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Disease gene at (unknown) position 7.
Boxes=male, circles=female, black=affected.

Hy : 7 located on another chromosome
H,:7€][0,L].

Under H1, information about v(-) = {v(t); 0 < t < L} changes:

1. Let m(w) = P(v(7) = w). Assume w(1) > 0.5.
2. Given v(T), v(-) proceeds as two independent Markov process
to the left and right with intensity matrix A.



Monogenic disease

Two alleles at 7:
Normal (a) and disease causing (A).

Parameters:
p = P(A)
g = P(affected|aa)
Y1 = P(affected|Aa)
Yy = P(affected|AA)
Then
ﬂ-(l) — f(p7 ¢07¢17¢2)-
Examples:

1. Dominant: f(p,0,1,1) =1
2. No genetic effect: f(p,,1,9) = 0.5.



Scores for N families
Let S(0) = —1, S(1) = 1 and

Zy(t) = —= 3 S(wi(1).

where v;(t) is inheritance indicator of family ¢ at position t.

N=50, 1(1)=0.5 N=500, 1(1)=0.5
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Disease gene at 7 = 0.75.



Asymptotics

Under Hy,
Zx = Z on D([0,L]),

as N — 00, where Z is a stationary Ornstein-Uhlenbeck
process with covariance function

rz(h) = Cov(Z(t), Z(t + h)) = exp(—2|h|).
Under sequence of alternatives
Hiy : 7(1) = 0.5(1 + €/vV/N),
we have

N i>Z—|—ILL7

as N — 0o, where

pu(t) = §exp(=2[t — 7|).



General family structures

n = nr. of individuals = 8
f = nr. of founders =4

m = nr. of meioses = 2(n — f) = 8.

Inheritance vector at pos. t (Donnelly, 1983):

v(t) = (v1(t),...,vm(t)).



Distribution of v(-):

Hy: wv(-) stationary Markov process on {0,1}™ with
marginal distribution

P(v(t) = w) = mo(w) = 27",
Vw € {0,1}™, and intensity matrix
—m, w=w,
Alw,w") =< 1, lw —w'| =1,

0, lw —w'| > 1,

where [w —w’| = > 7" |w; —w}| is the Hamming distance
between w and w'’.

H;: At disease gene (t = 1),
P(v(r) = w) = n(w)
Given v(7), v(-) proceeds as two independent Markov

processes with intensity matrix A to the left and right of
T.



Scores for general family structures

Define
S:{0,1}"" — R

where S(w) is large if affected pedigree members share
the same founder alleles. (Or S(w) large when 7(w) is.)

Example:

SpairS(w): Z Ijk?

7,k affected
where
Ly = Lip(w) € {0, 1, 2}.
is number of founder alleles shared by affected individuals
7 and k.



Asymptotics

1) Standardize S: Eg,(S) = 0, Varg,(S) = 1.

2) For N families, put

Zn(t) = <= > S(wi(t),

where v;(t) is inheritance vector at pos. t for family 3.
3) As N — oo

Z, under H,
Z + p, under Hqp,

ZNL{

where ~
Hiy:m(w)=2""(1+¢S(w)/VN),
and S is standardized: EHO(g) = 0, VarHO(S) = 1.

4) Z is a mixture of OU-processes, and p mixture

exponentials

of double

rz(h) = Zﬁl&lexp(—2l|h|), Zﬁlmzl,

() >y mexp(—=2lt — T]).



Space of mappings

Let m
A={S;S:{0,[}" - R} =R

with inner product

(S,9) = Emy(SS) =27 ) S(w)S(w)

and ON-system of 2™ basis functions S,,, Yu € {0,1}™,
where

Su(w) = (=1)"",

and w - u = Z;nzl w,;u; is vector dot product.

Expand S € A as

S=> Fs(u)S.,

where Fg(u) = (5,5,). Fs € Ais (essentially) Fourier
transform of S on the group {0, 1}"™ (see Diaconis, 1988,
Kruglyak and Lander, 1998).
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Covariance function

1) Intensity matrix A and lag h transition matrix Py =
exp(|h|A) self-adjoint operators on A

2) S, eigenvector of A and P} with eigenvalues —2|u|
and exp(—2|h||ul).

3) Covariance function under Hy follows as

rz(h) = Euy(S(v(t))S(v(t+h))
(S,PhS)
(D Fs(w)Su, Py, Fs(u)S.)
> exD(—2/h||u|) F§(u)
= Y=, kiexp(—2l[hl),
where

K| = Z Fi(u).

u;|u|=l

4) Covariance function under Hyn obtained similarly.



Mean Function

Recall that
T = PHlN(’U<’7') =) =2""(1+ §§)

with € > 0 and 7,5 € A, (1,5) =0 and (S,5) = 1.

Hence

u(t) = VNEm,,(S(u(1)))
= VNS, S(w) Py, (v(t) = w)
— \/N(S7P|t—~7'|7r)
— g(S7P|t—T|S)
= &), exp(—2[|u|[t — 7[)Fs(u)Fs(u)
= Yo mexp(=2lt —7|)
where



Significance level and power

Define
n = u(7) i
— 221177125(575)
p = —17(0)/2
= Yl
d = w(7)/(u(r)ry(0))

Using extreme value theory of Gaussian processes

a = Pyy(supg<i<r Zn(t) 22 T)
1—(1—@(T)) =2t

2

and

B = PH1N(Sup0§t§L Zn(t) >T)

cf. Leadbetter et al. (1983), Siegmund (1986), Aldous (1989), Feingold
et al. (1993), Lander and Kruglyak (1995) and Angquist and Hossjer
(2005).



Example families
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Examples of covariance functions

| Family | Affecteds | ~1 K9 K3 K4 K5 KG P
1 Children 0 1 0 0 0 0 2
2 All children 0 1 0 0 0 0 2
3 All children 0 1 0 0 0 0 2
4 All children 0 1 0 0 0 0 2
4 4 children 0 1 0 0 0 0 2
4 3 children 0 1 0 0 0 0 2
4 2 children 0 1 0 0 0 0 2
b Cousins 0 0.5 0.333 0.167 0 0 2.667
5 Sibs, cousins 0 0.814 0.176 0.010 0 0 2.196
5 Grandmother, 0.136 0.703 0.152 0.008 0 0 2.034
sibs, cousins
6 Second cousins 0.133 0.167 0.267 0.267 0.133 0.033 3.2
7 see figure 0.136 0.703 0.152 0.008 0 0 2.034
S — Spairs

Family i(=1,2,3,4): Two parents, ¢ — 2 children.

Families 5-7: See figure.




Examples of mean functions 1

(S, 5)?

F |l mi/n | ma/n | n3/n | na/n 3 n
1 0 1 0 0 1 0.490 0.999 0.490
2 0 1 0 0 1 0.692 0.996 0.691
3 0 0.959 0 0.041 | 1026 | 0.785 0.937 0.760
0 1 0 0 1 1.697 0.401 1.074
0 1 0 0 1 1.845 0.134 0.675
4 0 0.890 0 0.110 | 1.065 | 0.778 0.869 0.725
0 0.957 0 0.043 | 1.028 | 2.327 0.410 1.490
0 1 0 0 1 2.630 0.189 1.143
5 0 0.5 0333 | 0.167 1 0.581 1 0.581
0 0570 | 0349 | 0081 | 1.050 | 0.953 0.884 0.8962
0 0545 | 0356 | 0099 | 1.068 | 1.199 0.782 1.060
0314 | 0352 | 0257 | 0077 | 0.988 | 2.383 0.773 2.095
7 0279 | 0357 | 0279 | 0084 | 1.022 | 7.937 0.088 2.356

S = S,

Dominant model: p = 0.1, 99 =0, Y1 =1, Y9 =1
F' = family number (as before)

Phenotypes (Y7, ..., Yy) (1=affected, O=unaffected, ?=unknown):
F=1 (2211)

F=2 (22111)

F =3 a)(?221111),b)(2,2,01,11), c) (2.2.00,1,1)

F =4 2)(2211111),b)(22,011,1,1),c) (2.2,0,0,1,1,1)

F =5 a)(*??772711),b)(?7711711),¢) (7.7,011,011)

F = 7: see figure



Examples of mean functions 2

m/n | m2/n | m3/n | ma/n d 3 (S, 5)* n
0 1 0 0 1 1.337 0.749 1.157
0 1 0 0 1 2223 0.582 1.696
0 1 0 0 1 1.801 0.484 1.253
0 0.943 0 0057 | 1.042 | 2.788 0.479 1.930
0 1 0 0 1 3.244 | 0378 1.994
0 1 0 0 1 2.250 0.333 1.293
0 0.856 0 0.14463 | 1.098 | 2.769 0.442 1.841
0 0.941 0 0.059 | 1.044 | 4.966 0288 | 2.663
0 1 0 0 1 4.145 0257 | 2.103
0 05 0333 | 0.167 1 1.199 1 1.199
0 0520 | 0295 | 0184 | 0999 | 1.446 0.985 1.435
0 0482 | 0321 | 019 | 1.018 | 1.625 0.990 1.617
S = S,

Recessive model: p = 0.1, ¢g = 0, Y1 = 0, Yo =1
F' = family number (as before)

Phenotypes (Y7, . .
F=1:(2211)
F =2 a)(22111),b) (2,2,0,1,1)

F =3 a)(?21,1,11), b) (22.0,1,1,1), ¢) (2,2,0,0,1,1)

F =4:a)(?21,1111),b) (2.2,0,1,1,1,1), ¢) (2.7,0,0,1,1,1)

F =5 a)(*?7?77711),b)(?,700,001,1), c) (0,0,0,0,0,0,1,1)

., Yn) (1=affected, 0=unaffected, ?=unknown):




ROC curves
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Generalizations

Different family types in the same data set. (Héssjer,
2005)

Corrections for non-Gaussianity. (Angquist and Héssjer,
2005)

Corrections for incomplete marker data.

Multilocus models (several disease genes on same
chromosome).
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