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Cloaking Devices, circa 2006
May: U. Leonhardt: dimension 2 via conformal mapping

J. Pendry, D. Schurig and D. Smith: via singular transformations
July: Cummer, Popa, Schurig, Smith and Pendry: numerics

Oct.: Schurig, Mock, Justice, Cummer, Pendry, Starr and Smith:
Physical experiment - Cloaking a copper disc from microwaves.



Metamaterials: arrays of composites having
prescribed variable electromagnetic (EM) material parameters.

Now becoming available at optical wavelengths

N.B. Resonance based = Monochromatic/ narrow band:
Need to be fabricated and assembled for particular frequency



[mm]

Schurig, et al., Science, 314, 977 (2006)
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(3) What other artificial wave phenomena can one produce?
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(1) Sometimes. Hidden boundary conditions —
modifications needed if want to hide EM active objects,
desirable even for passive objects.

e Prevent blow-up of EM fields near cloaking surface
e Reduce far-field pattern in approximate cloaking

(3) Electromagnetic wormholes: invisible optical tunnels —
Change the topology of space vis-a-vis EM wave propagation
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Invisibility = counterexamples to uniqueness
Invisibility at frequency k =0 <= electrostatics <=
counterexamples to Calderén’s inverse conductivity problem

Invisibility at frequency k > 0 (scalar) <= polarized optics, acoustics, QM <=
counterexamples to inverse problems for Helmholtz or Schrodinger equations

Invisibility at frequency k > 0 (vector) <= full unpolarized EM <=
counterexamples to inverse problems for Maxwell’s equations



Calderon’s problem and EIT (Electrical impedance tomography)
e Imaging using electrostatics

e Interior of a region ) C R",n = 2, 3, filled with matter with
electrical conductivity o(z) (2 = human body, airplane wing,...)

e Place voltage distribution on the boundary 0f2,
inducing potential u(z) throughout Q2

e Measure induced current flow. Ohm’s Law —

0
Iza-—u

ov



e u(x) satisfies the conductivity equation,
V- (oV)u(x) =0 on €,

ulog = f = prescribed voltage

N.B. o(z) can be a scalar- or symmetric matrix-valued function
(isotropic or anisotropic conductivity, resp.)
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e u(x) satisfies the conductivity equation,
V- (oV)u(x) =0 on €,

ulog = f = prescribed voltage

N.B. o(z) can be a scalar- or symmetric matrix-valued function
(isotropic or anisotropic conductivity, resp.)

e Standard assumptions = BVP has a unique solution.

e Dirichlet-to-Neumann map on 0f? for o,

ou

fﬁa‘%::Aa(f)

Q. (Calderén, 1980): Does A, determine o7

Le., is o(x) “visible” to electrostatic measurements?
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A.: Yes in many cases.

Isotropic: n > 3: Sylvester-Uhlmann, ...
n = 2: Nachman, ..., Astala-Paivarinta

Anisotropic: NOT SO FAST...

Observation of Luc Tartar ~ 1982:

o(z) transforms as a contravariant two-tensor
— infinite dimensional loss of uniqueness

n(z), e(x), u(x),... transform in the same way as o(x)

Basis for “transformation optics” (Ward-Pendry, ... > 1996).



o If F/: () — Q is a C° smooth transformation, then
o(z) pushes forward to give a new conductivity, & = Fio,
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o If F/: () — Q is a C° smooth transformation, then
o(z) pushes forward to give a new conductivity, & = Fio,

. 1 — OFJ  OFF
(Fuo)™(y) = 7 (2) 55— (x)o™ (@)
Yy det[gxk ()] 52 OxP "’ Oxd

with the RHS evaluated at x = F~1(y).

e If F'is a diffeomorphism, then

V(- V)i=0 <= V(o-V)u=0,

where u(z) = a(F(x)). Thus, if F' fixes 02, then
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Calderén problem for anisotropic o: Can only hope to
recover ¢ up to infinite-dimensional group of diffeomorphisms
fixing the boundary.

This already is a weak form of invisibility.

Best uniqueness result can hope for is:

“Theorem” If A; = A,, then thereis an F : ) — €
such that ¢ = F.o.

n = 2: True: Sylvester,..., Astala-Lassas-Paivarinta: ¢ € L
n > 3: True for o € C¥; even o0 € C'*° major open problem.

BUT: All of the above is under the assumption that o is
bounded above and below.

SO: Cloaking has to violate this.



Counterexamples to uniqueness for the Calderén problem
Lassas, Taylor, Uhlmann (2003) ; G., Lassas, Uhlmann (2003)



Counterexamples to uniqueness for the Calderén problem
Lassas, Taylor, Uhlmann (2003) ; G., Lassas, Uhlmann (2003)

N.B. Conductivity equation no longer uniformly elliptic.

Need to replace the D2N map with the set of Cauchy data:

ou :
u| o0, 5 loq | : u ranges over a space of solutions

— “Boundary measurements” rather than scattering data.



o=

Lassas, Taylor and Uhlmann
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