (k) [0 f(y)dy+
(k) = 23 (0) 050 Py + S50 v )y + 3 (8) [ F(w)dy =
= (wh (k) — zb (k) F (2} (k) + zk (k) F () (k) — G(ak(k))+
+ob (k) (F(al) (k) = F(ak(k)) + (w2 (k) — 22 (k) (F(22 (k) - F(zi (k) +
+22 (k) F (23 (k) — 20! () F (21 (k) = G(22 (k) + G (k) + v2 (k) (1 = F(22(k)))

= E, (k)
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V. (k.X)
10

va(k)

viK)

wh(k) = xHK)

x® gy x50 *2(K) X

Figure 4.2: V,,(k,x).

We see from (4.1) and (4.3) that

wh(k) = C(by) + 1(k)+7“(p0 No-1(bk) + (1= po) - En-1 (b))

vp(k) = Clap) (Po Np—1(ak1) +(1_p0)'En—1(ak1)) (4.4)
wi(k) = C(by)+ <k>+r(po Ny-1(bg) + (1 = po) - En-1(b)) |
vn(k) = Claya) (P Ny—1(ag2) + (1 _pO)'En—l(akQ))

In order to find the optimal policy if our present state is (k*,z*) and the horizon is n*
we should go on like this.

1. Do2-5fori=1,2,....,.n* — 1
2. Choose initial guesses ﬂ:ilj (k) and :L‘sz (k), (j =0), for z}(k) and 2?(k) ¥ k.

2 (k), v} (k) and vfj(k‘) for w}(k), w?(k),

3. Determine the corresponding wl-lj (k), w; i 2

&)
v} (k) and vZ(k) from (4.4)

)
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V. (k.x)

AC Ty : B2

ar Ve
1
iR 3

wh) = xHK) 5 /

1+

0 1 1 1 1 1 1 1

’ij+1(k) = xZJ k + v J(k) - w’LJ (k)

(4.5) follows from (4.2).

5. Repete 3-4 until z}(k) and z?(k) have convergated V k.

6. Do 2-5 for i = n* but only for k = k*.

10

If we always want to claim a damage just put z}(k) = 0 and x?(k) = 0 V k,i. Then
make for i = 1,2,...,n* — 1 step 3 above V k but for ¢ = n* only for k = k*. Then we

will get the result.



4.1 One threshold

25

Example 2 (continued)

We use the same values as before but we have to assume some values for a1, ary and

=W (k).
k1 2 3 45 6 7 8 9 10
ag1 |2 3 4 5 6 7 8 9 10 10
age |3 4 5 6 7 8 9 10 10 10
Mk |1 05 15 1 2 15 25 2 0 0

The results are in this case for different n*:

1

2

3

4

5

6

7

8

9

10

S S 8 8

0.000
0.200
1.000
1.200

0.200
0.200
1.200
1.200

0.200
0.500
1.200
1.500

0.300
0.300
1.500
1.500

0.300
0.800
1.500
2.000

0.500
0.500
2.000
2.000

0.500
1.500
2.000
3.000

1.000
2.000
3.000
3.000

1.000
0.000
3.000
3.000

0.000
0.000
3.000
3.000

8 8
IO R RGO S

<

S
>~

0.001
0.225
1.918
2.142

0.225
0.390
2.142
2.307

0.389
0.727
2.307
2.645

0.503
0.752
2.645
2.894

0.587
1.161
2.894
3.468

0.823
1.242
3.468
3.886

0.992
1.992
3.886
4.886

1.419
2.233
4.886
5.700

1.814
1.814
5.700
5.700

0.814
0.814
5.700
5.700

8 8
CTRO T G U1 DN D DN = DN DN DN = = N = = =t N =

<

PRGNS PGS iagAl] PRGN iagsuiay -
S N e | N N e | N N e

R L

<

0.020
0.278
4.183
4.441

0.278
0.522
4.441
4.685

0.502
1.043
4.685
5.226

0.785
1.277
5.226
5.718

1.033
2.000
0.718
6.684

1.458
2.249
6.684
7.475

1.758
3.344
7.475
9.062

2.378
3.567
9.062
10.25

2.776
2.776
10.25
10.25

1.189
1.189
10.25
10.25

SRS IR
l\Dl\D»—lgwl\D»—t

0.025
0.293
9.016
9.285

0.293
0.563
9.285
9.554

0.538
1.143
9.554
10.16

0.874
1.451
10.16
10.74

1.182
2.289
10.74
11.84

1.684
2.707
11.84
12.87

2.130
3.984
12.87
14.72

2.877
4.409
14.72
16.25

3.386
3.386
16.25
16.25

1.532
1.532
16.25
16.25

0.025
0.293
10.27
10.54

0.293
0.563
10.54
10.81

0.538
1.143
10.81
11.41

0.874
1.451
11.41
11.99

1.182
2.289
11.99
13.10

1.684
2.708
13.10
14.12

2.131
3.985
14.12
15.97

2.878
4.410
15.97
17.51

3.386
3.386
17.51
17.51

1.532
1.532
17.51
17.51

We see that the values of V' (k,x) are a bit higher now which is natural.

results are:

For example
Vioo(8,1) = 15.97 — 2.88 + 1 = 14.09. If we always want to claim a damage then the

k 1 2 3 4 ) 6 7 8 9 10
w%oo(k) 10.25 10.25 10.27 10.54 10.82 11.43 12.03 13.16 14.23 16.11
v%oo(k) 10.27 10.54 10.82 11.43 12.03 13.16 14.23 16.11 17.64 17.64
v%oo(k) 10.54 10.82 11.43 12.03 13.16 14.23 16.11 17.64 17.64 17.64

Here Vigp(8,1) = 16.11. We see again that the difference is not so big.
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4.2 Several thresholds

If a claim is made the change of a bonus class k is

kE—ay ifz®DE) <z<z®k), t=1,2,.. T, T +1
where z(0(k) = 0, 2(T*D(k) = 0o and T = number of thresholds .

If x is greater than threshold ¢, z(t)(k), we will come to bonus class ay;41). If a claim
is not made the change is

k — by vV

The transition probabilities are given by
Pl(k,z) = (ur(x),y)] = F*(dy)

where

ape fu=a, zED(k) <z <z®k)
ug(r) = .
by ifu=0b, Ve
Vo (k,z) can be determined from
Vo(kyx) = min [C(uk(m),x) + r( P+ Vi—1(ug(z),0) +
H=p0) [ Vo (unla) ) Fldy)]

where

clap)  ifu=a, 207V (k) <oz <aO(k)

Cluk(z), x) = { cbp) +x fu=0b,Va

and

Volk,a) = 0

We now realize that V,,(k,z) will look like figure 4.4. Here x! (k) stands for the t:th
change b — a. When the iteration has converged we have that w! (k) = vf (k) and

vp (k) — (k) = vt (k) — 237 (k).

n
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el

vi(k) 3 /—
W) - xHK) 5

1+

0 i I I 1 I I 1 I I L

W D (k) @ry Xw X

Figure 4.4: V,,(k,z) with two thresholds (T' = 2).
The controlvariable u has the following form:

— n

b oif 2D (k) < < ot (k)
u =
a if 2t (k) <2 <2®(k)

which gives us

Cbr) + 2+ 7(po - Vao1(br, 0) + (1= po) J5° Va1 (bg, y) F(dy))
if 27V (k) < 2 < 2t (k)
Clak) + 7”(100 Vi—1(age, 0) + (1 — po) fooo Vi—1(aks, y)F(dy))

if 2t (k) <z < 2® (k)

From figure 4.4 we see that

Vi (k, 2) = min[wf (k) — 2t (k) + x; 0% (k)] if x(t)(k) <z< x(tJrl)(k)

n n
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or

wh(k) — 2t (k) + 2 if z¢-V(k) <z < a2l (k)

Va(k, z) = { vl (k) if 2t (k) <z <a®(k)

for suitable w! (k) and vt (k).

If we look at figure 4.4 and move the threshold (1) (k) to the left and move the thresh-
old z(® (k) to the right we will have a situation that looks like figure 4.5. Now z (1) (k),

x} (k) and 22 (k) have no significance. What should be done in general for being able

to use the expression E, (k) for [V, (k,y)F(dy) given below? We will give a rule for
this.

Rule 1

The general rule for being able to use the expression F, (k) is:

Put ng (k) == 2O (k) ¥ k,n,t

i (k) < (1) put  at,(k) = oV (k) and o (k) = 2D (k)
if ) (k) > a7 (k) put 2L (k) =) (k)

fort=1,2,..,T

We can now use the following:

Vi(k,0) = wl (k) — xL (k) := N, (k)

and
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VRO

Vi)

wh) - x3(k) 2

1+

0 i I I 1 I I 1 I I )

D) xH(K) x3(k) X X

Figure 4.5: V,,(k,z) with two thresholds (T = 2).

We see from (4.6) and (4.7) that

wy (k) = C(bg) + z,(k) + 7“(100 * Np—1(br) + (1 = po) - Enfl(bk))

(4.8)
vlh(k) = Clar) + 7“(]90 * Np—1(ags) + (1 — po) 'En—l(akt))

In order to find the optimal policy if our present state is (k*,2*) and the horizon is n*
we should go on like this.

1. Do 2-5 fori=1,2,....,n" — 1.

2. Choose initial guesses xﬁj (k), (5 = 0), for zt(k) Vk,t.

3. Determine the corresponding ng (k) and vfj (k) for w!(k) and v!(k) from (4.8)
4. Determine the updated z!(k) from

zt (k) =at (k) + ol (k) —wl (k).

ij+1
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5. Repete 3-4 until z!(k) has convergated Vk, t.

6. Make 2-5 for ¢ = n* but only for k = k*.

If we always want to claim a damage just put z{(k) = 0 V k,¢,i. Then make for
1=1,2,...,n" — 1 step 3 above V k,t but for ¢ = n* only for k = k*. Then we will get

the result.

Example 3 (continued)

We now extend with following values:

k 1 2 3 4 5 6
ak1 3 4 5 6 6 6
a2 4 b5 6 6 6 6
ai3 5 6 6 6 6 6
by, 1 1 1 2 3 4
skl 2 4 8 0 0 0
s@@k)y|10 15 0 0 0 0
C(k) 1 25 35 45 55 7
The results are in this case for n* = 1 and n* = 100:

k 1 2 3 4 5) 6
xi(k) |2500 3.500 4.500 4.500 3.500 2.500
22(k) |3.500 4.500 6.000 4.500 3.500 2.500
x3(k) | 4.500 6.000 6.000 4.500 3.500 2.500
vi(k) |3.500 4.500 5.500 7.000 7.000 7.000
v(k) | 4.500 5.500 7.000 7.000 7.000 7.000
vi(k) |5.500 7.000 7.000 7.000 7.000 7.000

rio(k) | 3.034 5.471 7.386 8.820 7.617 5.180
2200(k) | 5471 7.386 10.65 8.820 7.617 5.180
x30(k) | 7.386 10.65 10.65 8.820 7.617 5.180
vige(k) | 31.73 34.17 36.08 39.35 39.35 39.35
v3o(k) | 34.17 36.08 39.35 39.35 39.35 39.35
vigo(k) | 36.08 39.35 39.35 39.35 39.35 39.35

We see for example that V190 (4,20) = 39.35. If we always claim a damage then we get

these results:

4

wigo(k) | 39.02
(k) | 43.28
V3o (k) | 45.65
(k) | 47.51

39.02
45.65
47.51
50.08

39.02
47.51
50.08
50.08

41.37
50.08
50.08
50.08

43.28
50.08
50.08
50.08

45.65
50.08
50.08
50.08

Here Vi90(4,20) = 50.08.



Chapter 5

A method to find the optimal
claim-decision and excess

Most policy holders of insurances have an excess and we will now extend the previous
method with how to decide which excess to have next year. We assume that the
policy-holders can choose between a number of excesses. Naturally the limit when we
will start to claim a damage will be greater than the excess. Let now the state be
given by (k,x,x,) where k and z are as before and x4 is the excess during the same
year. The control variables are now u € [a,b] and U € D(X,) where U = X! means
that the chosen excess for next year is X 1. D(Xj) is assumed to be a finite set.

5.1 Without thresholds

The changes of bonus classes are the same as in chapter 3 and the transition proba-
bilities are

P((k,z,z5) — (u,y,U)] = F*(dy)
where wuy, is the same as before. V,,(k,z, xs) can now be determined from

Vi(k,x,z5) = min [C(uk,x,xs, U)+ r( po - Vp—1(ug,0,U) +

u,

+H1-po) [ Vo, U)F (dy)) |

where

Vo(k,z,xs) = min(x, xy)

31
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since we must pay the part of the damage that is less than the excess.

X
X

| clag, Xs) + min(z,z5) fu=a, U
Cluk,z,25,U) = { c(by, X5) + @ if u=b, U

Here c(k, X;) is the premium when we have the excess X in bonus class k. For a fix
choice U = X next period V,,(k, z,z5|U = X;) will be

Vn(k,a:,ms\U - XS) - m&l’l |:C('U,k,l',l's 7XS) + 7“(]90 : Vn—l(uk707XS) +
o
HL=p0) [ Vi (s, X F ()]
We realize that the controlvaraible (u|U = X) has the form

b ifx <axp(k, zs, Xs)
a ifz>ax,(k zs, Xs)

wvzxa:{

where z,(k,xs, Xs) > z5. A plot of V,,(k,z,x25|U = X;) looks like figure 5.1.

Vn(k,x,xS|U=XS)
101

~
e
e
9 - -
P
e
e
8+ 7
~
7
7
7+ e
e
e
7
VKX X) 6 — — == = — — — = — — —

sk

4l

3L
w(kx,X) =
—xn(k,xs,Xs) L

1k

0 I Il Il Il Il Il Il Il Il Il

0 1 2 3 4 5 6 7 8 9 10
X X
s x (kx_,X_)
n s g

Figure 5.1: V,,(k,z,24|U = X§).

Now we can write:
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C(bk,Xs) +x+ 7ﬁ( Po anl(bk‘,oaXs)‘{'

(1= p0) J5° Vi1 (b v, Xo) Fdy) )

if v < xp(k,zs, Xs)

Vilk,z, z5|U = Xg) = (5.1)

C(ak‘aXS) + Tg + 7n(pO : anl(ak;a O,Xs)+

(1 - pO) fooo Vn—l(aka Y, XS)F(dy))
if ¢ > x,(k, x5, Xs)

From figure 5.1 we see that V,,(k,z,zs|U = X,) can be expressed as

Vilk,x,25|U = X) = min|wy, (k, zs, Xs) — zn(k, x5, Xs) + ;05 (k, 25, X5)]

or

nk7 87Xs - nk7 SaXs f S nky S7XS
V(. 2a|U = X.) = wy(k, z ) — zn(k, )+ 13: zn(k,x )(5.2)
Un(k,xSaXs) if x > zn(k,xSaXs)
From (5.1) and (5.2) we have
wn(kal's,Xs) = C(bk,Xs) + mn(kal's,Xs)‘F
+r (pO : anl(bthS) + (1 - pO)Enfl(bkaXs)) (5.3)

Un(k?,$s,Xs) = C(ak,Xs) + x5+
+7“<P0 - Np—1(ag, Xs) + (1 — Po)Enq(ak,Xs))

where

Nn(k, -Ts) = Vn(ka 0, zs)

En(k,xzs) = [5° Va(k,y, zs)F(dy)

When we have several choices for U in next period V,,(k,z,xs) looks like figure 5.2
where
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V. (kXX X, (km.X)
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Figure 5.2: V,,(k,x, xs).
x;(k, xs) = HlUiIl (vn(ka Ls, U)) - mUiIl (wn(k, Ls, U) - :L‘n(k‘, Ls, U))

When we have studied the figure and determined z} (k, zs) we can determine the fol-

lowing;:

Np(k,zs) = Vy(k,0,z5) = mUin (wn(k,:ns, U) — zp(k, zs, U))
and

En(k,x) = /OOO Vo(k,y,z5)F(dy) =

l'z(k‘,l‘s)
0

4 m[}n[vn(k7xS7U)]F(dy) =

x7 (k,xs)

= m(}n[wn(k, x5, U) — xn(k, x5, U)|F (2, (k,x5)) + x) (k, xs)F (), (k, zs))+
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—Glay (k,25)) + minfo, (k, 25)(1 = F(zy(k, 25)))]
We see from figure 5.2 that the controlvariables are

(0. 1) :{ (b, [U:min(wp(k,25,U) — 2a(k,25,0))])  if @ < 2% (k, )
’ (a, [U :min(vy,(k,zs,U))]) if x > af (k,xy)

If our present state is (k*,z*, %) and our horizon is n* then we should go on like this
to get the optimal decisions

1. Do 2-6 fori=1,2,....,n" — 1.

2. Choose initial guesses z;, (k, 75, Xs) > x5, (j = 0), for z;(k, x5, Xs) Vk, 25, X

3. Determine the corresponding w;, (k, s, Xs) and v;; (k, zs, Xs) for w;(k, xs, Xs)
and v;(k, zs, Xs) from (5.3)

4. Update z;(k, x5, Xs) from

Lijq (k7 Lss Xs) = T, (k7 Lss Xs) + Vi (k7 Tss Xs) — Wi, (k7 Lss Xs)

5. Repete 3-4 until x;(k, zs, Xs) has converged V k, x5, X;.
6. Determine

z; (k,xs),

mUin[wl-(k, zs,U) — xi(k,zs,U)] and

mUln(vi(ka Ls, U))

7. Do 2-6 for ¢+ = n* but this time only for k¥ = k* and z, = z}, but still V X.
Determine also U, = [U : min(wp«(k*,2%,U) — xp=(k*, 2%, U))] and U, = [U :

P ’s)

min (v« (k*, 2%, U))]. These give us the optimal excess.

Example 2 (continued)

We assume that we can choose among the following excesses.

D(X,) = [0 5 10 20]
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The premium costs for different bonus classes and excesses are

1.00 0.65 0.45 0.30
1.00 0.65 0.45 0.30
1.20 0.80 0.60 0.40
1.20 0.80 0.60 0.40
1.50 1.00 0.90 0.55
1.50 1.00 0.90 0.55
2.00 1.40 1.20 0.65
2.00 1.40 1.20 0.65
3.00 1.90 1.60 0.80
3.00 1.90 1.60 0.80

clk,Xs) =

The results are with the following explanation of the rows: (we assume that our excess
last year was 0)

xr(k,0)
Uw(k,0)
mUin[wn* (k,0,U) — xp=(k,0,U)]

Uy(k,0)

m[}n[vn* (k,0,0)]

n"=1
1 2 3 4 5 6 7 8 9 10
0.000 0.170 0.170 0.200 0.200 0.203 0.203 0.150 0.150 0.000
0 0 0 5 5 5 5 20 20 20
1.000 1.000 1.000 1.170 1.170 1.370 1.370 1.573 1.573 1.723
0 5 5 5 5 20 20 20 20 20
1.000 1.170 1.170 1.370 1.370 1.573 1.573 1.723 1.723 1.723
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and
n* =100

1 2 3 4 5 6 7 8 9 10
0.018 0.205 0.367 0.551 0.712 0.821 0.912 0.976 1.018 0.475

0 0 0 5 5 5 5 20 20 20
10.02 10.02 10.03 10.22 10.40 10.77 11.11 11.59 12.03 12.57

0 5 5 5 5 20 20 20 20 20
10.03 10.22 10.40 10.77 11.11 11.59 12.03 12.57 13.04 13.04

Here V1g0(8,1,0)=12.57. We see that that we can save a little bit if we choose optimal
excesses because in chapter 3 we had that V19 (8,1)=13.59.

5.2 With thresholds

The changes of bonus classes are the same as in section 4.2 and the transition proba-
bilities are

Pl(k,z,25) = (u(z),y,U)] = F*(dy)

where ug(z) is described in section 4.2. V,,(k, z,zs) can be determined from

Vn(k,l',l's) - mgl {C(’U,k(.%'),l‘ y Ls) U) + 7“(]90 : Vn_l(U,k(l'),O, U) +

H1=p0) [ Vis(unl@). v U)F ()]

where

Vo(k,z,xs) = min(x, xy)
and

1 1 = = (t_l) (t)
Clup(a), 2,25, U) = { clage, Xs) + min(x,zs) fu=a, U=Xs, x (k) <z <zW(k)

c(bg, Xs) + ifu=a, U=X,, Vo

For a fix choice U = X next period V,,(k,z,zs|U = X;) will be

Vo(k,z,z5|U = X5) = muin {C(uk(x) T, Ty Xs) + r(po < Vo1 (ug(x),0, Xy)

H1=p0) [ Vaoa(wn(a)y, X)F(dy))
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The controlvariable (u|U = X;) has the form

boif 2D(k) <2

= (k 'rSaXS)
a if 2t (k,xs, X)

“ (k)

s
<z

(ulU = X5) = {

A plot of V,,(k,z,z5|U = X;) look like figure 5.3.

Vn(k,x,xs|U=XS)
10+

3
vn(k,xs,xs) 9

8
7
vﬁ(k,xs,xs) 6
5
4

1
Vi(kx X)) 31~

W(kx X)q
—x(kx X)

1+

0 i I I ] I I ] I I I
0 1 2 3 4 5 6 7 8 9 10

2 3
X Xi(k’xs’xs) xD(k) X2k, X ) @) X(KXLX) X

Figure 5.3: V,,(k,z,z5|U = X§).

Now we can write:

C(br, Xo) + 2+ 7(po - Vi1 (br, 0, Xo)+

+ (1= p0) 5" Vaa (o, X S)F(dy))

if z¢-D(k) <z < 2t (k, 24, X,)

Vilk,z,z5|U = Xg) = (5.4)

C(ak‘taXS) + Ts + T(pO : anl(aktaOaXs)“’

+(1_P0)f0 n—1(akt,y, Xs)F (dy))
if 2t (k, 25, X,) < 2 < 2O (k)
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From figure 5.3 we see that

Volk,z,25|U = X5) = min[w?, (k, x5, Xs) — a2k (k, 25, Xs) + 230 (k, x5, X))

if z=D(k) <2 < 2® (k)

or

’U)Z(kﬁ, xS? XS) - CL'Z(]C, CL'S, Xs) + T

if zD(k) <2 < a2t (k, x5, X)
Volk,z,25|U = X;) = (5.5)
UZ(k7m87XS)

if ot (k, 5, X,) <z < 2 (k)
(5.4) and (5.5) give us

wh (k, 25, Xs) = C (b, Xs) + ot (k, x5, X )+

-H"(PO : Nn—l(bka Xs) + (1 - pO)En—l(bk7 Xs) (56)

/Ufl(kal‘saXS) = C(aktaXs) + x5+

+7(po - Nn—1(art, Xs) + (1 — po) En—1(aks, Xs)

where

Nn(ka xs) = Vn(ka 07 zs)
En(kal's) = fooo Vn(kayaxs)F(dy)
When we have several choices for U next year V,,(k, z, zs) looks like figure 5.4 where

xb* (k,xs) = mUin (vﬁl(k,ars, U) — m[}n (wfl(k,ms, U) -zt (k,zs, U))

When we have studied the figure and determined z*(k, z5) we must use the following
rule.
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Vn(k,x,xS)
10~

3 1
vn(k,xs,XS)

3 2
vn(k,xs,xs) 9

8

vﬁ(k,xs,xi) 7
Vikx X2 6
vikx XD

4
Vikx X2 3

wl(k,x ,X2) -
nl S 32
=x (k,x_,X2) 2
n s s

0 I ] I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10

Xg X (kx) xP(k) ' (kx) x@(q) ¥ (kx) X

Figure 5.4: V,,(k,z,xs) with two possible excesses.

Rule 2
Put xg)(k,:ns) = a® (k)Y k,n,t,z,
if mg)(k:,xs) < zl*(k,zs) put 28 (k,z5) = xnt_l)(k:,acs) and xg)(k:,xs) = x%t_l)(k:,xs)
if mg)(kz,xs) > xstrl)*(k,:ns) put xgﬂ)*(kz,xs) = mg)(kz,xs)
fort=1,2,.., 7T, T+ 1
Now we can determine the following:
Np(k,zs) = Vy(k,0,z5) = mUin (wi(k,:ns, U) — zk(k, zg, U))

and
En(k,xs) :/ Vn(kayaxs)F(dy) =
0

x"rkz(kvxs)
= [ Guinluwh(k w, U) = b2, U)] + ) Fdy)+
0
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xgll)(k,ars)
+ / minol (k, zs, U)|F(dy) + .
apkas) U

2" (k)

L (min [w] * (k, 2., U) — 22+ (k, 20, U)] + y) F(dy)+
Tn (kyxs) U
= : T+1 .
+/$£LT+1)*(/€,Z‘S) m[}n[vn (k,xzs,U)|F(dy) =

= mUin[w}L(k:, x5, U) — x} (k, g, U)|F(xF (k, 25))+

T+1 ) ] )
+ 7 [k (e, ) F(aly (k) — Gy (k) |+
=1
30 [minlel (ko NP () (k. 2) = Flal (k) +
=1

+ > [min(ui, (k, 2, U) = (b, 20, U)) (F (s (k,)) = F(l ™D (k) +
=2

+min [o] 7 (k, 2, U)(1 = Pl (k,22))|

The controlvariables are

(b, [U : min(w? (k, 24, U) — 2t (k, 25, U)])  if 28V (k, zs) < @ < 2t (k, z,)
(w,U) =1 (a, [U: min(v:(k, s, U))) if 2t (k,xs) <z < :Ugf)(k,:vs)
t=1,2,..,T,T+1

If our present state is (k*,2*,2}) and our horizon is n* then we should go on like this
to get the optimal decisions:

1. Do 2-6 fori=1,2,..,n" — 1.

2. Choose initial guesses = (k, x5, X5) > x5, (j = 0), for 2k (k, x5, X5) > 2V t, k, x5, X

]
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3. Determine the corresponding w! (K, x5, Xs) and v} (K, x5, Xs) for wi(k, zs, Xs)
and v!(k,zs, Xs) from (5.6).

4. Update xl(k,zs, X;) from

b (k,xs, X)) =t (k Ts, Xs) + vl (k Ts, Xs) —wfj(k,:ns,Xs)

tj+1

5. Repete 3-4 until xt(k, zs, X;) has converged V ¢, k, x5, X.
6. Determine

xg*(ka$8),

mUin[w;?(k‘, xs,U) — zk(k,25,U)] and

min(e!(k, 24, U)

7. Do 2-6 for ¢ = n* but this time only for k = k* and zs = 2} but V X,. De-
termine also Ut = [U : min(w. (k*, 2%,U) — 2f.(k*,2%,U))] and U} = [U :

) S
min(vp,- (K, 23, U)

Example 3 (continued)

We assume that we can choose among the following excesses.
D(Xs) = [0 5 10 20]
The premium costs for different bonus classes and excesses are

1.00 0.70 0.60 0.55
2,50 1.70 1.50 1.40
3.50 240 1.90 1.80
4.50 3.00 2.50 2.10
5.50 3.50 3.00 2.80
7.00 4.20 3.50 2.90
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The results are the following: (we assume that our excess last year was 0)

nf=1

k 1 2 3 4 5 6

7% (k,0) 2.472 3.072 3.572 2.772 1.800 1.200

¥ (k,0) 3.072 3.572 4.272 2772 1.800 1.200

3 (k,0) 3.572 4.272 4.272 2772 1.800 1.200

UL (k,0) 0 0 0 0 3 3

U2 (k,0) 0 0 0 0 3 3

U3 (k,0) 0 0 0 0 3 3
ming [wi (k,0,U) — 21 (k,0,U)] | 1.000 1.000 1.000 2.500 3.472 4.072

Ul(k,0) 3 3 3 3 3 3

U2 (k,0) 3 3 3 3 3 3

U3(k,0) 3 3 3 3 3 3
ming v (k,0,U)] 3.472 4.072 4572 5272 5.272 5272
ming [v?(k,0,U)] 4.072 4572 5.272 5272 5272 5.272
ming [v§ (k,0,U)] 4572 5272 5.272 5272 5272 5.272

n* =100

k 1 2 3 4 5 6
%00 (K, 0) 2.352 4.239 5.373 5.891 5.084 3.197
225,(k,0) 4239 5373 7437 5891 5.084 3.197
35, (K, 0) 5.373 7.437 7437 5891 5.084 3.197
UL (k,0) 0 0 0 3 8 8
U2(k,0) 0 0 0 3 8 8
U3 (k,0) 0 0 0 3 8 8
ming [wigy (k,0,U) — 2140 (k,0,U)] | 23.36 23.36 23.36 24.91 25.722  7.60
UL(k,0) 8 8 3 8 8 8
U2(k,0) 8 3 8 8 8 8

U3 (k,0) 3 8 8 8 8 8
ming [vig (k, 0, U)] 25.72 27.60 28.74 30.80 30.80 30.80
ming v (k, 0, U)] 27.60 28.74 30.80 30.80 30.80 30.80
ming [v3y(k, 0, U)] 28.74 30.80 30.80 30.80 30.80 30.80

Here Vig9(4,20,0)=30.80. We see that that we can save a lot if we choose optimal
excesses because in chapter 4 we had that V1 (4, 20)=39.35.
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Chapter 6

A method to find the optimal
claim-decision and preventive
measures

This chapter deals with the issue whether some damage preventive measures should
be taken in action or not. The benefits that are reductions on the premiums and
decreasing risks for damages should be balanced with the actual costs of the measures.
We denote the chosen measures for next year by M = (M, My, ..., M) where

M; =0 if measure ¢ will not be used next year

M; =1 if measure ¢ will be used next year

With measures given by M the corresponding distribution for the damages is

FM*(2) = po(M) + (1 — po(M))FM (z)

6.1 Without thresholds and excess

The changes of bonus classes are the same as in chapter 3. Let (k,z,m) be the state
of the Markov decision process, where m = (mq, ma, ..., my) and

m; =0 if measure 7 have not been used before

m; =1 if measure 7 have been used before

This is for handling the once-for-all costs for every measure. The control variables are
u € [a,b] and U € D(M). The transition probabilities are

P[(k,z,m) — (up,y, max(m,0))] = FU*(dy)

45
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where

max(m, M) = (max(my, M1), max(mg, Ms), ..., max(mpy, My))

Vi (k, 2, m) can be determined from

Vi (k,x,m) = min [C(uk,m ,m,U) + r(po(U) Vi1 (ug, 0, max(m, U)) +
u,U

1= pol) [ Vs (o, max(m, T) F7 ()

where

‘/()(k, m, :E) =0

and

c(ag, m, M) if u=

— a
C U) =
(uk7x7m7 ) { C(bk,'fn,M) +x lf U= b7

c(k,m, M) is the premium in bonusclass k with measures given by M + the cost for
M —+ the once-for-all cost for the M; that havn’t been used before. For a fix choice
U = M next year V,(k,z,m|U = M) will be

Vi(ky 2, m|U = M) :mgn[C(uk,x,m,M) + r(po(M) - Vp—1(ug, 0, max(m, M)) +

1= po) [ Vi (g, g ma(m, M) P ()|

We see that the control variable (u|U = M) has the form

— bif x <x,(k,m, M)
aif x> x,(k,m, M)

A plot of this situation looks like figure 6.1. Now we can write:
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Figure 6.1: V,,(k,z,m|U = M).

C(bkama M) +x+ T(pO(M) ’ anl(bkia O,max(m, M))+

+ (1= po(M)) J5° Va1 (b, y, max(m, M) FM (dy))
_ if ¢ < axp(k,m, M)
Vo(k,2,m|U = M) = (6.1)
C(ag,m, M) + r(po(M) - Vi—1(ag, 0, max(m, M))+
+ (1= po(M) [5° Vi1 (a, y, max(m, M))FM (dy) )
if x > xp(k,m, M)

From figure 6.1 we realize that
Vi(ky 2, m|U = M) = min[w,, (k,m, M) — x,(k,m, M) + x;v,(k,m, M)]
or

wp(k,m, M) — x,(k,m, M) + z if © < z,(k,m, M)

Vi(k,o,m|U = M) = )
Un (kym, M) if © > xp(k,m, M

(6.2)
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(6.1) and (6.2) give us

wp(k,m, M) = C(bx,m, M) + x,,(k,m, M) + r(po(M) - Npp—1(bg, max(m, M))+
+(1 = po(M)) By (b, max(m, M)) ) 63
vp(k,m, M) = C(ag,m, M) + r(pO(M) - Np—1(ag, 0, max(m, M)+

+ (1= po(M)) B2 (ay, max(m, M)))

where

Ny (k,m) = V,(k,0,m)

= 5% Va(k,y,m)FM (dy)

When we have several choices for U in next period V,,(k,z, m) looks like figure 6.2
where

x; (k,m) = mUin(vn(k,m, U)— ngn(wn(k,m, U) —zn(k,m,U))

When we have studied the figure and determined z} (k, m) can we determine

Ny (k,m) =V, (k,0,m) = min(w, (k,m,U) — x,(k,m,U))
U

EM(k,m) = /OO Vi (k, y, m)FM (dy) =
0

+/ n (v (k,m, U))FM (dy) =
¥ (k,m) U

= mUin[wn(k, m,U) — xp(k,m,0)] - FM(x% (k,m)) + 2% (k,m) - FM(x* (k,m))+
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Figure 6.2: V,,(k,z,m).
U
where G(z) = [ F(y)dy
The controlvariables are
(u, U) = (b, [U : min(wy,(k,m,U) — x,(k,m,0))]) if z <z} (k,m))
") (a, [U :min(v, (k,m,0))]) if x > xf(k,m))

If our current state is (k*,z*,m*) and our horizon is n* then we should go on like this
to get the optimal decisions:

1. Do 2-6 fori=1,2,..,n" — 1.
2. Choose initial guesses z;, (k, m, M), (j = 0), for z;(k,m, M) ¥ k,m, M.

3. Determine the corresponding w;, (k, m, M) and v;, (k,m, M) for w;(k,m, M) and
vi(k,m, M) from (6.3).

4. Update z;(k, m, M) by
vy, (k,m, M) = x;,(k,m, M) + v, (k,m, M) — w;, (k,m, M).
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5. Repete 3-4 until x;(k, m, M) has converged.

6. Determine

a; (k,m),

min[w;(k,m,U) — z;(k,m,U)] and

G

rn_in(vi(k7 m, U))
U

7. Do 2-6 for i = n* but this time only for & = k* and m = m* but still V M.
Determine U,, = [U : min(wy(k*, m*,U) — xp,+(k*, m*,U))] and U, = [U :
min vy (k*, m*, U)].

Example 2 (continued)

If we install some fire protection including fire alarm and other protective measures
against fire we could get some reduction on the premium. The installation cost for
this is 0.7 and the service cost is 0.5 every year. We could also have a watchmen that
costs 0.5. The premium costs for different bonus classes and measure are

1.001.271.95 2.28
1.001.271.952.28
1.201.402.052.35
1.201.402.052.35
1.501.60 2.20 2.50
1.501.60 2.20 2.50
2.002.10 2.60 2.80
2.002.10 2.60 2.80
3.002.90 3.20 3.30
3.002.90 3.20 3.30

c(k,(0,0),M) =

Remember that after the fire protection have been installed the installation costs will
be removed from these costs. We assume a Pareto distribution with the following
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parameters for different measures:

po((0,0)) = 0.90
a((0,0)) = 60
5((0,0)) = 5
po((0,1)) = 0.92
a((0,1)) = 50
5((0,1)) = 5
po((1,0)) =0.94
a((1,0)) = 40
B((1,0) = 5
po((1,1)) =0.95
a((1,1)) = 35
B((1,1)) = 5

The results are with the following explanation of the rows: (we assume that our excess

last year was 0)

k
x;* (kv (07 0))
Uw(k,(0,0))
m_in[wn* (k7 (07 0), U) — Tn* (k7 (07 0), U)]
U
Uv(k’(()?()))
m_in[vn* (k’ (07 O)a U)]
U
nf=1
1 2 3 4 5) 6 7 8 9 10
0.000 0.200 0.200 0.300 0.300 0.500 0.500 0.900 0.900 0.000
(0,00 (0,0) (0,0) (0,00 (0,00 (0,0) (0,00 (0,00 (0,0) (0,1)
1.000 1.000 1.000 1.200 1.200 1.500 1.500 2.000 2.000 2.900
(0,00 (0,0) (0,0) (0,00 (0,00 (0,0) (0,00 (0,1) (0,1) (0,1)
1.000 1.200 1.200 1.500 1.500 2.000 2.000 2.900 2.900 2.900
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n* =100

1 2 3 4 ) 6 7 8 9 10
0.013 0.149 0.386 0.725 1.018 1.565 1.983 2.544 271 1.13
(0,0) (0,00 (0,00 (0,1) (0,00 (0,1) (0,00 (0,00 (0,1) (1,0
10.01 10.01 10.02 10.16 10.41 10.88 11.43 1245 13.41 14.99
(0,00 (0,1) (0,00 (0,1) (0,00 (0,00 (0,1) (1,00 (1,00 (1,0)
10.02 10.16 10.41 10.88 11.43 1245 1341 1499 16.12 16.12

Now Vigo(8,1,(0,0)) = 12.45 + 1 = 13.45, which is a little bit less than 13.59 from
section 3.1.

6.2 With thresholds but without excess

The changes of bonus classes are the same as in section 4.2. The transition probabili-
ties are

P((k,z,m) — (ug(x),y, max(m,T))] = FU*(dy)

where ug(z) is described in section 4.2. V,,(k, z,m) can be determined from

Va(k,x,m) = 13%1 [C(uk(ac) ,z,m,U) + r(po(U) Vi1 (ug(z),0,max(m, U)

1= po(@) [~ Vi (e @),y max(m, T) F7 ()|

where

Vo(k,z,m) =0

For a fix choice U = M next period V;,(k, z,m) will be
Vou(k,z,m|U = M) = min {C(uk(x),x,m, M) + r(po(M) - V-1 (ug(z), 0, max(m, M)) +

+(1 = po(M)) /OOO Vo1 (ug(z), y, max(m, M))FM(dy))}

We know that the controlvariable (u|U = M) has the form

bif -V (k) <z <zt (k,m, M)

U=M) =
(ul ) {a if ot (k,m, M) <z < 2O (k)
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10 P
vg(k,m,M) 9r o
8 /

VkmM) 6

1
vn(k,m,M) 3k — —
wh(k,m,M) - )

xnf‘(k,m,M)

0 1 2 3 4 5 6 7 8 9 10
1
xkmM)  xBk) x2(km.M) X0 CkmMm) X

Figure 6.3: V,,(k,z,m|U = M).

A plot of V,,(k,z,m|U = M) looks like figure 6.3. Now we can write:

C(bx, m, M) —l—:z:—i—r(po - Vi—1(bg, 0, max(m, M)+

+ (1= po(M) 5 Va1 (b, y, max(m, M) FM (dy) )

if 2V (k) < < a2t (k,m, M)

Vio(k,z,m|U = M) = (6.4)

C(ags, m, M) + r(pO(M) - Vin—1(agt, 0, max(m, M))+

+ (1= po(M)) J5° Vi (age, y, max(m, M) FM (dy))
if zt (k,m, M) <z < 2O (k)

From figure 6.3 we realize that

Vo (k,2,m|U = M) = min[w! (k,m, M) — xt (k,m, M) + x; v} (k,m, M)]

if (k) <z <2t (k)

or
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Vi(kyo,m|U = M) =
[ wi(kym, M) = ap, (k,m, M) +z if e(k) < 2 < b (k,m, M) (6.5)

(6.4) and (6.5) give us

wt (k,m, M) = C(bg,m, M) + xt (k,m, M) + r(po(M) - Npp—1(bg, max(m, M))+

(1= po(M))EM., (b, max(m, M) (6.6)

vt (kym, M) = C(apg, m, M) + r(po(M) - Np—1(agt, max(m, M))+

+(1 = po(M)) M. (ags, max(m, M) )

where

Ny (k,m) =V, (k,0,m)

When we have several choices for U next year V,,(k,z,m) look like figure 6.4 where

2% (ky m) = min (v}, (k, m, ) — min(w’ (k, m, T) — o, (k,m, 7))
U U

When we have studied the figure and determined z%*(k, m) we must use the following
rule:

Rule 3

Put xsf)(k:,m) = 2 D(RWY k,m,n,t
if x,(f)(k,m) < zl*(k,m) put 2t (k,m) = :cg_l)(k:,m) and a;,(f)(k,m) = x,(f_l)(k:,m)

if xg)(k‘,m) > fcgﬂ)*(kz,m) put xg+1)*(k,m) = xg)(kz,m)
fort=1,2,...., 7T, T +1
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10-
v3(k,m,0)

3
v, (km,1) 9

8

VAkm0) 7

VAkm,1) 6

vikm,0) 5S¢
4

vikm,1) 3

w(kml)
—x(kml)

n(kmO)—
- (kmO)

Figure 6.4: V,,(k,xz,m) with one possible measure.

Now we can determine the following:

n

Ny(k,m) =V, (k,0,m) = mUin(wi(k‘,m,U) —zL(k,m,T))
B (k.m) = [ Valhy.m)FY (dy) =

"(k m) 1 T7 1 IT M
= [ (infud b, T = ok (b, D] + )P (dy)+
0 U

mn)(km
+ / vy (k,m, U))FM (dy) +
(k,m) U

m(T_H)*(k,m)

(min[w; ! (k,m,U) — 2} T (k,m,U)] + y) FM (dy)+

2 (km) T
+ /x%ﬂl)*(k’m) m_Uin(v,fH(k:,m,U))FM(dy) =
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= min[w} (k,m, U) — zL(k,m,U)]F™ (z (k,m))+

T+1 ) )
+ 30 [k m)FM (i () — GM (s (k, m))] +
=1
43 [min o ) (P (089 ) — o))+
i=1

+GM (@) (k,m)) = 2 (k) FM () (k, m)) | +

T+1
3 [minGuf (k. m. ) =t (ke m, D) EY Gl (k) = PV @l (k.m)) |+
=2

The controlvariables are

(uv U) - {(b

[U : min(w!, (k,m,U) — xt,(k,m,U))]) if xg_l)(k,m) <z < at*(k,m)
U L (k,m, 0)))) if 2l (k,m) < z < 2 (k,m)

(

If our present state is (k*,z*, m*) and the horizon is n* then we should go on like this

o
S
E.

2
<

to get the optimal decisions:

1. Do 2-6 fori=1,2,..,n* — 1.
2. Choose initial guesses xﬁj (k,m, M), (j =0), for zt(k,m, M) V t,k,m, M.

3. Determine the corresponding wﬁj (k,m, M) and vfj (k,m, M) for wt(k,m, M) and
vt (k,m, M) from (6.6)

4. Update xt(k,m, M) from

x§j+1 (k’ m’ M) = I‘Z (k? m? M) + ,Ull?j (k? m? M) - wltj (k? m? M)

5. Repete 3-4 until z!(k, m, M) has converged.
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6. Determine

7. Do 2-6 for ¢ = n* but this time only for £ = k* and m = m™ but still V M.
Determine also U:U = [U : min(w'. (k*,m*,U) — zt.(k*,m*,U))] and Ui =1[U:
min (v« (k*, m*, U))].

Example 1 (continued)

We will now see that the analysis from this chapter gives the same optimal choices as
in chapter 1 for an almost identical example. The data are given by

k 1 2 3
ag, | 2 3 3
ag | 3 3 3
b 1 1 2
(k) [35 0 0

Our possible measures are

m1 = firealarm
m9 = watchmen

We assume that the once-for-all costs of both measures are 0. We again assume an
Pareto-distribution and the parameters are for different measures:

po((0,0)) =0.68

~—

a((0,0)) = 81
5((0,0)) = 4
po((0,1)) =0.82
a((0,1)) = 63
8((0,1)) = 4
po((1,0)) =0.75
a((1,0)) = 78
A((1,0)) = 4
po((1,1)) =0.86
a((1,1)) = 62
A1) = 4
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The costs are

6 95 7.5 11
1011.510.513
1413.513.515

clk,M) =

For n* = 100 the results are

k 1 2 3
2500 (K) 4759 10.97 6.212
2350 (k) 10.97 10.97 6.212
T (k) (0,0) (0,0) (1,0)
min (wlyg(k, Ty (k) — 2loo(k, T(k))) | 76.49 7649 81.25
T, (k) (1L,0) (0.1) (0.1
vloo(k,Th) 81.25 87.46 87.46
T, (k) (00)  (00) (1,0)
U, (k) (01) (1) (01)
020 (k, T2 87.46 87.46 87.46

If we compare the results with the results from the first chapter we see that the optimal
choices are the same. For example

Vigo(1,0) = 76.49

U(1,0) = (0,0)

Vigo(1,10) = 81.25  U(1,10) = (1,0)

u=a

Vieo(2,10) = 76.49 + 10 = 86.49  U(2,10) = (0,0) wu=»b

Vioo(2,60) = 87.46  U(2,60) = (0,1) u=a

6.3 With thresholds and excess

Let the state be (k,z,zs,m) and the control variables u € [a,b], U € D(X,) and
U € D(M). The transition probabilities are then

Pl(k,x,x5,m) — (up(x),y, U, max(m,U))] = FU*(dy)

Vi (k,x,zs,m) can be determined from

Vn(k7x7$8,m) =



6.3 With thresholds and excess 59

= min |e(ug(@),,25,m,U,0) +7(po(0) - Voo (g (), 0, U max(m, 7))+
u,U,U

+(1 - po(0)) /OOO Vi1 (uk(x),y, U, max(m,U))FU(dy))}

where

Vo(k,z, x5, m) = min(z, z)

and

C(ug(x),x,z5,m,U,U) =

clape, m, Xo, M) + min(z, zs) if u=a,U = X,,U = M and 2=V (k) <z < 2O (k)
c(bg,m, Xs, M) + x ifu=0bU=X,U=DMNV x

For fix choices U = X, and U = M next year V,,(k,z, x5, m|U = X,,U = M) will be

Vi(k,z,25,m|U = X, U = M) =

= min [C(uk(m),m,Xs,M) + min(x, zs)+

e (po(M) V-1 (ug(x),0, Xg, max(m, M))+

+(1 = po(M) [5° Va1 (un (@), y, X, max(m, M))FM (dy)) |

We see that the control variable (u|U = X,U = M) has the form

bif 2¢-D(k) <z < 2t (k,m, M)

(ulU = X,,U=M) = )
a if 2t (k,m, M) < z < 2O (k)

A typical plot of V,(k,z,zs,m|U = Xs,U = M) looks like figure 6.5.
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101 p

3
vn(k,xs,m,XS,M) 9+

gk

7 |-

VA x_m,X_M) 6
n S )

5L

s

vl(k,x ,m,X_,M) 3k — —
n S S

2

wl(k,x ,m,X_M) —|
nl s S

=x"(k,x_,m,X_,M)

n S S l

0 1 L L 1 L 1 1 L L |
0 1 2 3 4 5 6 7 8 9 10

2 3
Kkx mX M) B (k% ,m,X M) K@) Kkx mX M) X

Figure 6.5: V,,(k,z, 25, m|U = X,,U = M)).
Now we can write

V(b 2, mlU = X, U = M) =

c(bg, m, Xg, M) + 2+

+ 7 (po(M) - Vo1 (b, 0, X, max(m, M)+

+ (1= po(M)) J5° Vo (g, y, X5, max(m, M))FM (dy)
if z=D(k) <2 < ) (k, x5, m, X, M)
c(akt7m7X87M) + x5+

+ 7 (po(M) - Vi1 (ake, 0, X, max(m, M)+

+ (1 _pO(M)) J"OOO Vn—l(akt7y7X87maX(m7 M))FM(dy))
if zt (k,x5,m, Xy, M) < z < 2O (k)
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From figure 6.5 we realize that

Vb, 2,25, m|U = XU = M) =
min[w! (k,m, Xs, M) — 2t (k,m, X, M) + z; 0 (k,m, X5, M)]
if (k) < < 2D (k)
or

Va(k,z,26,m|U = X, U = M) =

wt (k,ws,m, Xg, M) — 2t (k, 25, m, X5, M) + x (6.8)
if 2V (k) < < a2l (k,zg,m, X5, M)

vt (k,xs,m, Xg, M)

if zt (k, x5, m, Xs, M) < x < 20 (k)

(6.7) and (6.8) give us
wt (k, zs,m, Xg, M) = c(bg,m, Xg, M) + 2%, (k, 25, m, Xg, M)+
+7(po(M) - Ny (b, X, max(m, M))+
+(1 = po(M)) B, (b, X, max(m, M)) ) (6.9)
ol (k. Xy, X M) = gy, Xoo M) + 7 (po(M) - N1 (@ Xy ma(m, M)+

+(1 = po(M)) B (g, X, max(m, M)))
where
Np(k,zs,m) = Vi, (k,0,25,m)
Eyjy(kaxsam) — J‘OOO Vn(k7y7z8,m)FM(dy)

When we have several choices for U and U next year V,,(k,z,z,, m) looks like figure
6.6 when we have two possible excesses and one possible measure.

Here

xff(k:,xs,m) =
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Vn(k,x,xs,m)
100

3 1
vn(k,xs,m,xs,l)g

0 I ] I I I ] I I I I
0 1 2 3 4 5 6 7 8 9 10

Xg X (km) xD(k) 2 (km) (k) ¥ (km) X

Figure 6.6: V,,(k,z, x5, m).
= min (v’ (k, 25, m, U, U) — min(w’, (k, zs,m, U, U) — zt (k,zs,m,U,U))
Uu,u U
When we have studied the figure and determined zt* (k, 25, m) we must use the follow-
ing rule:

Rule 4
Put xg)(k,ars,m) = $(t)(k) Y k,m,n,t, zg
if xg)(k,:ns,m) < 2t (k,xs,m)
put 2t (k, x5, m) = a:g_l)(k,ars,m) and mg)(k,ms,m) = a:g_l)(k,ars,m)
if xg)(k,:ns,m) > xgﬂ)*(kz,xs,m) put :z:ngrl)*(k,:Us,m) = ng)(k,:ns,m)

fort=1,2,... 7T, T + 1
Now we can determine the following:

Nn(kz,xs,m) = Vn(k,O,IES,m) = mi_n(wrll(k?xsama Uv U) - x%z(kvl‘s’m, Uvﬁ))
U,U

and

Ey(k,xmm) = / Vn(k,%xmm)FM(dy) =
0
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n(k ms,m) — P
= / (min[w}, (k, zg,m, U,U) — x} (k, 25, m,U,U)] + y) FM (dy)+
uU

$n)(k} Ts,m) 1 o M
+/ mln( w(k,xs,m, U, U))F™ (dy) +

(k,xs,m)

mSLT+1)*(k7‘TS7m)

(min[wy T (k, 25, m, U,U) — @y (k,m, 25, U, U)] + ) FY (dy) +

mng)(k:,:rS,m) U,U
+/T . min (v (k,m, z,, U, U))FM (dy) =
2 (kymaee) UT

= minfw? (k,m, 25, U, U) — zt (k,m, zs, U, )| FM (25 (k,m, zs))+

)

T+1
+ Z [ (kym, ) FM (25 (k,m, x4)) — GM(mi;*(k:,m,zs))}—}—

T

+ 3 [ min ik, m, ) (F (@ (0 m) — FM (25 (k, 25,m))+

= tuU

—i—GM(mg)(k:, Tg,m)) — mg)(k, T, m)FM(x,f)(k:, T, m))} +

T+1
+ Z {mm( Ckymy 2, U, U) — 2t (k,m, x5, U, T))-
= LuU

(FM (@ (kym, 2,)) = FM (@D (b, g, m)) | +

+m1n[ T (k,m, z,, U, T)(1 FM(mgTH)*(k:,m,zs)))}
u,Uu

The controlvariables are

(u,U,U) =

(b, [U,U : min(w! (k,zs,m,U,U) — zt (k,z5,m,U,U))])
if 2 )(k:,xs,m) <z < al*(k,xs,m)

(a, [U,U : min(vf (k, zs,m,U,U))])

if 2t (k,m, ) <x<x,(1)(k: Ts,m)
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If our present state is (k*, z*, ¥, m*) and our horizon is n* then we should go on like

this to get the optimal decisions:
1. Do 2-6 fori=1,2,...,n* — 1.

2. Choose initial guesses, (j = 0), a:ﬁj(k,:ns,m,Xs,M) > x4 for xt(k, x5, m, Xs, M)
Vit kxg,m, XM

3. Determine the corresponding w} (k: zs,m, Xs, M) and v} (k: xs,m, Xs, M) for
wi(k, s, m, X5, M) and v (k, CL‘S,TI’L Xs, M) from (6.9)

4. Update xt(k,zs,m, X5, M) from

xt +1(k7xsamaXS)M) =

(k Ts, M, XS,M)+U (k: xg,m, Xg, M) —w (k: xg,m, Xg, M)

5. Repete 3-4 until zt(k, x5, m, X, M) has converged.
6. Determine

i (k, x5, m),

min[w! (k, zs,m, U, U) — zk(k,zs,m,U,U)] and
u,Uu

)

ml_n(vf(k, zs,m,U,U))
U,U

7. Do 2-6 for ¢ = n* but this time only for k = k*, g = 2} and m = m* but
still V X, M. Determine also (Ut U w) [(U,U) min(w?. (k*, z%, m*, U, U) —

2l (K%, 2%, m* U, U))] and (Uﬁ,U ) = [(U,U) : min(v (k*,ms,rr; S[} U))]

Example 3 (continued)

Let us assume that we have the following excesses to choose among:
D(X,)=[03820]
We can also use the following damage preventive measures:

mq = firealarm
me9 = watchmen
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The installation cost of the fire alarm is 2. The cost for the alarm is 0.6 and for the
watchmen 0.9. The corresponding parameters for the different measures are:

po((0,0)) =0.50

a((0,0)) = 24
5((0,0)) = 4
pol(0,1)) =0.75
a((0,1)) = 19
8((0,1)) = 4
po((1,0)) =0.80
a((1,0)) = 18
8((1,0) = 4
pol(1,1)) =0.90
a((1,1)) = 14
A((1,1) = 4

The costs are:
1.000.700.60 0.55

2.501.701.50 1.40
3.502.401.90 1.80
4.503.00 2.50 2.10
5.503.50 3.00 2.80
7.004.20 3.50 2.90

1.821.491.46 1.41
3.252.552.252.10
4.002.80 2.50 2.32
4.703.303.102.70
5.404.10 3.60 3.30
6.704.40 3.90 3.40

3.403.18 3.10 3.07
4.804.103.90 3.75
5.504.404.104.00
5.704.954.50 4.30
6.405.504.90 4.60
7.005.705.204.90

4.254.02 3.98 3.95
5.355.004.73 4.50
5.905.204.784.70
6.20 5.40 5.35 5.00
6.405.50 5.40 5.20
6.705.90 5.50 5.40

c(k,(0,0), X5, (0,0)) =

c(k,(0,0), X, (0,1)) =

C(ka (07 O)v X, (17 0)) =

C(k,(0,0), X5, (1,1)) =




66 A method to find the optimal claim-decision and preventive measures

The installation cost of the fire alarm can be removed from the costs above after we
have installed it. If we had excess 0 last year then the results for n* = 1 and n* = 100
are:

n" =1
k 1 2 3 4 5 6
z1(k,0,(0,0)) 1.250 1.550 2.250 1.500 1.100 0.800
7 (k,0,(0,0)) 1.550 2.250 2.350 1.500 1.100 0.800
3 (k,0,(0,0)) 2.250 2.350 2.350 1.500 1.100 0.800
Ul (k,0,(0,0)) 20 20 20 20 20 20
T, (1,0, 0,0)) (00) (0.0) (00) (00) (0,0) (0.0)
wi(k,0,(0,0),UL,U,) —xi(.) | 0.550 0.550 0.550 1.400 1.800 2.100
Ul(k,0,(0,0)) 20 20 20 20 20 20
U, (k,0,(0,0)) (0.0) (00) (0.0) (00) (0,0) (00)
vi(k,0,(0,0),UL,T,) 1.800 2.100 2.800 2.900 2.900 2.900
U2 (k,0,(0,0)) 20 20 20 20 20 20
T, (5,0, (0,0)) (0,0) (00) (0.0) (0,0) (00) (0,0)
U2(k,0,(0,0)) 20 20 20 20 20 20
U, (k,0,(0,0)) (00) (0.0) (00) (00) (0,0) (0.0)
v?(k,0,(0,0),U2,T,) 2.100 2.800 2.900 2.900 2.900 2.900
U3 (k,0,(0,0) 20 20 20 20 20 20
T, (k.0,(0,0)) (00) (0,0) (0,0) (0.0) (0,0) (0,0)
U3(k,0,(0,0)) 20 20 20 20 20 20
T, (.0, (0,0)) (00) (0,0) (0,0) (0.0) (0.0) (0,0)
v3(k,0,(0,0), U3, T) 2.800 2.900 2.900 2.900 2.900 2.900

and
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n* =100
k 1 2 3 4 5 6
2%00(k,0,(0,0)) 1.215 2444 2934 3.244 3.033 1.804
225,(k,0,(0,0)) 2.444 2.934 4.248 3.244 3.033 1.804
235, (k,0,(0,0)) 2.934 4.248 4.248 3.244 3.033 1.804
UL (k,0,(0,0)) 0 0 0 8 8 20
Uiv(k:, 0,(0,0)) (0,0) (0,00 (0,0) (1,00 (1,0) (1,0)
wlyo(k,0,(0,0), UL, TL) — 2lo() | 19.48 19.48 1948 20.48 20.69 21.92
Ul(k,0,(0,0)) 8 20 20 20 20 20
U,(k,0,(0,0)) (1,00  (1,0) (1,00 (1,1) (1,1) (1,1)
w100 (k,0,(0,0), UL, TL) 20.69 21.92 2241 23.72 23.72 23.72
U2(k,0,(0,0)) 0 0 0 8 8 20
Ufﬂ(k:, 0,(0,0)) (0,0) (0,00 (0,0) (1,00 (1,0) (1,0)
U2(k,0,(0,0)) 20 20 20 20 20 20
T2 (k,0,(0,0)) (1L,0) (1,00 (1,1) (L1) (1.1) (L1)
v2,(k,0,(0,0),U2,T2) 21.92 2241 23.72 23.72 23.72 23.72
U3 (k,0,(0,0) 0 0 0 8 8 20
T (k,0,(0,0)) (0,00 (0,00 (0,00 (1,00 (1,00 (1,0)
U3(k,0,(0,0)) 20 20 20 20 20 20
T (k,0,(0,0)) (1,0) (1,1) (L1) (L1) (L1) (L1)
340 (K, 0, (0,0), U3, T2) 2241 23.72 23.72 23.72 23.72 23.72

For example if we are in bonus class 4 and have a damage of 20 we see that

Vioo(4, 20,0, (0,0))=23.72. This is much lower than Vj00(4,20)=50.08 from section
4.2 where we had no excess and no damagepreventive measures and always claimed a
damage. Hence, we see that we can save a lot of money.
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Chapter 7

Conclusion

The strategy developed in this paper should be possible to use in real life, at least for
some insurances. Of course some information that are assumed in this paper to be
given are not given in real life. For example the increase of premiums are probably
to unpredictable for many insurances for certain damages. However, if good guesses
about these things are made the strategy described in this paper should be a good
guidance to get a lower long-term cost.

This paper is probably most applicable for companies that insure their business. The
reason for this is that they could have negotiations with the insurance company and
therefore they could get more information. The premiums for companies are probably
also more dependent on how big the costs of their damages have been. For new policy-
holders this paper could be a help for deciding which insurance company to have.
They might be in bonus classes with high premiums and want to advance to better
bonus classes quickly without too high immediate costs. Certain insurance companies
might have low premiums for new customers while others have high premiums in the
beginning but might give more reduction later. The insurance companies might also
not give the same reductions for different damage preventive measures and excesses.
These things could be balanced to see which insurance company is likely to be most
profitable in the long run.

If a policy-holder has a better knowledge about the risk for damages for different
measures than the insurance company this could be useful for the policy-holder. Then
the best combination of preventive measures and excesses could be chosen. Since there
are a lot of different premiums for different measures and excesses to determine for
the insurance company, this should be a problem for them. Another problem for the
insurance company is what to do with new customers so that they will keep them
without loosing money. Maybe they have to accept a loss for new customers in order
to keep more customers in the future. If they make clear about how the premiums
are determined maybe they could attract more customers. This is problems for the
insurance company that this paper could be a help for. This paper might also be
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used for deciding if reinsurance should be made. Maybe there should also be a co-
operation between the insurance company and security firms that are providing the
damage preventive measures.

If it would be possible to claim a part of a damage the optimal strategy with thresholds
would look like figure 7.1 instead. This situation is not treated in this paper but should
be very similar to those which are treated. Since I don’t have much knowledge about
the insurance business maybe some things should have been analyzed in different ways.
However this is how I think things work. Maybe some things should be developed more.
For example if the distribution of damages are likely to change from year to year one
could model the damages as F¥(x) instead. An easy way to handle a general increase
for the premiums is to choose a higher discount factor.
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Figure 7.1: V,,(k,x).
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