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At Greenwich Royal Observatory, a green laser points
exactly north along the prime meridian line.
Where the laser ray is exactly located?
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We consider radiative transfer equation with a varying light

speed.

Let (N, g) be a complete Riemannian manifold and M C N
compact. Assume that g Is known outside M
We send photons outside M that scatter inside M and

measure the photons outside M.
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Radiative transfer equation. Consider

(Hu)(t,z,8) + oz, ult, z,§) — (Ku)(t,z,§) =0
u(t, z, &) lt=0 = w(z, §).

Heret € Ry and (z,£) € SN ={(z,§) € TN : |&||; = 1}.

H is the geodesic flow on the sphere bundle SN x R,

9 9 . 9
Hu(t,z,§) = a—? + 528; — gzgﬂrg(a:)a—;,
Ku(t,z,§) = K(xz,&,& u(t,z,£) dSy(£).

Sz N
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Previous results on radiative transfer the problem:

® Choulli-Stefanov
o McDowall
o Arridge

Determination of a non-trapping metric using travel times

Mukhomethov, Romanov
Michel

Gromov

Croke, Otal
Sharafutdinov
Pestov-Uhlmann
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Stefanov-Uhlmann
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Let us consider single scattering in M.
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Denote by v, ¢ be a geodesic with v, ¢(0) = z, 0y, ¢(0) = &.
Let xy, 20 € OM, & € Sy, M, & € S, M. We say that (z1, &),
(x2,&2) and time ¢ are in broken scattering relation if

Vx1,6 (81) — Vxa,&o (32), and t = s1 + S9,
Then we denote
((z1,&1), (w2, &),t) € B.

Then there is a broken geodesic from (z1,&1) tO (x2, —&2).
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Theorem 1 Let (M, g) be a compact Riemannian manifold
with a non-empty boundary of dimension n > 3. Then oM
and the broken scattering relation B determine the manifold
(M, g) up to an isometry.
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Theorem 2 Let (M, g) be a compact Riemannian manifold
with a non-empty boundary of dimension n > 3. Then oM
and the broken scattering relation B determine the manifold
(M, g) up to an isometry.
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|ldea of the proof. Using boundary data we want to
recognise when a family of geodesics intersect at the same
point.
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|

(ZOvV)

Let 2o € OM, U C OM its neighborhood and p = ., ., (to).
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|

(2,€(2)) (20,7)
Let 2o € OM, U C OM its neighborhood and p = ., . (to).
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|

(2,€(2)) (20,v) (,£(2))

If all geodesics v, ¢(,) Intersect at p and i(z) = dist(z, p),
then
((2,€(2)), (2, €(2), t(2) + 1(2) € B, 27 €U C oM, (1)
E(z0) =v, tlz) =tg, dt(z)|, =0. (2)

Definition 1 (U,&(-),t(-) ) Is a family of focusing directions
for zo and tq If (1) and (2) are valid.
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I

(Zv g(z)) (Z()v V)

Lemma 1l Let (U, &(-),t(-)) be a family of focusing
directions for zy € OM and ty < 7(z9) where 7(zp) IS a critical
distance determined by the boundary data. Then all
geodesics v, ¢(,), z € U intersect at the point p and

t(z) = dist(z,p).
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Lemma 2 Let (U,&(-),t(-)) be a family of focusing
directions for zyp € M and ¢y < 7(z9). The broken scattering
relation B determines function

z—dist(z,p), z€IM, p=ry.(lo).
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Boundary distance functions.
For x € M define

re(z) =dist(x, z), 2 € OM.
Let
R:M — C(OM), R(z)=r;.

Next we consider R(M) as a submanifold on C(0M).

¥

In the Belishev-Kurylev-Tataru method the boundary
distance functions are used to solve hyperbolic inverse
problems.
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Lemma 3 (Kurylev) The set R(M) has a Riemannian
manifold structure which is isometric to (M, g).

Example: Assume that (M, g) Is compact and all geodesics
are the shortest paths between their endpoints.
By triangular inequality we have

|re — TyHC(aM) <dist(zr,y), z,ye M.

For any x,y € M the geodesic from x to y hits later to
z € OM and

lrz = rylleony 2 [re(2) —ry(2)] = dist(z, y)

Then (M, d) is isometric to (R(M), || - ||co)-
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Lemma 4 (Kurylev) The set R(M) has a Riemannian
manifold structure which is isometric to (M, g).

The broken scattering relation B determines the boundary
distance functions R(M) and thus (M, g) upto an isometry.
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Inverse problem or radiative transfer equation.
Consider the eqguation

(Hu)(t,z,8) + o(z, ult, z,§) — (Ku)(t, z,§) =0,
u(t7x7€)’t=0 — IU($,€)

on a complete and simple Riemannian manifold (V, g).

0 8 0
Hu(t,2,€) = 57 +&'5 5 = €8T (@) 57
Kult,2,6) = | K6 )ult, 2,€) dSy(€)
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Let M C N be compact, U = N \ M. Assume that we are
given the measurement map

A C(C))O(SU) — COO(R+ X SU), A(u’t:()) = U‘RJFXSU.

Theorem 3 Let N be a complete simple manifold of
dimension n > 3, M C N be compact and strictly convex.

Assume that K € C§°(SMxSM) and K(x,&,¢") > 0 for all
r € MM,

Then U = N \ M and the measurement map A determine
uniquely (M, g).

[\

é ?
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ldea of solution: Consider the Born series
w=uy+up Fug+ugt..., uj=(H+0o) Kuy.

Using Melrose-Uhlmann-Greenleaf calculus of conormal
distributions, we can show that the ballistic photons «y and
the single scattering photons «; dominate in the Born

series.

,%:[/R .
N e
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Consider X = R" with coordinates = = (2/,2") € R? x R ¢,
Denote

S={z'=0}, A=N*S

We say that u € D'(X) is a Lagrangian distribution
associated with A and denote v € I"(X; A), If

u(x) = / e Oa(z,0)df, a(z,d) e STTVAU2(X x RY\ 0).
Rd

Note that W F'(u) C A.

If A;, Ay C T*X are two cleanly intersecting Lagrangian
manifolds, we can define

uE[p’l(X;Al,Ag), WF(U) C A U As.

In the following we use X = SNV.
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Let vo = 72,6, D€ geodesic starting from (z¢, &) and

Yo ={(10(¢), 00(t)) € SN : t € R},
Yi={(x,¢§) € SN: zen[R)}

and define Ao = N*Yy and A1 = N*Y3.
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Let v be solution with the initial data u|;—p = 94, ¢, -

Let u(k,z,&) = (Lu(-,x,€£))(k) be the Laplace transform of «
In time ¢. Then

(P+o+k)i—Ki=wy in(z,&) €SN,

where wo(z, &) = 9z, &) (7, &) and
0 - 0
Po(a,€) = €5 5(0,€) = €T (@) 5 (1,6)

The operator P + o + k has a right inverse
Qi : C(SN) — C®(SN).

Mapping properties of Q, and the parametrix Q of H are
known by Melrose-Uhlmann-Greenleaf calculus.
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We can write K = K1 Ko,

Kjf(x,§) = Kj(2,&8) f(2,£)dSe(&), j=1,2

Sz N

where K;(z,£,&') € C§°(SNxSN).
The terms In the Born series can be written as

(k) = QuEQr) " Kig(k)
= QrEK1G I Katig(k), j>1

)

where for fixed £ the operator
G = KyQiK

IS pseudodifferential operator of order (—1), that is, an
operator increasing smoothness by one.
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Lemma5 We have
’/LL\()(/C,CC,S) = C()(x, /{)5y0($,«f) S ]rO(SN; Ao), ro = (2n — 3)/4,

1
ﬂj(/{) S ]Tj’_%(SN;Al,AQ), r; = —7 + Z +e €e€>0,7>1
where A; is the flow-out of A; in char (P~1).

Thus with a fixed £ the solution u(z, &, k) determines the
singularities of uy(x, &, k).
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Singularities of u(x, ¢, k) determine all points (z,¢), © ¢ M,
such that there is a broken geodesic from (zg, &y) to (x, &)
with a breaking point in A, Let ¢ = yo(s) be the breaking
point.

As k — oo, the principal symbol of u(k) near A, \ A; has the
asymptotics

CLp<$, (9; k) _ ek(dist (z0,q)+dist (q,x))<c1 (x’ 9) 4 O(k_1>)
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Thus the singularities of u(z, &, k) determine all points (zx, £),
x & M, such that there is a broken geodesic from (zg, &y) to

(z, &) with a breaking point in M/ and the function

dist (CC(), Q) + dist (Q7 CL’), q = /70(81)'

Thus the singularities of u(z, &, k) determine the broken

scattering relation B that further determines (M, g) upto an
Isometry.

—p. 23123



