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Abstract
Inductive reasoning is the process of making uncertain but justified inferences; often the goal is to infer a general theory from particular observations.
Despite being a central problem in both science and philosophy, a formal
understanding of induction was long missing. In 1964, substantial progress
was made with Solomonoff’s universal induction. Solomonoff formalized
Occam’s razor by means of algorithmic information theory, and used this
to construct a universal Bayesian prior for sequence prediction. The first
part of this thesis gives a comprehensive overview of Solomonoff’s theory of
induction.
The optimisation problem of finding the arg max of an unknown function
can be approached as an induction problem. However, optimisation differs in
important respects from sequence prediction. We adapt universal induction
to optimisation, and investigate its performance by putting it against the
so-called No Free Lunch (NFL) theorems. The NFL theorems show that
under certain conditions, effective optimisation is impossible. We conclude
that while universal induction avoids the classical NFL theorems, it does
not work nearly as well in optimisation as in sequence prediction.
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1

Introduction

The goal of optimisation is to find an input (to some system) that yields a
high output. When an input is tried, you become aware of the associated
output, but trying inputs (probing) is costly. The goal is therefore to only
try a small number of inputs before finding one that yields a high output.
In other words, the goal is efficient optimisation in the number of probes.
What information is required for efficient optimisation to be possible?
This will be the central question of this thesis. Formally it is natural to
represent an optimisation problem with an unknown function; the goal is
then to quickly find the arg max of the function. We also need a representation of the information/uncertainty we have about the function. Adopting a
Bayesian perspective, the information about the function can be represented
as a prior probability distribution over the class of all functions. For example, if one function f has probability 1 and all other functions probability
0 in the prior, then this represents a complete certainty in f being the true
function. In this case the maximum should easily be found in only one probe
(disregarding computational aspects).
More realistically, the problem might be to find an ideal input to a system
that is only partially known. For example, the task might be to find the
ideal amount of gas to input into the ignition of a car engine, and the only
thing known about the system might be that it is described by a low-degree
polynomial. This situation can be represented by a prior with relatively
high weight on low-degree polynomials, and low or zero weight on other
functions.
As different inputs are supplied to the system and the outputs of those
inputs are measured, the knowledge of the system grows. For example, if
an input x is found out to map to some y, then all functions not consistent
with this behaviour may be discarded. The prior may be updated to a
posterior distribution where inconsistent functions receive probability 0 (it
is now certain they are not the true function), and consistent functions get
a corresponding upweighting (cf. Bayes’ rule). If the prior with high weight
on low-degree polynomials was correct, then only a few probes should be
required to detect which function describes the input-output relation, so a
good input should be found quickly.
But what if nothing is known about the system the function describes,
and the only information one has about the function is its input-output
behaviour in some probed points? Does that make it impossible optimise
the function efficiently? or is there a universal principle for how to optimise
a function when nothing else is known? Most humans seem to have the
intuition that from seeing, say, 100 points of a function, they can often
discover the pattern of the function and (somewhat) accurately extrapolate
its behaviour in unseen points. Is there any formal justification for such a
claim?
4

Let us begin with a negative observation. In answer to overly bold
claims about the universal performance of some search algorithms, Wolpert
and Macready [WM97] showed a number of results called No Free Lunch
(NFL) theorems. Essentially they proved that if a search algorithm does well
on some set of functions, then that must be mirrored by bad performance
on another set of functions. More formally, they showed that all search
algorithms will perform the same in uniform expectation over all functions
(see Part II for more details).
The NFL theorems were generally interpreted to say that a problemspecific bias is required for efficient optimisation. The argument roughly
goes like this: The uniform prior is the most unbiased prior, as it gives
equal weight to all functions. The NFL theorems show that it is impossible
to optimise well under the uniform prior. Hence a problem specific bias is
necessary for efficient optimisation.
This argument is not accepted in this thesis. It can be shown that if a
function is sampled from the uniform distribution, then with high probability the function exhibits no particular structure (is algorithmically random).
Obviously, if no pattern exists, no intelligent optimiser (humans included)
can find a pattern for extrapolating the function behaviour. Efficient optimisation thus becomes hopeless. In contrast, functions that do behave
according to some pattern should—at least in principle—be possible to optimise efficiently. Remarkably, the notion of structure and randomness can
be given formal definitions based on Kolmogorov complexity described in
Section 3.
Along these lines it may be argued that the uniform prior is not bias-free
but biased towards randomness, and that this explains the difficulty in optimising under a uniform prior. A principled alternative called the universal
distribution exists. The universal distribution is based on Kolmogorov complexity, and is designed to give high weight to structured problems and low
weight to random ones. It is often advocated as a formalisation of Occam’s
razor [RH11].
Since the universal distribution is only biased towards structure per se,
it does not favour any particular problem over another. It does give lower
probability to random functions than the uniform distribution, but since
random functions are next to hopeless to optimise efficiently, this should not
be seen as a major deficit. Rather, this is precisely what gives an intelligent
optimiser a fair chance to find a pattern.
In sequence prediction, which is a rather general induction setting, a predictor based on the universal distribution has been shown to do exceptionally
well on sequences generated by computable distributions. This induction
principle is called universal induction or Solomonoff induction.
The main goal of this thesis is an adaption of universal induction to
optimisation. A similar venture for Supervised Learning was made in [LH11].
Our most important results include a proof that the NFL theorems do not
5

apply to the universal distribution, as well as some upper bounds on the
“amount of free lunch” under the universal distribution (Section 11 and
12). Part II also contains a number of minor contributions, indicated in its
introduction.
Before the new contributions, we will provide background on two areas.
Part I explains Kolmogorov complexity and Solomonoff induction. The first
sections of Part II recounts the most important NFL results, including a
literature review on NFL and optimisation in Section 8. Throughout I use
“we” rather than “I”, so that the thesis can be consistent with a recent
paper submission [EL13].
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Part I

Kolmogorov Complexity and
Universal Induction
In this part we give an account of Kolmogorov complexity and universal
(Solomonoff) induction. The two main sources are [LV08, Hut05]. The first
offers an expansive exposition on Kolmogorov complexity, including a wide
range of applications. The second is more concise and primarily directed
towards Artificial Intelligence. The aim here is to give a comprehensive
overview of the core results of Kolmogorov complexity and to lay a foundation for applications to optimisation in Part II. Unless otherwise mentioned,
results and definitions found in this part (Part I) are from the previously
mentioned sources; further discussion and motivation can be found in them.

2
2.1

Information
Strings

Binary strings are natural objects for representing information. Formally,
let B = {0, 1} and define a binary string s as a sequence s1 . . . sn with si ∈ B
for 1 ≤ i ≤ n. We say that the length of a string s = s1 . . . sn is n, and
denote it by `(s) = n. We use the notation sn and sm:n to extract the nth
and the m-to-nth bits of s respectively.
The letters s, t and q will be used for arbitrary strings, and  for the
empty string (of length 0). The set of all strings ofSlength n is denoted by
Bn ; the set of all finite strings is denoted by B∗ = n∈N Bn ; and the set of
all finite, non-empty strings is denoted by B+ = B∗ − {}. The letter z will
be used for one-way infinite sequences z1 z2 , . . . with zi ∈ B. The set of all
one-way infinite sequences will be denoted by B∞ .
A number of operations on strings and one-way infinite sequences can be
defined. Let s = s1 . . . sn , t = t1 . . . tm and z = z1 z2 , . . . . The concatenation
of s and t is written st = s1 . . . sn t1 . . . tm , and has length `(st) = `(s) + `(t).
The concatenation of s with an infinite sequence z is the infinite sequence
sz = s1 . . . sn z1 z2 . . . . The empty string  is the identity element for concatenation; that is, s = s = s for all strings s, and z = z for all one-way
infinite sequences z.
Exponentiation is defined thus: Let s ∈ B and n ∈ N. Then
sn = s| .{z
. . s}

n times

For example, 03 = 000.
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Let s = tq be a string. Then t is said to be a prefix of s, and s is said to
be an extension of t. If q 6= , then t and s are said to be proper prefixes and
extensions respectively. A prefix s = z1:n of z is called an initial segment of
z.

2.2

Integers and strings

It will be convenient to identify natural numbers with strings in a somewhat
non-standard manner. Using the lexicographical enumeration of
B∗ = {, 0, 1, 00, 01, 10, 11, 000, 001, . . . }
identify any natural number i with the ith element of this enumeration.
So, for example, 0 is identified with  and 5 with 01. This differs from the
more standard assignment where for instance 2 corresponds to 10, 010, 0010,
etc. The primary benefit of our identification is that the correspondence is
bijective.
Using this identification, the length of a number i may be defined as the
length of its corresponding string. It is easily verified that the length grow
logarithmically with the number; more precisely, log2 (i) ≤ `(i) ≤ log2 (i + 1)
for all i ∈ N [LV08, p. 14].

2.3

Prefix codes

What information does a string contain? This completely depends on the
coding. To have a string represent something, a code has to be defined that
assigns a meaning to each string. Strings with assigned meaning are called
code words or just words. For example, the (Extended) ASCII-code used on
many computers, assigns symbols to binary strings of length 8. In ASCII,
the letter A is encoded by 01000001 and B by 01000010.1 When typing on a
computer, the letters are encoded as binary strings according to the ASCIIcode, and typically stored in some file. The letters may later be retrieved,
decoded, using the ASCII-code in the “opposite direction”.
Definition 2.1 (Codes). A code is a partial function C : B∗ + X, where
X is known as the set of objects. The strings w ∈ B∗ on which C is defined
are known as the code words of C. If C(w) = s we say that w is a C-code
word for s, and say that s is the meaning or object of w.
Several ASCII-code words can be appended to each other with maintained decodability. This is not a property of all codes. Imagine, for instance, that we had chosen the code 0 for A, the code 1 for B, the code 01
for C and so on. Then it would not be clear whether 01 should be decoded
as AB or as C.
1

See for instance http://www.ascii-code.com/ (accessed February 12, 2013) for a full
list of the ASCII code words.
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For the ASCII-code, the property that guarantees unique decodability
is that all codes have the same length. This is an undesirable restriction
in some cases. Sometimes one object is much more frequent than another,
in which case it may be advantageous to assign a shorter code word to
the frequent object. In other cases, we may want to construct a code for
infinitely many objects (such as for the natural numbers). In both these
cases, code words of varying length are required.
The general theory of prefix codes can be used to construct codes with
code words of different lengths, while retaining the unique decodability of
appended code words.
Definition 2.2 (Prefix codes). A code C is a prefix (free) code if no code
word of C is a proper prefix of another code word of C.
The prefix property makes it possible to tell where one code word stops
and the next starts in a sequence of appended code words. Intuitively, the
sequence can be read bit by bit until a code word is found. Since this code
word is not a prefix of any other code word, it must be correct to decode
the code word immediately.
The ASCII-code is prefix, since no code word of ASCII is a proper prefix
of another (this is obvious since all code words have the same length). And
accordingly, it is always possible to tell where one code word stops and the
next starts in an ASCII-sequence (given the starting point of the first code
word). A more interesting example is the 1n 0-code for the natural numbers
(Table 1). The idea is very simple: encode every number n with n 1’s
Number
0
1
2
3
..
.

code word
0
10
110
1110
..
.
1n 0
..
.

n
..
.

Table 1: The 1n 0-code for numbers.
followed by a 0. This way no code word can be a prefix of another. As an
example, the sequence 11011100 can only be decoded as 2,3,0:
110 1110
0
|{z}
|{z} |{z}
2

3

0

An important point is that the starting point has to be fixed. In many prefix
codes, it is not possible to start in the middle of a sequence and decode it
correctly (the 1n 0-code is an exception).
10

2.4

Standard codes

It is now time to introduce a number of standard encodings, which we will
frequently rely on in the subsequent developments.
2.4.1

Strings

A standard prefix code for strings which will be of much use is the following.
Encode every string s as s = 1`(s) 0s. That is, prefix s with the 1n 0-code
word for `(s), so that the encoder knows how long s is before starting to
read it.
For example, the string 101 will be encode as 101 = 1110101, because
101 = |{z}
111 |{z}
0 |{z}
101
1`(101)

0

101

The empty string  has code word  = 1`() 0 = 0 (so `() = 1).
2.4.2

Pairs and tuples

The standard prefix code for strings can be used for a standard code of pairs
of strings. Pairs of strings will be encoded as (s, t) = st. This makes it clear
where s stops and t starts. The length of a pair (s, t) is `(s, t) = `(st) =
2`(s) + 1 + `(t). By intention, this does not entail a prefix code for both
s and t. The reason for this choice of definition will become clear in the
definition of Kolmogorov complexity in Section 3. To obtain a prefix code
for both s and t, the construction (s, t) = st may be used.
Triples (s1 , s2 , s3 ) are encoded as s1 s2 s3 and so on. In situations where
the cardinality of the tuple is not clear from the context, such as when an
arbitrary tuple can be supplied to a program, n-tuples (s1 , . . . , sn ) can be
encoded as 1n 0(s1 , . . . , sn ) = 1n 0s1 . . . sn−1 sn .
2.4.3

Rational numbers

The set of rational numbers Q can be identified with pairs of natural numbers, together with a sign. For m, n ∈ N encode the rational number m/n as
1(m, n) = 1mn, and the rational number −m/n as 0(m, n) = 0mn (where
we have tacitly used the identification between natural numbers and strings
described in Section 2.2).

2.5

Kraft’s inequality

A useful intuition for prefix codes is that by including a short code word—
say 10—in our code, we rule out all longer strings starting with 10 as code
words (because 10 is a proper prefix of those). In this respect, short code

11

words take up “more space” in the set of of potential code words than long
code words. This intuition has a geometric interpretation.
The set of all one-way infinite binary sequences naturally represent the
interval [0, 1] by interpreting sequences as binary expansions of real numbers. In this view, let a (finite) string s correspond to the half-open interval
Γs = [s000 . . . , s111 . . . ). Observe that the length of this interval is precisely 2−`(s) . Observe also that by using s as a codeword, no string s0 with
overlapping interval can be used as a code word.
This is the intuition behind Kraft’s inequality (see e.g. [LV08, Section
1.11.2] for a full proof).
Theorem 2.3 (Kraft’s inequality).
P There is a prefix code with code words
of length l1 , l2 , . . . if and only if i 2−li ≤ 1.

2.6

Optimality

The Kraft inequality makes precise the “maximum shortness” of the code
words of a prefix code. Consider for example the 1n 0-code for the natural
numbers discussed above. This code is optimal in the sense that the lengths
of its code words are maximally short with respect to Kraft’s inequality.
The code for 0P
has length 1, the code for 1 has length 2 and so on, so the
total length is i∈N 2−i = 1.
However, in another sense it is rather inefficient. Consider the number
999
99 . This number is shortly describable in the standard (informal) mathematical language. To construct a formal code in which 99999 is short, the
ASCII-code discussed above can be used: encode 99999 with the ASCIIcode for 10e+100 as is done on most calculators. This coding only requires
7 · 8 = 56 bits for 99999 . On the other hand, in the 1n 0-code the code word
for 99999 requires approximately 101989 pages! (assuming we could fit ten
thousand 1’s on every page). In this sense, the 1n 0-code is very inefficient.
The ASCII-coding pays the price for the shorter code word of 99999 by
having longer code words for the small natural numbers. While the number
2 requires only 3 bits in the 1n 0 code, it requires 8 bits in ASCII.
Which code is better depends on the situation. The 1n 0 code is better
if one mainly wants to encode small numbers, and the ASCII-code is better
if one (sometimes) wants to encode larger numbers. There is, however, an
objective sense in which the ASCII-based code is preferable: No number
has a substantially longer ASCII-code word than 1n 0-code word, but some
numbers (such as 99999 ) have much shorter ASCII-code words than 1n 0-code
words. This is the idea of additively optimal codes, developed further in the
next section.
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3

Kolmogorov complexity and additively optimal
prefix codes

In this section the aim will be to quantify the information content of a string
s, called the Kolmogorov complexity of s. The intuition is that while some
strings have no shorter description than the string itself, other strings are
significantly compressible. For example, the string t of a thousand consecutive 0’s is highly compressible since t has a short description. In this sense,
t has low information content. Conversely, to describe a random string, one
generally needs to describe each single bit by itself. Such incompressible
strings are said to have high information content.
That there is an (essentially) objective measure of information content
is somewhat surprising. The measure is obtained by the construction of an
additively optimal code for strings (in this section, all codes describe strings).
Definition 3.1 (Additive optimality). A code C is additively optimal for a
class C of codes, if for all C 0 ∈ C exists a constant c such that for all strings
s, the existence of a C 0 -code word w0 for s implies the existence of a C-code
word w for s with `(w) ≤ `(w0 ) + c.
As an example, recall the comparison between the 1n 0-code for numbers
and the ASCII-code for numbers. In the class of these two codes, only the
ASCII-code was additively optimal (it is possible to construct numbers that
the the ASCII-code has arbitrarily much shorter code words for but not the
other way around). Other code-classes may have several additively optimal
elements.
Unfortunately, there is no additively optimal prefix code for the class of
all prefix codes. But in the restriction to effective prefix codes (defined in a
moment) an additively optimal element exists. The first aim of this section
will be to develop such an additively optimal effective code. The existence
will then be used to define Kolmogorov complexity, which can be interpreted
as an objective measure of the information content of a string.

3.1

Prefix-machines

Turing-machines correspond to partial recursive functions (see, for instance,
[Cut80]). It is natural to say that a code is effective if it is a partial recursive
function. Some, but not all, partial recursive functions define prefix codes.
Define a prefix-function f : B∗ + B∗ as a partial function with the property
that if f (w) is defined, then f (wt) is undefined for all t 6= ; that is, f is
a function defining a prefix code. Consequently, effective prefix codes are
partial recursive prefix-functions.
Just as Turing-machines correspond to partial recursive functions, there
is a type of machine corresponding to the partial recursive prefix-functions.
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It is called a prefix-machine, and is essentially a Turing-machine with slightly
limited input-output behavior.
Definition 3.2 (Prefix-machines). A prefix-machine V is a Turing-machine
[Cut80] modified in the following way. V has a one-way infinite input tape
and a one-way infinite output tape, allowing only 0 and 1 as symbols. V also
has a one-way infinite work-tape that allows blank symbols # in addition to
0 and 1. V has a reading head for the input tape that can only be moved to
the right; and V has a writing head for the output tape that always moves
one step to the right after it has written a symbol. The writing head cannot
be moved in any other manner.
If V halts after having read an initial segment w of the input tape (the
input head is on the rightmost symbol of w), and the string to the left of
the writing head is s, then we say that V outputs s on input w, and write
V (w) = s.
Note that by the restriction in input-output behaviour, if a prefixmachine V halts on w, then V does not halt on any proper prefix of w, nor
does it halt on any proper extension of w. This shows that prefix-machines
define partial recursive prefix-functions.
Conversely, the following proposition shows that every partial recursive
prefix-function is computed by a prefix-machine (using the fact that every
partial recursive function is computed by a Turing-machine).
Proposition 3.3 (Prefix-machines and partial recursive prefix-functions).
For every partial recursive prefix-function f , there is a prefix-machine V
such that V (w) = s whenever f (w) = s.
Proof. For a given partial recursive prefix-function f , there is a Turingmachine V 0 computing it. Using V 0 , we can construct a prefix-machine V
that also computes f .
Let V have a variable w initialized as the empty string , and let V
execute the following loop. For growing k ≥ 0, V simulates V 0 with inputs
wt with t of size at most k for k time steps, until a halting input wt is found
(if not, V runs forever). If t = , then V outputs the output of V 0 (w). If
not, then V reads one more symbol χ from the input tape, sets w = wχ and
restarts the loop.
Since V 0 computes a prefix-function, if V 0 halts on an input w then V 0
will not halt on any proper prefix or extension of w. So whenever V gets an
input sequence starting with w, then V will halt exactly when it has read w,
and output V 0 (w). And if the input sequence given to V does not contain
any initial segment on which V 0 halts, then V will not halt either. So V
computes the same partial function f as V 0 .
We have thus established that there is a natural correspondence between
prefix-machines and partial recursive prefix-functions/effective prefix codes.
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3.2

Universal prefix-machines

A pivotal property of the Turing-machines is that they can be described
by strings, and that there is a universal Turing-machine U that simulates
any Turing-machine V given the string-description of V . By a similar argument as is used for Turing-machines, the prefix-machines can be described
by strings. Henceforth the string-descriptions of prefix-machines will be
treated as numbers (according to the string-number identification described
in Section 2.2), which yields an effective enumeration V1 , V2 , . . . of all prefixmachines (where Vi is the machine described by i).2
To enable prefix-machines to take more than one argument, we will make
use of the standard encoding of pairs (tuples) described in Section 2.4.2. For
example, Vi (q, w) means Vi (qw).
A prefix-machine V0 is a universal prefix-machine if there is an exhaustive
enumeration of all prefix-machines V1 , V2 , . . . such that for all i ∈ N and all
q, w, s ∈ B∗ it holds that V0 (q, i, w) = s whenever Vi (q, w) = s.3 The
enumeration V1 , V2 , . . . is called the enumeration associated with V0 . The
reason for q will be apparent shortly.
The following shows the existence of a universal prefix-machine.
Proposition 3.4 (Universal prefix-machines). There is a universal prefixmachine V0 .
Proof. V0 can roughly be designed as follows. First V0 reads q and i and
stores them on the work-tape. Then it continues to simulate Vi as described
by i, except that V0 simulates Vi reading symbols from q until Vi has read
past q. When (if) Vi reads past q, then Vi is simulated to read symbols
directly from V0 ’s input tape.

3.3

Existence proofs for prefix-machines

The standard way to show that a certain function is a partial recursive prefixfunction is to outline the construction of a prefix-machine computing it. This
normally involves devising a prefix code for which it is “clearly decidable”
(for a prefix-machine) where a code-word stops in an input-sequence. Thereafter the argument normally proceeds much like the standard argument
for the existence of certain Turing-machines: The rest of the computationprocedure is described in a way that makes it clear that it could, in principle,
be implemented on a Turing-/prefix-machine.
2

The enumeration is effective in the sense that given an index i, it is clear which prefixmachine is denoted by Vi . This is immediate, since the index is a description of how to
simulate Vi on V0 .
3
Technically, the universal prefix-machine we have defined here may be called an additively optimal prefix-machine. There are (degenerate) universal prefix-machines that for
example require the input to appear twice on the input tape (so V (qq, ii, ww) = Vi (q, w))
[LV08, Example 2.1.2]. This degenerate kind of universal prefix-machine cannot be used
to define Kolmogorov complexity.
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3.4

Description length

Let V be a prefix-machine. Define for any string s the (minimum) description length of s with respect to V as:
KV (s) = min{`(w) : V (w) = s}
w

(1)

The minimum description length is the length of the shortest description—or
maximum compression—of s in the code V .
In many situations it is natural to ask what the description length of an
object is relative to a description of another object. For example, the complexity of an image might be high, but if we have a sequence of images (such
as in a movie) it can be natural to ask what the complexity of one image
is given the preceding image. In a movie, the latter quantity is often much
smaller. This motivates the more general notion of conditional description
length.
Define the conditional (minimum) description length of a string s with
respect to a prefix-machine V and given information q as
KV (s | q) = min{`(w) : V (q, w) = s}
w

(2)

That is, the length of the shortest addition w to q such that V (q, w) = s.
In the case of a movie, w could be a description of how the current image s
differs from the preceding image q.
Just as when no q was supplied, all prefix-machines V define a prefix
code V (q, ·) for any fixed q.

3.5

Additive optimality

Recall Definition 3.1 of additive optimality. Universal prefix-machines define additively optimal codes for the class of effective prefix codes, by the
following theorem.
Theorem 3.5 (Additive optimality). Let U be a universal prefix-machine
and let q be any string. Then U (q, ·) describes an additively optimal prefix
code.
Proof. Let C be an effective prefix code computed by a prefix-machine V .
Then there is a prefix-machine V 0 such that V 0 (q, ·) computes C (V 0 works
like V , except that it first reads past q). In the enumeration V1 , V2 , . . .
associated with U , V 0 = Vi for some i. This means that whenever w is
a C-code word for a string s (that is, when V 0 (q, w) = V (w) = s), then
U (q, i, w) = s. Therefore the minimal U (q, ·)-code word for any string s is
at most `(i) = 2`(i) + 1 longer than the minimal description length of s with
respect to V .
The constant cV = `(i) is sometimes known as the compiler constant for
V.
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3.6

Kolmogorov complexity

Having obtained an effective additively optimal prefix code, it is fairly
straightforward to define the Kolmogorov complexity of a string s. The
definition uses the length of the shortest code word for s in an additively
optimal code.
Definition 3.6 (Conditional Kolmogorov complexity). Let U to be a particular conditional universal prefix-machine, from now on known as the reference machine. When enumerating prefix-machines subsequently, the enumeration will be with respect to U . Let the conditional Kolmogorov complexity be defined as
K(s | q) = KU (s | q)
(3)
Finally, define K(s) = K(s | ) for the unconditioned Kolmogorov complexity.
The invariance theorem below show that the choice of conditional universal prefix-machine only has limited impact, and thus that Kolmogorov
complexity is an essentially objective notion (see Section 3.9 for further discussion).
Theorem 3.7 (Invariance theorem). For any prefix-machine V there is a
constant cV such that for all strings s and q
K(s | q) ≤ KV (s | q) + cV
Proof. By Theorem 3.5, the code U (q, ·) is additively optimal. Thus, for any
prefix-machine V , there exists a constant cV such that for all strings s and
q, the shortest U (q, ·)-code word for s is at most cV longer than any V -code
word for s.
Example 1 (Kolmogorov complexity). Consider the following two strings.
Let s be the string of one million 0’s, and let t be a string of one million
random 0’s and 1’s. Then the complexity of s is low, since there is a simple
prefix-machine V that on input n outputs 10n (ten to the n) number of 0’s.
V has a simple index i, and outputs s on input 6 = 11010. Therefore the
complexity of s is K(s) ≤ 2`(i) + 1 + `(6) = 2`(i) + 6.
For t the situation is the opposite. With high probability there is no
simple prefix-machine that outputs t on a short code word, intuitively
because there is no structure in t to exploit. Kolmogorov complexity can be
seen as a formal measure of structure, with lower complexity corresponding
to more structure.
♦
Figure 1 gives a more humorous illustration of compression and Kolmogorov complexity.
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Figure 1: Kolmogorov directions. An XKCD web-comic (by Randall
Munroe, January 2013), depicting a highly (maximally?) compressed set
of directions. Fetched from http://xkcd.com/1155/ on January 28, 2013.
To help intuition, it is useful to consider the two-part nature of the code
words of U . Indeed, the Kolmogorov complexity may equivalently be defined
as
K(s | q) = min{`(i, w) : Vi (q, w) = s}
(30 )
i,w

There is often a tradeoff between on the one hand describing a complex
prefix-machine (with complex index i) for which a short program suffices to
produce s, and on the other describing a simple prefix-machine for which a
longer program is required to produce s. In the following example, which
also illustrates conditional Kolmogorov complexity, it is natural to put all
information in the index i, and no information in w.
Example 2 (Prefix-complexity). The complexity of a string s given the same
string s is
K(s | s) ≤ c
(4)
for some constant c independent of s. The intuitive reason is that there
is a program i for the machine U that copies any input to the output
tape. In more detail, there is a prefix-machine Vi that on any input
string s (in the standard prefix-encoding of s) outputs s. This means that
U (s, i, ) = Vi (s, ) = Vi (s) = s, which implies K(s | s) ≤ 2`(i) + 1 where i is
independent of s.
♦
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3.7

Complexity bounds

It is possible to establish an upper bound on the complexity of any string.
Proposition 3.8 (Maximum complexity). There exist constants c1 , c2 > 0
such that
K(s | q) ≤ `(s) + K(`(s)) + c1 ≤ `(s) + 2`(`(s)) + c2

(5)

for all s and q.
Proof. Any string s can be (prefix-)coded by a prefix code for `(s) immediately followed by s (this was for example used in the s = 1`(s) 0s code). By
using the additively optimal code associated with the reference machine U
to code the length of s, we can code `(s) in K(`(s)) bits. This motivates
the first inequality.
One particular choice of coding for lengths is to encode `(s) by
`(s) = 1`(`(s)) 0`(s). This yields a code where every string s is encoded
as 1`(`(s)) 0`(s)s. For example, the string t = 10010 is encoded as t0 =
1100110010, since
01 10010
t0 = |{z}
11 0 |{z}
(6)
| {z }
1`(`(t))

`(t)=5

t

In this coding, every string has a code word of length 2`(`(s)) + `(s) + 1.
This code is somewhat longer than the K(`(s)), but much more efficient
than 1`(s) 0s.
By using Kraft’s inequality, it is possible to also derive a type of lower
bound for Kolmogorov complexity. Although little can be said about the
complexity of an arbitrary (single) string, it is possible to say something
about the minimum complexity of some collections of strings.
First a definition: We say that a string s is compressible if K(s) <
`(s) and that s is incompressible if K(s) ≥ `(s). Analogously, the notions
compressible- and incompressible with respect to q are defined by K(s | q) <
`(s) and K(s | q) ≥ `(s) respectively.
Proposition 3.9 (Minimum complexity). For any given length n, at most
half of the strings of length n are compressible.
Proof. For any n, there are 2n strings s of length n. For s to compressible,
there must be a code word w of length less than n. By Kraft’s inequality, in
any prefix code there can be at most 2n−1 code words of length strictly less
than n. Thus, at most half of all strings of length n can be compressible.
Note that the bound is not tight for most n, as there are some code
words that are much shorter than n − 1 for most n. Also, the proposition
is only true for prefix codes. For codes that are not prefix, there are can be
up to 2n − 1 code words shorter than n.
19

It is straightforward to generalize compressibility to k-compressibility. A
string s is k-compressible if K(s) < `(s) − k and k-incompressible if it is not
k-compressible. The corresponding generalisation of Proposition 3.9 then
reads: At most 2n−k−1 strings of length n are k-compressible.
The bounds of Proposition 3.8 and 3.9 are often essential tools in establishing properties of Kolmogorov complexity.

3.8

Structure and randomness

Incompressibility may also be used to define randomness. Essentially, a
string is (Martin-Löf ) random if it is incompressible. As most strings are
k-incompressible for some small k, this shows that most strings are “essentially” random. This corresponds to our intuition that flipping a coin n times
yields a random sequence with high probability. Martin-Löf randomness is
sometimes called algorithmic randomness.
The opposite of randomness is structure. The more compressible a string
is, the more structured.

3.9

Objectiveness

Kolmogorov complexity is often interpreted to quantify the maximum compression or information content of individual strings.
For example, assume that a reference machine U has been fixed which
gives complexity K(s) to some string s. Then K(s) can be interpreted as
the maximum compressibility of s, even though there is always some prefixmachine Vs that assigns an arbitrarily short code word to s. From the
perspective of U it can be argued that Vs then contains the information
s, and thus that K(s) is a better measure of complexity than the measure
KVs (s), which is “tailored” to s.
But what if Vs is also a universal prefix-machine? Given any string
s, there exists a universal prefix-machine Us such that KUs (s) = 1. Of
course, from the perspective of U , the reason is still that Us “contains” the
information s, and that Us is tailored to give s low complexity. But since Us
is a universal prefix-machine, there is no formal reason for why Us should
not have been chosen as reference machine instead of U . In which case U
would have seemed to give inexplicably high complexity to s.
One possible solution is to deem some universal prefix-machines “natural” and to require the reference machine to be chosen among those. For
example, it might be argued that a natural reference machine should assign
lower complexity to 00000000000000000 than to seemingly random strings
such as 100100101101110101. In this view, naturalness must be inherited
through simple simulation; that is, if U 0 is natural and there is a short U 0 description of U 00 , then U 00 should also be natural. Although imprecise, the
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concept of naturalness provides some means for deciding the complexity of
particular strings.
Mueller [Mue06] tried to use the idea of simple simulation to find an
objective reference machine. Unfortunately it turned out that simple simulation did not yield an objective reference machine, and the attempt failed.
So an informal appeal to naturalness remains the only solution for determining the complexity of single strings.
In this thesis, the objectiveness provided by the invariance theorem (Theorem 3.7) will suffice for all results. That is, any universal prefix-machine
U 0 must agree with the chosen reference machine U on the complexity of
most strings, in the sense that
∃ cU,U 0 : ∀s, q : |K(s | q) − KU 0 (s | q)| ≤ cU,U 0

(7)

Much effort has gone into the study of complexity of growing initial segments
of infinite sequences, as it pertains to sequence prediction (Section 5.6 below). Asymptotically, any two reference machines agree on the complexity
of such initial segments.

4

Computability

An important question is whether K is computable. In this section, a hierarchy of computability concepts is presented and the position of K in the
hierarchy is determined.

4.1

Degrees of computability

If the domain and range of a function f have standard string-encodings (that
is, if the domain and are subsets B∗ , N or Q) then f is recursive if there is
an algorithm computing it.
Some functions f are not recursive, but are still computable in some
sense. For example, a function f with the real numbers R as range can be
defined as computable by means of a recursive approximation-function.
Definition 4.1 (Computable functions). A function f : B∗ → R is computable if there is a recursive approximation-function g : B∗ × N → Q such
that for all s ∈ B∗ and all k ∈ N, |g(s, k) − f (s)| ≤ 1/k.
The intuition is that f may be approximated arbitrary well by g. Note
that computability and recursiveness are equivalent if the range of f is N.
In general, a function g is a recursive approximation-function for f
if for all s, the function g(s, k) approaches f (s) when k goes to infinity. Approximation-functions with different additional requirements are the
main tool for defining computability-types weaker than recursiveness.
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One such weaker type of computability of interest is semi-computability.
A semi-computable function also have a recursive approximation-function.
The difference is that there is no guarantee for how close the approximation is
for any given k. Instead, the approximation-function must be monotonically
increasing or decreasing.
Definition 4.2 (Semi-computable functions). A partial function f : B∗ + R
is upper semi-computable if there is a decreasing, recursive approximationfunction g : B∗ × N → Q for f . That is, g should be recursive and satisfy: For all s ∈ B∗ , limk→∞ g(s, k) = f (s) whenever f (s) is defined, and
g(s, k) ≥ g(s, k + 1). Further, f is lower semi-computable if −f is upper
semi-computable, and f is semi-computable if at least one of f and −f are
upper semi-computable.
Semi-computable functions with range N are not necessarily recursive,
but neither are they entirely incomputable. If a function f is upper semicomputable it is possible to approximate it with a recursive function g(s, k)
that approaches f (s) from above, and is identical to f (s) in the limit. So
g(s, k) forms a lower bound for f (s) for all k, and the bound becomes better
with increasing k. The problem is that there is generally no guarantee
for how tight the bound is. If g(s, k) has been evaluated to 87 for all k
smaller than, say, 100’000’000, then f (s) may in fact be 87, but can also be
arbitrarily much smaller.
Further weaker notions of computability are also available. For example,
if we remove the restriction of the approximation-function g being always
decreasing, we get the approximable functions. The approximable functions
include the semi-computable functions (both the upper and the lower variant), and also some non-semi-computable functions.

4.2

Semi-computability of K

The complexity function K(s | q)—here treated as a function of s for any
fixed q—only takes on non-negative integer values. The following two theorems show that K is upper semi-computable, but not computable.
Theorem 4.3 (Semi-computability of K). K is upper semi-computable.
Proof. The proof constructs a recursive, decreasing approximation-function
g(s, k) for K(s | q).
Let g(s, k) simulate all possible inputs of length at most 2`(s) + c to U
for k steps (the constant c as in Proposition 3.8). When done, g outputs the
length of the shortest input that made U produce s in at most k steps. If
no input produced s in k steps (a common situation for small k), g outputs
2`(s) + c This is an upper bound on the complexity by Proposition 3.8.
The function g(s, k) is recursive, since it simulates a prefix-machine on
a finite number of inputs, each for a finite number of steps. And g(s, k)
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is clearly decreasing in k, since any output that produces s in at most k
steps will also produce s in at most k + 1 steps. Finally, g(s, k) → K(s | q)
when k → ∞. To see why, assume that w is the shortest input on which
U (q, w) = s. Then U (q, w) halts in a finite number m of time steps, so for
all k ≥ m it holds that g(s, k) = K(s | q). (Unfortunately, there is no general
procedure to determine the number m.)
Theorem 4.4 (Incomputability of K). K is not computable.
Proof. Fix some q ∈ B∗ . Throughout this proof, let s(n) denote the first
string of length n (in the lexicographic order) that is incompressible with
respect to q. Recall that s incompressible with respect to q if K(s | q) ≥ `(s),
and that there are incompressible strings of all lengths by Proposition 3.9.
Assume that K(s | q) were computable; that is, that there were a program
computing K(s | q) on any input s. Building on this program, it would be
easy to construct a prefix-machine Vi such that Vi (q, n) = s(n) for all n.
This leads to a contradiction. For any n, the reference machine U (q, i, n)
would return s(n), so all s(n) would have complexity at most 2`(i)+2`(n)+2.
This would imply
n ≤ K(s(n) | q) ≤ 2`(i) + 2`(n) + 2

(8)

≤ 2log2 (i + 1) + 2log2 (n + 1) + 2

(9)

for all n, which is a contradiction for sufficiently large n (i remains fixed).
In other words, an incompressible string would be compressible.
In conclusion, although the Kolmogorov complexity is not computable,
it can still be approximated in the semi-computability sense.

5

Measures and induction

Inductive reasoning is the process of making uncertain but justified inferences; often the goal is to infer a general theory from particular observations.
For example, according to the famous anecdote, Newton discovered gravity
when seeing an apple fall from a tree. (Presumably, he also recalled a large
number of other (particular) examples of things falling or “attracting” each
other in space).
Inductive inference is a central tool in science. One of the most important induction principles is Occam’s razor, which may be interpreted as
“given several possible explanations for an observed phenomenon, the simplest explanation should be preferred”. The problem is that it is (i) often
unclear which explanation is simpler, and (ii) unclear to what extent a simpler theory should be preferred to a more complicated theory if the more
complicated theory gives a more exact explanation.
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Given the right setup, Kolmogorov complexity can be used as a formalization of the vague term simple. Kolmogorov complexity thus offers a
formal solution to (i). Further, Kolmogorov complexity can be used to construct a prior, which together with Bayes’ rule offers a convincing solution to
(ii). Kolmogorov complexity can thus be used as a basis of a formal theory
of scientific induction [RH11].
First we will review some general measure theory and construct measure
spaces for B∗ and B∞ . For these spaces, two measures (priors) m and M are
constructed in accordance with Occam’s razor. We then give an account of
how M can be used for induction (sequence prediction) and recount a strong
result by Solomonoff [Sol78] that shows the strong inductive performance of
M.

5.1

Definition of measure

Measure theory formalizes probability theory. Here we will only briefly recount the most important definitions, for a more complete overview we refer
to any standard textbook on formal probability theory (for instance [Res98]).
Definition 5.1 (σ-algebra). A σ-algebra on a sample space Ω is a collection
Σ of subsets of of Ω satisfying:
• Σ contains Ω.
• Σ is closed under countable union and complementation. That is, if
A ∈ Σ, then Ac = Ω − S
A ∈ Σ; and if {Ai }i∈I is a countable collection
of elements of Σ, then i∈I Ai ∈ Σ.
The elements of Σ are called measurable sets or events.
Note that since Σ contains Ω and is closed under complementation, it
c
also includes the empty
set ∅ =
also be closed under countable
must
T
SΩ . Σ
c
c
intersection, since i∈I Ai =
.
i∈I Ai
A measure space on a space Ω is a pair (Σ, Ω) where Σ is a σ-algebra on
Ω.
Definition 5.2 (Measure). Given a measure space (Σ, Ω), a function
λ : Σ → [0, 1] is a measure 4 on (Σ, Ω) if it satisfies:
• λ(Ω) = 1,
S
P
• λ( i∈I Ai ) = i∈I λ(Ai ) for any countable collection {Ai }i∈I of pairwise disjoint elements of Σ.
4

In the measure-theory literature, a more general version of measure that can take on
any non-negative real number and +∞ is often considered. In such contexts, our version
of measure with λ(Ω) = 1 is often called a probability measure.
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An
S important consequence is that λ(∅) = 0. This follows, since λ(Ω) =
λ(Ω ∅) = λ(Ω) + λ(∅). By subtracting λ(Ω) from both sides, λ(∅) = 0 is
established.
When Ω is countable, the standard choice of σ-algebra is the power-set
2Ω = {A : A ⊆ Ω} of Ω. However, when Ω is infinite, it is often hard (or even
impossible) to obtain a measure on all subsets. Some sets are immeasurable
in the sense that no “natural” measure can assign a value to them.5
We will often use a slightly weaker version of measure, called semimeasure.
Definition 5.3 (Semi-measure). A semi-measure on a measure space (Σ, Ω)
is a function λ : Σ → [0, 1] satisfying
• λ(Ω) ≤ 1,
S
P
• λ( i∈I Ai ) ≥ i∈I λ(Ai ) for any collection {Ai }i∈I of pairwise disjoint
elements of Σ.
The difference between measures and semi-measures is that the full event
Ω only needs to have measure at most 1, and that the union of disjoint
events may have a larger measure than the sum of the parts. Note that the
inequalities are set in a way so that semi-measures must assign the empty
set measure 0.

5.2

Measure spaces on B∗ and B∞

We will now construct measure spaces on the set of strings B∗ and the set
of one-way infinite sequences B∞ . These measure spaces will be the only
measure spaces we will use this section.
For the measure space B∗ we will simply use the “maximal” σ-algebra
∗
∗
B
2 . So the measure space on B∗ becomes (2B , B∗ ).
For the measure space on B∞ , some further notation needs to be developed. Define for any string s the cylinder Γs = {sz : z ∈ B∞ }. The cylinders
are subsets of B∞ , but do not form a σ-algebra. To obtain a σ-algebra on
B∞ , let Ψ be the σ-closure of the set of all cylinders. That is, let Ψ be the
set of all A ⊆ B∞ that can be obtained from any collection of cylinders by
means of (repeated application of) countable union and complementation.
The σ-algebra Ψ is sometimes called the Borel σ-algebra. The measure
space we will use for B∞ is (Ψ, B∞ ).
∗
For brevity, we will sometimes write B∗ for (2B , B∗ ) and B∞ for (Ψ, B∞ ),
keeping in mind which measure spaces are actually intended.
5

Such immeasurable sets include the so-called Vitali sets, see for instance [Fri70].
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5.3

Measure conventions

First adopt the abbreviations λ(s) = λ({s}) for the singleton events of
(P (B∗ ), B∗ ) and ν(s) = ν(Γs ) for the cylinder sets of (Ψ, B∞ ). Further, all
semi-measures are extended with provided information q ∈ B∗ , in semblance
to conditional Kolmogorov complexity. Every semi-measure λ is thus extended to a class of measures λq . The provided information q is sometimes
useful when studying induction.
Definition 5.4 (Computable measure). We say that a (class of) measure(s)
∗
λ on (2B , B∗ ) is computable if there is a computable function gλ that satisfies
gλ (s, q) = λq (s), and that λ is lower semi-computable if gλ is lower semicomputable. Similarly, a measure ν on (Ψ, B∞ ) is (lower semi-)computable
if there is a (lower semi-)computable function gν such that gν (s, q) = νq (Γs )
for all strings s and q.

5.4

Measures on B∗
∗

The uniform measure on (2B , B∗ ) is the discrete Lebesgue-measure µ, defined
by µ(s) = 2−2`(s)−1 on the singleton events {s} for all s ∈ B∗ . (The measure
µ simply ignores provided information q, so µ = µq for all q.) Defining a
measure on the singleton events uniquely determines it on all other subsets
of B∗ , by the axioms of a probability measure.
A universal semi-measure m for B∗ can be defined as follows.
Definition 5.5 (The discrete universal distribution). Let for every s, q ∈ B∗
mq (s) = 2−K(s | q)

(10)

The semi-measure m is called the discrete universal distribution. It agrees
with Occam’s razor in assigning higher probability to strings with low complexity.
That m is a semi-measure (sums to at most 1) follows from Kraft’s
inequality
(Theorem 2.3 on page 12).
Kraft’s inequality gives that
P
−`(w)
≤ 1 for any set C of code words in a prefix
code. As the
w∈C 2
P
reference machine defines a prefix code, it follows that s∈B∗ mq (s) ≤ 1 for
all strings q. As not all programs are a shortest code words for some string,
the summation will in fact be strictly less than 1. Therefore, m will only be
a semi-measure and not a measure.
5.4.1

Dominance of m

An important property of m is that it dominates all semi-computable semi∗
measures on (2B , B∗ ).
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Definition 5.6 (Dominance of measures). Let ρ and ν be two semi-measures
on some measure space (Σ, Ω). If there is a constant c > 0 such that ρ(A) ≥
c · ν(A) for all events A ∈ Σ, then we say that ρ dominates ν with the
constant c. Similarly, ρ dominates a class M of measures on (Σ, Ω) if ρ
dominates each element of M.
The following discussion explains why m dominates all semi-measures.
There is an effective enumeration λ1 , λ2 , . . . of all semi-computable semi∗
measures on (2B , B∗ ) [LV08, p. 267]. Essentially, the index i in λi represents
a code for a program (semi-)computing λiq (s). Fixing one such enumeration/reference machine, it is natural to extend the definition of Kolmogorov
∗
complexity to the lower semi-computable semi-measures on (2B , B∗ ) by
K(λ) = mini {K(i) : λ = λi }.
Semi-measures λi that are “simple” (have short descriptions) will receive
simple indexes i and therefore high weight, whereas complicated, arbitrary
semi-measures will receive complex indexes. Examples of fairly simple measures include µ and m since they have comparatively simple descriptions.
The dominance of m over all semi-computable measure follows from that
X
mq (s) =
2−K(i) λiq (s)
(11)
i∈N

holds up to a multiplicative constant [LV08, Theorem 4.3.3]. This immediately gives that mq (s) ≥ 2−K(i) λiq (s) for any semi-computable semi-measure
∗
λi on (2B , B∗ ). We state this as a proposition for future reference.
Proposition 5.7 (Dominance of m). The discrete universal measure m
dominates every lower semi-computable semi-measure λ with a constant
2−K(λ) .
Dominance is one reason for using semi-measures rather than measures.
It can be shown that no computable measure dominates all other computable
measures [LV08, Lemma 4.3.1]. Meanwhile, m is a lower semi-computable
semi-measure (since K is upper semi-computable) and m dominates all lower
semi-computable semi-measures.

5.5

Measures on B∞

The uniform distribution on B∞ is the continuous Lebesgue-measure L(s) =
2−`(s) . The important difference between the discrete case and the continuous case is that in the continuous case, the event of a short string s contains
all extensions of s. In the discrete case, any extension of s is a separate
event.
There is a continuous universal distribution M for (Ψ, B∞ ). In analogy
to the prefix-machines, there is a type of machine called monotone machines
which may be used to define M. Rather than defining monotone machines,
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however, we take a shortcut and define M via an enumeration ν 1 , ν 2 , . . . of
all semi-computable semi-measures [LV08, p. 295]. Let K(ν) = mini {K(i) :
ν = ν i }.
Definition 5.8 (The continuous universal distribution). Let the continuous
universal distribution M be defined as6
X
M(s) =
2−K(i) ν i (s)
(12)
i∈N

The properties of M mirrors to a large extent the properties of m.
The semi-measure M trivially dominates all lower semi-computable semimeasures ν on (Ψ, B∞ ) with a constant 2−K(ν) .
Further, M is lower semi-computable: The value 2−K(i) ν i (s) is lower
semi-computable for all lower semi-computable semi-measures ν. Therefore, a sum M(s) can be lower semi-computed by lower semi-computing an
increasing number of terms to increasing accuracy.
It can be shown that M assigns higher weight to simple initial segments
s; in fact, M(s) ≈ m(s) so M(s) ≈ 2−K(s) for all strings s (both approximations are up to logarithmic factors in the length of s). Thus M agrees
with Occam’s razor in assigning higher probability to “simple” events.

5.6

M and sequence prediction: Solomonoff induction

Sequence prediction is a rather general induction setting. For example, it can
model a scientist making repeated experiments, or the development of the
weather. Formally, in the setting of sequence prediction an infinite sequence
z has been generated according to some distribution ν on (Ψ, B∞ ). The task
is to (repeatedly) guess the next bit zn+1 for growing initial segments z1:n .
Assume, for instance, that we are trying to predict the weather based on
previous meteorological observations. Let rain be encoded as 0 and sunshine
as 1, and let the task be to predict the weather (sun or rain) the next day
given a string z1:n representing the weather of previous days.
The weather is presumably described by some computable distribution ν.
This means that the best prediction s of zn+1 (the weather tomorrow) would
be the prediction given by (the Bayesian ν-posterior) ν(zn+1 = s|z1:n1 ) =
ν(z1:n s)/ν(z1:n ). Unfortunately, the true distribution ν of how the weather
develops is unknown. Solomonoff’s idea was that ν could be replaced with
an inductive prior ρ that would converge to the true distribution ν, given
that ν came from some (preferably large) class of distributions.
To be able to quantify how well a certain prior ρ performs on sequence
prediction, we need a formal benchmark for how well ρ manages to predict
sequences generated from a true measure ν. One interesting benchmark is
based on the ν-expected prediction-distance.
6

For technical reasons it is standard to include provided information to m but not to

M.
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Definition 5.9 (Prediction-distance). Define the ν-expected predictiondistance of prediction n between a semi-measure ρ and a measure ν as
Dn (ρ, ν) =

X X

ν(z1:n )

p
2
p
ρ(zn+1 = s | z1:n ) − ν(zn+1 = s | z1:n )

s∈B z1:n ∈Bn

That
is,
the
ν-expected
value
of
the
distance
p
2
p
ρ(zn+1 = s | z1:n ) − ν(zn+1 = s | z1:n ) , summed over all next possible
bits s.
A few remarks can be made about this benchmark. First, the expectation
is taken with respect to the true measure ν. The effect is that it is more
valuable to do well on likely sequences than unlikely sequences. Second, one
might question why the “complicated” prediction-distance is used rather
than a simple comparison of whether both predicted the same bit (1 or 0)
as the most likely next bit. Such a comparison could indeed have been
interesting. However, we are often interested in the probability of an event
rather than only the most likely outcome. Say, for instance, that there is a
45% chance of rain tomorrow. Then we are interested in knowing that (so
we can take our umbrella in case), rather than only knowing that the chance
of sun is higher than the chance of rain. Such “decision-theoretic” aspects
are better captured by the prediction-distance.
Solomonoff discovered that dominance was an important feature for an
inductive prior. The following can be proven about prediction-distance for a
prior semi-measure ρ dominating another measure ν (see [LV08, Section 5.2]
for a proof7 ).
Theorem 5.10 (Solomonoff induction). Let ρ be a semi-measure and ν be a
measure, and let ρ dominate ν with a constant c. Then the total ν-expected
prediction-distance between ρ and ν is finite and bounded by ln(1/c):
X
Dn (ρ, ν) ≤ ln(1/c)
(13)
n∈N

Since M dominates all computable measures ν with a constant 2−K(ν)
by definition, we immediately obtain the following corollary.
Theorem 5.11 (Solomonoff induction). For all computable measures ν, the
total ν-expected prediction-distance between M and ν is finite and bounded
by K(ν):
X
Dn (M, ν) ≤ K(ν) ln(2)
(14)
n∈N
7

More precisely, the theorem is a special case of what is proven in Example 5.2.5 on
page 356 in [LV08].
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This shows that M is an excellent prior, given that the true distribution
is computable (which, arguably, is a quite reasonable assumption in most
practical cases). For an in-depth investigation of the philosophical aspects
of universal induction, see [RH11].
Since induction with M works for any (lower semi-)computable
(semi-)measure it is often called universal induction. Other names include Solomonoff induction, recognizing its inventor Ray Solomonoff [Sol64a,
Sol64b, Sol78].
5.6.1

Induction with a uniform prior

It is instructive to compare the inductive performance of M and the uniform
measure L.
Under a uniform prior L, the next bit is 0 or 1 with equal probability,
given any initial sequence z1:n . To illustrate why this is undesirable for
induction we will consider two examples, one where the sequence is random
(uniformly distributed) and one where the sequence is structured.
Consider first the case where z is sampled from a deterministic environment ν which give probability 1 to 101010 . . . and probability 0 to all
other sequences. Then M will quickly converge to ν, and correctly predict
the next bit with high probability. This follows from Theorem 5.11 since ν
is computable and has low complexity. The uniform prior L, on the other
hand, will after every initial segment predict that 0 is as likely as 1. M thus
clearly outperforms L in this case, as was expected.
But what if z was sampled from the uniform distribution L? Then the
prior L would correctly predict that both 0 and 1 were equally likely next
bits. But since L is a computable distribution (with low complexity), M
would quickly converge to predicting that 0 and 1 were equally likely as well.
These two examples give a sense of how a uniform prior is biased towards
randomness. No matter how long initial segment is highly structured, the
uniform prior insists that 0 and 1 are equally likely next bits. The universal
prior M, on the other hand, adapts. If the initial segment is structured, it
predicts that the structure is likely to remain. If no structure is present in
the initial segment, than the next bit is probably randomly sampled. In this
sense, a universal prior is less biased than a uniform prior.

5.7

Other induction settings

Not all induction problems can be (naturally) cast as sequence-prediction
tasks. For example, in supervised machine learning (see for instance
[Mar09]), a finite number of predictions should be made based on a finite
number of learning examples. A related problem is the optimisation of a
function over a finite domain, which will be the focus in Part II. In these
finite cases, it is sometimes more natural to use the discrete universal mea-
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sure m. (Philosophically it does not make much difference, as both measures
dominate their respective measure classes, and m and M differ from each
other by at most a logarithmic factor in the string-argument).
Fewer results have been obtained in the finite settings. One of the major
aims of Part II will be to develop an understanding of the usefulness of m
in function optimisation over a finite domain.

5.8

AIXI and universal intelligence

Another setting is a generalization of sequence prediction to the active case.
In this setting, the goal is not only to predict the next symbol, but to interact
with an environment. That is, at every time step, the agent makes an action
(0 or 1), and the environment (the perceived input sequence) reacts to it.
Perhaps surprisingly, this makes the problem significantly harder. A welldeveloped theory called AIXI exists for this setting, see [Hut05].
AIXI arguably constitutes an optimal, universal intelligent agent (disregarding computational aspects) [Hut05]. Thanks to the semi-computability
of Solomonoff induction, AIXI can be computably approximated. In a certain sense, the approximation performs as well as any other computable
agent with the same computation power, save for rather big multiplicative
constants [Hut05, Section 7.2.7].

6

Summary of Part I

In this part we have given an introduction to a formal, essentially objective
complexity measure K for strings, called Kolmogorov complexity. We used
K to construct two “universal” measures m and M with a bias towards
simplicity (in the Kolmogorov-complexity sense). A result on M’s total
prediction-distance to any computable measure ν was formulated. A natural
interpretation of this result is that M is an excellent prior for sequence
prediction.
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Part II

No Free Lunch and Optimisation
The problem of optimisation arises in many situations. For example, the
development of a medicine can naturally be understood as an optimisation
problem where the optimal combination of chemicals is sought. The Travelling Salesman Problem can be seen as an optimisation problem where the
goal is to find a maximally short route. In nature, one can understand evolution as an optimisation process, striving to find as good gene combinations
as possible.
Optimisation can be formalized as: An unknown function f : X → Y
is probed at particular points xi ∈ X and the value f (xi ) is perceived; the
aim being to quickly find high/maximum values of f . As points of f are
probed, the knowledge of f grows, and better guesses can be made. Most
optimisation problems can (more or less naturally) be formalized this way.
In the medicine example, the function f could be the difference between the
fraction of patients cured minus the number of side effects. For evolution,
f could be defined as the amount of off-spring a certain gene-combination
yields (in a certain environment).
The aspect we will be interested in is what prior information one needs
about f in order to optimise f efficiently. Typically, informed guesses must
be made about f ’s global behaviour from a set of particular examples (the
probed points). From this “information-theoretic” perspective, optimisation
includes an induction problem.
The No Free Lunch (NFL) theorems show that under some priors, efficient optimisation is not possible. Intuitively, if all functions are equally
likely, then no meaningful extrapolation from any acquired knowledge is
possible; therefore all algorithms will perform equally badly [WM97]. When
a prior P makes all algorithms perform equally well, we say that NFL holds
for P. One of the main results so far has been a precise characterization of
priors for which NFL holds, known as the Non-uniform NFL theorem [IT04]
(see Section 8 and 9.3 for further discussion).
Note however that not all optimisation problems are interesting to study
from an information-theoretic perspective. In the Travelling Salesman Problem, for instance, the challenge is not lack of information—all distances are
known—but the computational complexity of the problem.
The universal distribution provides a universal prior, which in the case
of sequence prediction can be used whenever the true environment is computable (see Section 5.6 above). This thesis will culminate in a characterization of whether the universal distribution can be used also for optimisation
(Section 11 and 12), improving on the current knowledge in several directions.
Other contributions include a precise derivation of the probabilistic
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framework underlying most NFL-studies (Section 7.5); a direct proof of
a generalization of the Non-uniform NFL theorem (Theorem 9.9); a continuity theorem for NFL (Theorem 9.11); and a discussion on particular
performance measures (Section 10).
We start by making the problem description precise (Section 7). We
then give an overview of the NFL research done so far, chiefly during the
last 15 years (Section 8). The most important results will be given detailed
accounts in Section 9. Our main results then appear in sections 9.4–12,
together with an outlook and some concluding remarks in Section 13.

7

Preliminaries

In this section we make the setting formally precise, and introduce most of
the required notation.

7.1

Search problems

Let X and Y be two finite ordered spaces containing at least two elements
each. X will be known as the search space or the domain, and Y as the
range or the co-domain. Together they will be known as the problem context. Lower case x and y, sometimes with sub- or superscripts, will denote
elements of X and Y respectively.
A (black-box optimisation) problem 8 is a probability measure P over the
finite set Y X = {f : X → Y } of functions from X to Y . P(f ) = P({f })
should be interpreted as the prior belief in f being the true function. Formally, P is a measure on the measure space (Σ, Ω) with Ω = {f : X → Y }
and Σ = 2{f :X→Y } the power-set of Ω. The measure P will sometimes also
be referred to as the prior.
As the function is probed at some point xi , its behaviour yi in the
probed point will become known. Let {(xi , yi ) : xi has been probed} be
the knowledge acquired of f . The associated event A = {f : f (xi ) = yi )}
can be used to update the prior belief in f , P(f ), to a posterior belief
P(f | A) = P(f, A)/P(A).
From P we can also derive the probability of events such as “f (x) = y”
for a certain point x. Let B = {f : f (x) = y}. Then P(f (x) = y) = P(B). It
is also straightforward to ask for the probability of “f (x) = y” given some
knowledge A. The letters A and B will denote function events. Often (but
not always), function events have an associated set of (x, y)-pairs as was the
case with the acquired knowledge above.
8
Sometimes known as a Black-box Search problem, or Optimisation with Randomized
Heuristics [DJW02].
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7.2

Algorithms

Only knowing the problem context X,Y and the prior P, a search algorithm
a should try different values x ∈ X, and, depending on the y-values returned,
try new points in X. Often the goal is to find a certain type of value (such
as the maximum) as soon as possible, but formal investigations often allow a
wider range of performance measures (see Definition 9.1 below, and Section
10 for a discussion). Since the algorithm only has access to a distribution P
(and not to the true function), the goal for the algorithm will be to do well
in P-expectation.
7.2.1

Search traces

To define search algorithms formally, some further notation need to be developed. A search trace Tn is an ordered n-tuple h(x1 , y1 ), . . . , (xn , yn )i ∈
(X × Y )n , representing a search history. T and S will be used as names for
traces. The empty trace will be denoted by hi.
S|X|
Let Tn be the set of all search traces of length n, and let T = i=0 Ti
be the set of traces of any length. If Tn = h(x1 , y1 ), . . . , (xn , yn )i, let Tnx =
hx1 , . . . , xn i be the corresponding probing sequence and Tny = hy1 , . . . , yn i the
corresponding result vector. Analogously, let Tnx be the set of all probing
sequences of length n, and Tny be the set of all result vectors of length n.
Finally, let T x and T y denote the set of probing sequences and result vectors
of any length.
x and T y will be called full-length traces, full-length
Elements of T|X| , T|X|
|X|
probing sequences and full-length result vectors respectively.
7.2.2

Deterministic search algorithms

A deterministic search algorithm a can now be modelled as a function
a : S ∈ T 7→ x ∈ X − S x

(15)

from search traces to new points to probe. The no-revisiting condition
a(S) 6∈ S x ensures that no search algorithm searches the same point twice,
a restriction commonly used in the literature (see [WM97] for a discussion).
Let A be the set of all deterministic algorithms.
A deterministic search procedure a encountering a function f thus generates traces
Tn (a, f ) = h(x1 , y1 ), . . . , (xn , yn )i ∈ (X × Y )n

(16)

where each (xi+1 , yi+1 ) = ah(x1 , y1 ), . . . , (xi , yi )i. Let T.(x, y) be the trace
T appended with (x, y).
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Example 3 (Trace-generation). Assume that the true function f is always 4 on the search space X = {0, 1, 2}, and assume that a always
searches X from left to right. Then a will start searching at 0; that is,
a(hi) = 0. The perceived value will be 4, so the search trace becomes
T1 (a, f ) = h(0, 4)i. Continuing, a(h(0, 4)i) = 1. That is, a searches at 1
in the second step, and will again perceive value 4. This yields the search
trace T2 (a, f ) = h(0, 4), (1, 4)i. And so on.
♦

7.2.3

Probabilistic algorithms

Many general search algorithms are not deterministic. Instead the next
search point is (sometimes) chosen stochastically. It is, for example, common
to let hill-climbing algorithms restart at a random point once they reach a
local optima. A probabilistic algorithm b can be modeled by conditional
probability distributions Prb (· | T ) over next search points for all T ∈ T . The
expression Prb (x | T ) denotes the probability that b continues the search at
x after the trace T . The no-revisiting condition for probabilistic algorithms
states that for any T and any x ∈ T x , Prb (x | T ) = 0; in other words,
Prb (· | T ) should have no support outside X − T x .
Note that deterministic algorithms are special cases probabilistic algorithms. A deterministic algorithm a is a probabilistic algorithm for which
the conditional distributions Pra (· | T ) have range {0, 1} for all traces T .
In fact, probabilistic algorithms may equally well be modeled by algorithms that are only stochastic prior to the search phase. Such algorithms
that probabilistically chooses a deterministic algorithm b before the search
phase and then deterministically searches like b will be called pre-sampling
algorithms.
Lemma 7.1 (Pre-sampling algorithms). For every probabilistic algorithm b
there is an equivalent pre-sampling algorithm b0 in the sense that for every
T ∈ T and x ∈ X, it holds that Prb (x | T ) = Prb0 (x | T ).
Proof. Let b be a probabilistic algorithm. For each T ∈ T , independently
sample a search point x ∈ X according to the conditional probability
Prb (x | T ). Denote the full sample with a deterministic function (algorithm)
a : T → X.
Q
The probability for a given sample a is then Prb (a) = T ∈T Prb (x | T ).
Further,
for any T ∈ T and any x ∈ X, it holds that Prb (x | T ) =
P
a:a(T )=x Prb (a).
Let b0 sample
deterministic algorithms according to Prb (a). Then
P
0
Prb (x | T ) = a:a(T )=x Prb (a) = Prb (x | T ), which completes the proof.
Let [[r1 = r2 ]] be the truth function that is 1 if r1 = r2 and 0 otherwise.
The following is an immediate corollary of Lemma 7.1.
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Proposition 7.2. The probability that a probabilistic algorithm b generates
a trace T ∈ Tn on a function f is
X
Prb (T | f ) =
Prb (a)[[Tn (a, f ) = T ]]
(17)
a∈A

Proposition 7.2 will be useful in constructing a measure on traces (Section 7.5) and in generalizing results on deterministic algorithms to probabilistic ones.

7.3

An example

We now give a longer example illustrating our setup. Readers who already
feel confident with the setup may safely skip this example.
Example 4. Assume that X = {−2.0, −1.9, . . . , 0, . . . , 1.9, 2}, and that the
class F of functions is the polynomials f (x) = c0 + c1 x + c2 x2 + · · · + c5 x5 of
degree at most five with bounded integer coefficients ci ∈ {0, ±1, . . . , ±10}.
There are then 21 constant polynomials (degree 0), 212 polynomials of degree
1 and so on. Denote the number of polynomials with the same degree as a
polynomial f with #deg(f ). Let the distribution be P(f ) = 1/(6#deg(f )).
Then the summed probability of all polynomials of a certain degree is 1/6,
and since there are six different degrees (0–5) the probability sums to 1.
The probability of a single “simple” (i.e., low-degree) polynomial is higher
than a “complex”, high-degree polynomial, however, since there are fewer
polynomials of low degrees. Let the range be determined implicitly by Y =
{y : ∃x ∈ X, f ∈ F : f (x) = y}.
The algorithm should now try values in X in order to find a maximum of
the sampled function as quickly as possible. Assume that the true function
is f (x) = −x4 +4x2 −2x−1 (the algorithm does not receive this information,
of course; the algorithm only has access to the distribution P).
Assume the algorithm starts with trying 0 ∈ X. Then it will receive
f (0) = −1 in return; the search trace becomes T1 = h(0, −1)i. This provides a limited amount of information, so the algorithm may (arbitrarily) try 1 at the next probe, which gives f (1) = 0. The trace becomes
T2 = h(0, −1), (1, 0)i. The polynomial with the highest sampling-probability
that is consistent with T2 is p1 (x) = x − 1. This indicates that 2 should be
the maximum. Trying that, however, it receives f (2) = −5 (which is inconsistent with the conjectured polynomial x − 1). The algorithm thus needs
to revise its model, and make a new attempt. And so on.
Figure 2 illustrates the situation after the second probe.
Substantial effort has been put into the problem of how to best optimise a
function in different settings. In the setting of this example, Lagrange interpolation offers a systematic approach. In other settings, Newton’s method,
Hill-climbing and Simulated Annealing are popular alternatives. The problem distribution P is not always known or explicitly specified, but it can be
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f (x) = −x4 + 4x2 − 2x − 1
p1 (x) = x − 1
T2 = h(0, −1), (1, 0)i
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Figure 2: The situation for the search algorithm in Example 4 after two
probes. The algorithm has searched at 0 and 1, which has generated the
search trace T2 = h(0, −1), (1, 0)i. The algorithm (erroneously) conjectures
that p1 (x) = x − 1 might be the true function.
argued that even when the problem distribution is not specified, an implicit
distribution is used. For example, if one uses a hill-climbing algorithm it may
be argued that one is implicitly assuming that the function is somewhat continuous. This may be expressed as a prior problem-distribution with (much)
higher weight on continuous functions than on “scattered” ones.
As the true function is not known, the goal is typically to do well in
P-expectation (a precise definition of how to measure performance will be
given in Definition 9.1 below).
♦

7.4

Permutations, functions and enumerating algorithms

Many of the subsequent results will depend on permutations of different
types of objects.
Definition 7.3 (Permutations). Define a permutation of size n as a bijective function σ : {1, . . . , n} → {1, . . . , n}. Extend the domain of permutations σ of size n to arbitrary ordered sets of size n, according to
σ(X) = {σ(x1 ), . . . , σ(xn )} = {xσ(1) , . . . , xσ(n) } and to functions f : X → Y
by (σf )(x) = f (σ −1 (x)) where X is some ordered set of size n. Subsequently
permutations will always be assumed to be of the size of the search space
|X|, and the set of all such permutations will be denoted by Π.
To illustrate some applications of Definition 7.3, define an enumerating
algorithm as an algorithm that searches X in a pre-defined order without
heeding the returned y-values. Let e be the enumerating algorithm that
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searches X in order, and for any permutation σ ∈ Π let eσ be the enumerating algorithm that searches X in the order σ(X). (Recall that X is an
ordered set by assumption.)
It is then easy to see that e generates the full-length result vector
hf (x1 ), . . . , f (x|X| )i exactly when f is the true function. Analogously,
eσ generates the full-length result vector hf (σ(x1 )), . . . , f (σ(x|X| ))i =
h(σ −1 f )(x1 ), . . . , (σ −1 f )(x|X| )i exactly when f is the true function. It follows that the full-length result vector of eσ is hf (x1 ), . . . , f (x|X| )i exactly
when σf is the true function.9
Functions are naturally identified with sets of ordered pairs, by f =
{(x1 , f (x1 ), . . . , (x|X| , f (x|X| )))}. Using the order on X, we will sometimes
also identify functions with tuples f = (f (x1 ), . . . , f (x|X| )).
The latter representation coincides with the representation of full -length
result vectors (result vectors of length |X|). Incidentally, this allows us to
express our observation about enumerating algorithms rather concisely. The
y
y
observations can be expressed as T|X|
(e, f ) = f and T|X|
(eσ , σf ) = f . We
state this as a lemma for future reference.
Lemma 7.4 (Result vectors of enumerating algorithms). The result trace for
the enumerating algorithm e on any function f is the associated tuple for the
y
y
function itself, that is T|X|
(e, f ) = f . Further, if σ ∈ Π then T|X|
(eσ , σf ) =
f.
On a related note, we also introduce the concept of an informed choice.
Definition 7.5 (Informed choice). A choice of a next search point is informed if it depends on the perceived y-values, and it is blind if it only
depends on the probing sequence. An algorithm that only makes blind
choices is called a blind algorithm. Formally, a is blind if for all traces S
and T with T x = S x , and all x 6∈ T x it holds that Pra (x | T ) = Pra (x | S ).
Enumerating algorithms are blind deterministic algorithms. For this
reason, they are sometimes also known as oblivious algorithms [GO05].
An example of a stochastic blind algorithm is the random algorithm.
It can be defined as the probabilistic algorithm rand , with Prrand (x | T ) =
1/(|X| − |T x |) for any trace T and any x 6∈ T x (and 0 for x ∈ T x ).

7.5

A measure on traces

In this section the goal will be to derive a measure Pa over the set of fulllength traces T|X| , where Pa (T ) will be the probability that a generates T .
Formally, Pa will be a measure on the measure space (2T|X| , T|X| ). We will
sometimes refer to Pa as the trace-measure induced by P and a.
9

The concept of “permuting” the enumerating algorithm e can be generalized to arbitrary algorithms. This leads to a generalized result on how permutations interact when
applied to functions and algorithms respectively [SVW01].
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Given a function f , a trace T = σh(x1 , y1 ), . . . , (x|X| , y|X| )i is possible if
and only if f (xi ) = yi for all 1 ≤ i ≤ P
|X|. Therefore the measure Pa must be
a refinement of P in the sense that σ∈Π Pa (σh(x1 , y1 ), . . . , (x|X| , y|X| )i) =
P(f ). From the perspective of Pa , the event of a function f will be identified
with the set of all traces consistent with f .
In a similar manner, the event of a trace Tk of length k < |X| will be
identified with the set of all full-length extensions of Tk . Introducing the
notation T [i:j] = hti , . . . , tj i and T [i] = ti for extracting components of a
vector T = ht1 , . . . , tn i, the event of Tk is formally identified with the set
{T ∈ T|X| : T [1:k] = Tk }.
By combing the measure Pra (T | f ) from Proposition 7.2 with P we arrive
at a measure Pa over T|X| ,
X
P(f )Pra (T | f )
(18)
Pa (T ) =
f ∈F

=

X

P(f )

f ∈F

X

Prb (a)[[Tn (a, f ) = T ]]

(19)

a∈A

This defines the measure Pa for all points (singleton events) T ∈ T|X| , which
uniquely determines Pa for all subsets (events) of T|X| by Carathéodory’s
extension theorem.
Pa is obviously non-negative and additivity follows from the additivity
of Pra . The following verifies that Pa sums to 1.
X
Pa (T|X| ) =
Pa (S)
(20)
S∈T|X|

=

X X

P(f )Pra (S | f )

(21)

X

(22)

S∈T|X| f ∈F

=

X

P(f )

f ∈F

=

X

Pra (S | f )

S∈T|X|

P(f ) = 1

(23)

f ∈F

So Pa is a proper measure (Definition 5.2 on page 24).
7.5.1

Types of events

To be able to speak about events such as “a searches at x in its kth probe”,
we define random variables xk and y k for the kth search point and the kth
perceived function value. Formally, for every 1 ≤ k ≤ |X|, they can be
defined as
xk : T ∈ T|X| 7→ T x [k]
k

y

y : T ∈ T|X| 7→ T [k]
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(24)
(25)

For example, Pa (y 1 = 2 | x1 = 10) denotes the probability that a finds the
value 2 at its first probe, given that a’s first probe is at 10. Note that
Pa (xn+1 = x | hx1 y 1 . . . xn y n i = T ) = Pra (x | T ).
The random variables xk and y k enable us to describe any property of
the search trace. Although possible, they will not be used to describe all
types of events. In particular, a trace Tk will still denote the event of all
full-length extensions of Tk ; a result vector R (of any length) will denote the
event of all traces consistent with R; and, finally, the event of a function f is
the event of all traces consistent with f . As all these objects have different
formal representations (traces are ordered lists of X,Y -pairs, result vectors
ordered lists of y-values, and functions sets of pairs), there should be no risk
of confusion. For example, Pa (R | f ) = Pra (R | f ) is the probability that a
generates the result vector R on f .

8

Literature review

We now give an overview of the research done on NFL and optimisation,
before we go into a more detailed treatment in subsequent sections.

8.1

NFL Theorems

Wolpert and Macready [WM95, WM97] are generally credited for the first
formal proof of the No Free Lunch (NFL) theorem for black-box optimisation, proving that when uniformly averaged over all functions, no search
algorithm will be any better or worse than any other.10 Schumacher et al.
[SVW01] made an important generalization to more general classes of functions. This also sharpened the theorem. They observed that NFL holds
for a uniform prior over a class F of functions if and only if F is closed
under permutation (c.u.p.). This theorem is often known as the sharpened
NFL theorem. A more detailed account of Wolpert and Macready’s and
Schumacher et al.’s theorems are given in Section 9.2.
Igel and Toussaint [IT04] generalized the sharpened NFL theorem to nonuniform averages, showing that the precise condition for NFL is that every
permutation σf of a function f have the same probability/weight as f —a
so-called block-distribution is required (see Section 9.3). Streeter [Str03]
reformulated the result in a Bayesian setting, showing that the conditions
for NFL can equivalently be phrased in terms of (zero) information gain for
a Bayesian learner.

8.2

Classes of functions

There are many classes of functions for which NFL does not hold, an immediate consequence of the fact that most function classes that are not c.u.p.
10

See also [Sch94, RS95, WB69].
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(the fraction of c.u.p. function classes vanishes quickly with growing X and
Y [IT04]). In particular, there are free lunches for the subsets of functions
defined by the conditions:
1. A global minimum is not adjacent to a global maximum [IT04],
2. The number of local minima is bounded [IT01, IT04]
3. The maximum steepness is bounded [IT01, IT03b],
4. The Kolmogorov complexity is lower than k, [Str03, McG06].
In all cases, the reason is that the sets are not c.u.p. However, at least
in the case of subsets formed by a bound on the Kolmogorov complexity,
there may still be further subsets for which NFL holds, as demonstrated by
[SVW01].
Streeter [Str03] also found that if the average is taken with respect to the
universal distribution, free lunch exists. In Section 11.3 we prove a related
theorem. In the related area of supervised learning, Lattimore and Hutter
[LH11] showed that there is free lunch under the universal distribution.
Griffiths and Orponen [GO05] studied the more specific case of binary
functions with a particular maximization performance measure. Unsurprisingly, using a particular performance measure yields less free lunch. In their
setting, NFL sometimes hold for function classes not c.u.p.

8.3

Single functions, searchability

It is also possible to ask on which functions an algorithm will be able to
outperform a random search. The pioneering work on this interesting field
was done by Christensen and Oppacher [CO01], who conjectured that a
function would be searchable if it was ”self-similar”, i.e., points close in the
search space should have close target values (compare Item 3 in the list
above). They developed a simple measure of self-similarity by counting the
number of jumps over the median, and showed that a ”submedian-seeker”
algorithm outperformed random search on functions with few median-jumps.
This work was later extended in [WR06], and, in turn, by Jiang and Chen
[JC11]. The latter study developed a general model of Lipschitz-continuity
for any structured search space. They also gave an algorithm outperforming
random search on many Lipschitz-continuous functions, and being equally
good on some very hard Lipschitz-functions. Hard Lipschitz-functions include the so-called needle-in-a-haystack (NIAH) functions, defined and discussed in Section 12.2.
Lipschitz-continuity and self-similarity may be criticized as searchability
criteria, however, since on the one hand they include provably hard of functions such as NIAH functions (proven hard in [DJW04]), and on the other
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they exclude intuitively searchable functions11 such as
(
x if x even
f (x) =
0 otherwise.
So Lipschitz-continuity is neither a sufficient nor necessary condition for
searchability. (It may still be the correct criteria for many practical optimisers such as Genetic Algorithms (GA) and Simulated Annealing (SA),
however, as argued by Christensen and Oppacher in [CO01].)
As predictability (of the maximum, at least) seems to be a key aspect,
it is natural to turn to Kolmogorov complexity K and the universal distribution. Borenstein and Poli [BP06] informally investigate the possibility to
use the universal distribution in optimisation. They argue that since it is
possible to ”hide” a maximum as a hard-coded point in the program with
small (O(log2 |X |)) penalty in complexity, there are many functions with
low KC that still are hard to search. As examples, they mention NIAHfunctions and trap-functions (a trap-function is a compressible function with
one hard-coded exception). However, their argument is informal (and they
seem to neglect the fact that it is easier to encode exceptions in compressible
points rather than in incompressible ones, which, for example, makes some
NIAH/trap-functions much simpler than others). In Section 11.2 we define
compressibility of functions and points, and in Section 12.3 we give a formal
argument for why NIAH-functions make it hard to search under m.
Having discarded KC as unsuitable for a searchability criterion, Borenstein and Poli instead propose the following definition of KC-continuity as
an alternative.
Definition 8.1. A function f is KC-continuous in a point x if
(
!
y
if x0 = x
0
f (x) = arg min K g(x ) =
f (x0 ) otherwise.
y
The intention is to disallow the hiding of the maximum in one random
point, and thus better capture the notion of searchability. It is unclear, however, to what extent the criteria works (beyond discarding NIAH-functions
and trap-functions). They claim that a simple function can only be hard
to search for a KC-based searcher if the function is KC-discontinuous at its
maxima, but no proof is provided.

8.4

Almost No Free Lunch

Even though free lunches are proven for a large number of (classes of) functions, as discussed above, there are also negative results on the amount
11

To the Lipschitz-criterion’s defence, a NIAH function can only be Lipschitz if the
needle is very low. So when it is sufficient to find a value close to the maximum, the
Lipschitz functions may still be intuitively searchable.
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of free lunch available. Such results are sometimes called Almost No Free
Lunch (ANFL) theorems. The most important one is found in [DJW02],
and shows that given an algorithm a that does well on a function f , there
are many only slightly more complex functions on which a does extremely
badly (this, of course, precedes and pertains to the above arguments by
Borenstein and Poli). As a concrete example, they discuss the ONEMAX
problem (in which the search space is all binary strings of length n, and
f (x) =”number of 1’s in x”) and a slight modification of it called TRAP
where f (0n ) = n + 1. They show that both Genetic Algorithms (GA) and
Simulated Annealing (SA) will perform poorly on TRAP, despite its fairly
simple description. Further, and without good argument, they conjecture
that for every ”reasonable” (not formally defined) search-algorithm, there is
some ”simple” problem on which it does badly. The claim is weak, as neither
GA nor SA are universally biased towards simple/structured problems.
Whitley and Rowe [WR08] develop an ANFL theorem for classes, proving
that if a class F is not c.u.p. (and thus have free lunch) there is a ”small”
extension of F on which NFL holds. This has some interest, since the
“permutation closure” of F may be significantly larger than F . Even so, it
says little about the actual amount of free lunch on F , which normally is
the quantity of interest.
Our results in Section 12 below can be interpreted as ANFL-theorems
for the universal distribution.

8.5

Other investigations

A ubiquitous assumption so far has been the finiteness of the search space
X and the range Y . Auger and Teytaud [AT07] generalize the NFL problem
to continuous (infinite) search spaces and conclude that free lunches exist
for such domains. Different generalizations to the infinite case are possible,
however, and not all provide free lunch [RVW09]. A finite search space
together with an infinite co-domain Y yields no free lunch [Str03].
One may also question the no-revisiting condition; for large search spaces
it may be infeasible to keep all visited points in memory. Some consequences
of forgetfulness is explored in [MH09] and in a study on multi-objective
optimisation [CK03].

9

No free lunch

This section will give a detailed account of the “classical” NFL theorems by
Wolpert and Macready [WM97], Schumacher et al. [SVW01] and Igel and
Toussaint [IT04] (Theorem 9.5, 9.7 and 9.9 below). The classical NFL theorems are all similar in spirit, they only differ in generality. They essentially
show that under certain conditions no search algorithm can outperform another. For example, this implies that a hill-climbing algorithm will find the
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maximum equally slowly as a hill-descending algorithm! The NFL theorems
thus renders any attempt at intelligent search moot (in the settings they
apply to).
By the end of this section, we investigate how the possible difference in
search performance—the amount of free lunch, so to speak—is affected by
small deviations from the conditions required for NFL.

9.1

Two equivalent NFL-definitions

Definition 9.1 (Performance
measure). A performance measure is a funcS
y
+
tion M : T → R
{0} that measures how different result vectors are
valued. Generally, the expected performance of an algorithm a on a problem
P is the interesting quantity; we therefore extend the performance measure
to algorithms a and search lengths n the following way.
X
M P (a, n) =
Pa (R)M (R)
(26)
R∈Tny

=

X

P(f ) · Pra (R | f )M (R)

(27)

R∈Tny

f :X→Y

For deterministic algorithms, this reduces to
M P (a, n) =

X

P(f )M (Tny (a, f ))

(28)

f ∈F

When the search length n is clear from the context, it may be omitted. In
the beginning of Section 10, a full-length performance measure is defined as
a performance measure only defined on full-length result vectors.
For some search problems P it can be shown that all algorithms perform
equally well with respect to some (or all) performance measure(s). This is
often phrased as “there is no free lunch available for P”; hence the term No
Free Lunch (NFL).
Definition 9.2 (Performance measure-NFL). NFL holds for a search problem P and a performance measure M if M P (a, n) = M P (b, n) for every pair
of search procedures a and b, and every search length n. If NFL holds for
all performance measures M , then NFL simply holds for the problem P. If
NFL does not hold for a problem P (and performance measure M ) we say
that there is free lunch for P (under M ).
The stronger version of NFL that holds for all performance measures
may equivalently be defined in terms of result vectors. The equivalence will
be verified shortly in Lemma 9.4.
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Definition 9.3 (Result vector-NFL). NFL holds for a search problem P in
the result-vector sense if every result vector is equally likely to be generated
by all algorithms; that is, Pa (R) = Pb (R) for every pair of search algorithms
a and b and every result vector R ∈ T y .12
Despite being slightly less intuitive, the result-vector definition is often
more convenient to use. Both because theorems about result vectors tend to
be more useful as auxiliary results, and because theorems about result vectors often are (slightly) more direct to prove. The following lemma verifies
the equivalence of the two definitions.
Lemma 9.4 (Equivalence of NFL definitions [Str03]). For a given search
problem P, it holds that Pa (R) = Pb (R) for all search procedures a and b
and all result vectors R ∈ T y if and only if M P (a, n) = M P (b, n) for all
performance measures M , all procedures a, b and all search lengths n.
Proof. Assume that NFL does not hold in the result-vector sense. Then
there are two procedures a and b and a result vector Rn of length n such
that Pa (Rn ) 6= Pb (Rn ). Define the (degenerate) performance measure M
that is 1 only on the result vector Rn , and 0 otherwise. This means that
X
M P (a, n) =
Pa (R)M (R) = Pa (Rn )M (Rn ) = Pa (Rn )
R∈Tny

The same applies to b, so M P (b, n) = Pb (Rn ). By assumption, Pa (Rn ) 6=
Pb (Rn ), so a and b perform differently with respect to M .
Assume conversely that NFL does hold in the result-vector sense. Then
Pa (R) = Pb (R) for all R ∈ T y and all procedures a and b, which means that
for any performance measure M and search length n,
X
X
M P (a, n) =
Pa (R)M (R) =
Pb (R)M (R) = M P (b, n)
R∈Tny

R∈Tny

So NFL holds for all performance measures M .
Since NFL holds in the result-vector sense if and only if it holds in the
performance-measure sense, we will generally not distinguish between the
two subsequently.

9.2

Uniform distributions

Wolpert and Macready [WM97] famously proved that if the sampling of a
function f : X → Y is uniform, than NFL holds. Formally, let
(
1/|F | for f ∈ F
uF (f ) =
0
otherwise
12

Observe that T y includes result vectors of all lengths.

45

be the uniform distribution over a class of function F . The formal statement
of Wolpert and Macready’s result is:
Theorem 9.5 (NFL for uniform distribution [WM97]). NFL holds for the
problem uF , when F = Y X .
The theorem is a special case of the more general Theorem 9.7 and
Theorem 9.9 below. See Appendix A for a proof.
Schumacher et al. [SVW01] extended Wolpert and Macready’s theorem
to more general classes of functions. Their result, sometimes known as the
Sharpened NFL Theorem, has become pivotal to much of the subsequent
NFL research. It depends on the notion of a function class closed under
permutation (c.u.p.).
Definition 9.6 (Closed under permutation). A class F of functions is c.u.p.
if f ∈ F =⇒ σf ∈ F for all permutations σ.
Theorem 9.7 (NFL for c.u.p. classes [SVW01]). NFL holds for a search
problem uF if and only if F is c.u.p.
The theorem is a special case of of Theorem 9.9 below. We defer the
proof until Appendix A.

9.3

Non-uniform distributions

The c.u.p. NFL theorem (Theorem 9.7) gives a precise condition for NFL
for uniform distributions. In this section we present an important result by
Igel and Toussaint [IT04] that generalizes this to arbitrary distributions.
To generalize the c.u.p. property, histograms can be used to describe base
classes, the smallest building blocks for c.u.p. function classes. A histogram
for a function f is a function hf : Y → N indicating how many x’s map
to every y (that is, hf (y) = |f −1 (y)|). The set of all functions with the
histogram h is called the base class of h, and is denoted by Bh . Base classes
are the smallest c.u.p. function classes in the sense that all base class are
c.u.p., and any c.u.p. class is the union of some base classes [IT01]. Base
classes entail the following useful generalizations of the c.u.p. property.
Definition 9.8 (Block uniformity). A problem distribution P is block uniform if every pair of functions f, g ∈ Y X in the same base class are equally
likely; that is, if f, g ∈ Bh =⇒ P(f ) = P(g). More generally, for ε ≥ 0 the
distribution P is ε-block uniform if f, g ∈ Bh =⇒ |P(f ) − P(g)| ≤ ε.
Using block uniformity, Igel and Toussaint generalized the NFL Theorem
9.7 to non-uniform problems P. Our proof differs from the original proof
in [IT04] by showing the result directly, rather than using Theorem 9.7 as
a middle step. Our result is also more general as it applies to probabilistic algorithms; Igel and Toussaint’s theorem only considered deterministic
algorithms.
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Theorem 9.9 (Non-uniform NFL [IT04]). NFL holds for a problem P if
and only if P is block uniform.
Proof. (IF) Suppose P is block uniform. Let X = {x1 , . . . , x|X| } and let
F be the set of all functions f : X → Y . Define a base-class-respecting
(function-)mapping to be a mapping ψ : F → F such that ψf is always in
the same base class as f . By the block uniformity of P, for any base-class
respecting mapping ψ holds that P(ψf ) = P(f ).
It turns out that deterministic algorithms a naturally induces base-classrespecting mappings by their result vectors. For example, if f = (4, 4, 5) and
a searches X = {x1 , x2 , x3 } in the order x2 , x3 , x1 , then this naturally maps
y
f to (4, 5, 4) (by the result vector T|X|
(a, f ) = h4, 5, 4i).
Formally, define for every deterministic algorithm a the mapping ψa by
y
ψa f = T|X|
(a, f )

(29)

using the identification of functions with tuples described in Section 7.4.
That is, ψa f maps every xi to the ith component of the full-length result
vector a creates on f . Since the result vector contains every function value
once, the histogram is preserved, so ψa respects base-classes.
Further, and more surprisingly, ψa is bijective. We will show this by
showing that ψa is surjective; this suffices since F is finite.
Pick an f in F . The following constructs a function g such that ψa g = f .
Let
g(a(hi)) = f (x1 )

(30)

In words, g takes value f (x1 ) on the point a starts searching. The algorithm
a thus obtains the trace T1 (a, g) = h(a(hi), f (1))i on g. At the second point
a searches when encountering f (x1 ) in its first probe, g takes on the value
f (x2 ):
g(a(T1 (a, g))) = f (x2 )

(31)

And so on. In general, we let
g(a(Tn (a, g))) = f (xn+1 )

(32)

y
for n < |X|.
Then a generates the result vector T|X|
(a, g) =
y
hf (x1 ), f (x2 ), . . . , f (x|X| )i on g. Therefore, (ψa g)(xi ) = T|X| (a, g)[i] = f (xi )
for all i, so ψa g = f . Hence ψa is surjective, and thereby also bijective.
We will now use the mapping ψa to show that a generates every result
vector R with the same probability as the enumerating algorithm e. Recall
that the enumerating algorithm e searches X in order, and thus creates the
result vector hf (x1 ), . . . , f (x|X| )i exactly when f is the true function (Section
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7.4; Lemma 7.4). Importantly, this means that Tny (a, g) = Tny (e, ψa g) for any
n.
Now, for any n and any result vector R of length n,
X
Pa (R) =
P(g)[[Tny (a, g) = R]]
(33)
g∈F

=

X

P(g)[[Tny (e, ψa g) = R]]

(34)

g∈F

by the just motivated equality. Since ψa respects base-classes and is bijective, (34) equals
X
=
P(ψa g)[[Tny (e, ψa g) = R]]
(35)
ψa g∈F

= Pe (R)

(36)

This shows that any deterministic algorithm a generates an arbitrary result
vector R with the same probability as the enumerating algorithm e. By
transitivity, this shows that all deterministic algorithms generate the same
result vectors with the same probability.
To generalize the result to probabilistic algorithms, let cR be the probability that a deterministic algorithm generates result vector R and let b be
a probabilistic algorithm. By definition,
X
Pb (R) =
Prb (a)Pa (R)
(37)
a∈A

= cR

X

Prb (a) = cR

(38)

a∈A

That is, probabilistic algorithms also generate result vector R with probability cR . This shows that NFL holds for any block uniform problem P.
(ONLY IF) Assume that P is not block uniform. Then there are two
functions f and σf in the same base class Bh such that P(f ) > P(σf ).
Recall the enumerating algorithms e and eσ from Section 7.4. By Lemma
7.4 we had that e generates the result vector Rf = hf (1), . . . , f (|X|)i exactly
when f is the true function, and that eσ generates Rf exactly when σf is the
true function. An immediate consequence is that Pe (Rf ) = P(f ) > P(σf ) =
Peσ (Rf ). That is, e and eσ generate Rf with different probability, which
means that NFL does not hold (Lemma 9.4).

9.4

Continuity of NFL

An interesting generalization of Theorem 9.9 is what happens when the
distribution P is almost block uniform, naturally formalized by ε-block uniformity (Definition 9.8). As we shall see, the amount of free lunch grows at
most linearly with increasing ε-perturbations of the block uniformity.
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First a lemma is required.
Lemma 9.10 (Equal number of functions). For any base class Bh , any
result vector R ∈ T y and any two deterministic algorithms a and b holds
that
|{f ∈ Bh : Tny (a, f ) = R}| = |{f ∈ Bh : Tny (b, f ) = R}|
(39)
That is, a and b produce the result vector R on equally many functions in
Bh .
Proof. Assume the problem P = uBh is uniform over Bh and 0 otherwise.
Then Pa (R) = Pb (R) for all algorithms a and b and all result vectors R. Let
R be a result vector of length n. Then
X
Pa (R) =
P(f )[[Tny (a, f ) = R]]
f :X→Y

= |{f ∈ Bh : Tny (a, f ) = R}| · 1/|Bh |
for all algorithms a. Therefore all algorithms must produce the same result
vector R on equally many functions.
Theorem 9.11 (Continuity of NFL). If the problem P is ε-block uniform
for some (small) ε ≥ 0, then the amount of free lunch is bounded by
X
|M P (a, n) − M P (b, n)| ≤ ε
M (Tny (a, f ))
f ∈F

for any performance measure M , any pair of algorithms a, b and any search
length n. In particular, the amount of free lunch goes to 0 as ε goes to 0.
Proof. Since P is ε-block uniform, there is a number ph for every Bh such
that f ∈ Bh =⇒ P(f ) ∈ [ph − ε/2, ph + ε/2]. Let Ha,R,F = {f ∈ F :
Tny (a, f ) = R} be the set of functions in F on which a deterministic algorithm
a generates the result vector R. (Note that it was the size of certain sets
Ha,R,F that was investigated in Lemma 9.10.)
Let a and b be two deterministic algorithms. Then,
M P (a, n) − M P (b, n) =
X
X
=
P(f )M (Tny (a, f )) −
P(g)M (Tny (b, g))
f ∈F

=

X X 
Bh R∈Tny

(40)
(41)

g∈F

X

P(f )M (Tny (a, f )) −

f ∈Ha,R,Bh

X


P(g)M (Tny (b, g))

g∈Hb,R,Bh

(42)
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by first expanding definitions, then splitting the sum over base classes and
result vectors. Since Tny (a, f ) = R for all f ∈ Ha,R,Bh , (42) equals


X X X
X

=
P(f )M (R) −
P(g)M (R)
(43)
Bh R∈Tny

=

X X

f ∈F

g∈F


M (R)

Bh R∈Tny

X

P(f ) −

f ∈Ha,R,Bh

X

P(g)



(44)

g∈Hb,R,Bh

which means that we can extract M (R) (44). We now use the ε-block
uniformness to bound (44) by
 X

X
X X
M (R)
(ph + ε/2) −
(ph − ε/2)
(45)
≤
Bh R∈Tny

f ∈Ha,R,Bh

g∈Hb,R,Bh

By Lemma 9.10, a and b produce the result vector R on equally many
functions in a base class Bh , which implies that (45) equals
X X

=
M (R)|Ha,R,Bh | ph + ε/2 − (ph − ε/2)
(46)
Bh R∈Tny

The ε may now be moved out and the summation rewritten
X X
X X
X
=ε
|Ha,R,Bh |M (R) = ε
M (R)
Bh R∈Tny

=ε

X X

(47)

Bh R∈Tny f ∈Bh :Tny (a,f )=R

M (Tny (a, f )) = ε

Bh f ∈Bh

X

M (Tny (a, f ))

(48)

f ∈F

This shows the theorem for deterministic algorithms a and b. Thanks to
Proposition 7.2, we easily obtain a generalization to probabilistic algorithms.
Fix a search length n. Then there are two real numbers r1 , r2 such that
for all deterministic algorithm b
r1 ≤ M P (b, n) ≤ r2

(49)

with r2 − r1 ≤ ε f ∈F M (Tny (a, f )) for an arbitrary a, by equations (40)–
(48).
Let a0 be a probabilistic algorithm. Then
X
X
M P (a0 , n) =
Pra0 (b)M (Tny (b, n)) ≤ r2
Pra0 (b) = r2
(50)
P

b∈A

b∈A

By a similar argument, r1 ≤ M P (a0 , n), so r1 ≤ M P (a0 , n) ≤ r2 . The same
holds, of course, for any other probabilistic algorithm b0 . Therefore,
X
|M P (a0 , n) − M P (b0 , n)| ≤ r2 − r1 ≤ ε
M (Tny (a0 , f ))
(51)
f ∈F

holds also for probabilistic algorithms.
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Theorem 9.11 can be interpreted as a continuity result. The amount
of free lunch is continuous in the “block-uniform points” in the space of
problem-distributions (with distance d(P1 , P2 ) = maxf :X→Y |P1 (f ) − P2 (f )|
between two problem distributions P1 and P2 ).
Although the growth of potential free lunch is bounded by a linear function in ε, the growth in ε is typically rather fast. For example, if the search
space is of size |X| = 1000 000 and the average performance measure is about
1, then the bound is ε1000 000 for ε-block uniform problems. Perhaps a
smaller bound could be proven? This question will be addressed shortly in
Section 9.4.1.
Corollary 9.12. Under the extra condition that there is an k ∈ R such that
M (R) ≤ k for all performance measures M and all result vectors R, then
|M P (a, n) − M P (b, n)| ≤ εk|F | ≤ εk|Y ||X| for all performance measures M ,
where |F | is the number of functions with probability > 0.
Proof. This isPan immediate corollary of Theorem 9.11:
M P (b, n)| ≤ ε f ∈F M (Tny (a, f ) ≤ εk|F | ≤ εk|Y ||X| .
9.4.1

|M P (a, n) −

Tightness

The following example shows that the bound in Theorem 9.11 is tight for
some problem distributions and some performance measures.
Example 5 (ANFL tightness). Let F = Bh be a base class of bijective functions and assume without loss of generality that X = Y = {1, . . . , |X|}.
Assume n = |X|.
Now construct an ε-block uniform distribution P by
(
ph + ε/2 if f (n − 1) < f (n)
P(f ) =
ph − ε/2 if f (n − 1) > f (n)
P
where ph = 1/|Bh | so that f ∈F P(f ) = 1 (exactly half of the functions
receive an ε increase and the other half an ε decrease in probability, therefore
they sum to 1). Since f is bijective, either f (n−1) < f (n) or f (n−1) > f (n),
so the cases are exhaustive. Note that if Bh is large, ε must to be small in
order for ph − ε/2 = 1/|Bh | − ε/2 ≥ 0.
Define a performance measure M according to
(
1 if R[n − 1] < R[n]
M (R) =
(52)
0 if R[n − 1] > R[n]
Let R< = {R ∈ Tny : R[n − 1] < R[n]} be the set of result vectors yielding
value 1, and let R> = Tny − R< be the complement of R< (that is, the
vectors yielding 0).
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Finally, define two enumerating search procedures a and b that searches
the n first points of X in the order 1, . . . , n and 1, . . . , n − 2, n, n − 1 respectively (both ignoring the output of the function they are searching).
Applying the proof idea of Theorem 9.11 with Ha,R = Ha,R,F , we obtain
M P (a, n) − M P (b, n) =
X
X
P(f )M (Tny (a, f )) −
P(g)M (Tny (b, g))
=
f ∈Bh

=
=

X
X

p(f )M (Tny (a, f ))

f ∈Ha,R

M (R)

 X

X

P(f ) −

f ∈Ha,R

g∈Hb,R

X

 X

R∈R<

=

X

 X

(56)

g∈Hb,R

M (R)

R∈R>

1·

(55)

g∈Hb,R

+
X


p(g)M (Tny (b, g))


 X
X
P(g)
M (R)
P(f ) −

R∈R<

=

X

−

f ∈Ha,R

R∈Tny

=

(54)

g∈Bh

X  X
R∈Tny

(53)

P(f ) −

f ∈Ha,R

P(f ) −

f ∈Ha,R


P(g) +

X

P(g)

X

P(g)



(57)

g∈Hb,R



(58)

g∈Hb,R

(ph + ε/2 − (ph − ε/2))

(59)

R∈R<

=ε|R< | = ε|F |/2 = ε

X

M (Tny (a, f ))

(60)

f ∈F

The steps roughly follow the proof of Theorem 9.11. The differences are:
As the function class F now is a base class Bh itself, there is no need to
split the sum over base classes. In (58) the fact that M (R) = 0 for R ∈ R>
is used. In (59) we use that the bijectiveness of the the elements of F makes
the sets Ha,R and Hb,R singletons.
♦
In a similar manner one can create a tightness proof for larger εblock uniform classes of bijective functions. However, given a collection
Bh1 , . . . , Bhk for which the
S bound is tight, it is not necessary that the bound
is tight for their union Bhi . Intuitively, if Bh has a distribution defined
as in the above example, and another base class Bh0 receives the diametric
weighting of functions f ∈ Bh0 :
(
ph0 + ε/2 if f (n − 1) > f (n)
P(f ) =
(61)
ph0 − ε/2 if f (n − 1) < f (n)
(the directions of the inequality signs are switched compared to (52)). In this
case, it may not be possible to construct policies that differ to the maximum
extent permitted by the bound.
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The bijectiveness is also necessary to make the bound tight. For base
classes on which at least two inputs generate the same output, any two
procedures a and b will produce the same result vectors on some pair of
functions, making the performance difference between a and b smaller than
the bound in Theorem 9.11.
Nonetheless, the fact that the bound is (sometimes) tight shows that
although the growth of free lunch is continuous, just a small perturbation of
the block uniformity may allow one algorithm to widely outperform another.

10

Performance measures

So far we have only considered problems for which either NFL holds for
all performance measures, or for which a free lunch is available for some
performance measures. Often, however, we are interested in performing well
under a fixed, particular performance measure of interest.
One natural such performance measure is the probes-till-max -measure
Mptm , which only depends on the number of probes until the maximum is
found, and ignores other properties of the result vector. Unfortunately, this
performance measure can only be defined on full-length result vectors. We
therefore define a full-length performance measure as a performance measure
defined only on full-length result vectors. Mptm can then be defined as a
full-length performance measure:
Definition 10.1 (Probes-till-max-measure). The probes-till-max measure
Mptm is defined by
Mptm (R) = min(R[i] = max R)
i

(62)

Just as with other performance
measures, we will be interested in the PP
P
expected value Mptm (a) = R Pa (R)Mptm (R). Under Mptm a low score is
normally considered better than a high score.
Other performance measures have been considered in the NFL-literature.
The Mptm -measure is essentially the performance measure used in [BP06]. A
related performance measure based on how many of the first k points exceed
a certain threshold (e.g., the median) is used in [CO01, WR06, JC11]. Griffiths and Orponen [GO05] use a maximization performance measure Mmax ,
defined as:
Mmax (R) = max R
The Mmax -measure is closely related to the Mptm -measure. The main reason
for preferring Mptm to Mmax is that Mmax does not lend itself as nicely to the
asymptotic results we will aim for in Section 11. In [WM97], a minimization
performance measure is discussed; it is also less suitable for asymptotic
studies.
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f1 = (0, 0, 1)
f2 = (2, 3, 2)
f3 = (5, 4, 4)

5
Y = {0, . . . , 5}

4
3
2
1
0
0

1
X = {0, 1, 2}

2

Figure 3: The three functions f1 = (0, 0, 1), f2 = (2, 3, 2) and f3 = (5, 4, 4)
used in Example 6. After having searched one point, it becomes obvious
which function is the true function. Depending on the performance measure,
it may and may not be advantageous to use this information.

10.1

Theoretical considerations

Particular performance measures (if well-chosen) have the advantage of being of greater practical interest. In addition, they also add some theoretical
dimensions to the NFL-problem, not visible when arbitrary performance
measures are allowed.
Griffiths and Orponen [GO05] show that under Mmax , NFL may hold
for classes of functions where NFL does not hold for all performance measures. This does not contradict Theorem 9.7, which only claims that some
performance measure provides a free lunch for the class considered. Indeed,
it is unsurprising that NFL will apply to wider ranges of function classes
when a fixed performance measure is used. Griffiths and Orponen’s conclusion is that classes satisfying NFL for Mmax have significantly more intricate
descriptions, compared to the standard NFL case.
Another difference is found in the cleverness required to exploit a free
lunch. In fact, smarter algorithms may be required for exploiting a free
lunch when using a particular performance measure such as Mptm or Mmax
compared to when arbitrary performance measures are permitted. This is
demonstrated by the following example.
Example 6 (Particular versus freely chosen measures). Assume X = {1, 2, 3}
and that we have the set of functions F = {f1 = (0, 0, 1), f2 = (2, 3, 2), f3 =
(5, 4, 4)} depicted in Figure 3).13 Let P be uniform over F . Since P is
13

Recall that the tuple (y1 , y2 , y3 ) denotes the function f (1) = y1 , f (2) = y2 , f (3) = y3 .
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not block uniform (F is not c.u.p.), a free lunch is available according to
Theorem 9.9. Indeed, choosing the performance measure as M (h0, 0, 1i) =
M (h2, 3, 2i) = (h5, 4, 4i) = 1 and 0 otherwise, makes the enumerating algorithm e that simply searches X in the order 1, 2, 3 outperform any other
algorithm (it will have optimal M -performance).
However, under Mptm , all enumerating algorithms perform equally well,
since any point is as likely to be the maximum. But it is possible to construct
an algorithm b that outperforms other algorithms by letting it make an
informed choice (Definition 7.5) after its first probe (that I assume is at
1 ∈ X). Let b choose its second search point according to
(
3 if f (1) = 0
b(h1, f (1)i) =
2 otherwise; i.e. f (1) = 2 or f (1) = 5
The rationale is: If f (1) = 0, then the function must be (0, 0, 1), so the
maximum must be at 3. If instead f (1) = 2, then the maximum must be
at 2, since the only consistent function is (2, 3, 2). Finally, if f (1) = 5, then
that must be the maximum and it does not matter how the search proceeds.
This way b will find the maximum in at most two steps and find the
maximum in one step with probability 31 . This means that b’s expected
P (b) = 1 ·1+ 2 ·2 = 5 . Thereby b outperforms
number of probes-till-max Mptm
3
3
3
all the enumerating algorithms, as they expect to find the maximum in
1
1
1
♦
3 · 1 + 3 · 2 + 3 · 3 = 2 probes.
This example illustrates that “more cleverness” may be required to exploit a free lunch under Mptm than under arbitrary performance measures.
The same example applies with minor modifications to Mmax as well, since
b will have a higher expected maximum after having searched two points,
compared to the enumerating algorithms. So sometimes informed, “clever”
choices (i.e., choices depending on the seen f (x)-values) are required to exploit a free lunch under Mptm and Mmax .
In the above example, it was also the case that when arbitrary performance measures were considered, no cleverness was required. The following
proposition shows that this is true in general when arbitrary performance
measures are permitted. The proof is essentially a reiteration of the proof
of Theorem 9.9, where the enumerating algorithms e and eσ generate the
result vector hf (x1 ), . . . , f (x|X| )i with different probability.
Proposition 10.2. If NFL does not hold for a problem PX,Y on a problem
context X,Y , then there is free lunch for an enumerating algorithm a (under
some performance measure).
Proof. Assume that NFL does not hold for a problem context X,Y . Then
PX,Y is not block uniform by Theorem 9.9, so there are two functions f
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and σf in the same base class Bh such that P(f ) > P(σf ), where σ is
a permutation on X. By Lemma 7.4 we had that e generates the result
vector Rf = hf (1), . . . , f (|X|)i exactly when f is the true function, and
that eσ generates Rf exactly when σf is the true function. An immediate
consequence is that Pe (Rf ) = P(f ) > P(σf ) = Peσ (Rf ). That is, the
enumerating algorithms e and eσ generate Rf with different probability,
which means that there is free lunch for some enumerating algorithm (under
some performance measure).
Indeed, enumerating algorithms can sometimes obtain the “maximum
possible amount” of free lunch, as was the case in Example 5.
In conclusion, specific performance measures can be considered for both
practical and theoretical reasons. They are more practically relevant in the
sense that they measure aspects that we care about in practice (such as how
long it takes to find a maximum). But they also have theoretical interest,
as they illuminate theoretical subtleties invisible from an arbitrary-measure
perspective.

11

Universal free lunch

The black-box optimisation problem is to a large extent an induction problem: Given data about how a function behaves on the particular points
already probed, an algorithm should infer some idea about the general or
global behavior of the function in order to make a good choice for its next
search point. As the NFL theorems demonstrate, it is necessary to have
some bias rendering some functions more likely than others. Without such
a bias (that is, with a uniform or block uniform prior) all generalizations become equally likely, and it becomes impossible to outperform random search
or enumeration.
In most cases, we have the intuition that from seeing a number of points
we can, in principle, extrapolate the global behavior of the function. Just
as in the case of sequence prediction in Part I, it also seems to be the case
that we consider the “simplest” continuation of the points as the most likely
true function (cf. Occam’s razor).
In sequence prediction, the universal measure M turned out to have
excellent induction performance (Theorem 5.11 on page 29). The optimisation problem differs from the sequence prediction task in some important
respects. In sequence prediction the next bit is independent of previous
guesses. This is not the case in optimisation, where the selection of probing points affects the knowledge. This entails an exploration-exploitation
dilemma, as there is sometimes a payoff between points that are likely to be
the maximum and points that yield more information. Another difference
stem from optimisation being a finite setting: Functions f : X → Y are
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naturally represented by (finite) strings, and only a finite number of guesses
(probes) are to be made.
The finiteness makes it natural to use the discrete universal measure m
in place of M. The finiteness also entails certain problems with the reference
machine. For any finite collection of strings, there is a reference machine
that gives all the strings the same complexity, and thus causes m to give
them the same probability. For this reason, all our results will be of the form:
For a fixed reference machine there are (sufficiently large) search spaces for
which the result holds.
Another difference is that in sequence prediction we could do well in any
computable environment. This is not possible in finite settings. Instead the
goal will be to do well in m-expectation.
One way to understand the difference between a uniform prior and m
is that m gives high weight to structured, compressible functions whereas
a uniform prior gives high weight to unstructured problems. If a function
is sampled from the uniform distribution, then the probability that this
function is algorithmically random approaches one as the size of the domain
increases.14 Therefore a uniform prior represents a strong belief in that the
true function will be almost entirely without structure, and therefore hard to
optimise (cf. Section 5.6.1). In contrast, m follows Occam’s razor in giving
higher weight to structured functions.
The main goal of the remainder of the thesis will be an understanding
of optimisation under the prior m. The first step will be to adapt the optimisation setting to m. This involves devising string-encodings for problem
contexts and functions. It also involves generalizing the definitions for search
problem, performance measure and search algorithm, to enable asymptotic
studies.

11.1

Adapting the optimisation problem

For the remainder of this thesis we will assume that X and Y are ordered,
finite subsets of B+ , containing at least 0 and 1 as elements15 (recall that
B+ is the set of all non-empty, finite strings). Let X be the set of all such
search spaces, and Y be the set of all ranges.
As the universal distribution requires investigations to be asymptotic,
we generalize problems, performance measures and algorithms to be defined
on all possible X and Y .
Recall that T denotes the set of all traces between (implicit) spaces X
and Y . Let T (X, Y ) be the set of traces between X,Y , making the problem
14
For any c ∈ (0, 1), the fraction of (n − nc)-compressible strings of length n goes to
zero with growing n—see Section 3.8 on page 20.
15
The assumption that both X and Y contain 0 and 1 is only for readability. It is
possible to substitute 0 ∈ X for min X and 0 ∈ Y with min Y , and to substitute 1 for the
second smallest elements, with maintained validity of proofs and definitions.
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context explicit. Subscripts and superscripts retain their meaning, so, for
example Tn (X, Y ) is the set of all search
S traces of length n on the specified
problem context. Let T (X , Y) = (X,Y )∈X ×Y T (X, Y ) be the set of all
traces on any context.
A generalized (optimisation) problem P is a collection of distributions
such that PXY is a distribution over the set {f : X → Y } for every (X, Y ) ∈
X × Y.
Generalized search algorithms receive the problem context as an extra
argument. Deterministic generalized search algorithm are modelled by functions
a : (X, Y , T ) ∈ X × Y × T (X , Y) 7→ x ∈ X − T x
(63)
Similarly, probabilistic generalized search algorithms are modelled by conditional distributions
Prb (x | X, Y, T )
(64)
where T ∈ T (X, Y ).
As before, we require that no distribution
Prb (· | X, Y, T ) has support outside X − T x (cf. Section 7.2 on page 34).
The full-length trace a deterministic algorithm generates is now determined by the problem context and the function. We write T (X, Y , a, f ) for
the full-length trace a deterministic algorithm a generates on X,Y and f .
The measures PrXY a (T | f ) and PXY a (T ) can be constructed as Pra and Pa
for every X,Y (Section 7).
To ease the exposition slightly, and since Mptm is a full-length measure,
in the remainder of this thesis we restrict our attention to full-length result
vectors. Let R(X,
Y ) be the set of all full-length result vectors on X, Y ,
S
and let R = (X,Y )∈X ×Y R(X, Y ). A generalized performance measure is
S
defined by a function M : X ×Y ×R → R+ {0}. As usual, we are interested
in the P-expected performance of different algorithms.
X
P
MXY
(a) =
PXY a (R)MXY (R)
(65)
R∈R(X,Y )

For deterministic algorithms, this reduces to
X
P
MXY
(a) =
PXY (f )MXY (T y (X, Y , a, f ))

(66)

f :X→Y

As a concrete example, the generalised version of Mptm is defined as
X

P
Mptm,XY
(a) =

PXY a (R)Mptm,XY (R)

(67)

R∈R(X,Y )

with
Mptm,XY (R) = min(R[i] = max R)
i
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(68)

11.2

The universal distribution

Using the assumed order on X = {x1 , . . . , x|X| } and Y = {y1 , . . . , y|Y | },
it is natural to encode X and Y as |X|- and |Y |-tuples, according to the
code devised in Section 2.4.2 on page 11. Similarly, a function f : X → Y
mapping f (xi ) = yi is encoded as an |X|-tuple (y1 , . . . y|X| ).
The string encodings of functions and functions allow us to define the
complexity of a function f : X → Y . Let n = |X| and m = |Y |.
K(f | X, Y ) = K(n f (x1 ) . . . f (xn−1 )f (xn ) | n x1 . . . xn m y1 . . . ym )

(69)

The complexity of a search point x ∈ X with respect to X,Y is defined
as K(x | X, Y ). A function f : X → Y is compressible if K(f | X, Y ) <
|X|log2 |Y | and a point x ∈ X is compressible with respect to X, Y if
K(x | X, Y ) < log2 |X|.16
Using the complexity of functions, we define the universal probability of
a function f : X → Y as
mXY (f ) = cm · 2−K(f | X, Y ) = P

2−K(f | X, Y )
2−K(g | X, Y )

(70)

g:X→Y

The normalisation factor cm ensures that mXY is a proper distribution and
defines an optimisation problem (cf. the definition of optimisation problem
on page 33). It slightly abuses notation compared to the standard definition
of m (Definition 5.5 on page 26). The harm should be minor, as it is still
biased towards simplicity in a similar manner, and the dominance property
from Proposition 5.7 on page 27 still holds. The main reason the unnormalised version is sometimes preferred is that the normalised version of m
is not semi-computable.

11.3

Free lunch under arbitrary measure

Streeter shows that there is free lunch for m under certain conditions [Str03].
We prove a similar result, but with more easily interpretable conditions (in
terms of the size of X). We also use a different proof than Streeter.
Theorem 11.1 (Universal free lunch). There exists an n ∈ N such that
there is free lunch for the problem m for any X,Y satisfying |X| ≥ n.
Proof. It will be shown that m is not block uniform for problem contexts
with sufficiently large X, which by Theorem 9.9 implies that NFL does not
hold.
16

Note that a point x ∈ X may be incompressible with respect to some X, Y1 while
being compressible while being compressible with respect to X, Y2 . To see this, any point
x ∈ X is generally compressible with respect to X,Y with Y = {0, 1, x}.
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g
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k−1

k

k+1

···

Figure 4: Functions of type f have complexity bounded by a constant cf
independent of X and Y . In contrast, the complexity of functions of type g
grow logarithmically with |X|. See the proof of Theorem 11.1 for details.
Pick an arbitrary problem context X,Y and let X = {x1 , . . . , xn }. Consider two functions f and g in the base class Bh of functions with one value
1 and the rest of the values 0. Let f be 1 at x1 and let g be 1 at some
point xk where k is chosen so that K(g | X, Y ) ≥ log2 n. To see that such a
g exists, note that there are n different functions in Bh . In any prefix-code
there are at most n code words of length ≤ log2 n by Kraft’s inequality, since
n2−log2 n = 1 (see e.g. [LV08, p. 76]). Thus at least one of the Bh -functions
must have a shortest code word longer than log2 n in the prefix-code of the
reference machine. That is, at least one Bh -function g has at least complexity K(g | X, Y ) ≥ log2 n.
Let for every problem context X,Y the functions fXY and gXY be functions of “type” f and g above. Then K(gXY | X, Y ) ≥ log2 (|X|). Meanwhile,
K(fXY | X, Y ) ≤ cf for some constant cf independent of the problem context, since there is a program computing fXY for any provided problem
context. So for search spaces with log2 (|X|) > cf , this means that fXY will
have lower complexity than gXY , and thus that mXY will assign different
probabilities to fXY and gXY . But fXY and gXY are elements of the same
base class. Therefore m is not block uniform for sufficiently large search
spaces |X| > 2cf . By Theorem 9.9, this implies that there is free lunch for
m under some performance measure.
Indeed, m is not even ε-block uniform for any reasonably small ε for
large search spaces. This may lead one to suspect that there is a significant
amount of free lunch under m for large search spaces; however, Section 12
below indicates that this is not necessarily the case.

11.4

Free lunch under Mptm

As has been discussed, in practice we often care about a particular performance measure. The following definitions and lemmas build up to Theorem
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11.5, which investigates whether there is free lunch under the performance
measure Mptm .
Definition 11.2 (Incompressible search points). For any problem context
X,Y , let DXY = {x ∈ X : K(x | X, Y ) ≥ log2 (|X|)} be the set of all
incompressible search points. Subsets D ⊆ DXY of the incompressible search
points will be called incompressibility sets (of X,Y ).
The following lemma ensures the existence of incompressibility sets of a
certain size. It is a simple reformulation of Proposition 3.9 on page 19.
Lemma 11.3. For any X,Y there exists an incompressibility set D of size
|X|/2 (that is, at least |X|/2 points of X are incompressible).
Functions that only have incompressible maxima (except, possibly, for
a maximum at 0) will play an important role since they are guaranteed to
have high complexity. The reason for excluding 0 will be apparent in the
proof of Theorem 11.5.
Lemma 11.4. If g : X → Y is such that {x : g(x) = max g} ⊆ DXY ∪ {0},
then it holds that K(g | X, Y ) ≥ log2 (|X|) − c, where c depends only on the
reference machine and not on g, X or Y .
Proof. Let g be a function whose maxima are in DXY ∪ {0}, and let xm ∈
X − {0} be the first maximum of g not at 0. Then xm can be coded by
means of g with constant length procedure FirstMax(g) that computes
the first maximum not at 0 for a given function g. Hence K(xm | X, Y ) ≤
K(g | X, Y )+`(FirstMax)+c. The constant c depends only on the reference
machine, and absorbs the cost of initializing FirstMax with a provided
description of g.
By assumption, xm belongs to DXY , so K(xm | X, Y ) ≥ log2 |X|. Combined and rearranged, this gives K(g | X, Y ) ≥ log2 |X| − `(FirstMax) − c.
The lemma now follows by absorbing `(FirstMax) into c.
We are now ready for the main theorem of this section, that there is free
lunch for Mptm on the problem m. The key idea is to show that there is a
trace after which two unexplored points have different probability of being
the maximum.
Theorem 11.5. There is free lunch for the problem m under the performance measure Mptm for sufficiently large search spaces.
Proof. The first step of the proof is to construct an event G (defined in a
moment) that makes the point 0 likelier to be a maximum than a certain
point xm 6= 0 (also defined in a moment).
Fix some k ≥ 2 and some X,Y with |X| ≥ 2k. Choose some incompressibility set Dk ⊆ DXY of size k. Let Q = X − Dk − {0}.
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The function f = (1, 0, . . . , 0) has complexity bounded by a constant
cf independent of X,Y . Accordingly, f ’s universal probability is always at
least 2−cf :
(71)
mXY (f ) ≥ 2−cf
Let G = {g ∈ Y X : x ∈ Q =⇒ g(x) = f (x) = 0} be the set of functions g
consistent with f on Q. Let xm be the first point in Dk (in the lexicographic
order) and let G1 = {g ∈ G : g(xm ) = max g} be the subset of functions in
G with a maximum at xm . Note that while mXY (G) ≥ mXY (f ) ≥ 2−cf ,
the functions in G1 all have high complexity by Lemma 11.4. Note also that
the cardinality of G1 is less than |Y |k+1 since the elements of G1 are fixed
on Q and |X − Q| = k + 1.
Now, a maximum at 0 is likely (is O(1) with respect to X) since the
complexity of f is O(1) with respect to X:
mXY (max at 0 | G) ≥ mXY (f | G) ≥ mXY (f ) ≥ 2−cf
A maximum at xm , on the other hand, is less likely since only functions in
G1 can have a maximum there:
mXY (max at xm | G) = mXY (max at xm , G)/mXY (G)
= mXY (G1 )/mXY (G)
≤ mXY (G1 ) · 2cf
X
=c
2−K(g | X, Y ) · 2cf
m

(72)

g∈G1

Using the lower bound on the complexity from Lemma 11.4, (72) is bounded
by
≤ cm

X

2−log2 |X|+c · 2cf

g∈G1

= cm |G1 | · 2−log2 |X|+c · 2cf

(73)

and since the cardinality of G1 is less than |Y |k+1 , (73) is bounded by
≤ cm |Y |k+1 2−log2 |X|+c · 2cf
=

cm |Y |k+1 2c+cf
|X|

(74)

the last equality by elementary simplification.
As (74) goes to 0 with growing search space (and fixed k and Y ), this
shows that for large enough search spaces, 0 is more likely to be the maximum than xm .
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Now all that remains is to use this fact to create two algorithms that
perform differently under Mptm . Let a start by enumerating Q in order.
If the perceived function points are consistent with f , it proceeds at 0 and
then at xm and then enumerates the remaining points X − Dk − 0. If the
trace is not consistent with f it simply enumerates the remaining points.
Define b the same way, with the only exception that after Q it searches xm
before 0 in case the trace is consistent with f .
This way, a and b will perform the same except when encountering a
function in G, in which case a will have a strictly better chance of finding
the maximum at step |Q| + 1. If neither a nor b finds a maximum at step
|Q| + 1 they will perform the same, since if neither 0 nor xm is a maximum,
then neither a nor b will find a maximum at step |Q| + 2 either. Finally, on
step |Q|+3 and onwards their behavior will again be identical, and therefore
also their Mptm performance.
So a has a strictly better chance at step |Q|+1 and a and b’s performance
is identical on all other steps and in all other situations. This shows that
there is a (possibly small) free lunch for Mptm on m for sufficiently large
search spaces.

12

Upper bounds on universal free lunch

Theorems 11.1 and 11.5 show that there is free lunch under the universal
distribution. This section will bound the amount of free lunch available,
and show that it is only possible to outperform random search by a constant
factor. First we show that the performance of computable search algorithms
deteriorates linearly with the worst-case scenario and the size of the search
space. This result applies to computable performance measures in general,
and has a concrete interpretation for Mptm , where it implies that as the size
of the domain is increased, a non-zero fraction of the domain must be probed
before a maximum is found in expectation. This result should not be seen
as too negative, since for random search the fraction of probes required is
approximately half, but for other search algorithms it may be substantially
smaller.
We also consider possible ways to circumvent the negative result described above result by means of incomputable search procedures. A further negative result for Mptm is obtained: It does not appear possible to
find the maximum with only o(|X|) probes. That is, the number of probes
required to find the maximum in expectation grows linearly with the size
of the search space, but again, the proportion may be substantially smaller
than that required for a random algorithm.

12.1

Computable algorithms

To bound the amount of free lunch available for computable algorithms,
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we will adapt a proof-technique for showing that average-case complexity is
worst-case complexity under the universal distribution [LV08, Section 4.4].
Definition 12.1 (Decidable performance measure). A performance measure
M is decidable if there is an algorithm computing whether MXY (R1 ) <
MXY (R2 ) or not for every X,Y and every R1 , R2 ∈ R(X, Y ).17
Fix a decidable performance measure M . Although no formal theorem
relies on it, greater M -values will generally be assumed to mean worse performance.
Definition 12.2 (Maximally bad function). fbad : X → Y is a maximally
bad function for a deterministic algorithm a on the problem context X,Y
with respect to a performance measure M if
MXY (T y (X, Y , a, fbad )) =

max
R∈R(X,Y )

MXY (R)

Lemma 12.3. Given any performance measure M , any algorithm a and any
problem context X,Y , there exists a maximally bad function fbad : X → Y
for a with respect to M .
Proof. Assume there were a problem context X,Y on which a never performs
maximally badly with respect to some performance measure M . Let Rbad
be a result vector on X,Y such that MXY (Rbad ) = maxR∈R(X,Y ) MXY (R),
and let f = Rbad (recall the identification of functions with result vectors
from Section 7.4). Then the enumerating algorithm e produces the result
vector Rbad when f is the true function. By Lemma 9.10, all deterministic
algorithms produces Rbad on equally many functions. Hence a must also
produce Rbad on some function.
Define a procedure FindWorst(a, X, Y ) that given a computable search
algorithm a (specified by some binary string), a search space X and a range
Y , returns (the tuple for) a maximally bad function fbad,a,X,Y for a and
M . FindWorst is a computable operation since a is computable and M is
decidable: FindWorst need only simulate a on all possible functions in Y X ,
and output one that yields a worst result vector. FindWorst is computed
by some program of some length `(FindWorst), where `(FindWorst) is
independent of X and Y .
This means that the conditional complexity of a maximally bad function
for a is O(1) with respect to X and Y , since
K(fbad,a,X,Y | X, Y ) ≤ `(FindWorst) + `(a) + c = O(1)

(75)

17
Computability of M does not imply decidability. If the values MXY (R1 ) and
MXY (R1 ) were both computable (Definition 4.1 on page 21) it can still be undecidable whether MXY (R1 ) < MXY (R2 ) or not. Intuitively, this is because if MXY (R1 ) =
MXY (R2 ) we cannot in general be sure that they are actually equal by only approximating
them arbitrarily well. See for instance [Wei00] for more details.
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where the c term depends only on the reference machine, and absorbs the
cost for initializing FindWorst with a, X and Y .
Since the complexity of a maximally bad function does not grow
with X, this means that a will do badly with at least probability
2−(`(FindWorst)+`(a)+c) , no matter how large X grows. That is, for any
performance measure M , the performance of a computable deterministic
algorithm a grows linearly with the performance measure of the worst possible result vector. Formally:
Theorem 12.4 (Almost NFL for m). For every decidable performance measure M and every computable algorithm a there exists a constant ca > 0 such
that for all and problem contexts X,Y
m
MXY
(a) ≥ ca

max
R∈R(X,Y )

MXY (R)

(76)

for all X and Y .
Proof. Fix a problem context X,Y . The proof utilizes FindWorst for a
short description of a maximally bad function for a.
X
m
MXY
(a) =
mXY (f )MXY (T y (X, Y, a, f ))
f X→Y

= cm

X

2−K(f |X,Y ) MXY (T y (X, Y , a, f ))

f :X→Y

≥

X

2−K(f |X,Y ) MXY (T y (X, Y , a, f ))

f :X→Y

≥ 2−K(fbad,a,X,Y |X,Y ) MXY (T y (X, Y , a, fbad,a,X,Y ))
≥ ca · MXY (T y (X, Y , a, fbad,a,X,Y ))
= ca

max
R∈R(X,Y )

MXY (R)

where fbad,a,X,Y is the output of FindWorst(a, X, Y ) and therefore is maximally bad and has complexity bounded by a constant by inequality (75).
This theorem shows that for every performance measure M , there is only
a constant amount of free lunch available in an asymptotic sense. Since the
result is asymptotic it has no impact on measures whose value does not grow
with X. However, the “semi-assumption” of higher values being worse is not
necessary: If the converse is the case and high values are better, then the
proposition shows that all algorithms will do well. Indeed, this is also an
NFL result, as it implies that random search (and even algorithms designed
to do poorly!) will perform well.
Applied to the performance measure Mptm , Theorem 12.4 has a fairly
concrete interpretation: For any computable deterministic search algorithm
a, the expected number of probes until a maximum is found grows linearly
with |X|.
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Corollary 12.5. For every computable algorithm a there exists a constant
m
ca > 0 such that Mptm,XY
(a) ≥ ca · |X| for all algorithms a and all problem
contexts X,Y .
Proof. Let a be a search algorithm. Then there is a function fbad,a,X,Y such
that a does not find the maximum of fbad,a,X,Y until the very last probe.
Hence Mptm,XY (T y (X, Y , a, fbad,a,X,Y )) = |X|. By Theorem 12.4, there
m
is a constant ca > 0 such Mptm,XY
(a) > ca Mptm (T y (X, Y , a, fbad,a,X,Y )) =
m
ca ·|X| for all X and Y . That is, the expected number of probes Mptm,XY
(a)
grows linearly with |X|.
The importance of this result should not be overstated. The constant ca
may be very small; for example, if the description of the search algorithm
a is 100 bits long, then ca becomes of the order 2−100 . The fact that an
algorithm is always required to search such a fraction to find a maximum is
mainly of theoretical importance, since in practice search spaces seldom grow
large enough for this fraction to have a meaningful impact. Nonetheless, the
result does illustrate the fundamental hardness of optimization, and shows
that—in this sense—the universal distribution does not provide enough bias
for sublinear maximum finding.

12.2

Needle-in-a-haystack functions

A problematic class of functions is the class of so-called needle-in-a-haystack
(NIAH) functions. For a given X and Y , a function f : X → Y is a NIAHfunction if f is taking on the value 0 for all x ∈ X except one where f (x)
equals 1. The exception point is called the needle. The class of NIAH
functions for a given X and Y is denoted NIAHXY .
It should be intuitively clear that it is hard to find the maximum of a
NIAH-function. Probing a NIAH-function, the output will generally just
turn out to be 0 and provide no clues to where the needle might be. More
formally, the function class NIAHXY is c.u.p., so NFL holds for the problem
uNIAH,XY = uNIAHXY by Theorem 9.7. The expected performance (of any
algorithm) on the NIAH-problem can be calculated from a general result of
Igel and Toussaint [IT03a]. They show that for any c.u.p. problem uF where
F only contains functions with exactly m maxima, the expected number of
probes to find a maximum is (|X| + 1)/(m + 1). The NIAH-functions have
exactly one maximum, which gives the following proposition.
Proposition 12.6. For uNIAH,XY and any algorithm a, the expected number
uNIAH
of probes until the maximum is found is Mptm,XY
(a) = (|X| + 1)/2.
One feature that makes the NIAH-class more problematic than other
c.u.p. function classes is that the NIAH-functions all have fairly low complexity (as remarked by [SVW01, BP06]). The NIAH-functions have low
complexity, since to encode a NIAH-function one only needs to encode that
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it is NIAH (which takes a constant number of bits) and the place of the
needle (which requires at most O(log2 |X|) bits). A NIAH-function thus
has complexity of order O(log2 |X|); in comparison, a random function has
complexity above |X|log2 |Y |.
The NIAH-measure is also computable. This is intuitively obvious, but
we prove it as a lemma to verify it against the formal definition of computable
measure given in Definition 5.4 on page 26.
Lemma 12.7 (Computability of the NIAH-measure). The (uniform) NIAHmeasure uNIAH,XY over the NIAH-functions X → Y is a computable measure.
Proof. The uNIAH,XY measure can be formally described as
(
1/|X| if f is a NIAH-function X → Y
uNIAH,XY (f ) =
0
otherwise.
for any X and Y
The distribution uNIAH,XY is computable since there is an associated
computable function g(x, y) that outputs 1/|X| if y is a prefix-code for two
spaces X and Y , and x is the prefix-code of a NIAH-function between X
and Y . If these conditions are not satisfied, g just outputs 0.
The following lemma is an immediate consequence of Proposition 5.7 on
page 27, which states that m dominates any computable measure.
Lemma 12.8 (uNIAH is dominated by m). There is a constant cNIAH > 0
such that for all X and Y and all functions f : X → Y ,
mXY (f ) ≥ cNIAH · uNIAH,XY (f )

12.3

Incomputable algorithms

Theorem 12.4, Corollary 12.5 rely on a being describable as a computer program. Intuitively, if a is not computable, then it is not possible to describe
it as a program. This means that it is not possible to use (a description of)
a for a short description of fbad,a,X,Y , which was the trick employed in Theorem 12.4. Incomputable search procedures may seem like remote objects of
concern, but for example the (Bayes-)optimal procedure for a problem mXY
is incomputable (due to the incomputability of m). Therefore, incomputable
procedures do at least have theoretical interest.
The following theorem generalizes Corollary 12.5 to incomputable search
procedures, showing that also they must search a linearly growing portion
of X to find the maximum.
Theorem 12.9 (Almost NFL for m and Mptm ). Let the problem be m. For
any search procedure a (not necessarily computable), the expected number of
probes until a maximum is found grows linearly with |X|.
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Proof. The proof follows from the dominance of m over uNIAH .
X
m
Mptm,XY
(a) =
mXY a (R)Mptm (R)

(77)

R∈R(X,Y )

X

=

mXY (f ) · Pra (R | f )Mptm (R)

(78)

uNIAH,XY (f ) · Pra (R | f )Mptm (R)

(79)

R∈R(X,Y )
f :X→Y

≥

cNIAH ·

X
R∈R(X,Y )
f :X→Y

=

uNIAH
cNIAH · Mptm,XY
(a) =

cNIAH · (|X| + 1)
2

(80)

(79) uses the multiplicative dominance of m over uNIAH just proved in
Lemma 12.8. (80) uses Proposition 12.6 for the expected number of probes
until the maximum of a NIAH-function is found.
Conversely, no algorithm will need to search less than a constant portion
of the search space to find the maximum. Theorem 12.9 can thus be interpreted as an asymptotic ANFL theorem for the universal distribution and
Mptm : All algorithms perform essentially the same in expectation under the
universal distribution and Mptm —up to a constant determining the size of
portion. However, the remark from Theorem 12.5 is valid here as well: The
difference in constants may be so large that the result has small practical
implications.

13
13.1

Concluding remarks
Summary

To summarize the results of Part II, we started out by giving an account
of the classical NFL theorems, which culminated in a precise condition for
NFL (Theorem 9.9). We then investigated the potential growth of free lunch
as the problem distribution moved away from block uniformity, and found
that the growth was continuous but rapid (Section 9.4).
We also argued that in many cases the real quantity of interest is free
lunch under some particular measure. Mptm was defined to be a performance
measure quantifying the expected number of probes until a maximum was
found.
Based on Part I and the characterization of optimisation as an induction
problem, we set out to investigate whether the universal distribution could
be used as a universal optimisation bias. The conclusion was that given the
right formal setup, the universal distribution does feature a free lunch. In
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particular, there was free lunch under Mptm . However, although the universal distribution diverged significantly from block uniformity, asymptotic
ANFL theorems could still be obtained (Theorem 12.4 and 12.9).

13.2

Optimisation and sequence prediction

The asymmetry between the optimisation problem and the sequence prediction task described in Section 5.6 on page 28 is striking. In sequence
prediction, a predictor based on M widely outperforms a random predictor (a random predictor would have infinite expected prediction-distance);
in contrast, the difference between an optimal and a random searcher was
limited in optimisation.
One way to understand the difference is that optimisation is a finite
setting. Intuitively, a sequence predictor may spend an unbounded but
finite initial period on learning the true model, and then exploit this model
indefinitely. This is not possible in optimisation.
The NIAH-functions used in Theorem 12.9 were problematic in optimisation because they had comparatively simple descriptions, but were hard
to predict because they had hard-coded exception points. In sequence prediction this cannot happen. If an environment had hard-coded exception
points, there would be a rule (pattern) to where the exceptions occurred.
And it would only take the predictor a finite amount of time to find this
pattern. Once the pattern had been found, the exception points would be
perfectly predictable.
Adversarial functions of the type fbad,a,X,Y used in Section 12.1 were
another reason the free lunch was limited under the universal distribution.
The incomputability of the M-predictor allows it to perform well on all computable environments, as the incomputability makes it impossible to construct a computable adversarial environment. Computable approximations
of the M-predictor are vulnerable to adversarial environments, however.

13.3

Future research

In conclusion, the universal distribution does not provide sufficient bias for
good (theoretical) optimisation performance. This naturally raises the question of whether there is some stronger bias, which is still universal in the
sense that it is not biased towards a specific type of problem.
One possibility is to restrict the class of functions to exclude particularly troubling function classes (such as the NIAH-functions). Applying the
universal distribution to such a restricted class of functions may potentially
yield a principled, significant free lunch for optimisation.
The KC-continuity briefly discussed in Section 8.3 offers one such possible restriction. Quite possibly, however, a stronger criteria may be needed.
Other possibilities include restring the function class to Lipschitz-continuous
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functions, or to “simple” permutations of clearly searchable function-classes
such as polynomials. Combinations of several criteria is also a possibility.
The adversarial functions might potentially be avoided by punishing running time in the prior. The complexity of a string s may instead be defined
along the lines of
Kt U (s) = min{`(w ) + log tU (q) : U (w ) = s}
w

where tU (q) is the running time of q. A universal “speed” prior based
on Kt was suggested by Schmidhuber [Sch02]. Given that maximally bad
functions were sufficiently time-consuming to compute in comparison with
other functions, this could be one way to avoid the issue with adversarial
functions.
Finally, it would be instructive to investigate generalisations to infinite
search spaces as in [AT07]. This would make the setting more similar to
sequence prediction. One major difference would remain, however: In sequence prediction the outcome of the next bit is independent of previous
guesses. This is not the case in optimisation, where the selection of probing
points affects the knowledge.
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Appendices
A

Proofs

Proof of Theorem 9.5. The uniform distribution over the class of all functions is block uniform (Definition 9.8 on page 46). Therefore the theorem is
a special case of Theorem 9.9.
Proof of Theorem 9.7. The uniform distribution over a c.u.p.-class of functions is block uniform (Definition 9.8 on page 46). Therefore the theorem is
a special case of Theorem 9.9.

B

Lists of notation

B.1

Abbreviations

c.u.p.
NFL
ANFL
NIAH

B.2

closed under permutation
No Free Lunch
Almost No Free Lunch
Needle-in-a-haystack

Generic math notation

c, r
m, n, k
i, j
N, Q, R
R+
O, Θ, Ω

B.3
B
B∗
B+
Bn
B∞
s, t, q
z

real-valued constants
integer-valued constants
indices
the sets of integer, rational and real numbers
the set of positive real numbers
big- O, Theta and Omega notation

Kolmogorov complexity notation
the set of the binary symbols {0, 1}
the set of all finite binary strings
the set of all non-empty finite binary strings
the set of all finite binary strings of length n
the set of all infinite binary sequences
strings
infinite sequence
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w
q
C
C
V
U
`
KV
K

code-word
provided information
code
class of codes
prefix-machine
universal prefix-machine
length of a string
description length w.r.t. V
Kolmogorov complexity

B.4

Probability theory notation

Ω
Σ
A, B
λ, ν, ρ
µ, L
m, M
Dn

B.5

Sample space
σ-algebra
events
measures
discrete and continuous Lebesgue-measure
discrete and continuous universal distribution
expected prediction-distance of prediction n

No free lunch notation

X, Y
x, y
xk , y k
f, g
fbad,a,X,Y
F, G, H
h
Bh
σ
Π
V [i:j], V [i]
T, S
Tn
Q, Tnx
R, Tny

search space and co-domain, problem context
members of X and Y respectively
random variables for the kth search point and perceived value
functions
function on which a does maximally badly
sets of functions
histogram
the set of functions with histogram h
permutation
set of permutations
extracts the ith to jth elements and the ith element, respectively
search traces
search trace of length n
probing sequences, the X-components of Tn
result vectors, the Y -components of Tn
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Tn , Tnx , Tny
T (X, Y )
R, R(X, Y )
a, b
A
e, eσ
Tn (a, f )
P
Pra
Pa
uF
NIAHX,Y
uNIAH,XY
mXY
mXY a
M
MXY
Mptm

the sets of all Tn , Tnx and Tny ’s respectively
the set of traces for the problem context X,Y
the set of full-length result vectors (on X,Y )
search algorithms
the set of deterministic search algorithms
enumerating search procedures
the trace of length n that a generates on f
search problem (probability distribution over Y X )
probability for algorithms
distribution over traces
the uniform distribution over set of functions F
the class of needle-in-a-haystack functions
the (uniform) NIAH-problem
the universal distribution-search problem
the trace-measure induced by mXY and a
performance measures of search algorithms
generalized performance measure
the performance measure probes-till-max found
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