Mathematical Statistics
Stockholm University

Utilizing ldentity-By-Descent
Probabilities for Genetic Fine-mapping
in Population Based Samples, via
Spatial Smoothing of Haplotype
Effects

Linda Hartman, Keith Humphreys and Ola Héssjer

Research Report 2007:15

ISSN 1650-0377



Postal address:
Mathematical Statistics
Dept. of Mathematics
Stockholm University
SE-106 91 Stockholm
Sweden

Internet:
http://www.math.su.se/matstat



s
Q‘ «Wr’f} Mathema; tical Statistics

~ » O Stockholm Universi ty
\ 12 ; Research Report 2007:15,

Utilizing Identity-By-Descent Probabilities for
Genetic Fine-mapping in Population Based

Samples, via Spatial Smoothing of Haplotype
Effects

Linda Hartman, Keith Humphreys and Ola Hossjer
20071122



Abstract

Genetic fine mapping can be performed by exploiting the notion
that haplotypes that are structurally similar in the neighbourhood of
a disease predisposing locus are more likely to harbour the same sus-
ceptibility allele. Within the framework of Generalized Linear Mixed
Models this can be formalized using spatial smoothing models, i.e. in-
ducing a covariance structure for the haplotype risk parameters, such
that risks associated with structurally similar haplotypes are depen-
dent. In a Bayesian procedure a local similarity measure is calculated
for each update of the presumed disease locus. Thus, the disease locus
is searched as the place where the similarity structure produces risk
parameters that can best discriminate between cases and controls.

We describe an approach which takes a population genetics per-
spective to theoretically motivate the use of an identity-by-descent
based similarity metric. We compare this approach to other more in-
tuitively motivated models and similarity measures based on identity-
by-state, suggested in the literature.

KEY WORDS: genetic association analysis, spatial smoothing, Gen-
eralized Linear Mixed Model, population genetics, IBD, IBS, SNP

1 Introduction

In genetic studies with dense markers, the dependence between markers due
to high linkage disequilibrium has simultaneously been both the major tool
for fine-mapping as well as an obstacle for the analysis. Analyses based on
haplotypes, i.e. a collection of alleles at closely linked loci on the same chro-
mosome, utilize the increased polymorphism obtained when simultaneously
studying several loci. The biological importance of haplotypes is at least
twofold. Firstly, proteins consist of a linear sequence of amino acids, which
is read off from the DNA content on a chromatid, as captured in the hap-
lotypes. Thus haplotypes may capture the interaction of several cis-acting
susceptibility variants found within the gene, that can be hard to detect when
markers are studied one at a time. Secondly, and what is important in this
article, the genetic variation in the population is inherently structured in hap-
lotypes, and thus the haplotype structure mirrors the population history of
genetic drift, recombination, mutation, selection etc. A review of conditions
for when haplotype based analyses are more powerful than analyses based



on single markers, or than multi-locus analyses without regard to haplotype
phase is found in Schaid (2004).

We will in this article concentrate on case-control studies, where information
on haplotypes is collected. The methods and algorithms we present are
intended for diseases with moderate genetic effects, but with a caution that
the algorithms can be prone to numerical difficulties if the number of sampled
individuals is large.

To use haplotypes for gene mapping, we will utilize a local similarity mea-
sure, that is calculated for each pair of haplotypes at putative disease loci.
The disease locus is searched for as the chromosomal position where the local
similarity measure best discriminates between cases and controls. Just as in
Molitor et al. (2003a) we use a likelihood based on spatial smoothing to de-
termine where this discrimination is optimal. The term spatial is used here to
refer to a multidimensional space, on which a distance metric is constructed,
such that similar haplotypes are separated by a short distance. This in turn
implies a large dependence, just as in two-dimensional spatial statistics. A
spatial smoothing model based on a local similarity metric directly exploits
the increased polymorphism, obtained when several linked loci are studied
together, for the purpose of fine mapping, and simultaneously handles the
problems that might arise if there are many rare haplotypes. Molitor et al.
(2003a) used a spatial smoothing model with a conditional auto-regression
(CAR) formulation, where the weights in the auto-regression are determined
by the similarity measure based on alleles shared identical by state(IBS).
Other spatial models suggested in the literature include Bayesian cluster-
ing (Molitor et al., 2003b; Waldron et al., 2006) or cladistic analysis (Durrant
et al., 2004; Durrant and Morris, 2005). These models also use IBS measures
for defining haplotype similarity.

Using spatial models for genetic mapping is thus not a new idea, but as
pointed out in Schaid (2004), further research is required to construct a de-
pendence structure allowing for covariances determined by shared ancestry.
In this article we suggest a similarity metric based on identity-by-descent
(IBD) instead of IBS relationships. In population based samples (such as
the type we focus on), no pedigree data is available, but information on IBD
sharing is captured solely from multi-marker data. Utilizing the ideas and
likelihood ratio calculations of Hartman and Hossjer (2007), we show how
haplotype IBD probabilities can be calculated either strictly pairwise, ignor-
ing all other haplotypes in the sample, or pairwise but utilizing the full hap-
lotype sample. In general the IBD probabilities must be calculated through
simulation. Under a simplified model based on a star-topology for cases
the IBD probabilities can be calculated analytically, still allowing for mu-
tation, recombination and varying allele frequency. Alternative calculations



of strictly pairwise IBD probabilities used for QTL for unrelated individuals
in animal genetics can be found in Meuwissen and Goddard (2001), with a
recent extension to longer haplotypes in Meuwissen and Goddard (2007).

In this article we show how to use a CAR proposal for risk parameters,
together with an IBD metric. We also suggest a spatial model that we derive
from a population genetic perspective — this places an even stronger emphasis
on dependences being due to shared ancestry than the CAR model with IBD
metric. In this latter model it turns out that the covariance matrix for
the haplotype risk parameters consist of IBD probabilities for each pair of
haplotypes.

2 Spatial smoothing models for gene mapping

The idea of spatial smoothing models for gene mapping is to use a model
where a covariance structure is imposed on the haplotype risk parameters,
such that risk parameters corresponding to haplotypes with a high structural
similarity get assigned high dependence. By defining a local similarity metric,
that is calculated around a putative disease locus x, and letting this putative
disease locus be updated in the estimation procedure, the methods are well
suited for mapping of disease genes. Thus, the disease locus is searched as
the place where the similarity structure produces risk parameters that can
best discriminate between cases and controls. The general idea of spatial
smoothing for gene mapping was introduced in Thomas et al. (2001) and has
been elaborated on in Molitor et al. (2003a), whose methodology we follow
to large extent. The main differences between our work and Molitor’s are
that we use a covariance matrix based on population genetic reasoning, see
Section 2.3, and a less ad hoc similarity metric based on Identity-by-descent,
see Section 3.1.

2.1 Notation and Bayesian framework

Assume data that consist of observed phenotypes y,, and single nucleotide
polymorphism (SNP) marker genotypes g,, v = 1,...,m, of m investi-
gated individuals. The genotypes are measured at K marker loci, i.e. g, =
(Gu1s- - - gur ). The region of interest is normalized as a unit interval [0, 1] in
terms of genetic or physical map distance, with marker positions 0 < z; <
Ty < ... < xg < 1. We assume that the genotype phase, i.e. which al-
leles belong to the same chromosome, is known. Thus, for each individual
the genotype can be separated into two haplotypes, g, = (hay—1, hoy,). Each
haplotype h; thus comprises K markers, h; = (h;1, ..., hjxk), where the two



possible alleles for each h; are coded as 0 and 1.
We consider models where each of a person’s two haplotypes contribute ad-
ditively to the total risk, i.e.

g(P(Yy =1)) = pr+ bap—1 + bay, (1)

where ¢ is a link function, typically a logit link, i.e g(p) = In(p/(1 — p)).
Written in vector form we obtain

g(E(Y))=p1+bZ, (2)

where Y = (Y3,...,Y,,) is a random vector of (binary) phenotypes,
1=(,...,1),b=(by,...,ba) and Z = (Z;,) is a 2m x m design matrix
with non-zero elements Zs,_;, = Za,, = 1. More generally, environmental
covariates can be incorporated into (1) — (2), by letting p depend on v. For
haplotype data h = (hq, ..., hs,), and Gaussian risk parameters,

blh ~ N(0, 02%), (3)

(2) becomes a Generalized Linear Mized Model (GLMM), (McCulloch and
Searle, 2001; Breslow and Clayton, 1993).

The covariance matrix 073, is specifed to depend on the putative disease
locus z, and is defined such that structurally similar haplotypes get positively
dependent parameter values. Introducing a covariance structure based on
structural similarity is a way to mimic the notion that haplotypes that are
structurally similar in the neighbourhood of a disease predisposing locus are
more likely to harbour the same susceptibility allele and hence should have
similar risks. Further, this approach implicitly deals with rare haplotypes in
an elegant manner.

We adopt a Bayesian approach, with unknown parameter vector (u, b, x, 0y, £),
where & contains the parameters used in the calculation of the local similarity
metric. For y = (y1,...,Ym), i.e. the observed value of Y, the joint posterior
distribution is

w(u, b, z, & op|ly, h) < (y|p, b)m(p)7(b|X(x, &, h), o) ()7 (&) (0p), (4)

where 7(y|u, b) and 7(b|X(x, &, k), 0p) are defined in (1)—(2) and (3) respec-
tively. Figure 1 contains a graphical interpretation of the model as a directed
acyclic graph (DAG). To estimate the model parameters, of which z is of par-
ticular interest, the parameters are updated in an MCMC algorithm, which
we describe in detail in Appendix A.
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Figure 1: DAG for model with known phase. Circles represent parameters
whereas squares represent observed quantities.

2.2 Conditional auto regression (CAR) model

A popular way to model dependence between parameters, is through a Con-
ditional AutoRegression (CAR) model. A CAR model for spatial smoothing
was first implemented for gene mapping by Molitor et al. (2003a).

The model is defined through its conditional distributions:

bilb—iy. 03 € N(bi, 07/ > wij), (5)
J#

where w;; quantifies similarity between haplotypes ¢ and j, b; denotes
for the vector of all b;s except b;, and b; is the average of the other risk
parameters, weighted by their similarity with 7, i.e. b; = i Wighi ) 34 wl]
From a similarity matrix W = (wg;)77, (with w;; set to 0) let M~*
diag(¥, wi;) and C = diag(1/ ¥, w;;)W. For a given oy, which here
denotes the conditional variance, the joint distribution (3) then has precision
(i.e. inverse covariance) matrix o, 2Q = 0, °X " where

Q=M "' (I, - C). (6)

In many practical applications, it is not ensured that the CAR definition leads
to proper distributions for b, but since the covariance matrix is updated in
the MCMC procedure, it is important that it does so here. By definition,
(6) leads to an intrinsic distribution, but addition of (a small) € > 0 on the
diagonal of @, makes @ diagonal dominant, and thus positive definite, as
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long as w;; are all non-negative. The CAR model thus allows great flexibility
in defining the similarity metric. The resulting distribution has covariance

matrix 0% = o} (M_I(Izm -C)+ EIzm)_l-

2.3 Population genetic model

A CAR model produces spatially smoothed parameters, where each haplo-
type risk is a weighted mean of the other haplotype risks. The weights are
determined by the similarities between the haplotypes. The CAR model is
not defined from a population genetic perpective, but is an "all-purpose"
algorithm to obtain correlated parameters.

As an alternative, assume that the studied sample of today’s chromosomes
have been inherited from N’ founder haplotypes h,. .., 'y, and that a dis-
ease gene existed in one of the founder chromosomes, h}mut, at position z
in the studied interval. The material of h’[mut at and around z has since
then segregated down to some of today’s haplotypes, through the process of
recombination and mutation, causing an increased risk of disease in carriers
of those haplotypes. The disease risk of each of today’s haplotypes, is thus
determined by which founder haplotype has segregated its material at the
disease locus z. Let I} be the random penetrance effect of founder chromo-
some I. One possibility is to let 0} be binary, with a value depending on
whether I is mutated or not, see Appendix B for further details.

However, following a traditional simplification in quantitative genetics, we
assume for the Bayesian analysis (4) that

V) ~ N(0,07) are iid., I =1,..., N’ (7)

Let I; denote the founder chromosome that is passed to Chromosome i of
today’s generation, so that b; = b} for i =1,...,2m. We assume that

b = (b)Y, is independent of (I,h), (8)

where I = (Iy,..., l5,). Formula (8) corresponds to no genetic drift of the
disease allele frequency (independence of b’ and I'), that z is not a marker lo-
cus and that the founder generation is in linkage equilibrium (see Appendix B
for a motivation when b is binary). It implies

Cov(bi, bjlh) = Cov (b}, b7 |h)
= B (Cov(th,. by,[T.h)) + Cov (E(W, |1 h). E(t), |1, h))
= oy P(I; = I;|h) +0
= 0;P(i,j IBD at z|h), 9)

7



where the inner expectation /covariance is with respect to " and the outer one
with respect to I. Since all b} are Gaussian, the marginal distributions of b|h
is N(0, 7). We simplify further and assume that b|h is multivariate Gaussian
with covariance matrix as in (9). This implies that (3) holds with
¥ = (P(i,j IBD at z|h));7,.
As an approximation of (9),

COV(bi,bj’hi,hj) = P(Z,j IBD at .fl?‘hi,hj), (10)

could be used. As noted in the discussion, it is then important to confirm
that the approximate covariance matrix is still positive definite.

The idea of the spatial models was that structurally similar haplotypes should
have dependent risk parameters, as they are likely to harbour the same sus-
ceptibility gene. The above population genetic argument shows that if simi-
larities are measured as IBD probabilities, these enter directly as the elements
of the covariance matrix. Hence it is intuitive to specify ¥ = W = (wij)?gl:l
with similarity metrics

and

which we calculate in Section 3.1.2 and 3.1.1, respectively.

For QTL linkage analysis with an additive genetic variance component, (2),
(3) and (9) could be combined, with a linear link function g. The major
difference from what we present here is that h has to be redefined, to contain
not only marker data but also the known pedigree structure of all m family
members see Amos (1994), Almasy and Blangero (1998) and Sham et al.
(2002). See also Meuwissen et al. (2002), where the approximation (10) is
used for association analysis in animal genetics.

3 Haplotype similarity measures

As described in the previous section, a local similarity metric w;; is calculated
between all pairs of haplotypes ¢ and j for each putative disease locus .
Whereas the population genetic model of Section 2.3 suggests a very specific
similarity matrix W = (wy;)77-, based on (11)(or its approximation (12)),
the CAR model of Section 2.2 allows a wide range of similarity matrices.



3.1 Similarity measures based on IBD

The IBD similarities (11)—(12) directly estimate the probability that two
haplotypes are descendants from the same founder, and thus share the same
susceptibility allele. IBD is at the basis of many gene mapping strategies,
such as linkage analysis. IBD calculations typically rely on marker data from
several generations from families with known pedigree structures. In popula-
tion based studies, such that we consider here, only marker data of the present
generation are available, so pedigree structure is unknown. Meuwissen and
Goddard (2001) estimate pairwise IBD-probabilities from marker data in a
region with strong LD, by modelling the coalescence of all markers, for one
pair of chromosomes at a time. The algorithms presume known phase, that
haplotypes were randomly sampled and that no mutations have occurred,
and require known effective population size and time since the most recent
mutation. Recently Meuwissen and Goddard (2007) published a new algo-
rithm allowing for mutations, which estimates the effective population size as
part of the algorithm. Due to computational constraints, haplotypes are only
compared pairwise, i.e. the coalescence trees are not built simultaneously for
all haplotypes in the sample.

In Hartman and Hoéssjer (2007) an Ancestral Recombination Graph (ARG),
for retrospectively sampled data was developed, and a likelihood ratio (LR)
test for gene mapping suggested. Under general population genetic con-
ditions, extensive simulations of the ARG must be performed in order to
estimate the likelihood ratios. However, assuming linkage equilibrium (LE)
in founder haplotypes, different founders for unmutated chromosomes, and
a star topology for the ancestral tree of the mutated chromosomes, analytic
expressions for the LR-test can be obtained.

In the following we will use the approach of Hartman and Héssjer (2007) to
calculate IBD-probabilities, both pairwise, i.e. only accounting for the two
haplotypes in the pair, and pairwise but conditional on the full sample. The
genealogical model used for the IBD calculations assumes that all or many
of the diseased individuals carry the same disease allele (which is presumed
to be rare) together with a small chromosome segment from the founder.

3.1.1 Pairwise IBD calculations

Strictly pairwise IBD calculations imply utilizing only the two haplotypes h;
and h; in the calculation of the IBD-probability, just as in the proposed IBS
similarity metrics of Section 3.2 or the IBD similarity metric of Meuwissen
and Goddard (2007). Let

a = P(i,j IBD at x) (13)

9



be the prior probability that two arbitrary chromosomes in the sample are
IBD. Under a star topology this is identical to the probability that both
chromosomes carry the mutated disease chromosome. The value of « is
affected by the ascertainment scheme, which is an issue we discuss further in
Section 3.1.3.

The pairwise IBD probabilities can be calculated as

w;; = P(i,j IBD at x|h;, h;)
P(h;, h;li, j IBD at x)a
P(h;, h;li, j IBD at x)a + P(h;, h;|i, j not IBD at z)(1 — «)
LRij
= 14
LRij—i-(l—Oé)/Oé’ ( )

where

P(h;, h;li,j not IBD at x)

Analytical expressions for the likelihood ratio L;; can be found in Appendix C.

LRij -

3.1.2 1IBD calculations conditional on the full sample

Using the ARG of Hartman and Héssjer (2007) under the star-topology we
can however not only calculate IBD probabilities pairwise, but also condi-
tional on the full haplotype sample h.

To this end, define C = (C4,...,Cyy,), where C; = 1 if chromosome i is
mutated at x and C; = 0 otherwise. Further let C;; = {C;C; = C; =
1} represent all C' for which ¢ and j are IBD at z (according to the star
topology). Then

w;; = P(i,j IBD at z|h)

P(C € Cyj|h)

= P(h|C € C,;;)P(C € C,j)/P(h)
aP(h|C € Cy;)/FPy(h)

T PRk 1

P(C € Cjj) = P(i,j IBD at x) = a. Py(h) is the probability of h under the
null hypothesis of no disease locus, thus Py(h) = Hifl e, f(hq), where

f(-) are the allele frequencies of today’s generation.
In Appendix D s LR = P(h)/Po(h) and LRU = P(h]C’ S CZJ)/Po(h) are
calculated by summation over all possible mutated founder haplotypes h'.

10



3.1.3 Choice of «

The prior probability that two haplotypes in the sample are IBD, «, is central
to the calculations of IBD probabilities. Under random sampling o = p?,
where p is the disease allele frequency. Under non-random sampling, such as
a case-control study, o can be greatly increased.

We have used a simple approach to address the non-random sampling, which
incorporates information on the number of cases and controls (together with
penetrance and disease allele frequency).

For mg controls and m; = m — mg cases, we use the Empirical Bayes
choice a = P(i,j IBD|mg, my) of prior probability in (13). The IBD sim-
ilarity metrics in (14) and (15) should more correctly be written as w;; =
P(Z,j IBD at x|hi,hj,m0,m1) and Wi; = P(Z,] IBD at x|h,m0,m1). To
find a general expression for a we let 1, ¥ and 5 denote penetrance param-
eters, i.e. the probabilities of being affected when having 0, 1 and 2 disease
alleles respectively. Assume i € (2v — 1,2v), is one of the two chromosomes
of Individual v. Under Hardy-Weinberg equilibrium we define

p*(1—tb2) +p(1 —p)(1 — i)

and
P*P2 + p(1 = p)th

S Y
where S = 1y(1 —p)? +112p(1 — p) + bop? is the prevalence. Then, assuming
7 and j are drawn randomly from a pool of cases of controls of relative sizes
my/m and mg/m, we get

Pcase = P(Z mutated]YU = 1) =

9 2
mo 9 mo My my 2
a = (E) Detrl + 2ﬁﬁpctr1pcase + (E) Pcase- (16)

Notice that for a recessive disease we obtain o = (m;/m)?, in the limit when
p — 0.

Another approach for handling non-random sampling would be to include «
in the MCMC algorithm, e.g. by assigning a prior on [0, 1], and updating «
in each step of the chain. For w;; = P(i,j IBD|h;, h;), this is possible since
« enters only in the quotient of likelihood ratios in (14). Thus the compu-
tationally demanding likelihood ratios could still be calculated only once, at
the beginning of the algorithm. We tried out this approach in preliminary
analyses. Updating « in the MCMC algorithm didn’t improve our results, so
we let « be fixed in our final MCMC algorithm. For w;; = P(i,j IBD|h),
enters already in the prior probability P(C;) that a chromosome is mutated,
c.f. (30) and (31) in the appendix. Thus each update of a would require

11



calculation of new likelihood ratios, which is not computationally feasible
except for with very small data sets.

3.2 Similarity measures based on IBS

Similarity metrics for spatial smoothing, suggested in the literature on fine-
mapping, have typically been based on the notion of Identity-by-state (IBS).
The IBS similarity metrics are approximately monotone functions of the
probability that two haplotypes are descendants of the same founder at the
disease locus, and thus share the properties determined at the disease locus.
IBS similarity metrics have been used also for clustering models, where each
haplotype is compared with each cluster-centre haplotype, and a clustering
is sought that can best discriminate between cases and controls.

As a simple IBS measure Molitor et al. (2003b) suggest the length shared
IBS around z between the two haplotypes, in connection with the CAR
model. We have implemented their approach to fine mapping for comparison
with ours. Although z could vary continuously in the measured region, for
computational reasons we have only calculated the IBS (and later the IBD)
similarity metrics at a discrete set of locations, chosen as the midpoint of
each marker interval. In this case,

wi; = Rj(x) — Lij(z) (17)

where R;;(x) = “X** where r is the the first marker to the right of = where
a difference is encountered between haplotypes h; and h;, and ' =r—1. (If
no difference is encountered to the right let v = r = K.) L;;(z) is defined
similarly to the left of x. If a difference is encountered at the closest marker to
the right or left of = (but not both), this algorithm includes half of the interval
[Ty, Thor1] in the shared length, where kg is the closest marker to the left,
ie. xp, < x < xp,+1. The above algorithm could also be extended to allow
for mismatches due to mutations, by letting intervals after an encountered
difference be included in the IBS-measure, but assess a penalty to the shared
length after such a difference. Waldron et al. (2006) define an alternative IBS-
measure that sums up similarity scores over all possible windows around the
putative locus, and uses the maximum window score as the overall similarity
score. In order to assign higher scores to matches of rare alleles, than matches
of more common alleles, and allow for mutation, the SNP similarity score is
defined from the odds against a match if the haplotypes are unrelated. Thus
the score is

(1 —p)/p if the alleles match
0 if any allele is missing
—vp(1 —p) if the alleles do not match,

12



where v is a mismatch penalty parameter and p is allele frequency. Durrant
et al. (2004) used a similar score for cladistic analysis, with 1 —p as matching
score and no mismatches allowed for, thus in effect v = oc.

4 Simulations

As an example of the performance, we show results from analysing a simu-
lated data set. The simulated data consisted of 11 markers for 100 cases and
100 controls (thus 400 haplotypes in total) and the disease allele frequency
was 0.1. In order for this small sample size to be sufficient for detecting asso-
ciation we used a full recessive penetrance model, i.e. 1) = [0,0,1]. Thus, we
tried our gene mapping algorithms for a data set generated from a different
(stronger) penetrance model to that assumed in (1). In Appendix B a con-
nection between binary penetrance effects and the logit-model for continuous
risk parameters is described.

We simulated the case-control sample, using the retrospective ARG of Hart-
man and Hossjer (2007), with a star topology. Thus, for each individual the
mutational status for each of the two alleles at the disease locus is simu-
lated conditional on the disease status. Each unmutated chromosome has
markers in LE, whereas each mutated chromosome carries the alleles of the
(simulated) mutated founder, up to a simulated recombination point to the
left and right of the disease locus, respectively. Outside of the recombina-
tion points marker alleles are in linkage equilibrium. We ran the simulations
without neutral mutations; these are otherwise superimposed independently
at all chromosomes and markers.

The 11 markers were equidistantly spread, with z; =0, 2o =0.1,..., 21, =
1, and we used marker allele frequencies f(0) = fx(1) =0.5, k=1,...,11.
The disease location is at 0.65, i.e. in between markers 7 and 8, and the
expected number of recombinations since the founder mutation within the
chromosomal region, p = 4.

We fitted five models to the simulated data

e CAR with IBS similarity

e CAR with IBD (pairwise)

CAR with IBD (full)

Population genetic model with IBD (full)

Population genetic model with IBD (pairwise)

13



Estimated posterior density for x

MCMC samples of x 6

5
iteration x10°

Figure 2: MCMC output and estimated posterior density for disease locus z
for a CAR model with IBS similarity metric (17). True disease locus is at
0.65.

Results from fitting these models are displayed in Figures 2-6, respectively.
In the gene mapping analyses, marker allele frequencies were estimated from
(the simulated) data. To calculate IBD probabilities the correct values of p,
and ¥ = (¢o, ¥1, 1) were assumed known. Using (16), with ¢y = ¢, = 0
and 1, = 1, we obtained a = 0.30. This value of a was used in the IBD
similarity metrics, except in Figure 6 where we used o = 0.05 to obtain a
positive definite covariance matrix, see discussion below. The density esti-
mations to the right in the figures were produced by a normal density kernel
smoother with automatic bandwidth (Matlab’s function ksdensity.m). For
all analyses with CAR models we obtained a positive definite covariance ma-
trix by adding a fixed € = 0.0001 on the diagonal of the precision matrix, see
Section 5 for further discussion.

All models gave reasonable results, in terms of their ability to point out the
correct marker interval. The IBD based similarity metrics (used in both CAR
and the population genetic model) gave for this dataset slightly better results
than the IBS based similarity metric (which can be used only with the CAR
model).

The analyses were sometimes hampered by numerical difficulties. As the
population genetic model of Section 2.3 uses the similarity matrix W directly
as covariance matrix, it demands a positive definite covariance matrix. For
this data set the approximation w;; = P(i,j IBD|h;, h;) did not produce a
positive definite matrix. In the IBD calculations the parameter « is central,

14



Estimated posterior density for x

MCMC samples of x
T T T

m(x|y)

Figure 3: MCMC output and estimated posterior density for disease locus x
for a CAR model with IBD similarity metric w;; = P(i,j IBD|h;, h;). True
disease locus is at 0.65.

both when conditioning on the full sample h or just the pair of haplotypes
h;, h;. A small o amounts to low prior probability that two haplotypes are
IBD, and will thus make the posterior probabilities w;; = P(i, j IBD|h), or
the approximation w;; = P(i, 7 IBD|h;, h;), smaller. As the corresponding
similarity matrices W will always have unit diagonal (a haplotype is by
definition IBD with itself), a smaller & will thus produce a similarity matrix
that is further from the limit of singularity. Thus, for the approximate version
w;; = P(i, 5 IBD|h;, h;) the chance that W will be positive definite increases,
if a small «v is used. For the population genetic model we have therefore tried
analyses with an o < 0.30. In Figure 6 we used a = 0.05, as this ( but not
a = 0.1) was small enough (for this particular dataset) to get a positive
definite W even for the approximation w;; = P(i,j IBD|h;, h;).

For some of the analyses where the covariance matrix was positive definite,
such as all analyses with the CAR model, numerical difficulties also occured.
The seemingly accurate result of Figure 4, is probably also an artefact of
bad mixing. When we ran several separate MCMC-chains with this model
(CAR model with w;; = P(i,j IBD|h)), the analyses most often gave similar
results as that displayed. Sometimes however, and more often for starting
values close to z = 0, the MCMC got stuck in another marker interval. The
seemingly accurate results from this model are thus not reliable for this data
set.

For this particular data set all proposed models and similarity metrics gave
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Estimated posterior density for x

MCMC samples of x
T T T

m(x|y)

Figure 4: MCMC output and estimated posterior density for disease locus
x for a CAR model with IBD similarity metric w;; = P(i,j IBD|h). True
disease locus is at 0.65.

reasonable results. If the CAR model with w;; = P(i,j IBD|h) (Figure 4)
is excluded due to bad mixing, the best results were obtained with w;; =
P(i,j IBD|h;, h;), either in the CAR model (Figure 3) or in the population
genetic motivated model (Figure 6). In the latter case o = 0.05 was used
in order to get X to be positive definite. The population genetic motivated
model with w;; = P(i,j IBD|h) (Figure 5) also gave better results than the
CAR model with IBS based similarity metric (Figure 2) for this data set.
Additional simulations (not shown here) with data sets of different sizes,
disease models, recombination rates etc, confirm that a CAR model with
w;; = P(i,7 IBD|h) seems to be the model which is most prone to bad mix-
ing. The strictly pairwise IBD metric w;; = P(i,j IBD|h;, h;) seems to give
reliable results in general, both when used directly as entries in the covari-
ance matrix (after positive definiteness is assured) or in a CAR specification.
Sometimes however, even these analyses seem prone to bad mixing, and re-
quire a smaller a than suggested in (16) to negate the problem. The IBS
based similarity metric, that can only be used in the CAR model, was least
prone to numerical difficulties.

We expected that the theoretically motivated model of Section 2.3 with
w;; = P(i, 7 IBD|h) would give the best results, since we evaluate data simu-
lated from the same genealogies that are assumed in the analysis. We believe
that the above mentioned numerical difficulties might at least partially ex-
plain why we did not observe this model to outperform the others. In the
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Figure 5: MCMC output and estimated posterior density for disease locus x,
for the population genetic covariance matrix with w;; = P(i,j IBD|h). True
disease locus is at 0.65.

population genetic models the similarity matrix W enters directly as the co-
variance matrix 3 = W. For the IBD based similarity metrics, W gets close
to singular for tightly linked markers. Numerical problems may then arise,
e.g. when the density of b is calculated as part of the MCMC algorithm.
Problems with bad mixing also increase with the size of the data set. Apart
from problems with close to singular matrices, the large dependence between
variables updated in different blocks in the MCMC algorithm might also be
an issue for mixing, as discussed briefly in Section 5.

5 Discussion

We have in this paper studied two different spatial smoothing models for
haplotype risk parameters, in an algorithm for genetic fine mapping using
population based data. The CAR model has been suggested for fine mapping
in earlier articles. It has the advantage that it can be used with a wide range
of similarity metrics, but lacks population genetic interpretation. We have
derived an alternative model from a population genetic perspective, which re-
sults in a covariance matrix consisting of pairwise IBD probabilities. We have
studied how IBD probabilities can be calculated for population based data
with tightly linked markers. Under a star shaped topology we retrieve ana-
lytical formulas for P(i and j IBD at x|h), and P(i and j IBD at x|h;, h;),
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Figure 6: MCMC output for disease locus z, for the population genetic
covariance matrix with w;; = P(i,j IBD|h;, h;), with o = 0.05. For this
case-control study we obtained o = 0.30 in (16), but the covariance matrix
W was then not positive definite. True disease locus is at 0.65.

where the latter can be regarded as an approximation utilizing only the mark-
ers of the two respective haplotypes. Whereas IBS similarity metrics can be
calculated without much background knowledge, the suggested IBD proba-
bilities require (and adapt to) estimates of marker allele frequencies, marker
mutation frequencies, and the (possibly varying) recombination rate. When
used for gene mapping (on simulated data), the more advanced similarity
metrics based on IBD probabilities gave slightly higher quality.

The CAR model, which explicitly smooths parameter estimates by writing
the conditional mean of each parameter as a weighted average of all other
parameters, has been extensively used e.g. in image analysis, geostatistical
applications, spatial epidemiology and environmental statistics. Rue and
Held (2005) and Banerjee et al. (2004) give a wealth of references and ex-
amples. The model has great numerical advantages in settings where the
induced precision matrix @ is sparse, in which case b is a so called Markov
Random field. From the definition in (6), the precision matrix and thus the
covariance matrix is positive semi-definite (as long as the similarity matrix
has only non-negative entries). In applications where the precision matrix
is fixed, it is often not crucial that the precision matrix is positive definite.
Since the disease locus z, and thus the precision matrix is here updated as
part of the MCMC algorithm it is important that the parameters have a
density, i.e. that the covariance matrices are all positive definite.
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To get a proper distribution with the CAR formulation a popular approach,
discussed by Banerjee et al. (2004) and used by Molitor et al. (2003a), is
to introduce A\, 0 < A < 1in Q = (M '(I, — AC)). The "propriety
parameter" )\ is then updated in the MCMC procedure along with the other
parameters. To get non-negligible spatial dependence A must be very close
to 1. We have instead added (a small) € > 0 on the diagonal of the precision
matrix. In earlier simulations we updated A or € within the MCMC algorithm,
but in the final algorithm we have instead added a fixed ¢ of size 10~, which
gave a more effective MCMC algorithm, without impaired quality of the rest
of the estimators.

Also for the model of Section 2.3, the issue of positive definiteness is of
concern. As the covariance matrix is here taken as the (IBD) similarity
matrix, it is required that the similarity matrix is in itself positive definite.
This is ensured for w;; = P(i,5 IBD at x|h), whereas the approximation
w;; = P(i,j IBD at x|h;, h;) will often require an adaptation, especially for
tightly linked markers. One possibility is addition of a positive number on
the diagonal, but the larger addition that is needed, the further the model
will depart from the derived model. The IBS-based similarity metrics of
Section 3.2 in general produce a similarity matrix that is far from positive
definite, and could thus not be used to directly define a covariance matrix.
Although w;; = P(i,j IBD at z|h) will always produce a positive definite
similarity matrix, it may be so close to singularity, that numerical problems
may occur. These problems are accentuated for large datasets with tightly
linked markers. Addition of a small positive € on the diagonal might thus be
needed here too, to get good mixing.

Both CAR and the population genetic model require one risk parameter for
each haplotype. If the number of individuals m and haplotypes 2m is large,
the model dimensionality gets very high. A computationally tractable alter-
native could then be to assign a risk parameter to each unique haplotype,
B = (P1,...0u) where H is the number of unique haplotypes present in the
sample. This is what Molitor et al. (2003a) did in their CAR model. The
population genetic interpretation would be that equal haplotypes in today’s
sample implies the same founder haplotype at z. In an area of strong Link-
age Disequilibrium (LD), H is typically much smaller than 2m. Another
alternative that will probably scale better to data sets with very many hap-
lotypes (as is common in studies of complex diseases) is to use a clustering
approach just as in Molitor et al. (2003b), Waldron et al. (2006), etc. The
IBD based similarity metrics could be used in these models as well, to split
the haplotypes in clusters.

Apart from close to singular covariance or precision matrices, another reason
for bad mixing in an MCMC analysis is high dependence in the posterior
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distribution between parameters in different blocks. An improvement of our
algorithm would thus be to update b in a block together with o7, and possibly
also . Rue and Held (2005, Ch. 4) describe how such block-wise updates
could be achieved, which for a logit link, requires auxiliary variables with
Kolmogorov-Smirnov distribution, for which the distribution function is only
known as an infinite series.

The methods presented were developed for data with known genotype phase,
which appears e.g. in data from case-parent triads. The methods will also
work well when phase can be inferred with little uncertainty, which can be
the case for very tightly linked loci. If phase is not known, it must be inferred,
and the uncertainty should then be taken care of in the estimation proce-
dure, as discussed e.g. by Thomas et al. (2003). This could be accomplished
by treating haplotypes as unobserved data which is updated in the MCMC
procedure. For genotypes where phase cannot be unambiguously resolved,
the unobserved haplotypes can alternate between the possible states, or at
least between these with an estimated frequency above a minimal threshold.
If the possible haplotype pairs are found in a pre-analysis, together with an
estimated probability for each of the states, these probabilities can be used
when phase is updated in the MCMC algorithm, see e.g. Morris (2005), where
this is done in a clustering algorithm.
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A MCMC algorithm

We fit the model using MCMC, where & = (fx, gk, p, - - .) and h are considered
fixed and are therefore left out in the notation. The algorithm is close to
that of Molitor et al. (2003a), although the parameters are here updated in
larger blocks to obtain faster mixing. Due to the conditional independence
relations that are illustrated in the DAG of Figure 1, the involved steps are
comparably easily calculated. Notation @ = (u, b, 0, ) is for the collection
of all model parameters and @_, is used for all parameters except z, e.g.
0_, = (b,0p,x). The algorithm works with both model types presented in
Section 2, although o7 has different interpretation. For identifiability reasons,
the risk parameters in the vector b = (by,- -, bgy,) are constrained to sum
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to 0, and thus (4) becomes
m(6ly) oc L(y; O)7(u)m(b]17b = 0, z, 03)7(2)7 (o)
where L(y;0) = w(y|0) is the likelihood. The distribution m(b|17b = 0)
(where other parameters are omitted in the notation) fulfils
b)7(17b|b)
|17y = ") blb)
mbILh) = =T

Thus we obtain

~(b17b = 0) = W(b)\lT_l\‘l_/2 _ W(b)(2m)‘i/2 |

@2m)"V2 1o (2map) 2T QI Y
where 7(b) is as in Section 2. (For the simplified model described in Section 5,
2m is exchanged with H.) This constraint is accounted for in the proposal
of b, and in the acceptance probabilities of o, and x, that influence the
covariance matrix for b. The term 17Q'1 is to be calculated and saved
once and for all, for each possible @Q, i.e. for each marker interval.

A.1 Likelihood

For the logit link model the likelihood is

" (exp(p + bay—1 + boy))¥”
L(y;0) = '
(ya ) H 1 +exp(M+b2v—1 +b2v)

v=1

A.2 Update of u

We use a MH-step to update p. With prior density m(u) ~ N (0,07 ) and a
normal random-walk (RW) proposal fien = fiora+ 2, where z, € N(0, 02, i)

we obtain an acceptance probability

L(y7 Hnew, 9—#)7‘-<,unew) )
L(y; Mold, 9—,u)'”(,uold)

Pace = Min (1,

A.3 Update of b

To gain computational speed and better mixing we update b in one block with
a RW-proposal, and sample b,,.,, = byq + z — 2 where z € N(0, afRWIzm)
where I, is the identity matrix of dimension 2m. Accept b, with proba-
bility

. < L(y;bnewae—b)ﬂ_(bnew‘Qaalg)>
Pace = min | 1, 2 )
L(y; bota, 0-6)7(boia| Q, 07))
where 7(b|Q, 02) ~ N(0,02Q "), i.e. the unconstrained density for b.
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A.4 Update of gy

The standard deviation, o3, of the risk parameters is updated in a Gibbs
sampling step. Inverse gamma distribution is used as prior for o7, i.e.
0,2 € T'(as, bs) resulting in conditional distribution

2bs

7[_(0-1)_2‘9—0'177 y) ~T'(as +(2m—1)/2 0.5, m

).
The restriction > b; = 0 enters as a subtraction of —1/2 in the shape param-
eter of the resulting gamma-distribution.

A.5 Update of «

For disease locus x we use a flat prior over the measured area. For better uti-
lization of information in the more densely marked regions we use a two step
procedure to sample proposal values x,,. First sample a marker location &
from the discrete uniform distribution on {1,..., K}, then sample ., uni-

formly from the interval (x’“’lzﬂ’“, x”;’““). When £ is an end marker (k =1

or k = K) Zpeyp is sampled uniformly from (xl, ‘“J“T‘”) and (
respectively.
Accept X, With probability

W(b’Q(CEnew), Op, lTb = ())(;I;Zi’ul’ _ 5’325111)))
7T(bycz(iﬂold), Op, 1Tb = O) (szlfl _ mzliil) )

TK-_11TTK
2 ’ xK)

Pace = Min (1,

where

©(b|Q(x), oy, 17p = 0) x
(17Q " (2)1)?|Q(x)|"? exp(—0.50; *b" Q()b).

B Binary penetrance effects in the population
genetic model

In Section 2.3 we derived (3) for a population genetic model with covariance
matrix (9). It is more realistic though to assume that b; is binary, with the
larger value attained when [; is mutated, and the lower value when it is
not. Assume that only one founder allele I,,,; is mutated and has uniform
distribution on 1,..., N’. It follows then from (8) that the disease allele
frequency

p=P(; =Iw) =EPIws=1I|I;=1)) =1/N’
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In order to retain E(b;|h) = 0 and Var(b;|h) = o} from (3), a simple calcu-
lation reveals that the two levels of b; have to be chosen according to

\/ ]z = Imu )
bi _ { Q/po-ba t (18)

- p/q0b7 ]Z ?é -[m’u,ta

where ¢ = 1 — p. It can be verified that (9) only holds in the limit p — 0
for the binary model. The reason is that {b};} are otherwise not i.i.d. but
negatively correlated.

Let v; denote the probability that an individual with [ copies of the disease
causing allele becomes affected. In view of (1) we thus have

vo = g7 (n—2y/p/aon)
o= g (et (Valp— Jold) o) (19)

Yy = gt (;H—Q\/%Ub)

For the binary case we now motivate why (8) requires linkage equilibrium in
the founder generation and that x is not a marker locus.

For instance, suppose x = x, so that the disease locus is at x;, and write
h' = (W}, ..., h}x), so that h%, is the allele at x;, of founder haplotype h’.
Then, by (18), we have

b = —\/p/aov + (Ja/p + \Jp/a)ohiy,

provided we encode h’,, to have value 1 if I is mutated, i.e. I = I;,y. If there
are no other mutations than the disease causing one, b, equals the common
value of {hy; I; = I}. If x is close to xy, V), and A/, are still correlated if
there is linkage disequilibrium in the founder generation.

C Calculation of likelihood ratios conditional
on h; and h; under the star topology

Following the notation of Hartman and Hossjer (2007), let M, denote the set
of mutated chromosomes, put Q = {i,j} x {1,..., K} and let D C 2 be the
set of mutated sites. Further let f, denote the allele frequency at marker £ in
the founder generation, and ¢, denote the probability of a mutation at marker
k between the founder generation and today’s sample, so that today’s allele

frequency is fi(a) = (1 — ) fe(a) + qu(1 — fu(a)), a =0, 1. Apply Hartman
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and Hossjer (2007, Eq. 21), adapted to known phase, to subsample {4, j} and
sum over all possible D to obtain

LR;; = S LR(D)P.(D|i,j € M,), (20)

where LR(D) = P(g|D)/ 1 xea fr(hix). Let ngo(ngr) be the number of 0(1)
alleles at marker k, that belong to the area D, see Figure 7. Since the phase
is known, Hartman and Héssjer (2007, Eq. 22) implies

Plhi D) _ ﬁ LRy, (21)

LR(D) = - _
(D) Ty fr(hie) fe(he) s

where

(1 = q)" ;" fx(0) + ¢ (1 — q)™ fi(1)
fr(0)0 fi (1)
Let further n, = nio + ng1 be the number of mutated sites at locus x;,. We

notice that 0 < n; < 2 and that LR, = 1 when n; < 2. Hence we can rewrite
(21) as

LRy =

LR(D) = H LR;. (22)
kingp=2
Assume zp, < = < 2,41 and let X “and X Tdenote the crossovers closest to
the left and right of . Define K~ € {1,...,ko+ 1} and K* € {ko,..., K}
by
Tg-—1 < X <wg-,

T K+ §X+ < TK+41- (23)
We can now rewrite (22) as
ko K+
LR(D) = [[ LRi- [ LR (24)

k=K~ k=ko+1

where the products are interpreted as 1 when K= = kg + 1 and KT = kg
respectively. By construction of the retrospective ARG, K~ and K™ are
independent random variables.

Hence, combining (20) and (24) we get

LR,; = (kofp(f(— = k) ﬁLRZ> : (fj P(K* = k) ﬁ LRZ> . (25)

k=ko l=ko+1

Let p be the expected number of recombinations within the chromosomal
region since founder generation. Given that a recombination occurs, it has
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Figure 7: Illustration of the set {2 for two example haplotypes, ¢ and j, with
K = 11 markers. The dashed vertical line displays the position of the disease
mutation, and the shaded area shows D, the set of mutated sites. Thus, in
this example kg = 4, K~ = 4 and Kt = 7. Further n; = 0 = nyg = ny1, ng =
L,

nyg =1, ng1 =0, ng =2 =mnyg, ny1 =0, ng =1 = nggy, ng; =0, etc.

density 7 on [0, 1]. To calculate the distributions of K~ and K note that re-
combinations occur along different mutated ¢-lineages as independent Poisson
processes with rate pr(-). Thus {X; }ien. and {X;" }iens, are independent
random variables with

Po(Xi <a') = exp(—p[ym(s)ds), 0<a' <z

/ - = 2
P (X" >2) = exp(—p [T w(s)ds), =<' <1. (26)
If the recombination rate is uniform along the chromosome, i.e.
m(s) =1, 0< s <1 then
- / — _ _ ! < /<
PXT <) = exp(—plx—a'), 0<a <u, o

P(X) >a) = exp(—p(a' —a)), @</ <L

Due to the star-topology of mutated chromosomes, the closest recombinations
X~ =max(X;,X;) and X* = min(X;", X7) (to the left or right) between
two different i-lineages are independent, and thus

P(X~ <a') = exp(=2p(x—2a')), 0<a/ <z,

P.(XT>a") = exp(—2p(a’ —x)), = ; x ; 1. (28)
Thus
exp(~2pa) -
P(E™ =k) = exp(=2p(z — 23))(1 — exp(=2p(ay — 24-1))) 2 <k < ko
1 — exp(—=2p(x — 2,)) k=ko+1,
(29)
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and similarly for the recombinations to the right of x.

Thus LR, and hence also w;;, can be computed in O(K) time, and thus the
full similarity matrix W is calculated in O(K'm?) time. Notice that this is
true also when neutral mutations are allowed for, i.e. g > 0, or when the
recombinations do not appear uniformly.

D Calculation of likelihood ratios conditional
on h under the star topology

To calculate Equation (15), first note that LR = P(h)/Py(h) could be found
by modifying Hartman and Héssjer (2007, Eqn. 19-20) to known phase, i.e.

LR = th/

h/

2_: ki, Ci)P(C;). (30)

“::13

Here P(C; = 1) = P(Chromosome ¢ mutated). Since we condition on neither
marker data nor disease status, P(C;) is the same for all i. Thus we can uti-

lize P(C, = ,/P(C € C;;) = /o, where the star-topology gives the last

1dent1ty. For non-mutated chromosomes LR(h’, i,0) = 1, while for mutated
chromosomes LR(F,i,1) = g, (ITxer, Phixlhy)/ fi(ha)) Po(Ri|C; = 1),
where R; C {1,..., K} denotes the set of all mutated marker loci for Chro-
mosome 1.

Similarly LR;; = P(h|C € Cy;)/Py(h) is
1
LRy = > f(R)LR(K,i, )LR(K, j,1 ) 1T Z R, q,C)P,(C,). (31)
% gi.j Cq=0

The calculation is O(2ij) in time, where the main effort is calculation of
2K2m likelihood ratios LR(h',4,1). Calculating P(i, j IBD at x|h) is thus
more computationally intense than calculating P(i,j IBD at x|h;, h;), but
still feasible for reasonably small K and m.
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