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We consider doubly 1nfinite superalgebras describing the D=2 field theories with locally gauged super Virasoro algebras Our
superalgebras belong to the class of generahized loop algebras S—g''™, where g'' > 1s the infinite-dimensional algebra of superdif-
feomorphisms of the supercircle S''Y It appears that among such doubly infinite superalgebras only the one with g'' > = KNS(1{N),
where N=6 (N=6 Neveu-Schwarz conformal superalgebra), admits a central extension due to the existence of a Killing form

Possible applications are outlined

1. For the two-dimensional world, in particular
string theones, the N-extended superconformal alge-
bra (for all V) 1s infinite-dimensional Usually one
constructs the locally superconformal two-dimen-
sional theories by gauging only their fimite
OSp(2|N)®OSp(2{N) superalgebra [1] Such a re-
sult can be understood as imposing the constraints,
which trivialize the local invariance with respect to
the remaining infinite number of degrees of freedom
[2] In this letter we shall consider generalized Kac-
Moody algebras with full N-extended Virasoro super-
algebras as describing the local gauge degrees of free-
dom It 1s known (see e g ref [3]) that the central
extension of Kac-Moody algebras 1s due to the exis-
tence of the nondegenerate even symmetric invartant
bilinear form, which 1s the Killing form Interestingly
enough, among simple Lie superalgebras of vector-
fields on a supercircle, only one, 1 € the N=6 Neveu—
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Schwarz conformal superalgebra, has nonvanishing
Killing form We shall show below, after some math-
ematical preliminaries, that the “quantum’ version,
with nonvanishing central extension obtained through
the Killing form, exists only for N=6 super Virasoro
gauge algebra (we consider here only the Neveu-
Schwarz boundary conditions)

Let us recall briefly the infinite-dimensional super-
algebras of vector fields on the superline R''™ and the
supercircle ' [4-7]

(1) Superline R''™ We denote the polynomial al-
gebraby R(N)=R][x, 6,, ,8.] Wedefine

W, =vect(1|N)

9 0
— Cf— _ N
_{derR(N) J—Fax+ F,aa} (la)

(general superalgebra of vector fields), with F, F,, ,
F.,eR(N), 1=1, , N and summation over the re-
peated indices 1s understood,

Sy =svect(1|N)={Zevect(1|N),div =0} (1b)
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(special or supervolume-preserving superalgebra),
where div(Fo/ox+F,0/00,)=0F/dx+ (—
1)PUI9F,/ 30, and P(F,) 1s the parity of the super-
function,

Ky =K(1|N)

I 9  9F, 9 m)a_F_a_}
"{DF‘A(F)ax+ax0'ae,+( D™ 36 %,

(lc)

(contact superalgebra= QO (N)-conformal superalge-
bra), where A(F)=2F—6, 0F/d6,

The superalgebras (1a)-(1c) and their formal or
smooth versions [1 ¢ R(N) replaced by formal power
series or smooth functions] are the Lie superalgebras
of vector fields on the superline

(11) Supercircles S''V and 1ts Mobius double cover-
ing SUM-1M We describe the superspace of func-
tions on S''Y by Laurent power series RY(N)=C[x !,
x,0,, ,0yl,1¢ by Fourer series (x=e'’, where ¢ 1s
the angle parameter)

If we consider S''" as a trivial bundle of rank N
over S', and replace R(N) by R*(N) 1n the above
defimtions, we get the superalgebras vect*(1|N),
svect?(1|N) and K*(1|N) Unlike svect(1|N), the
superalgebras svect®(1|N) admit a deformation,
svecti(1|N)={Zevect*(1|N), divx*2=0}, found
recently by Schwimmer and Seiberg [8]

The contact superalgebras K*(1|N) are known 1n
the physics literature as Neveu—Schwarz (NS) [9]
conformal superaigebras (K*(1|N)=KNS(1|N))

One can also consider S''Y='* with the Grass-
mann sector describing a nontrivial bundle over S!
It appears that by change of vanables, such nontriv-
1al bundles can be described by the Whitney sum of
the trivial bundle of rank N — 1 with the Mob1us bun-
dle over S! with the coordinate, say, 6, 1n the fibre
The vector fields (1c¢) 1n such a case are modified as
follows

KR(1|N)

oF 9
_IpR_ ; 7 _1yrn 28 8
_{D, =AF)Z2.+2.F+(-1) (')6,69,}’

(1d)

where &, =9/0x— (6,/2x) 0/96,
The superalgebra of vector fields (1d) can be called
Ramond [10] conformal superalgebra KR (1|N)
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Further 1n this paper we shall discuss only trivial
bundles over S' (the NS sector of conformal
superalgebras)

Recently 1t has been shown [6,7,11] that the fol-
lowing infinite-dimensional superalgebras admut
central extension

vect!(1|N) N=1,2,
svect?(1{N) N=1,2,
KNS(11N) N=1,234

Our aim here 15 to propose a new ‘““‘doubly infinite”
superalgebra which admats a central extension due to
the existence of a Killing form for the infinite-dimen-
sional target superalgebra

2. In order to construct our example, let us con-
sider the superextensions of loop algebras, describing
the smooth mappings S' G, where G 1s a super-
group and § 1s the corresponding superalgebra If we
introduce the corresponding D=2 current algebra
with the superalgebra g-valued currents J( 1, 6) =J%(r,
o0)T,, where [T,, T,]=f, ‘T. describes the adjoint
matrix representation of g, the “quantum” extension
of the superloop algebra, which 1s a supersymmetric
extension of the Kac-Moody algebra*!, looks as
follows

[Ja(0), Jp(0")]1=16(0—0" ) fap Jc(0")
1

+
2n

9
K@é(a—a’ V&b » (2)

where J,(¢)=J,(0, ) and g,,=str(T,T,) describes
the Killing metric on the superalgebra §

Below we shall consider the generalized superloop
algebras with § describing the infinite-dimensional
superalgebras of vector fields, discussed 1n (1) Our
aim here 1s to consider the central extensions for such

#! It should be mentioned that the Kac-Moody algebra, describ-
ing the smooth mapping S' -G, where G 1s a compact Lie
group, can be extended 1n two ways

(1) by replacing the circle S' by a supercircle S, parame-
trized by S! and N real Grassmann coordinates It can be ar-
gued [12] that such supersymmetric extension of Kac-Moody
algebras with central extension exists only for N=1,

(1) by replacing the group G by a supergroup G,1e by n-
troducing 1n the loop algebra the structure constants of the Lie
superalgebra g (see e g refs [13,14]) The supersymmetric
extension described by the formula (2) 1s of this type
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generalized superloop algebras, 1n particular, for the
choice §=KN5(1|N) We observe that the vector
fields (1c) can be written 1n the form

Dy =2F(X) o= +(~ )" D, D, (3)
where X=(x, 6,,6,, ,6,)andD,=0/36,+6,0/dx It

1s easy to calculate that the superalgebra KNS(1|N)
takes the form [6]

[Dr, Dgl=Dis gy » (4a)
where
— % QE P(F)
{F,G}_2(F F _Gax>+(_l) D,FD,G
(4b)

3. There are two ways of writing down our
superextension

(1) To consider the supergroup indices a, b and ¢
in (2) as describing the infinite discrete basis of
vect®(1|N), svecti(1|N),or KNS(1|N), obtamned e g
by taking the Laurent expansions on the supercircle
S'¥ For example, for KNS(1|N) the supergroup 1n-
dices are described by 2"-triples of integer numbers
(n,, ,n)wthr=2"

(11) One can equivalently replace the discrete n-
dices (a, b, c) ineq (2) by acontinuous index X= (x,
8,, 6,, , 0,) describing the parametrization of the
supercircle $'', e g 1n the case of §=K~5(1|N) by a
substitution

Ja(O')—PJ(U,X)EJ(O',X, 0]7 501\/) (5)

mn eq (2), with the structure constants £, replaced
by the structure distributions of the KNS (1|N) su-
peralgebra written 1n a local supercurrent form (see
eg refs [7,12]) We propose the following superal-
gebra for the supercurrents J(o, X)

[J(o, X), (o', X")]
=10(g—0")[D,6(X-X")D,J(¢', X')
—20(X-X") J(o',x")

—(4=N)o' (X—=X")J(og',X')]

1

+
2n

0 , ,
KS}(S(J_J Yg(X, X'), (6)
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where J' = (d/0x)J, §' = (0/0x)d

It 1s easy to see that the supercurrents J(o, X) 1n
eq (6) have the conformal dimension *? d=3—-N/2,
while the dimension of the symmetric metric g(x, X)
1s equal to 4-N There are the following two local
choices of g( X, X' ) consistent with the choice of di-
mensionless parameter k

N=2 g(X,X)=0"(X=X'), (7a)
N=6 g(X,X')=6(X=X") (7b)

One can show, however, that only the choice (7b) 1s
consistent, 1 ¢ defines an invariant bilinear symmet-
ric nondegenerate (Killing) form on KN5(1|N) In-
deed, 1f we imntroduce for N=6 the scalar product

(F,Gy= [ @ty FONGx) (8)

where dv?¥, 15 the volume element 1n the coordinates
X, 0,, ,0y[15],onecanshow that

(OF, GY>+<(F,6G>=0, (9a)
or equivalently,
<{F,G},H>=<F,{G,H}>, (9b)

where { , } 1s defined by (4b)

It follows from our construction that for N=6 the
superalgebra (6) with g(X, X’) given by (7b) satis-
fies the Jacobi identity, or equivalently, the central
extension term satisfies the 2-cocycle integrability
condition

The superalgebra (6) for N=6 can be described by
an 1nfinite sequence of N=6 superconformal cur-

rents J,(X) [#=0, £1, 22, , X=(x,6,, ,8)],
where

1 +oc
J(U,X)=E% Y e (X) (10)

and

[Jn(X), ] (X")]
=1[D,6(X-X")D,J, 1 m(X")
=20(X—=X' ) (X' ) 420 (X=X )i (X))
+ K10, m 0 0(X—X") (11)

#

[

We recall that 1n the mass dimensions, dim d(o), d(x), 8/d0,
d/ox=1,dim 6= ~4,dimdf=4 anddimD,=14
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[with J'=(d/dx)Jand ' = (8/9x)d]

If we expand the supercurrent J,(X) in the
Laurent modes on S''", we obtain the description of
our superalgebra 1n a discrete basis [see (1) 1n this
section ]

4. It 1s known that the Poisson-Lie brackets de-
scribed by the N-extended super Virasoro algebra
provides the supersymmetric extensions of the KdV
equation [16,12] In order to describe an analogous
hamiltonian flow on coadjoint orbits of our new su-
peralgebra (6) for N=6, one should classify the
hamiltonians with conformal dimension three, cor-
responding to the bilinear hamiltonian of the second
KdV structure As the simplest choice, we obtain

H= Jdugm 9,J(c, X) 0,J(a, X) (12)

It 1s interesting to observe that for the N=6 superal-
gebra (6) one can write the physical hamiltoman, of
dimension one, generalizing in the simplest way the
Sugawara hamiltonian H= [ do9,, as follows

=§Jdvg\0J(a,X)J(a,X) (13)

The supersymmetric equation of motion, with one-
dimensional N=6 supersymmetry (in the variable
X), describing the time evolution 1n the space with
three bosonic variables (7, g, x) and six Grassmann
variables, which corresponds to the choice of
Poisson-Lie bracket given by (6) (with N=6) and
the hamiltonian (13), looks surprisingly simple as
follows

8.7(1,0,X)+9,7(1,0, X)
_—_2—:(6—N)ja,,j=0, (14)

where #(1, o, X)|._o=J(g, X) and the relation
(D,#)*=0 has been used The general solution of
(14) 1s given by #=f(t—0, X), where f1s an arbi-
trary D=2, N=6 superfield

5 Our basic superalgebra (6) describes the super-
symmetric two-dimensional local gauge theory with
infinite-dimensional N-extended superconformal al-
gebra as the graded gauge algebra We see the follow-
ing several possible applications
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(a) Following ref [2], if one restricts the repre-
sentations of the superalgebra (6) by suitable con-
straints, one can obtain D=2, N-extended supercon-
formal gravity, as well as other locally N-extended
superconformal field theories 1n two dimensions In
such an approach, only a fimte number of D=2 gauge
fields are not pure gauge degrees of freedom

(b) One can also consider the models with non-
trivial gauging of infinite number of supercurrents
J.(X) [see (10)] In such a case, our basic superal-
gebra (6) describes “membrane-like” supersymme-
try, with asymmetric treatment of two continuous
variables one, denoted by X, 1s supersymmetrized and
carries the representations of KMS(1|N) (N-ex-
tended superconformal symmetry }, while the second
one, denoted by g, 1s invariant under supersymmetry
and describes the local density of the internal sym-
metry charges We recall that in the light-cone gauge
the (super)membrane with spherical topology has
been described as a one-dimensional (super) Yang-
Mulls theory with infimte-dimensional gauge group of
symplectic  (area-preserving)  diffeomorphisms
[17,18] Our choice, described by eq (11), corre-
sponds to a different type of supermembrane solu-
tions, describing the N=6 supermembrane with the
topology S!'xS''® as an infimte famly of N=6
superstrings

It should also be mentioned that

(¢) One can show that for other infinite-dimen-
sional superalgebras of vector fields on S''*, 1e for
vect®(1|N) and svect? the Killing form does not exist
forany N (N=0, 1,2, ) We see, therefore, that the
generalized superloop algebras with § described by
vect!(1|N) and svecti(1|N) do not permit a central
extension via the Killing form In that sense the choice
of KN°(1]6) corresponding to our algebra (6), 15
unique

(d) The central extension of generalized super-
loop algebra can be also obtained if the target algebra
has an extension The choice of superalgebras g for
which such a central extension exists are listed at the
end of section 1

(e) The existence of the nondegenerate symmetric
form for our N=6 superalgebra permits to consider
the solunions of the Yang-Baxter equation [19,20]
with values 1n the N=6 super Virasoro algebra (see
ref [21])
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