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We consider doubly mfimte superalgebras describing the D=2 field theories with locally gauged super V~rasoro algebras Our 
superalgebras belong to the class of generahzed loop algebras S-~g ~l'~, where gll ~ is the lnfimte-dlmensmnal algebra of superdlf- 
feomorphlsms of the superc~rcle S ~l ~' It appears that among such doubly mfinlte superalgebras only the one with g~ i ~ = KNS ( 1 I N), 
where N--6 (N= 6 Neveu-Schwarz conformal superalgebra), admits a central extension due to the existence of a Kllhng form 
Possible appllcatmns are outhned 

1. For the two-dimensional  world, in particular 
string theories, the N-extended superconformal alge- 
bra (for all N) is Inf imte-dimenslonal  Usually one 
constructs the locally superconformal two-dimen- 
sional theories by gauging only their finite 
OSp (2 IN) ® OSp (21 N) superalgebra [ 1 ] Such a re- 
sult can be understood as imposing the constraints, 
which trlviahze the local l nvanance  with respect to 
the remaining infinite number  of degrees of freedom 
[2 ] In this letter we shall consider generalized Kac -  
Moody algebras with full N-extended Virasoro super- 
algebras as describing the local gauge degrees of free- 
dom It is known (see e g ref [3] ) that the central 
extension of Kac-Moody  algebras is due to the exis- 
tence of the nondegenerate even symmetric l n v a n a n t  
b ihnear  form, which is the Kalllng form Interestingly 
enough, among simple Lie superalgebras of vector- 
fields on a superclrcle, only one, 1 e the N =  6 Neveu-  

On leave of absence from the Department of Mathematics, 
Umversltv of Stockholm, Box 6701, S-113 85 Stockholm, 
Sweden 

0370-2693/89/$  03 50 © Elsevier Science Publishers B V 
( North-Hol land Physics Pubhshlng Divis ion ) 

Schwarz conformal superalgebra, has nonvanishlng 
Kllhng form We shall show below, after some math- 
ematical prehmmarles,  that the " q u a n t u m "  version, 
with nonvanlshlng central extension obtained through 
the Kalhng form, exists only for N =  6 super Vlrasoro 
gauge algebra (we consider here only the Neveu-  
Schwarz boundary  condit ions)  

Let us recall briefly the infini te-dimensional  super- 
algebras of vector fields on the superhne R ~l ~ and the 
superclrcle S II N [ 4--7 ] 

(X) Superhne R ll'~ We denote the polynomml al- 
g e b r a b y R ( N ) = R [ x ,  0~, ,04]  Wedef ine  

W,~ = vect ( 1 ] N) 

= d e r R ( N )  2 = F  + F , ~ ,  ( l a )  

(general superalgebra of vector fields), with F, Fl,  , 
F ,~eR(N),  z= 1, , N and summat ion  over the re- 
peated indices is understood, 

S~ =svect (1  IN) = { 2 ~ v e c t ( 1  IN), dlv 2 - - 0 }  ( l b )  
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(special  or supervolume-preserving supera lgebra) ,  
where div(  FO/Ox + F, 0/00,) = OF/Ox + ( - 
I)P(F')OF,/O0, and P(F,)  is the par t ty  of  the super- 
function,  

K~ = K ( 1  IN) 

{ O OF O +  )p(p 0F 0 ]  
= D F = A ( F )  + ~ x 0 ~ 0 0 ,  ( - 1  ) 0 0 , 0 0 , )  

(lc) 

(contact  s u p e r a l g e b r a - O ( N ) - c o n f o r m a l  superalge- 
b ra ) ,  where A ( F )  = 2 F -  0, OF/O0, 

The superalgebras ( 1 a ) -  ( 1 c) and  their  formal  or 
smooth versions [1 e R ( N )  replaced by formal power 
series or smooth funct ions ] are the Lie superalgebras 
of  vector  fields on the superhne 

( n ) Superclrcles S ~1N and zts M o b m s  double cover- 
tng S 11~'-1 ~4 We describe the superspace of  func- 
tions on $11N by Laurent  power series W (N)  = C [ x -  1, 

x, 0~, , ON], I e by Four ie r  series ( x = e  '~, where ~0 is 
the angle pa rame te r )  

I f  we consider  S ~ [N as a tr ivial  bundle  o f  rank N 
over S ~, and replace R ( N )  by R~(N) in the above 
definlt tons,  we get the superalgebras vect~(1 IN),  
svect~(1 IN) and K~(1 IN) Unhke  svect(1 IN),  the 
superalgebras svect~(1 IN) admi t  a deformat ion ,  
svect~,( 1 IN) = { ~ v e c t ~ (  1 IN),  d t v x ~ = 0 } ,  found 
recently by Schwlmmer  and Seiberg [ 8 ] 

The contact  superalgebras K~( 1 IN) are known in 
the physics l i terature  as Neveu-Schwarz  (NS)  [9 ] 
conformal  superalgebras (K~( 1 IN) = KNs( 1 IN) ) 

One can also consider  S ~ ' N - ~  with the Grass-  
mann  sector describing a non tnvml  bundle  over  S 1 
It  appears  that  by change of  variables,  such nontr iv-  
ial bundles  can be descr ibed by the Whi tney  sum of  
the t r ivial  bundle  of  rank N -  1 with the Mobius  bun- 
dle over  S ~ with the coordinate ,  say, 0~ m the fibre 
The vector  fields ( 1 c) m such a case are modi f i ed  as 
follows 

K R ( I [ N )  

{ = D ~ = A ( F ) 2 " + ~ F + ( - 1 ) e ( ~ )  00, O0,J ' 

(ld) 

where 2~ = O/Ox-  ( O,/2x) 0/00~ 
The superalgebra of  vector fields ( l d )  can be called 

R a m o n d  [ 10] conformal  superalgebra KR( 1 IN) 

Fur ther  in this paper  we shall discuss only tr ivial  
bundles  over  S ~ (the NS sector of  conformal  
superalgebras)  

Recent ly it has been shown [6,7,11 ] that  the fol- 
lowing inf in i te-dimensional  superalgebras admi t  
central  extenston 

vect~ ( 1 IN) N =  1, 2 ,  

s v e c t ] ( l I N )  N = l , 2 ,  

KNS(1 IN) N = l , 2 ,  3, 4 

Our  a im here is to propose a new "doubly  inf ini te"  
superalgebra which admits  a central extension due to 
the existence o f  a Kill ing form for the inf in i te-dimen-  
sional target superalgebra 

2. In order  to construct  our example,  let us con- 
sider the superextensions of  loop algebras, describing 
the smooth  mappings  S ~ C J ,  where CJ is a super- 
group and ~ is the corresponding superalgebra If  we 
in t roduce  the corresponding D = 2  current  algebra 
with the superalgebra ~-valued currents J(v,  a) = j a  (3, 
a)T . ,  where [Ta, Th] =f ib  ~T~. describes the adjoint  
mat r ix  representat ion of  ~, the " q u a n t u m "  extension 
o f  the superloop algebra, which is a s u p e r s y m m e m c  
extension of  the K a c - M o o d y  algebra ~l, looks as 
follows 

[ Ja (a ) ,  Jh ( a' ) ] = l f i ( a -  a '  )f~b ~Jc( a' ) 

+ ~ n x  6 ( a - a ' ) g . b ,  (2)  

where Ja ( a )  - J .  ( 0, a)  and  g~, = str ( 7". Tb ) describes 
the Kalhng metr ic  on the superalgebra 

Below we shall consider  the general ized superloop 
algebras with g describing the mfimte-dtmenstonal  
superalgebras of  vector  fields, discussed in ( l )  Our  
a im here is to consider  the central extensions for such 

It should be mennoned that the Kac-Moody algebra, describ- 
ing the smooth mapping S ~ G ,  where G Is a compact Lie 
group, can be extended in two ways 

(1) by replacing the circle S l by a superclrcle S ~ ts, parame- 
tnzed by S ~ and N real Grassmann coordinates It can be ar- 
gued [ 12 ] that such supersymmetnc extension of Kac-Moody 
algebras wtth central extenston exists only for N= 1, 

(n) by replacing the group G by a supergroup (~, i e by in- 
troducing m the loop algebra the structure constants of the Lie 
superalgebra ~. (see e g refs [13,14] ) The supersymmetnc 
extension described by the formula (2) is of this type 

348 



Volume 225, number 4 PHYSICS LETTERS B 27 July 1989 

generalized superloop algebras, in pamcular ,  for the 
choice ~.=KNS(1 IN) We observe that the vector 
fields ( 1 c) can be written in the form 

DF=2F(X) ~ + ( - 1 )P(F)D,F O, ,  (3) 

where X =  (x, 01, 02, , On) and D,=O/OO,+O,O/Ox It 
is easy to calculate that the superalgebra K Ns ( 1 I N) 
takes the form [ 6 ] 

[DF, DG] =D,~  (;~, (4a) 

where 

OF 
{F, G} =2(F ~x -G-~x)+ ( - 1 ) P ( F ' D ,  F D, G 

(4b) 

3. There are two ways of  writing down our 
superextensmn 

(i) To consider the supergroup indices a, b and c 
in (2)  as describing the infinite discrete basis of  
vect ~ ( 1 IN), svect] ( 1 I N),  or K Ns ( 1 IN), obtained e g 
by taking the Laurent expansions on the supercircle 
S 1 IN For example, for KYS( 1 IN) the supergroup in- 
dices are described by 2N-triples of  integer numbers 
( h i ,  , nr) with r = 2  ~ 

(n)  One can equivalently replace the &screte in- 
dices (a, b, c) in eq (2) by a continuous index X =  (x, 
01, 02, , 0~) describing the parametrizatlon of  the 
superclrcle S 1 i~, e g in the case o f~=KNS(  1 IN) by a 
substitution 

J.(a)oJ(cr, X) =-J(a, x, Oi, , 0~.~) (5) 

in eq (2),  with the structure constants f~ ;  replaced 
by the structure distributions o f  the KNS( I IN)  su- 
peralgebra written in a local supercurrent form (see 
e g refs [ 7,12 ] ) We propose the following superal- 
gebra for the supercurrents J (a ,  X) 

[J(o, y ) ,  J(o',  x '  ) ] 

= l f i ( a -  ~' ) [ D , J ( X - X '  ) D , J ( a ' ,  X ' )  

- 2 J ( X - X '  ) J'(a ' ,x ' )  

- ( 4 - N ) J '  ( X - X ' ) J ( a ' ,  X' ) ] 

+-~K J(a-a ' )g(X,X ' )  , (6) 

where J '  = (O/Ox)J, J '  = (0 /0x ) J  
It is easy to see that the supercurrents J ( ¢  X) in 

eq (6) have the conformal dimension ~2 d =  3 - N/2, 
while the dimension of  the symmetnc metric g(x, X' ) 
is equal to 4 - N  There are the following two local 
choices o fg (X ,  X ' )  consistent with the choice of  di- 
mensionless parameter ~¢ 

N = 2  g ( X , X ' ) = J " ( X - X ' ) ,  (7a) 

N = 6  g(X ,X ' )=J (X-X ' )  (7b) 

One can show, however, that only the choice (7b) is 
consistent, i e defines an lnvariant blhnear symmet- 
ric nondegenerate (Kalhng) form on KNS(1 IN) In- 
deed, if we introduce for N =  6 the scalar product 

(F, G) = f dv~ToF(X)G(X), (8) 

where dvUo IS the volume element in the coordinates 
x, 01, , ON [ 15 ], one can show that 

( JF ,  G> + ( F, fiG> = 0 ,  (9a) 

or equivalently, 

<{F, G}, H> = <F, {G, H } > ,  (9b) 

where {, } is defined by (4b) 
It follows from our construction that for N =  6 the 

superalgebra (6) with g(X, X') given by (7b) satis- 
fies the Jacob~ identity, or equivalently, the central 
extension term satisfies the 2-cocycle lntegrablhty 
condition 

The superalgebra (6) for N =  6 can be described by 
an infinite sequence o f  N- -6  superconformal cur- 
r en t s Jn (X)  [ n = 0 ,  +1,  +2,  ,X=(x,  01, , 06 ) ] ,  
where 

1 +~ 
J ( o ' , X ) = ~ - ~  Z e . . . .  J,,(X) (10) 

r t =  - - o o  

and 

[Jn(X),Jm(X')] 

=i[D,J(X-X' )D,J~+m(X' ) 

- 2 f i ( X - X '  )J'~+,n(X' ) +2fi '  (X-X '  )J~+m(X' ) ] 

+~cnfin+m o f i ( X - X '  ) , ( 1 1 ) 

~2 We recall that m the mass dimensions, &m J(a), J(x), O/aa, 
O/c3x= 1, dim 0= - ½, &m dO= ½ and &m D,= ½ 
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[with J '  - (O/Ox)J and d' - ( O/Ox)d] 
If we expand the supercurrent J~(X) xn the 

Laurent modes on S ~l ~, we obtain the description of 
our superalgebra in a discrete basis [see (i) in this 
sectmn] 

4. It is known that the Polsson-Lle brackets de- 
scribed by the N-extended super Virasoro algebra 
prowdes the supersymmetric extensions of the KdV 
equation [ 16,12 ] In order to describe an analogous 
hamxltonmn flow on coadjolnt orbits of our new su- 
peralgebra (6) for N =  6, one should classify the 
hamlltomans w~th conformal dimension three, cor- 
responding to the bihnear hamfltonlan of the second 
KdV structure As the simplest choice, we obtain 

H= f dv 6 ~o O~J(a, X) O~J(a, X) (12) 

It ~s interesting to observe that for the N =  6 superal- 
gebra (6) one can write the physical hamlltonian, of 
dimension one, generahzang in the s~mplest way the 
Sugawara hamdtonlan H= f daj~j., as follows 

H =  rc ~ d r 6  o J(a,  X )J (a ,  X) (13) 
K ,J 

The supersymmetrlc equation of motion, w~th one- 
dimensmnal N = 6  supersymmetry (m the variable 
X), describing the time evolutmn m the space with 
three bosonic variables (z, a, x) and six Grassmann 
variables, which corresponds to the choice of 
Polsson-Lm bracket given by (6) (with N =  6) and 
the hamlltonlan (13), looks surprisingly simple as 
follows 

0 J ( r ,  a, X) + 0~J(r, a, x )  

27c 
- - -  ( 6 - N ) J 0 ~ J = 0 ,  (14) 

K 

where J ( z ,  o, X) l~=o~J(o ,  X) and the relatmn 
(D,J)2=0 has been used The general solution of 
(14) is given by o .¢=f (z -a ,  X), wheref l s  an arbi- 
trary D=  2, N=  6 superfield 

5 Our basic superalgebra (6) describes the super- 
symmetric two-dimensional local gauge theory with 
infimte-dimenslonal N-extended superconformal al- 
gebra as the graded gauge algebra We see the follow- 
xng several possible apphcatmns 

(a) Following ref [2], if one restricts the repre- 
sentations of the superalgebra (6) by suitable con- 
stralnts, one can obtain D = 2, N-extended supercon- 
formal gravity, as well as other locally N-extended 
superconformal field theories in two dimensions In 
such an approach, only a fimte number of D=  2 gauge 
fields are not pure gauge degrees of freedom 

(b) One can also consider the models with non- 
trivial gauging of infinite number of supercurrents 
J,,(X) [see (10) ] In such a case, our basic superal- 
gebra (6) describes "membrane-hke" supersymme- 
try, with asymmetric treatment of two continuous 
variables one, denoted by x, is supersymmetrlzed and 
carries the representations of KNS(1 IN) (N-ex- 
tended superconformal symmetry), while the second 
one, denoted by a, is mvanant under supersymmetry 
and describes the local density of the internal sym- 
metry charges We recall that m the hght-cone gauge 
the (super)membrane with spherical topology has 
been described as a one-dimensional (super) Yang- 
Mils theory with infinite-dimensional gauge group of 
symplectlc (area-preserving) dfffeomorphlsms 
[ 17,18 ] Our chmce, described by eq ( 11 ), corre- 
sponds to a different type of supermembrane solu- 
tions, describing the N=  6 supermembrane with the 
topology S~×S ~16 as an infinite famdy of N = 6  
superstrlngs 

It should also be mentioned that 
(c) One can show that for other infinite-dimen- 

sional superalgebras of vector fields on S ~l~, i e for 
vect ~ ( l I N) and svect, ~ the Kalhng form does not exist 
for any N (N=0,  l, 2, ) We see, therefore, that the 
generalized superloop algebras with ~ described by 
vect~( 1 IN) and svect~( 1 IN) do not permit a central 
extension wa the Kalhng form In that sense the choice 
of KNs(116) corresponding to our algebra (6), is 
unique 

(d) The central extensmn of generahzed super- 
loop algebra can be also obtained ffthe target algebra 
has an extension The choice of superalgebras ~ for 
which such a central extensmn exists are hsted at the 
end of section 1 

(e) The existence of the nondegenerate symmetric 
form for our N=  6 superalgebra permits to consider 
the solutions of the Yang-Baxter equation [ 19,20 ] 
with values in the N=  6 super Vlrasoro algebra (see 
ref [21 ] ) 
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Two  o f  us ( M C  a n d  J L )  are  gra teful  to  Z 

Hasxewlcz a n d  W T r o o s t  for  severa l  c la r f fymg 

d i s cus s ions  
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