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• 1 2436587:9<;>=?5%@ 7BADC * E 3 E A . @FE @FA :
τ

A�G * H�3 : 3 C * 8 . @ : H
I CJA : E 5 @>K;8 E @ : H E�AML * < @ . 3
* . 3 *A) A : H * CBN 5 A:OPA . A:O 3MQ

• RTS?5VUXWY9[Z]\^5 _0`a9B`b@ c0d 3 C E @FA : . E * E 8 . I A 5 A=EeN 3S5
B *=5 @ * K ) 3 . L G 5 A:O

N
E 3 < @ HK5 3 3 . H @ Q 3fQ G * O @ ) @ 3 . . 8 . C 34E E @gK ) 3

E�A EeN 3 < @ . 3
* . 3MQ

• h `Vikjl5Vi _m`n94`o@ p 5 * C 3 @ :MN 365 @CE * :�C 3 A�G * :;8MO K 3S5
A�G O */5rq 365 H�3 : 3 . I * E q :�A L : E A . @CE @sA : . L EtN 5 A 8 H N EtN 3
EA3 < @ HK5 3 3 .�Q

• uovB9<;�w `a9x5 τ @ y *ez @gO @|{ 3 * . CkA 5 3 G 8;:BC E @sA :
t → ZN(t)*A) A : H EeN 3 CBN 5 A}O~A . A:O 3MQ

ZN(t)
I 3fQ�HaQ ) A H ) @ q 3/) @>NxA�A!<<L

O 3I* . 8 5 3 . � *JHK5 3 3 O 3 : E � K 3 E�L 3 3 : @ :MN 3S5 @FE * :BC 3 * E ) ADC/8 .
I E A . @FE @FA :BL

t
I GrA 8;:=< G 5 A:O O */5�q 365�H�3 : 3 . L * :/< @ :<N 365 @CE * :BC 3

A�G?< @ . 3
* . 3 E N 3 :xA=E�G EA3 .�Q

�
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�4A 5 O * E @FA : A�G/A : 3 H!* O 3 E 3 I G 5 A:O G * EtN 3S5 A 5 OPA=EeN 365 L C * : K 3
< 3 . C 5 @gK 3 < * . GrA ) ) A L .��

chromosome

1

0

crossovers

v(t)

crossovers

granpaternal

t

grandmaternal
chromosome

p N 3 E65 A�C 3 .0. @ . C * ) ) 3 < * 	 
���
������ Q ( : * B 3652*JH�3 ��� C 5 A . . A B 3S5 .
A�C C/8 5'* ) A : H P � CBN 5 A:O~A . A:O 3 .�Q

�
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7 3 E
A

* :=<
a

< 3 :�A=E 3 EtN 3 < @ . 3
* . 3 C * 8 . @ : H * :=< :xA 5 O *A) *A) ) 3/) 3
5 3 .JEA3 C E @ B 3/) G * E$EtN 3 < @ . 3
* . 3 ) A�C68 .

τ
Q p N 5 3 3 E A .0. @>K ) 3 H�3 : 3 .	�

(AA)
H
(Aa)

* :/<
(aa)

C * : K 3 GrA 5 O 3 < Q c H�3 : 3
(A|a)

L @CEtN
q :xA L : E N * . 3 N * . EeN 3 
 5D. E *A) ) 3/) 3 I

A
L E 52* : . O @CE
E 3 < G 5 A:O EtN 3

G * EtN 365#* :=< EtN 3$. 3 CkA :/< A : 3 I
a
L G 5 A:O EeN 3 O~A=EtN 365 Q

(A|a) (aa)

(Aa)

1 ?

� : EeN 3 * K A B 3 3 z;* O E;) 3 H
v(τ) = 1

GrA 5 EtN 3 E6* E 365 : *A) O 3 @FA . @ .
* :/<

v(τ)
@ . 8;: q :�A L$: GrA 5 EtN 3 O * E 365 : *A) O 3 @sA . @ .�Q

�
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{v(t); 0 ≤ t ≤ l} H�LPN 365 3
v(t) = 1(= 0)

@
G E/*/5 3 : E *A)
I O * E 365 : *A) L *A) ) 3/) 3 @ . E 52* : . O @CE
E 3 < * E ) A�C/8 .

t
Q

, * ) < * : 3f� . O *ME GrC E : � � 5 A .0. A B 365D. A�CJC/8 5 * C C Q E A � A!@ .0. A :
E65 A�C 3 .0. L @CEtN @ : E 3 : . @CE�G

λ
I	� R Q R�
 @
G O *fE < @ . E * :�C 3 @ : C y L

=⇒ v(·) @ . * P
� . E * E 3 y */5�q A B E65 A�C 3 .0. L @CEtN @ : E 3 : . @FE�G O * E 5 @ z
(

−λ λ
λ −λ

)

� 587 W w 2];�U `n9l; W U A�C C/8 5D. K 3 E�L 3 3 :
t
* :=<

t + h
@|G

v(t) 6=
v(t + h)

I A!<N< :N8MO K 365 A�G C 5 A .0. A=B 365D. K 3 E�L 3 3 :
t
* :/<

t + h
L

� 587 W w 2];�U `n9l; W U �6i ` 7:9<; W U K 3 E�L 3 3 :
t
* :=<

t + h
@ .

θh = P (
5 3 CJA:O KA@ : * E @sA : K 3 E�L 3 3 :

t
* :=<

t + h)
= 1

2 − 1
2 exp(−2λh).

�
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( K 143 C E @CB 3 � 7BA�C * E 3 E A . @CE @sA : A�G?< @ . 3
* . 3 ) ADC/8 .
τ
Q

J 8 E<E A . 3 L 3 N * B 3 A : 3 O */5�q 365 H�3 : 3 * E
t0
H LPNA@ CBN @ . G 8 ) ) G

@ : GrA 5 O * E @CB 3 H @ Q+3MQ
v(t0)

C * : K 3 A:K . 365 B 3 < Q
( K . 365 B 3 < < * E * I E N 3 :xA=E�G EA3 L �

Y = v(τ)
Q p N 3 ) @ q 3/) @>N�A�A!< GrA 5

A : 3 O 3 @FA . @ . @ .

L(t) = P (Y |v(t0), τ = t) =

{

θ|t−t0|, Y 6= v(t0),
1 − θ|t−t0|, Y = v(t0).

�4A 5'* < * E * . 3 E A�G
N

O 3 @sA . 3 . H9EeN 3 ) @ q 3/) @>NxA�A!< K 3 CkA:O 3 .��

L(t) =

N
∏

i=1

Li(t) = θX
|t−t0|

(1 − θ|t−t0|)
N−X,

LPN 365 3
Li

@ . EeN 3 ) @ q 3/) @>N�A�A < GrA 5 EtN 3
i
� EtN O 3 @sA . @ . * :=<

X
@ . EtN 3

:;8<O K 365 A�G A:K . 365 B 3 < 5 3 CJA:O KA@ : * E @sA : . K 3 E�L 3 3 :
t0

* :=<
τ

@ :
EtN 3

N
O 3 @sA . 3 .xQ

X ∈ � @ : (N, θ|t−t0|). y 7 3 . E @>O * E 3 A�G
τ@ .

τ̂N =
. A ) 8 E @sA : L Q 5 Q E Q

t
E A

θ|t−t0| = X/N
I :�A=E 8;: @�� 8 3 L Q

( : 3 � B 365D. @sA : � A�G . A ) 8 E @FA : √
N
�"CkA : . @ . E 3 : E * :/< * .�Q :�A 5 O *A) Q

�
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J 8 E<E A . 3 L 3 N * B 3 E�L A O */5rq 365D. * E
t0

* :=<
t1
H . 8�CBN EeN * E

O */5�q 3S5 < * E * y � = (v(t0), v(t1))
@ . A:K . 365 B 3 < Q p N 3 :9H @
G

t0 < t < t1
H9EtN 3 ) @ q 3/) @>N�A�A < K 3 CkA:O 3 .

L(t) = P (Y | y � , τ = t) =















P00(t); y � = (Y, Y )
P01(t); y � = (Y, 1 − Y )
P10(t); y � = (1 − Y, Y )
P11(t); y � = (1 − Y, 1 − Y ),

LPN 365 3
Y = v(τ)

H

P11(t) =
P (v(t0) 6= Y 6= v(t1))

P (v(t0) = v(t1))
=

θ|t−t0|θ|t−t1|

θ|t1−t0|

* :/< . A A : Q

�
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� @CEtN
N

O 3 @sA . 3 . H ) 3 E
Xij

< 3 :xA=E 3 EeN 3 :;8MO K 3S5 A�G 3 B 3 : E .
CkA 5 5 3 .JE A :=< @ : H E�A � C * . 3

Pij
� Q � 8 E

X = {Xij}1
i,j=0

* :=<
P (t) = {Pij(t)}1

i,j=0

Q p N 3 :!H�EtN 3 ) @ q 3/) @>N�A�A!< @ .

L(t) = P (t)X =

1
∏

i,j=0

Pij(t)
Xij,

* :/<
τ̂N = arg max

t
L(t)

@ . √
N
�"CJA : . @ . E 3 : E * :=< * . G�O E E A=E @FC * ) ) G :xA 5 O *A) H L @FEeN

* . G�O E E A=E @FC B *=5 @ * :BC 3 < 34EA3 :/< @ : H A :
(t0, τ, t1)

Q

�
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� @CEtN * : @ : 
 : @CE 3/) G < 3 : . 3 . 3 E A�G O */5rq 365D. H L 3 * .0. 8<O 3 EeN * E
y � = {v(t); 0 ≤ t ≤ l} @ . A:K . 365 B 3 < Q c .0. 8MO 3 L Q ) Q A Q�HaQ
Y = v(τ) = 1

Q p N 3 :

L(t) = P (Y | y � , τ = t) = 1{v(t)=1},

* :/< L @CEtN
N

O 3 @FA . 3 . I *A) ) L @CEtN
Yi = vi(τ) = 1

H
i =

1, . . . , N
L L 3 A:K E * @ :

L(t) =

N
∏

i=1

1{vi(t)=1} = 1{v1(t)=...=vN(t)=1},

LPN 365 3
vi(·)

@ . EeN 3 @ :MN 365 @CE * :�C 3 E65 A�C 3 .0. GrA 5 O 3 @FA . @ .
i
Q p NN8 .

τ̂N = arg maxt L(t)
@ . * 8N:A@sA : A�G 
 : @CE 3/) G O * : G @ : E 3S5 B *A)F.�Q

�
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τ̂N �

�%A L
v(·)|v(τ) = 1

@ . 3 � 8 @ B Q E�A E�L A @ :=< 34E 3 :=< 3 : E y */5�q A B
E65 A�C 3 .0. 3 . 3 B A ) B�@ : H @ : 3 @FEeN 365 < @ 5 3 C E @FA : G 5 A:O

τ
L @FEeN @ :A@CE @ *A)

CkA :/< @CE @sA : .
v(τ) = 1

Q � 3 O * G L 5 @CE 3

τ̂N = arg max
t

ZN(t) = arg max
t

1

N

N
∑

i=1

1{vi(t)=1},

LPN 365 3

EZN(t) = P (vi(t) = 1) = 1 − θ|t−τ |

= 1
2 (1 + exp(2λ|t − τ |)) .

c . N → ∞ H

N(τ̂N − τ)
L−→ [T−1, T1],

LPN 365 3 −T−1
* :/<

T1
*=5 3 @ :/< 34EA3 :=< 3 : E�� z:E

(λ−1)
Q

�
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• � :�CkA:O E ) 3 E 3 EA3 : 3 E 52* :BC 3 I */5 KA@FE 52*/5 G E N 3 :xA=E�G EA3 . L
� � @ : */5 G E N 3 :xA=E�G E 3 .
� � 8 * : E @FE * E @ B 3 E N 3 :xA/E�G EA3 .
� c H�3 �
< 34EA3 :=< 3 :�C G�� CkA B */5 @ * E 3 .
� ( : 3 � ADCBN O 8 ) E @ ) A�C/8 . OPA!< 3/)F.
� �]A : 52* :=<MA:O O * E @ : H * :=<�� A 5 7 �

• 	 3 : 3652*A)nEA3 < @ HK5 3 3 .
� y @ z E 8 5 3 . A�G?< @ d 3S5 3 : E EA3 < @ HK5 3 3 . @ : EtN 3 . * O 3$. * O E ) 3

• c 5 KA@FE 52*/5 G . CkA 5 3 G 8;:BC E @sA : .
� 7;@ q 3/) @gN�A�A!<
� � � 7
� � p 7

� �
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?

3

1

2

7 3 E
Y = (Y1, Y3) = (1, 1)

K 3 EtN 3 B 3 C E�A 5 A�G A:K . 365 B 3 < K @ : */5 G
E N 3 :xA=E�G EA3 . H
LPN 3S5 3 
 � � * d 3 C E 3 < �/* :=<�R � � 8;: * d 3 C E 3 < � Q p N 3
� 
�� 
�� �����
	��
	 	 
�� 
�� � GrA 5'* . @ : HK) 3 � ) ADC/8 . OPA!< 36)!*/5 3

p = P (A) = 1 − P (a)
f0 = P (Yi = 1|(aa))
f1 = P (Yi = 1|(Aa))
f2 = P (Yi = 1|(AA))

LPN 365 3
A

@ . EtN 3 < @ . 3
* . 3 *A) ) 3/) 3 * :=<
a
EeN 3 :�A 5 O *A) *A) ) 36) 3fQ , 365 3

p@ . EtN 3 ��� ��
�	 ��
 	�����
���
 ��� 
���� 
������ * :=<
0 ≤ f0 ≤ f1 ≤ f2 ≤ 1EtN 3 � 
�� 
�����	�����
 � 	���	 	 
�� 
�� � Q p N 3 :
P (v(τ) = 1|Y ) = q

H
LPN 365 3 8 . 8 *A) ) G

1/2 ≤ q = q(p, f0, f1, f2) ≤ 1
Q �]A=E @ C 3

EtN * E
q(p, f, f, f) = 1/2

* :=<
limp→0 q(p, 0, 1, 1) = 1

Q
���
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v(·)|Y 3 B A ) B 3 . * . E�L A @ :=< 34EA3 :=< 3 : E y */5�q A B E65 ADC 3 .0. 3 . @ :
3 @FEeN 365 < @ 5 3 C E @sA : G 5 A:O

τ
H L @CEtN @ :A@FE @ *A) CJA :=< @FE @FA : .

P (v(τ) =
1|Y ) = q

Q?( : 3 C * : . NxA L EtN * E

C1 log L(t) + C2 =
1

N

N
∑

i=1

1{vi(t)=1} =: ZN(t)

GrA 5K. A:O 3 CkA : . E * : E .
C1

* :/<
C2

Q p N 3 y 7 � 3 . E @>O * E�A 5
τ̂N

EeNN8 .
O *ez @gO @|{ 3 .

ZN
H * :=<

N(τ̂N − τ)
L−→ arg max

−∞<s<∞
Z̃(s),

LPN 365 3
Z̃

@ . * C 365 E * @ :TCJA:O E A 8;:/< � A!@ .0. A : E65 A�C 3 .0. H LPNA@ CBNTC * :
O *Mq 3 1 8<O E . <MA L$: L */5 < . 	���� 8 E L */5 < . @|G

1/2 ≤ q < 1
Q

� �
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Z̃ �

p N 3 ) @gO @CE @ : H CJA:O E A 8;:/< �}A!@ .0. A : E65 ADC 3 .0. @ . < 3 
 : 3 < K G

Z̃(s) =

{ ∑

0<Ti≤s Xi, s > 0,
∑

s≤Ti<0 Xi, s < 0,

LPN 365 3
0 < T1 < T2 . . .

* :=<
0 > T−1 > T−2 . . .

*/5 3 E�L A
@ :/< 34EA3 :/< 3 : E �}A!@ .0. A : E65 A�C 3 .0. 3 . L @CEtN @ : E 3 : . @CE�G

λ
* :=< {Xi}*/5 3 @ Q @ Q < Q H!L @CEtN

P (Xi = −1) = q, P (Xi = 1) = 1 − q.

�%A=E @FC 3 EeN * E
arg maxs Z̃(s) = [T−1, T1]

@
G
q = 1

Q

p N 3 
 5 . E E�L A O~A:O 3 : E . G 8;:BC E @sA : . A�G
Z̃

*=5 3

E(Z̃(s)) = −(2q − 1)λ|s|,
� *=5

(Z̃(s)) = λ|s|.

� �
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n =
�$#�% &�
��'�)(*�+�,�-�/.��0�1#,����2

(= 11)
f =

�$#$% &�
��'�)(�(3��#$�)�$
��42
(= 4)

m =
�$#�% &�
��'�)(5%6
,�7�,28
!2

= 2(n − f)(= 14)
Y =

28
:9;�)(5<��)�
�
� ��=�
��)�)9?>@��
A2

= {Yi, i ∈ P̄}
�
=�
���
 P̄ ⊂ P =���2CB �+�,�-�/.��0�1#,����2

v(t) = (v1(t), . . . , vm(t)) �
�+��=�
��?�D98���,EF
G.�
HEI9J���'�)( P�F9K�L�@E�#�2

t M vj(t) = 1
��(

j N
9A= %G
)�7�,2O�P2Q9A�����H2�%R�D9S2

� �,�F9T
��U�,���V���W�L
��7


S(v(t)) = S(v(t);Y ) �
� %K�������+�H�

Z
m
2 → R

%G
H��2�#��?�+��� 9O=�

EF��% �,�F9!�+&��X�Y��9?> &�
!9

�

�
��

v(t)
���)�

Y

Z4[
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� � �a$ + . � � � ( �

N
 �T(~! �% � $ + � $ �  +" �(b.

J 8 E<E A . 3 L 3 N * B 3
N

G * O @ ) @ 3 . L @CEtN EtN 3 . * O 3 EA3 < @ HK5 3 3
. E 5 8�C E 8 5 3 * :=< B 3 C E A 5 A�G q :�A L$: E N 3 :xA=E�G EA3 .�Q p N 3 E�A=E *A)
. CkA 5 3 @ . < 3 
 : 3 < * .

ZN(t) =
1

N

N
∑

i=1

Z̄i(t),

LPN 365 3
Z̄i(t) = S(vi(t);Y )

@ . EtN 3 � 	 	 � � � ����
 � 
 * :=<
vi(t) = (vi1(t), . . . , vim(t))

EeN 3 @ :MN 365 @CE * :�C 3 B 3 C E A 5 A�G EeN 3
i
� EeNTG * O @ ) G Q
� : A 5 < 365 E A 
 :/< EtN 3 * . G�O E E�A=E @FC K 3 N * B�@sA 8 5 A�G

τ̂N = arg max
0≤t≤l

ZN(t),

L 3 O 8 . E CkA:O E 8 E 3 EeN 3 
 5 . E�E�L A O~A:O 3 : E . A�G EtN 3 @ Q @ Q < Q E 3S5 O .
Z̄i(t)

Q

� �
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� ! � ( �  ��a$ !��o( � ��� �o(b.n. � &)(~! ( � $ + � $ .a(

c E65 @sA 5 @ H EtN 3 @ :<N 365 @FE * :BC 3'E65 A�C 3 .0.
v(t) = (v1(t), . . . , vm(t))

H
0 ≤ t ≤ l

H CJA : . @ . E . A�G
m

@ :/< 34EA3 :/< 3 : E y */5�q A B E65 A�C 3 .0. 3 .
L @CEtN 1 8<O E @ : E 3 : . @CE�G

λ
Q p N;8 .

v
N * . @ : E 3 : . @CE�G O * E 5 @ z

A =

(

−λ λ
λ −λ

)m⊗

,

@ Q 3fQ
A : Z

m
2 × Z

m
2 → R

@ .'H @CB 3 : K G

A(w,w′) =







−mλ, w = w′,
λ, |w′ − w| = 1,
0, |w′ − w| ≥ 2,

LPN 365 3 |w′−w| =
∑m

j=1 |w′
j−wj|

@ . EtN 3 , * O O @ : H < @ . E * :�C 3
K 3 E�L 3 3 :

w
* :/<

w′ Q

� �
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7 3 E
P : Z

m
2 → R

K 3 * 5 A L B 3 C E�A 5 < 3 
 : 3 < K G

P (w) = P (v(τ) = w|Y ),

@ Q 3fQ EeN 3 CJA :=< @FE @FA : *A) < @ . E 5 Q A�G EeN 3 @ :MN 365 @CE * :�C 3 B 3 C E A 5 * E EtN 3
< @ . 3
* . 3 ) ADC/8 .xQ
�4A 5

m = 1
L 3 N * <

P (v(τ) = 1|Y ) = q
H:CkA 5 5 3 .JE A :=< @ : H E�A

P = (P (0), P (1)) = (1 − q, q)
Q

v(·)|Y 3 B A ) B 3 . * . E�L A @ :=< 34EA3 :=< 3 : E y */5�q A B E65 ADC 3 .0. 3 . @ :
3 @FEeN 365 < @ 5 3 C E @FA :TG 5 A:O

τ
HNL @FEeN @ : E 3 : . @CE�G O * E 5 @ z

A
Q p NN8 .

P (v(t) = w) =
�
w

� EtN CkA:O E A : 3 : E A�G
P exp(A|t − τ |) � .
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p N 3 GrA 5 O 8 )+* GrA 5
P (v(t) = w)

@gO E;) @ 3 . I * G2E 365 . A:O 3
CkA:O E 8 E * E @sA : . L EtN * E

E(Z̄(t)) − E(Z̄(τ)) = −a|t − τ | + o(|t − τ |),
� */5

(Z̄(t) − Z̄(τ)) = σ2|t − τ | + o(|t − τ |),

* .
t → τ

HNLPN 365 3

a = −SAP ′,
σ2 = SBS′.

* :/<
B =

< @ *JH
(PA)− < @ *JH

(P )A−A
< @ *JH

(P )
Q � 3 5 3 G 3S5 E�A

c J 7 ��� =
a2

σ2

* . EtN 3 	���� 	 � � 
�� ��� ��� 
�� 
�� � 
�� � 
 ����
 ��	 � � 
lQ � E L @ ) ) K 3 C 5 8�C @ *A) GrA 5
< 3 E 365 O @ :A@ : H 3 . E @>O * E @sA : * CJC/8 52* C G Q
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N
 �T(~! �% � $ + � $ �  +" �(b.

� 3 ) A�A q * E
ZN(t) =

∑N
i=1 Z̄i(t)/N

A : * � 
 � 	��
��� � 
�	 
���
�	 	�� ��� 	�� 
 */5 A 8;:/<

τ
K G @ : E 5 A!<Q8�C @ : H

Z̃N(s) = a
σ2N

(

ZN(τ) − ZN(τ + σ2

a2N
−1s)

)

L−→ Z̃(s)

A :
D(−∞,∞)

H LPN 365 3
Z̃

@ . * CkA:O E A 8;:/< �}A!@ .0. A : E65 A�C 3 .0.
1
H

. C * ) 3 < . A EtN * E

EZ̃(s) = −|s| * :=< � */5 (Z̃(s)) = |s|.

�98 5 EtN 365 H

c J 7 � � · N(τ̂N − τ)
L−→ arg max

s
Z̃(s),

. A c J 7 � � � 8 * : E @ 
 3 . 3 . E @gO * E @FA : * CJC/8 52* C G Q
1Z̃ �������
	���
������������������ mλ/ �����! #"$�%��&'�)(��)(*&+(,�
	���
-� Xi �.�,�/���102�3�4��5 E(Xi) =

− �����! 6" /(mλ) �%��& E(X2
i ) = �7�8�9 6" /(mλ) (
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c : * . G�O E E�A=E @FC *A) ) G A E E @>O *A) . CkA 5 3 G 8;:�C E @FA : I @ : E 365 O . A�G
3 . E @gO * E @FA : * CJC/8 52* C G L/C * : K 3 A:K E * @ : 3 < K G O *[z @gO @|{6@ : H

c J 7 � � =
−SAP ′

SBS′

L Q 5 Q E Q
S

I * : *A) A H A 8 . E�A O @ :A@>O @|{6@ : H * . G�O E E�A=E @ C B */5 @ * :�C 3 @ :
A 5 < @ : *=5 G √

N
* . G�O E E A/E @FC . L Q p N 3$. A ) 8 E @FA :

S = PAB−1

@ . < @ d 3S5 3 : E EeN * : EtN 3 y 7 . CkA 5 3 G 8N:�C E @sA :
S = log P

H�@ Q 3fQ
S(w) = log P (w)

H ∀w ∈ Z
m
2

Q p N 3 O *[z @gO *A) c J 7 � � �

I(P) = sup
S

c J 7 � � = (PAB−1AP )−1

C * : K 3 @ : E 365�E65 3 E 3 < * . * � @ . N 365 @ : G A 5 O * E @sA : GrA 5 P @ : E 365 O . A�G
< @ . 3
* . 3 ) ADC/8 . 3 . E @gO * E @FA : 8N:=< 3S5oE 3S5 G 3 C EPO */5�q 3S5 @ : GrA 5 O * E @FA : Q
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�4A 5 * < * E * . 3 E L @CEtN
N

*/5 KA@CE 52*/5 G I E A .0. @>K ) G < @ d 365 3 : E LEA3 < @ HK5 3 3 . H9L 3 < 3 
 : 3 EeN 3 E�A=E *A);. CkA 5 3 G 8N:�C E @sA :

ZN(t) =
1

N

N
∑

i=1

γiZ̄i(t),

LPN 365 3
Z̄i(t) = S(vi(t); Yi)

@ . EeN 3 G * O @ ) G . CkA 5 3 G A 5 EtN 3
i
� EeN E 3 < @ HK5 3 3 I	�

Pi
L * :=<

γi
EtN 3 CJA 5 5 3 .JE A :=< @ : H L 3 @ H N E Q

YiCkA : E * @ : . EeN 3 A:K . 365 B 3 < E N 3 :xA=E�G EA3 . G A 5 Pi
Q

p N 3 < @ . E 5 Q A�G
Z̄i(·)

< 34EA3 :=< . A :�EeN 3 � 
���� � � 
�
 � � � 


φi = (Pi, P̄i, Yi,
H�3 : 3 E @ C OPA!< 36)

)

LPN 365 3 P̄i ⊂ Pi
CJA : . @ . E . A�G @ :=< @ B�@+< 8 *A) . L @CEeN q :xA L$:

E N 3 :xA=E�G EA3 . @ : Pi
Q
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J 8 E<E A . 3 EtN * E EtN 3 L 3 @ H N E . */5 3 CBN�A . 3 : G 5 A:O . A:O 3 L 3 @ H N E
G 8;:BC E @FA :

γ(·) * C CkA 5 < @ : H E�A

γi = γ(φi)

* :/< EtN * E EtN 3 3 O E @ 5 @FC * ) < @ . E 5 @gK;8 E @FA : A�G *A) )PEA3 < @ HK5 3 3 E�G EA3 .
{φi}N

i=1

CkA : B 365-H�3 . L 3
*fq6) G E�A . A:O 3 O 3
* . 8 5 3
ν

* .
N → ∞A :�EtN 3 � .JE6* C 3 A�G E 3 < @ HK5 3 3 . E�G EA3 . � Q p N 3 :

a2

σ2
N(τ̂N − τ)

L−→ arg max
s

Z̃(s),

LPN 365 3
Z̃

@ . * CkA:O E A 8N:=< �}A!@ .0. A : E65 A�C 3 .0. L @CEeN
EZ̃(s) =

−|s| * :=< � */5 (Z̃(s)) = |s| Q �98 5 EeN 365 H

a =
∫

γ(φ)a(φ)dν(φ),
σ2 =

∫

γ2(φ)σ2(φ)dν(φ)

LPN 365 3
a(φ)

* :/<
σ2(φ)

*=5 3 EtN 3 O 3
* : . ) A EA3 * :=< ) ADC *A)
@ :BC 5 3 O 3 : E *A) B *=5 @ * :BC 3 GrA 5#* EA3 < @ HK5 3 3 A�G'E�G EA3

φ
Q
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()E E @>O *A) L 3 @ H N E @ : H C * : K 3 < 3S5 @CB 3 < K G O *[z @gO @|{6@ : H I H @ B 3 : *
C 365 E * @ : . CkA 5 3 G 8;:BC E @sA :BL

c J 7 ��� (ν) =
a2

σ2
=

(∫

γ(φ)a(φ)dν(φ)
)2

∫

γ2(φ)σ2(φ)dν(φ)

L Q 5 Q E Q
γ(·) Q � * 8�C4N G �4J CBN L */5 { � @ : 3 � 8 *A) @ E�G H @ B 3 . EtN 3 A E E @gO *A)

. A ) 8 E @sA :
γ(φ) ∝ a(φ)/σ2(φ).@ :/< 34EA3 :/< 3 : E ) G A�G EtN 3 E A E 8 ) * E @sA : O 3I* . 8 5 3

ν ��� �%A=E @FC 3 EtN * E
: 3eH!* E @CB 3

a(·) * :=<
γ(·) */5 3 *A) ) A L 3 < GrA 5 Q ()E E @>O *A) ) G H

a(·) * :/<
γ(·) . NxA 8 ) < N * B 3 EeN 3 . * O 3$. @ H : Q
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• � `0w \��
;�U�� @ 	 @ B 3 : * EA3 < @ HK5 3 3 P L @CEtN A:K . 3S5 B 3 <
E N 3 :xA=E�G EA3 .

Y
HIL 3 C * : 8 . 3 c J 7 � � (δφ)

* . *)EA365 G A 5 O * :�C 3
O 3I* . 8 5 3 A�G#EtN 3 EA3 < @ HK5 3 3 @ : E 365 O . A�G E A . . @gK ) 3 3 . E @>O * E @sA :
* CJC68 52* C G Q ,#365 3

φ
@ . EtN 3 E�G EA3 * .0. ADC @ * E 3 < L @FEeN

(P, Y )* :/< EtN 3PH @ B 3 : H�3 : 3 E @ C OPA!< 36) Q

• R�� `]U0U];�U�� W�� w `Vikjl5Vi w `]\ v @ J @ :�C 3
τ̂N − τ =

Op( c J 7 � � (ν)−1N−1)
* O *fE A�G O */5�q 3S5 . L @CEtN HK5 @ < . @ { 3

δ
@ . . 8�� C=@ 3 : E H�L @CEtN

δ ∼ c J 7 � � (ν)−1N−1 Q

• � W 2�� vB9lU?5 vBv 	 
 i�
 9�
 7 S?Wb; 7 5 W�� w `]\ �
�0U 7:9l; W Uo@
p N 3 * . G�O E E A=E @FC 5 3 . 8 ) E . */5 3 B *A) @+< GrA 5 * ) */5-H�3 C ) * .0. A�G
O *ME 3 G 8N:�C E @sA : . I	� O~A!< 3/)C. G A 5 A�CJC68 5 3 :�C 3 A�G]C 5 A .0. A B 365D. L H
:xA=E'A : ) G , * ) < * : 3f� . �}A!@ .0. A : OPA!< 36) Q
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c .0. 8MO 3 EeN 365 3 3 z @ . E :N8MO K 365D.
a, σ2 > 0

* :=<
1/2 ≤ β < α

H
β ≤ 1

. 8BCBN�EtN * E

E(ZN(t)) − E(ZN(τ)) = −a|t − τ |α + o(|t − τ |α),
� */5

(ZN(t) − ZN(τ)) = σ2|t − τ |2β + o(|t − τ |2β).

* .
t → τ

Q p N 3 :9H 8N:=< 3S5 O @ ) < * <;< @FE @FA : *A) 5 3[H 8 )+*=5 @FE�G
CkA :/< @CE @sA : . H

τ̂N−τ = Op(N
−d)

HILPN 365 3
d = 1/(2(α−β))

Q
y A 5 3 E65 3 C=@ . 3/) GIH

(a

σ

)2d

Nd(τ̂N − τ)
L−→ arg max

s
Z̃(s),

LPN 365 3
Z̃

. * E @ . 
 3 .

E(Z̃(s)) = −|s|α * :=< � */5
(Z̃(s)) = |s|2β.

c E�G E @FC * ) 3 z * O E ) 3 A�G ) @gO @CE @ : H E65 A�C 3 .0. @ .
Z̃(s) = Bβ(s) −

|s|α H�LPN 365 3
Bβ

@ .$* � � y L @CEtN . 3/) G � . @>O @ )+*65 @FE�G E/*/52* O 3 E 3S5
β
Q
� �
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α β d Z̃������� � � �����

B1(s) − s2

� ��� ���"!#�%$&
��(')�%* � ����� ����+
B1/2(s) − s2

�,�.-,/&
�0�' � ����� � 12
3�4!6587�
6�9�:�:
3-

• Bβ
@ . * E�L A
� . @ < 3 < � 52* C E @sA : *A) � 5 A L$:A@ * : y A=E @sA : L @CEtN

. 3/) G . @gO @ ) */5 @ E�G E/*/52* O 3 E 365
β
Q ,#3 :BC 3

B1/2
@ . * : A 5 < @ : */5 G

E�L A
� . @ < 3 < � 5 A L$:A@ * : O~A=E @sA : Q

• J @ :BC 3
B1(s)−s2 = B1(1)s−s2 L @FEeN

B(1) ∼ N(0, 1)
H

arg maxs(B1(1)s − s2) = B1(1)/2
@ . :xA 5 O *A) ) G

< @ . E 5 @>K;8 E 3 < Q

• � : EeN 3 ) @>O @CE c J 7 ��� → 0
H EtN 3 CkA:O E A 8;:=< �}A!@ . . A : E65 A�C 3 .0.

@ : ) @ : q *JH�3 *fEME;) @ C * E @FA : *MEME65 A * CBN 3 .
B1/2(s) − |s| H EtN 3

	 * 8 .0. @ * : E65 ADC 3 .0. N * B�@ : H EtN 3 . * O 3 
 5D. E E�L A O~A:O 3 : E
G 8;:BC E @FA : . * .

Z̃
Q
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