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Abstract

Motivated by a recent mathematical paper, we discuss statistical parameter estimation in the Arrhenius equation, that re-
lates kinetic reaction rates to temperature. In opposition to the paper in question, we argue theoretically for the appropriate-
ness of using ordinary least squares on log-transformed data and supply some empirical support in this direction. © 1998

Elsevier Science B.V. All rights reserved.
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1. Introduction

Recently in this journal, Kli¢ka and Kubé&ek [1]
published a detailed mathematical study of how sta-
tistical properties can be affected when the Arrhenius
equation is linearized by log-transformation of the
kinetic rate determinations. The Arrhenius equation
states that the kinetic rate constant k& depends on
thermodynamic temperature 7 through the relation

k=k(T) =Ae B/FT, (1)

where the pre-exponential (or frequency) factor A
and the activation energy E, are parameters whose
values are to be determined (estimated) from data,
and R is the gas constant. The assumed setup of
Kli¢ka and Kubadek is that for a series of tempera-
ture values T the corresponding k-values are mea-
sured with independent and normally distributed ran-
dom measurement errors, with the same constant er-
ror variance for each of them, i.e., irrespective of T
or k (homoscedasticity). When the Arrhenius rela-
tion is made linear in 1 /7 by the formation of In %,

the resulting measurements are not exactly normally
distributed, their statistical mean values are then no
longer exactly the logarithms of Eq. (1), and their
variance will depend on T.

There is certainly a pedagogic value in pointing
out these facts, as done in Ref. [1], and in particular
that ordinary least squares need not be the most effi-
cient method after a linearization. However, there is
a danger that the procedure and the adjustments as
advocated in Ref. [1] will be interpreted by the reader
as valid in some absolute sense, as being ‘the proce-
dure to be followed’. As a matter of fact, the results
in Ref. [1] are highly dependent on the validity of
their statistical model, and the authors do not present
any data or any other experience or arguments to
support their statistical assumptions. Quite the con-
trary, 1 will argue here that the statistical model
adopted in Ref. [1] is not likely to be particularly re-
alistic, and I will present theoretical argumentation
and supporting empirical data for the much simpler
model of an ordinary (constant variance) linear re-
gression for the log-transformed rate constants.
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2. Statistical model discussion

Like in Ref. [1], we assume that relation (1) would
hold for error-free measurements. With measurement
noise € added we have measurements (indexed by i)
Y,=k;+¢€=Aexp(—E,/RT,) + ¢,
where it is assumed in Ref. [1], as if it were obvious,
that the noise ¢, is N(0, o) distributed, and in partic-
ular of constant variance, Var(Y,) = Var(¢,) = o2
An alternative model could be formed for example by
assuming a constant coefficient of variation (relative
standard deviation) for ¥, that is, Va(Y;) = (o'k,)?
for some other ¢. With this particular model, we
would say that we have multiplicative noise in the
kinetic rate determinations, and we could write

Yi=k(1+€), (2)
with € = €,/k; and Var(€]) = 0. Now note that
log-transformation of the y-values from Eq. (2)
would yield additive noise:

Y/=Ink + €,

where €/ = In(1 + €;) = ¢/ also has constant vari-
ance. Thus, since In k; is linear in 1 /7, the multi-

Kinetic rate data, with exp-transformed OLS-fitted line

plicative noise model (2) with normally distributed
noise is approximately equivalent to a simple linear
regression of In ¥ on 1/7T with normalily distributed
noise of constant variance.

Which model is correct? This is of course the
wrong question. All models are more or less good
approximations to a reality that we cannot com-
pletely control. Even the deterministic relation (1) is
only an approximation in itself, when derived from
kinetic theory (see, e.g., Ref. [2], Chap. 5). We should
rather ask which statistical model is likely to fit data
better. The answer to this question can only be tenta-
tive until we have the real data. However, a theoreti-
cal argument for the multiplicative noise model, that
is for a constant coefficient of variation, can be con-
structed and is given in Appendix A below. This
derivation is made under some simplifying assump-
tions but is valid much more generally. Furthermore,
the conclusion that the noise contribution is likely to
be multiplicative is supported by real kinetics data.
Here is such an example.

Example: Figs. 1 and 2 show empirical kinetic rate
constants plotted against inverse temperature for a
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Fig. 1. Kinetic rate data, with exp-transformed OLS-fitted line.
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Arrhenius diagram for log-rate data, with OLS-fitted line
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Fig. 2. Arrhenius diagram for log-rate data, with OLS-fitted line.

simple oxidation of methanol. I have taken these data
from a course project at the Royal Institute of Tech-
nology in Stockholm some years ago. The rate con-
stant of the reaction was determined by the integra-
tion method, i.e., by solving the kinetic differential
equation and fitting the solution to observed concen-
trations (see, e.g., Ref. [2], Chap. 2.4). The observed
k-values ranged from 3-1073 to 1251073, for a
series of temperatures between 523°K and 773°K.
Fig. 1 shows the empirical rate constants themselves
plotted against 10°/T, and Fig. 2 shows the same
data after a log-transformation of the rate constants
(that is a so-called Arrhenius diagram). Also shown
in Fig. 2 is the regression line from an ordinary least
squares fit, and in Fig. 1 the exponential curve ob-
tained from this fitted line by the inverse transforma-
tion. It is clear from both diagrams that the model fits
the data in its mean value structure, and from Fig. 2
that the variance around the line does not show any
considerable trend with 7. The smaller residuals in
the right part of Fig. 2 may be naturally explained by
the fact that these few data points are much more in-
fluential (have a higher leverage) than individual
points in the left part of the diagram. It is also clear

from Fig, 1 that the model of Ref. [1], assuming con-
stant variance in the original k-values, is far from re-
alistic.

This is but one example, but it demonstrates at
least that we shall not follow categorically the con-
clusion formulated in Ref. [1], that *‘if the linear re-
gression of the log-transformed Arrhenius equation is
preferred to nonlinear methods, the ordinary least
squares estimator should be avoided’’. On the con-
trary, the example indicates that we should better
work with ordinary least squares on log-transformed
data. This is formulated as a conclusion in Section 3.

3. Conclusion

From the theoretical argument given, together with
the empirical evidence of the example, we draw the
following conclusion. When fitting the Arrhenius
equation to data, it is reasonable to try as statistical
model a simple linear regression of In ¥ on 1 /7T with
additive noise of constant variance. The model fit to
data should of course be checked, but only if the as-
sumption of constant variance in this model seems
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unrealistic need we try alternative variance structures
and fit a weighted regression, or perhaps even a non-
linear regression with additive noise for Y itself, that
is the very model assumed in Ref. [1].

Appendix A. An argument that determinations of
k have a constant coefficient of variation

For simplicity we think of a first-order reaction, in
which the concentration ¢ of a reactant consumed in
the reaction is followed as it decreases exponentially
over time,

c(t) =coe ™. (3)
For further simplicity we also assume that the initial
concentration ¢, is so well-controlled that we may
neglect the error in ¢,. This assumption implies that
k is the single unknown parameter of relation (3).
During the reaction the concentration c(¢) is mea-
sured at timepoints #,, ..., t,. We are concerned with
the precision in k as determined from such data. This
will depend on the precision in the measurements of
c(t,). For simplicity we assume that the absolute pre-
cision g, in determinations of ¢ does not depend on
¢. This is not at all critical, but should be reasonable
at least for analytical error, if concentration is not go-
ing too low, whereas it is more difficult to speculate
about other sources of error, as for example the diffi-
culty in controlling the reaction times ¢,. In order to
estimate k we fit a proportional linear regression to
the log-transformed relative concentrations In c/c,.
A constant variance o,” for ¢ corresponds to a con-
stant coefficient of variation for In ¢, according to the
laws of propagation of error, that is

Var(lnc) = a2 /c*.

This implies that the most efficient estimator of %
would be the weighted regression estimator

r r
k=Y witlnc/Ywil,
1 1

where ¢; stands for the measured c(#,)-values and the
weights should be proportional to the inverse vari-
ance, i.e. w; & c(t,)%. It follows that the precision in
k is

o’ /g

Var(k) = Zt-zc(t-)z = Trle 2k

Formula (4) shows that there is relatively little in-
formation very early and very late in the reaction, but
on a time-scale depending on k. Usually the observa-
tion times f; will also be selected according to what
k-value is expected, in order to guarantee that there
is a suitable range of c-values in each individual ex-
periment. Suppose we aim at selecting the t, = 7,(k)
such that the set of concentrations ¢; will be about the
same, irrespective of &, and that we succeed. Then we
should have #,(k) o 1/k. Insertion in formula (4)
now shows that Var(k) o k2, i.e., as asserted & has a
constant coefficient of variation.
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