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Z = {Z(x), 0 ≤ x ≤ l},

.F47D�$Qvy�K$@D XY)z'�%¤$H,K>&;¥>&;!%V'W �'*4Z'[ \$H^�,��KD k!$H,�P<4�'&) Z ><'S%-%l$54�kt'W�KD�9�'
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n =
>�D<� � 8 9 ��� F >�� F + F	�ED4.G, 3

f =
>�D<� �G8 9 ��� ��� D�>�� 8�9 3

m = 2(n − f) =
> D<� � 8 9 ��� � 84F �43 8 3
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� '�%�,�k!$@DE.F|[%�$@$�6 .s9<; m  \$m.�'*4G$54�� D�$Qvy�K$~._��;K$&%Y.:9B,��K>@$Tr*$@>�9�'S%�,@9/kt'*4<.s9Q.{'[�
x X�>C�p^<��,I4

v(x) = (v1(x), . . . , vm(x)),

6�;K$&%l$
vj(x) = 0 ⇒

@ 9 . > �6� ."I 8�9 > .G, I 9 . >A3 �!F 3 3 F � >

vj(x) = 1 ⇒
@ 9 . > �
	 ."I 8�9 > .G, I 9 . >�3
�!FH353 F � >

)z'S% j �
�� �$m.{'t45.{4+,@9\kt'*4<.s9Q.{'[� x XJL£'[�m$&0 0 `���gH���t�!^<c
� ,K>&;u �$& �"!$&%i'&) k!$@D�.{|[%l$@$~;&,I4(9�6 'u><'WkC.3$54 '*)�,�|S$&�K$�X ,�0 0{$&0�$H^<�w'W�K$T)U%�'[ 
9<;K$N)�,@9<;K$&%�,��KD#'W�K$+)j%�'W 9<;m$7 �'&95;K$&% c v(x) D!$�9B$&%- 7._�K$54+;�'H6 ,�0 0{$&0�$54¤,&%�$
4G$5|w%l$5|S,@9B$@D�._��k!$@DE.F|[%�$@$7,@9�kt'*4<.s9Q.{'[� x c

�}$&�mD�$&0 �{470�,�6 '&)«4G$5|w%l$5|S,@9Q.{'[�uXG�}$&�KD�$&01�Rg������S^ ,��mD��«,�0{DS,��K$C�{47 �'WD!$&0�)z'S%
>&%�'t4�4Z'&r*$&%b4(X��«,�0�DS,��m$C��gH�WgH�t^ ._ #k!0a` 9<;&,@9 vj(·) $�rK'W0ar*$ ,I4 m .1�KD!$&k!$&�KD�$&��9
�p,&%-PJ'&ruk&%�'W>@$54�4G$54\._�¬><'W�@9Q._����'W�I4#�:9Q._ �$C�S6 .s9<;�._�@9B$&�I45.s9�`u �,@9<%Y.��

(
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0.01 −0.01

)
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oq.srt$&��>&;!%V'W �'*4Z'[ \$\'*)¤0{$&�I|*95; l >C����6�$�6 .F4@;�9�'¬9Z$54�9
H0 :

>,� ��FH3 8�.�3 8-@ 8�> 8 .G, � >�@ �:9 9
[0, l]

H1 :
��FH3 8�.�3 8�@ 8 > 8!."I

τ ∈ [0, l]

L $Qv �K$7,��������	��
���
���������


S : {0, 1}m → R

4Z'�95;&,@9 S(v) .{4�0�,&%�|�$�.:) v .F4�4@�m>&;�9<;&,@9�,���$@>�9B$@Dx._�KDE.srS.3D[�&,�0s4�4@;&,&%l$T9<;m$
4J,� �$/)z'W���KD�$&%¢,�0 0{$&0�$54Ic � 'S%�������������������� ��! ���#"��$�%��� D!$Qv �K$�M'&)(
k&%�'E>@$54Z4
X*&w$&��%�'*4J$C��gI�*� ���,+ ;C.s9U9B$& �'�%l$+,��KD �«,�0 kC$&%�����gH�C��-��/. %-�I|[0a`�,�P $�9¢,�01��gH�t� �t^

Z(x) = S(v(x)), 0 ≤ x ≤ l,

6�;K$&%l$ S .F4N4j9G,��KDS,&%lDE.10I$@Dp4Z'¬95;&,@9
EH0(Z(x)) = 2−m

∑

v
S(v) = 02 .49

H0(Z(x)) = 2−m
∑

v
S2(v) = 1.

S .F4¤9�`�kC.3>H,�0 0a`¬>&;�'*4J$&��4Z'�9<;&,@9

EH1(Z(x)) > 0
.�I .G, ,

x 3 F I�9 �-.,4 ."I
τ ,



N
�?	 � � � � 	�	#�

+ .:9<; N k!$@DE.F|w%l$@$54I� D�$Qvy�K$

Z(x) =
N

∑

k=1

γkSk(vk(x)), 0 ≤ x ≤ l,

68.:9<; Sk ,��KD vk 4G><'S%l$�)Y>�9<�x,��KD ._��;urt$@>�9�'S%¢) '�% k �
��kC$@DE.{|[%l$@$�,��mD?9<;K$
6�$m.F|[;@9�4 γk ≥ 0 4�,@9�.{4�)V`

N
∑

k=1

γ2
k = 1.

� `#4�9G,��mDS,&%�D�. 0�,@9�.�'W�7'&)�,�0 0 Sk

EH0(Z(x)) =
∑

k γk · 0 = 02 .49
H1(Z(x)) =

∑

k γ2
k · 1 = 1.

{Sk} ,&%l$�>&;�'*4G$&��4B'�9<;&,@9

EH1(Z(x)) > 0
."I .G, ,

x,

68.:9<;~ �, ��.1 ��� ,@9 x = τ c
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2(1{v1=v2} + 1{v3=v4} − 1)



� 
 � � � ���
Z �

� ��	 �
H1

0 50 100 150
−2

0

2

4

6

8

10

12

Z
(x

)

N=1

0 50 100 150
−2

0

2

4

6

8

10

12

N=10

0 50 100 150
−2

0

2

4

6

8

10

12

N=100

0 50 100 150
−2

0

2

4

6

8

10

12

x (cM)

N=500

τ = 75 � �������	��

����
������	
��	
�����
�����
�� � �"!$#&%'(
���
 )*�+��� � 
-,����+��./
 )0
��1�
(0.05, 0.05, 1) #



� 	#� � � � � � ��� ����� ��� ���7	 ��	 � 	�


oq.srt$&�T95;�%l$54@;�'W0{D T � D�$Qvy�K$�9B$54j9

Z ����� = max
0≤x≤l

Z(x) ≥ T ⇒
9 8 6�8 � I

H0.

+ $�68.F4@;T9�'�><'W #k���9B$�9<;K$\45.{|[�C.:v >H,��m>@$¬0�$�r*$&0�X p 	-rt,�0 �K$H^

α = α(T ) = PH0(Z ����� ≥ T ).

+ .:9<; P D!$&��'&9�.1�I| 9<;K$xDE.F4�95%+'*) Z = {Z(x); 0 ≤ x ≤ l} ���KD�$&%
H0 ��6�$¬%�$�6�%Y.:9Z$ 9<;C.F4�,I4

α =

∫

f(z)dP (z),

6�;K$&%l$ f(z) = 1{z �
��� ≥T} c
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α �

5 2�� ¨ ��f����i§�� ��f ��¡�¡	�He�
T§
� ���i§le¬¨�� �Nk�k&%�' ��._ �,@9B$ Z "�`
o£,��H4Z45.2,�� &i%�'W>@$54�4I�¢,��KD �I4G$x$��m9<%l$& �$�rC,�0 �K$�9<;m$<'S%�`�)z'�%�� ><'W�@9Q._����'W�I4
9�.1 \$C�So£,��I4�4<. ,��#k&%�'E>@$54Z4G$54Ic'(t,��KD�$&% ,��mD � 'W0:4j9B$m._�#XBgI� �!�t^<� � $m._�I|!'W0{D�$�9
,�0!XGgH�C�*�C^��/(*,��KD�$&%y,��mD .q%-�I|w0 `m,�P�XGgH�C����^�c«hR,�PQ$���'[� 	Bo£,��I4Z45. ,��C.:9�`�._�@9�'
,K>@><'W���@9�"�`�,KD����I4j9Q.1�H|�)z'S%O4@PQ$�6��m$54Z4�X�hR,��H|�,��KD�� .3$5|w ����KD��wn����WgH^N'S%
95%z,��H4�)z'S%-  �,&%b|W._�&,�0t9�'¥o£,��I4�4<. ,��~X��N���[�C.F4j9 ,��KD ���*4Z4���$&%U�[n�����-w"K^�c� ' � ,I4j9Hc
� ' L¢.��~>&��0 9 9�'}|S$&�K$&%�,�02. 0H$�9�'�._�K><'W #k�0{$�9B$¬ �,*%-PQ$&%RDS,@9G,�c


 2 � §��@��� � ¦ e�¨¢� �  ��	��fle~� o $&�K$&%�,@9B$ .�c .�c D�c#%l$&k�02. >H,@9B$54�'*) Z

�!�KD�$&% P X � 'E$&;���PQ$C��gH��� �W� &i0F'W�I|[;� �,��},��KD � 'W$&;!��P5$C��gI� �C�C^<c� '"! ��"t.2,I4G$@D�,��KD�><'W�I45.{4j9B$&�@9�._��02.1 /.:98._�#'*)  �,���`#45._ #��0�,@9Q.{'[�I4Ic
� ' �y0F'@6��w$54@kC$@>m.2,�0 0a`7)z'S%R4� �,�0 0 α X 10−6 'S%R4@ �,�0 0{$&%�^�c

� 2 �#� ¡�e$�<����¨%� � ªy�&� ¡�f §j¨('~� o $&�K$&%�,@9B$ . c .�c D�c+%l$&k�0 .3>H,@9B$54~'*) Z

�!�KD�$&% P̃ XG�p,�0 0{$�`}$�9+,�0 �[n����*nw�)�N�*�[�C.F4�98,��mD ���t4�4���$&% �[n�����-�,&^<c� ' ! ��"C. ,I4J$@D ,��KD ><'W�I4<.F4j9B$&�@9�.1� 02.1 /.:9¥'&)� �,��@` 45.1 ���0�,@9Q.�'W�I4?,��KD
%l$&0�,@9Q.srt$&0 `/)�,I4�9H�[$�r*$&�/)z'S%q.1�K><'W #k!0�$�9B$# �,&%-P5$&%ODS,@9B,�,��KD�4� �,�0 0 α c
+-,/. ,���"C$\4@0:'H6 )z'S%�rt$&%�`�0�,*%b|�$¬k!$@DE.F|[%�$@$54Ic 2
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α = E(f(Z)) =

∫

f(z)dP (z)

� F 9 8 � I8. � >�I 8 � .49 , � 8 35I F �-."I 8 '

α̂ =
1

J

J
∑

j=1

f(Zi),

3 9 8 9 8
Zj ∼ P

. 9 8 F/2 F/2 � 2 0 8 >:�"8
E(α̂) = µ

. >�� 2 . 9
(α̂) =

σ2/J
� 3 9 8 9 8

σ2 =

∫

(f(z) − α)2dP (z).
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α = Ẽ(f(Z)/L(Z)) =

∫

f(z)/L(z)dP̃ (z),

6�;K$&%l$ L(z) = dP̃ (z)/dP (z) �7k&%�'&r�. D!$@D f(z)dP (z) > 0 ⇒
dP̃ (z) > 0 c � 4�9Q._ �,@9Z$ α "�`¬'W�K$�'&)

α̃ = 1
J

∑J
j=1 f(Zj)/L(Zj),

ᾱ =
� J

j=1 f(Zj)/L(Zj)� J
j=1 1/L(Zj)

,

6�;K$&%l$ Zj ∼ P̃ ,&%�$T. c_. c2D c h+;K$ vy%b4�9¤$54j9Q.1 �,@9B$N4J,@9Q.{4�vw$54 Ẽ(α̃) = α ,��KD�� ,&% (α̃) = σ̃2/J ��6�;K$&%l$

σ̃2 =

∫

(f(z)/L(z) − α)2dP̃ (z).

. ,�;!��XGgH� � �t^�c��'� ��������
$� � ���£X �S^<� n�� 	j�	�[c
. ,�;!�},��KD
�p,&%b4�;&,�0 0 XBgI���!�!^<c�

��� � ������� � ������� ���������wn �t� 	jn�� �[c
�«,� # \$&%b4@0{$�`�,��KD �«,��mDt4J><'W #"~XGgH� ��-S^�c�� � 
 �	��� � ��� ��� �����$� "��Ic
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5 2�� � �C§ ��¨(� � ��� �p %� �i§le¬¨�� �W'W �$�9�.1 \$54��w6 .s9<;xk&%�'Wk!$&%�>&;�'E.3>@$�'*)
P̃ � σ̃2 � σ2 c


 2 � ���¢ª]§���§jf §b���	�#� ,� #k�02._�I|�)U%�'W P  7.F|w;�9¢"!$¤DE.��~>&��0 9£'S%y.1 �kt'*4Z45._"�0�$Cc
� 2 ���+  ª]§j¨(' 
}�&� ¡�fl�«ª �{)£4J$�r*$&%�,�0[.1�@9Z$5|w%�,�0s4

α(T ) = f(z; T )dP (z), T ∈ T,

,&%l$�'*)�.1��9B$&%l$54�9H��4B'W �$�9�.1 \$54�,=45.1�H|w0{$x4J,� #k!0�$ {Zj} ∼ P̃ >H,�� "!$
�H4J$@D})z'�%£><'W #k���9Q.1�H|u,�0 0 α(T ) c

� 2�� d �+¨¤� ����f §��q���i§�e�¨#� �F)(95;K$p)U���K>�9Q.{'[�H4 f(·; T ) ;&,@r*$u,�0  �'t4j9
D�.{4��U'E._�@9 4���k�kt'�%�9H�~'W�K$  �,�` 4�,� �k�0�$ )U%�'W 4J$�r*$&%�,�0 P̃ ��'S%�)j%�'W ,
 /.��m9<��%l$\DE.{4j9<%Y._"��@9Q.{'[��c X�o $�`I$&% XGgH�C��-S^�� �£$54j9B$&%-"!$&%b|�XGgH�C����^Z^<c
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P̃ �

� > I 8�9�� 3 ����� � �C§ ��¨(� � �H� �} %� �i§�e�¨ �

P̃ (z) = f(z)dP (z)/α ⇒ L(z) = f(z)/α

F 3 � 	�I F � .G, � 3 F >��"8
σ̃2 = 0

2 0 � 3 8�+�8 9 � �!� � 	 D�I F >�@
L(·)9 8AB D F 9 8 3�� >�� 3 , 8���@ 8 ���

α
�4I�9 8=B D . >�I F I	� 3 8 3 FH3
9=I � 8 3JI F � ."I 8�
�


0 8�>��"8=� I�9 8 � e � ¡� ¢�����i§le¬¨ ��f '\�\§j¨ FH3 . �!� � 	 9)� �!FH3 8
� 8 I 3 8�8�> +G.49)F . >:�"8 9 8�� D:� I F�� > . >�� 8�.�3 8 ��� 3 F � D ,/."I F >�@ �J9)� �
P̃

. >�� �!� � 	 D�I F >�@
L(·)

2
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P

! �KD�$&% P Xz9<;&,@9�.{4I�y�!�KD�$&% H0 ^<��6�$\|S$&�K$&%�,@9B$ Z ,I4
5 2 
��+fl��� � X = 0

2

 2 � ��9

k = 1, ..., N
� '��+¨(� �I�¢�w� vk(X)

�J9)� �
P (vk(X) =

v) = 2−mk
�
mk =

> 9(23��� � 8 F��43 8 3 ���
k �
� 	 8�� F @ 9 8�8 2

� 2 : 8 I
vk(x) = (vk1(x), . . . , vkmk

(x))
2�� ��9

k = 1, ..., N. >��
j = 1, . . . , mk

� '��+¨(� ����� � F >�� 8 	 8 > � 8 >AI . . 9 � �,+
	 9)�&�"8 353 8 3

vkj(·)|vkj(X) 3 F I�9 I 3 � 3JI .�I 8 3
{0, 1}

. > �
F >�I 8 >�3 F I	� � ."I 9)F14

(

−0.01 0.01
0.01 −0.01

)

.

� 2  
e � ¡� �� � Z = {Z(x), 0 ≤ x ≤ l}
� 3 9 8 9 8

Z(x) =
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k=1 γkSk(vk(x)).
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. 9 I F�� � F .G, ��FH3 8�.�3 8 , �&�4DA3

� X ∈ U(0, l)
�


 2 � ��9
k = 1, . . . , N

� '��+¨(� �I�¢�w� vk(X)
�J9)� �

P̃ (vk(X) = v) ∝ exp(δγkSk(v))

� 2 d �+¨(� ����� � .G, ,
vkj(·)|vkj(X)
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X

2
� 2  
e � ¡� �� � Z = {Z(x), 0 ≤ x ≤ l}
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Z(x) =

∑N
k=1 γkSk(vk(x)).
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L−→ N(δ, 1)
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+ %Y.s9B$ P̃ ,I48,� 7. �K9<�!%�$

dP̃ (z) =

∫ l

0

dP̃x(z)dx/l,

6�;K$&%l$ P̃x .{4 P̃ ><'[�mDE.:9�.�'W�K$@D�'[� X = x c+M]'@6
dP̃x(z)
dP (z) = P̃x(z(x))

P (z(x))

=
∏N

k=1
P̃x(vk(x))
P (vk(x))

∝
∏N

k=1 exp (δγkSk(vk(x)))
= exp(δz(x)).
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L(z) =
∫ 1

0
(dP̃x(z)/dP (z))dx/l

=
∫ l

0
exp(δz(x))dx/(M(δ)l),
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α̃δ(T ) =
1

J

J
∑

j=1

1{Z �
��� ,j≥T}/L(Zj; δ).
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wiα̃δi
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∑
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w2
i σ̃

2
i ,

68.:9<;7'[k@9�.1 �,�0 wi ∝ σ̃−1
i $54�9�.1 �,@9B$@D�"�`¥k�0 �I| 	B._�¬$54j9Q.1 �,@9B$ '*)q$H,K>&; σ̃i c
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Z(x) =

N
∑

k=1

γkZk(x)
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Zk(x) = Sk(vk(x)) A 6�4#�

Zk(x) = E(Sk(vk(x))| � � k)
=

∑

v
Sk(v)P (vk(x) = v| � � k),
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= ( � � 1, . . . , � � k).
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L(

 �

) = dP̃ ( ��
 )
dP ( ��
 )

=
∫ l

0

∏N
k=1

∑

v
exp(δγkSk(v))

·P (vk(x) = v| � � k)dx/(lM(δ)),
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J
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