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Multiple testing

Test large number m of null hypotheses Hy, ..., H,, with

T, >1t= reject H,.

ff not rejected 1 rejected

# true H, U V mo
# false H, T S mi
|44 R ™m

How to choose threshold ¢7
Either: many false rejections (V large)
or: low power (.S small).

Note: More generally, t may depend x through the ordered {7}, as for step-down or step-up

procedures (as will be seen below).



What to control?

Per-family error rate: PFER = E(V)
Family-wise error rate: FWER = P(V > 0)
False discovery rate: FDR=F (Kl{R>o})

Positive false discovery rate  pFDR = F (§|R > O)
False discovery proportion:  FDP = %1{R>O}

In general

FDR < FWER < PFER
FDR < pFDR

Given a criterion C' (= PFER, FWER, FDR or pFDR),
C <«

means controlling C' at level «.

Note: FDR and pFDR virtually identical when P(R > 0) =~ 1.



What kind of control?

Define Q ={1,...,m} and

Hy = ﬂHm

rEA

forany A C Q.

Weak control of C:
C' < a|Hqg
Strong control of C-
C < a|H4 forall AC Q.
Exact control of C"
C < alHa,,

where Ag is (unknown) set of true null hypotheses (hence

|A0| = mo).



Applications

in bioinformatics

Application | x Control | C Calculation
of p-values

Microarray | gene strong FDR simulation

Linkage chromosome | weak FWER | simulation/
location analytical

Association | chromosome | weak/ FWER/ | simulation
location strong FDR

Sequence local weak FWER | simulation/

alignment alignment analytical

Application | H,

Microarray | No differential expression of « between (e.g.) cases
and controls

Linkage Random (=Mendelian) segregation of alleles at x

Association | No association between phenotype and gene at x

Sequence No similarity between aligned substrings according

tox




Rules of Thumb

Type of control:

e Weak: Want to check if any H, is false.

e Strong: Want to know exactly which H, are false.

Type of criterion:

e FWER: m; = 0 likely

e FDR, pFDR, FDP: m; = 0 unlikely



p-values: Weak control

Raw p-values:

pr = smallest a for which H, is rejected
based on T}, only at level «

— P(T:E Z ta:,observed‘Ha:) S «

Adjusted p-value:

~

p = smallest o for which Hq is rejected
at level C' < a|Hg

What is rejected?

Hgq is rejected it p < a.



Test statistics, weak control

Look at most significant test:

max 1, or minp,
Xz Xz

Fisher:
—2 Z log(paz)

—2 Z 10g(paz>

;e <7y
for some threshold 0 < v < 1.

Hybrid:

Note 1: When {py} are independent under Hq, min py is distributed as
minimum order statistic and Fisher's test statistic as x2(2m).
Note 2. When {pz} are dependent under H, distribution of test statistics

often determined by permutation or resampling.



p-values: Strong control

Raw p-values:

pr = smallest a for which H, is rejected
based on T}, only at level «

— P(T:E Z ta:,observed‘Har) S «

Adjusted p-values for individual tests x:

~

pr = smallest a for which H 4 is rejected
at level C' < a|H 4 forall A3 x

What is rejected?

{HCE; ]5:1: < 04}

Note: If min p, test statistic is used for weak control, then p < ming pg,
i.e. weak control is more powerful than strong control under H¢q, given the same

criterion. However, often p = ming p,, and then strong control is for free’.



Single Step Methods

Calculation of p, is only based on p,:

Bonferroni:

Py = min(mpy, 1)
Sidak:

]590 =1- (1 _pZE)m
minP:

Note 1: All give strong control of FWER when min,c 4 ps is test statistic for
testing H 4.

Note 2: For minP, { Py} are random variables corresponding to raw p-values.
In general, minP is implemented, using simulation, to account for dependency

structure between different Py



Step-Down Procedures

Reject sequentially hypotheses H(yy, ..., H(y,) based on ordered
raw p-values p(1y < ... < p(y,), with some stopping rule.
Holm:

P(z) =  max min((m —y + 1)p), 1)

=1,....x

Step-down Sidak:

Py = e (1= (1= p) ™)

Step-down minP:

D) = max P (y min Fz) < Py) | Hg).

Note 1: All give strong control of FWER, but are more powerful than
corresponding single step methods.

Note 2: For step-down minP: Py < ..o < Py, are the ordered {Py}.



Step-Up Procedures

Accept sequentially hypotheses H ), ..., H() based on ordered
raw p-values p(1y < ... < p(y,), with some stopping rule.

BH procedure:

m

Pley = 1un min(g}?(y)a 1).

Note 1: Gives strong control of FDR.
Note 2: The procedure works for independent tests statistics under

null hypothesis, but can be generalized to allow for certain kinds of

dependency structures.



Bayesian Approach and Classification

Write H, = 0 (1) when H, is true (false).
Assume {H,} are identically distributed with

Ty — P(Hx — O),
so g = mg/m ideal estimate of my. Assume
P < v = Reject H,

This is Bayesian classification problem with classification

rule
Pz €10,7v] = Accept H,

pe € (v,1] = Reject H,



Posteriors and pFDR

Assume

pe|H: =0 ~ Fy=U(0,1)
P ~ F=mFy+ (1—mo)F;

l

We have

moFo(7)

pFDR(7v) = P(H, = 0|Reject H,) =
)= FG)

and posterior probability

_ _ .\ — mofo(w)
P(Hy =0lpy = u) = F(u)

—=: FDR(u) = local FDR at w,

where fo = Fj and f = F".




Bayesian Risk Functions

With Bayesian analysis, use e.g. risk function

Risk(y) = w [ FDR(ul)f(u)du
+(1 — w) f,y (1 — FDR(w)) f (u)du
= wP(ps < 7)pFDR(y)
+(1 = w)P(pz > 7)pFNR(7),

where w is user-specified cost parameter and pFNR(7y) =
E(T/W|W > 0) is the positive false non-discovery-rate.

Or, a more simplified version,

Risk(y) = wFDR(y) + (1 — w)FNR(7).



Empirical Bayes and FDR Procedures

With pFDR or Bayesian criterion, we need to

1. Compute g

2. Compute F orf
and plug into pFDR(7y) or Risk(7y). Choose either
§ = max{7; pFDR(7) < o}

or

A4 = arg min @(7)
v

Note 1: When p/Fﬁ is used 7 should be an upward conserv. estimate of (.
Note 2: With hierarchical Bayesian approach, 7o and (parameters of) fi are
random, with certain hyperparameters.

Note 3: If {7} are identically distributed, one may also use Gy =
L(Tz|Hy = 0) and G1 = L(Tx|Hz = 1). Often Gg and G are

easier to parametrize.
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