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Abstract. We study the semilinear equation

−�Hu(η)+ u(η) = f (η, u(η)),

where �H is the Heisenberg Laplacian and H
N is the Heisenberg group. The function

f ∈ C2(HN × R,R) is supposed to satisfy some (subcritical) growth conditions and to
be left invariant under the action of the subgroup of H

N consisting of points with integer
coordinates.. We show the existence of infinitely many solutions in the space S2

1 (H
N),

which is the Heisenberg analogue of the Sobolev space W 1,2(RN).
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1. Introduction and results

Let H
N be the space R

N × R
N × R equipped with the following group operation:

η ◦ η′ = (x, y, t) ◦ (x′, y′, t ′) = (x + x′, y + y′, t + t ′ + 2(x′ · y − x · y′)).
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where · denotes the usual inner product in R
N . This operation endows H

N with the
structure of a Lie group. The vector fields X1, . . . XN , Y1, . . . XN , T given by

Xj = ∂

∂xj
+ 2yj

∂

∂t
,

Yj = ∂

∂yj
− 2xj

∂

∂t
,

T = ∂

∂t
,

form a basis for the tangent space at η = (x, y, t). The commutation relations

[Xi, Yj ] = −4δij T

[Xi,Xj ] = [Yi, Yj ] = [Xi, T ] = [Yj , T ] = 0

imply that the Lie algebra of left invariant vector fields of H
N is generated by X1,

. . . XN , Y1, . . . YN , and that they satisfy the Hörmander condition of order 1 (see
[11]).

The Heisenberg Laplacian is by definition

�H =
N∑

j=1

(
X2
j + Y 2

j

)

and we use the notation ∇Hu for the 2N -vector (X1u, . . . , XNu, Y1u, . . . , YNu).
The space S2

1 (H
N) is defined as the completion of C∞

0 (H
N) in the norm ‖u‖S2

1
given by

‖u‖2
S2

1
=
∫

HN

|u|2 +
N∑

j=1

∫

HN

(
|Xju|2 + |Yju|2

)
=
∫

HN

(
|u|2 + |∇Hu|2

)
.

The left and right Haar measure on H
N is the Lebesgue measure, and the inte-

gral above is with respect to this measure. Let Q = 2N + 2 be the homogeneous
dimension of H

N and let 2∗ = 2Q/(Q − 2) = 2 + 2/N . There is an embedding
theorem due to Folland and Stein [7], saying that S2

1 (H
N) is embedded in Lp(HN)

for 2 ≤ p ≤ 2∗.
Let H

N
Z

be the subgroup of H
N consisting of points in H

N with integer coordi-
nates, and consider the equation

−�Hu+ u = f (η, u),

u ∈ S2
1 (H

N) (1.1)

where f ∈ C2(HN × R,R) satisfies the following growth conditions:

(f1) there is a constant 2 < p < 2∗ and constants a0, a1 > 0 such that for any
η ∈ H

N and u ∈ R,

|fu(η, u)| ≤ a0 + a1|u|p−2,
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(f2) there is a constant µ > 2 such that for any η ∈ H
N and u ∈ R \ {0},

uf (η, u) ≥ µF(η, u) ≡ µ

∫ u

0
f (η, σ ) dσ > 0,

(f3) f (η, 0) = fu(η, 0) = 0.
(f4) f is left invariant with respect to H

N
Z

in the η variable, i.e. for any u ∈ R,
z ∈ H

N and η ∈ H
N
Z

,

f (η ◦ z, u) = f (z, u).

We also require that H
N
Z

is the largest subgroup of H
N such that (f4) holds.

Note that conditions (f1), (f3) and (f4) imply that for every ε > 0, there exists
a constant Aε > 0 such that for every η ∈ H

N and u ∈ R,

|f (η, u)| ≤ ε|u| + Aε |u|p−1.

A simple example of a function f satisfying these conditions is

f (η, u) = a(η)|u|p−2u,

where a ∈ C2(HN,R) is left invariant with respect to H
N
Z

and p ∈ (2, 2∗).
Semilinear equations on the Heisenberg group have been studied by a number

of authors, including Biagini, Birindelli, Capuzzo–Dolcetta, Citti, Cutrı̀, Garofalo,
Lanconelli, Pohozaev, Ugozzoni, and Véron. See [1–4, 9, 13, 14, 17] for some of
these results.

The functional on S2
1 (H

N) corresponding to equation (1.1) is given by

ϕ(u) = 1

2
‖u‖2

S2
1

−
∫

HN

F (η, u(η))dη, (1.2)

and the critical points of ϕ are exactly the solutions of (1.1).
Let K be the set of critical points of ϕ, i.e.

K = {u ∈ S2
1 (H

N); ϕ′(u) = 0}.
For η ∈ H

N , we define the action τη by

τηu(z) = u(η−1 ◦ z).
Note that K is invariant under the action τη, where η ∈ H

N
Z

.
Two critical points u1 and u2 of ϕ are considered to be equivalent if there exists

η ∈ H
N
Z

such that u1 = τηu2. Let F be a set of representatives of K under this
equivalence relation. Two critical points which are not equivalent are said to be
geometrically distinct.

Note that this definition makes sense by the assumption that H
N
Z

is the larg-
est subgroup of H

N such that (f4) holds. The subgroup H
N
Z

could be replaced by
another discrete subgroup G of H

N as long as supη∈HN d(η,G) is finite (for the
definition of the Heisenberg distance function d , see section 2). In our deformation
lemma (Lemma 5), it will also be needed that the infimum of the distance between
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elements in the subgroup is positive. In particular we see that this rules out the case
when f is independent of η. Note however that if the problem was invariant with
respect to another discrete subgroup than H

N
Z

(subject to the mentioned conditions),
we could by a change of variables transform it into our problem. With this in mind,
we see that there is no loss of generality assuming that the subgroup is H

N
Z

.
Our main result is the following.

Theorem 1. Suppose that f ∈ C2(HN × R,R) satisfies (f1), (f2), (f3) and (f4).
Then the functional ϕ as defined in (1.2) has infinitely many geometrically distinct
critical points and the corresponding equation (1.1) has infinitely many geometri-
cally distinct solutions.

A similar result for the classical Laplacian was proved by Coti-Zelati and
Rabinowitz in [6]. In this paper, we use similar methods to obtain a proof of The-
orem 1. Section 3 contains a deformation theorem which is needed in the proof of
Theorem 1. Finally, the proof of Theorem 1 is given in Section 5.

2. Preliminaries and notation

There is a distance in the Heisenberg group, defined by

d(ξ, 0) =



(

N∑

i=1

x2
i + y2

i

)2

+ t2





1
4

and

d(η1, η2) = d(η−1
2 ◦ η1, 0).

The Heisenberg ball is the set

BH(η, r) = {ξ ∈ H
N ; d(ξ, η) < r},

and it plays the role of the Euclidean ball of R
N . For instance,

|BH(η, r)| = rQ|BH(0, 1)|,
where Q = 2N + 2 is the homogeneous dimension of the Heisenberg group. In
some places we use the notation d(η,A) for the Heisenberg distance between a
point η and a set A. Likewise diamA is the diameter of A in terms of the distance
d above. We will also use the notation Nδ(A) for the set {η ∈ H

N ; d(η,A) < δ}.
For a domain
 ⊂ H

N , the spaces Spk (
) and
◦
S
p
k (
) are the Heisenberg group

analogues of the Sobolev spaces Wk,p(
) and Wk,p
0 (
) for a domain 
 ⊂ R

N .
We refer to Folland–Stein [7] for the exact definition of these spaces as well as the
spaces �β(
), which are the analogue of the Hölder spaces in R

N .
The following theorem will be referred to as the Folland–Stein embedding the-

orem (see [7]):
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Theorem 2. Let
 ⊂ H
N be a bounded domain and letQ = 2N+2, 1 < p, q < ∞

and k ≥ 1. If q ≤ Qp/(Q− kp), then Spk (
) ⊂ Lq(
) and there exists a constant
C > 0 such that

‖u‖Lq ≤ C‖u‖Spk .

The embedding is compact when q < Qp/(Q− kp).
For k > Q/p then Spk (
) ⊂ �β(
), where β = α −Q/p and there exists a

constant C > 0 such that

‖u‖�β ≤ C‖u‖Spk .

When 
 ⊂ H
N is an unbounded domain, then there is a continuous embedding of

S
p
k (
) into Lp(
) when p ≤ q ≤ Qp/(Q− kp).

The weak maximum principle holds for �H, and the proof is the same as for the
classical Laplacian on R

N (see e.g. [10]).

3. A deformation lemma

Lemma 1. Let ϕ be given by (1.2), where f ∈ C(HN × R,R) satisfies condition
(f2). Let c ∈ R and let uj be a (P–S)c-sequence for ϕ, i.e.

ϕ(uj ) → c,

ϕ′(uj ) → 0.

Then c ≥ 0. Moreover, ‖uj‖S2
1

is bounded and

lim sup
j→∞

‖uj‖2
S2

1
≤ c

1
2 − 1

µ

.

The proof of this lemma is standard, and so we omit the proof.
Suppose thatF ⊂ S2

1 (H
N) is a finite set. Let [F, l] ⊂ S2

1 (H
N) be the set defined

by

[F, l] =
{

m∑

n=1

τα(n)w
(n); 1 ≤ m ≤ l, w(n) ∈ F, α(n) ∈ H

N
Z

}
.

Note that [F, l] is left invariant with respect to H
N
Z

.

Lemma 2. Suppose thatF ⊂ S2
1 (H

N) is a finite set, and let l ≥ 1. Then the number

δ = δ(l) ≡ inf{‖u− v‖Lp ; u, v ∈ [F, l], u 
= v}

is positive.
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Proof. Let F̃ = F ∪ (−F). The result follows if for l ≥ 1,

inf{‖u‖Lp ; u ∈ [F̃ , l] \ {0}} > 0.

We proceed by induction. Let uj ∈ [F̃ , 1]\{0} be a sequence such that ‖uj‖Lp → 0
as j → ∞. Then we have uj = ταj wj . Since F̃ is a finite set, we can after extract-
ing a subsequence assume that wj are independent of j . Moreover, since for any
α ∈ H

N
Z

and u ∈ S2
1 (H

N) we have ‖u‖Lp = ‖ταu‖Lp , we can assume that αj = 0.
Thus uj = w for all j , but then uj = 0, which is a contradiction.

Suppose now that the assertion is true for 1 ≤ l ≤ l1 − 1. Suppose that
uj ∈ [F̃ , l1] \ {0} is such that uj → 0 in Lp. We can write

uj =
mj∑

n=1

τ
α
(n)
j

w
(n)
j ,

where mj ≤ l1, α(n)j ∈ H
N
Z

and w(n)j ∈ F̃ . Since F̃ is finite, we can extract a

subsequence and assume thatmj andw(n)j are independent of j . Since theLp norm

is unchanged under shifts τα where α ∈ H
N
Z

, we can also assume that α(1)j = 0 for
all j . Thus

uj =
m∑

n=1

τ
α
(n)
j

w(n).

After a renumbering, we are in one of the following two cases:

(i) α(n)j are bounded for 1 ≤ n ≤ m. In this case, after taking a subsequence,

α
(n)
j = α(n). Thus ‖uj‖Lp is constant, so it must be zero, but this is a contra-

diction.
(ii) there exists 1 ≤ m1 < m such that all α(n)j are bounded for 1 ≤ n ≤ m1 and

unbounded for m1 + 1 ≤ n ≤ m. Then we have

‖uj‖pLp =
∥∥∥∥∥

m1∑

n=1

τ
α
(n)
j

w(n)

∥∥∥∥∥

p

Lp

+
∥∥∥∥∥∥

m∑

n=m1+1

τ
α
(n)
j

w(n)

∥∥∥∥∥∥

p

Lp

+ εj ,

where εj → 0 as j → ∞. As in case (i), all α(n)j in the first sum can be
assumed to be independent of j after taking a subsequence. Since uj → 0 in
Lp, this first sum must be zero. But then

uj =
m∑

n=m1+1

τ
α
(n)
j

w(n),

and uj ∈ [F̃ , l1 − 1] \ {0}, which is also impossible. ��

The following lemma is a reformulation of Theorem 2.3, of [16] (see also [15]).
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Lemma 3. Let uj ∈ S2
1 (H

N) be a bounded sequence. Then there exist w(0), w(1),

. . . ∈ S2
1 (H

N) and α(n)j ∈ H
N
Z

, j , n ∈ N such that on a subsequence,

τ
α
(n)
j

uj ⇀ w(n)

uj −
∞∑

n=1

τ
(α
(n)
j )−1w

(n) → 0 in Lp(HN), where p ∈ (2, 2∗),

d(α
(m)
j , α

(n)
j ) → ∞ if m 
= n,

∞∑

n=1

‖w(n)‖2
S2

1
≤ lim

j→∞
‖uj‖2

S2
1

∞∑

n=1

‖w(n)‖pLp = lim
j→∞

‖uj‖pLp , where p ∈ (2, 2∗).

Let F be a set of representatives of K .

Lemma 4. Suppose that F is finite. Let c > 0 and let uj ∈ S2
1 (H

N) be a (P-S)c
sequence for ϕ. Let

m = min
u∈K\{0}

‖u‖2
S2

1
,

and let p ∈ (2, 2∗). If

l ≥ c

m
(

1
2 − 1

µ

) ,

then dLp(uj , [F, l]) → 0.

Proof. By Lemma 1, the sequence uj is bounded. Hence Lemma 3 is applicable.

Let w(n) and α(n)j , j, n ∈ N be as in Lemma 3. Since ϕ′ is weakly continuous and

equivariant under shifts τα , for α ∈ H
N
Z

,

τ
α
(n)
j

ϕ′(uj ) = ϕ′(τ
α
(n)
j

uj ) → ϕ′(w(n)).

Since τ
α
(n)
j

uj is a (P–S)c sequence, it follows that w(n) is a critical point of ϕ.

Note that by Lemma 1 and Lemma 3,

c
1
2 − 1

µ

≥ lim sup
j→∞

‖uj‖2
S2

1
≥

∞∑

n=1

‖w(n)‖2
S2

1
.

Sincew(n) ∈ K , and F is finite, it is clear that only finitely manyw(n) are nonzero.
Indeed, there are at most c/(m( 1

2 − 1
µ
)) nonzero terms. The assertion follows from

Lemma 3. ��
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Lemma 5. Let c > 0 and assume that F is finite. Let ρ > 0 be given. Then if ε > 0
is sufficiently small, then there exists z(u, t) ∈ C(S2

1 (H
N)× [0, 1], S2

1 (H
N)) such

that

(i) z(u, 0) = u for any u ∈ S2
1 (H

N),
(ii) z(u, t) = u if u /∈ ϕ−1[c − ε, c + ε] or if u ∈ Nρ/2(K),

(iii) ϕ(z(u, t)) ≤ ϕ(u) for any u ∈ S2
1 (H

N) and any t ∈ [0, 1],
(iv) ϕ(z(u, 1)) ≤ c − ε/2 for any u ∈ ϕ−1(−∞, c + ε/2] \N2ρ(K),
(v) ‖z(u, 1)− u‖S2

1
< ρ for any u ∈ S2

1 (H
N).

Proof. Since F is finite, the number m = minu∈K\{0} ‖u‖2 is positive. Let l be an
integer such that

ml ≥ c + 1
1
2 − 1

µ

.

By Lemma 2, there exists δ > 0 such that

0 < δ < inf{‖u− v‖Lp ; u, v ∈ [F, l], u 
= v}.

By Lemma 4, there is a number ν > 0 such that ‖ϕ′(u)‖ > ν whenever u ∈
ϕ−1[c + ε, c + ε] and d(u, [F, l]) > ρ/2. Now, let ε ∈ (0, 1) be such that

ε <
νρ

4
.

Recall that there exists a pseudogradient vector field for ϕ on S2
1 (H

N) \ K , i.e.
a locally Lipschitz mapping W : S2

1 (H
N) \ K → S2

1 (H
N) such that for each

u ∈ S2
1 (H

N) \K one has

a) ‖W(u)‖ ≤ 2‖ϕ′(u)‖,
b) 〈ϕ′(u),W(u)〉 ≥ ‖ϕ′(u)‖2.

Let ψ1 and ψ2 : S2
1 (H

N) → [0, 1] be two locally Lipschitz continuous func-
tions such that

ψ1(u) =
{

1 when |ϕ(u)− c| < ε/2,

0 when |ϕ(u)− c| > ε.

and

ψ2(u) =
{

1 when d(u,K) > ρ

0 when d(u,K) < ρ/2.

In particular, ψ2(u) = 1 for d(u, [F, l]) > ρ.
Let

V (u) = 4εψ1(u)ψ2(u)
W(u)

‖W(u)‖2
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and observe that V : S2
1 (H

N) → S2
1 (H

N) is a locally Lipschitz continuous vector
field. Consider the initial value problem

dz(u, t)

dt
= −V (z(u, t)),

z(u, 0) = u. (3.1)

By the theory of ordinary differential equations, (3.1) has a unique solution defined
in a maximal right interval [0, T ). We claim that T = ∞. If u /∈ ϕ−1[c−ε, c+ε]\
Nρ/2(K), then this is certainly clear, because thenψ1(u)ψ2(u) = 0 and z(u, t) = u

for all t ≥ 0. So we need only consider u such that z(u, t) ∈ ϕ−1[c − ε, c + ε] \
Nρ/2(K) for all t ∈ [0, T ). We argue by contradiction, and suppose that T < ∞.
Then there exists a sequence tj → T such that ‖V (z(u, tj ))‖ → ∞ as tj → T ,
since otherwise

‖z(u, tn)− z(u, tm)‖S2
1

=
∥∥∥∥
∫ tn

tm

V (z(u, t)) dt

∥∥∥∥ ≤ C|tn − tm|,

so that z(u, tn) is a Cauchy sequence in S2
1 (H

N). Then z(u, t) → z as t → T ,
and the solution z(u, t) can be extended beyond T . Hence ‖V (z(u, tj ))‖ → ∞,
and by the definition of V , ‖W(z(u, tj ))‖ → 0 as j → ∞. By property b) of the
pseudogradient vector field,

‖ϕ′(z(u, tj ))‖ ≤ ‖W(z(u, tj ))‖,

and so

ϕ(z(u, tj )) ∈ [c − ε, c + ε],

‖ϕ′(z(u, tj ))‖ → 0.

Let p ∈ (2, 2∗). Then, by Lemma 4, d(z(u, tj ), [F, l]) → 0 in Lp(HN) on a sub-
sequence, and by Lemma 2, z(u, t) enters infinitely many Lp-balls BLp(zj , δ/3),
where zj ∈ [F, l], as j → ∞.

Let s1 and s2 be such that z(u, t) leaves the ball BLp(z1, δ/3) at t = s1 and
enters the ball BLp(z2, δ/3) at t = s2 and that dLp(z(u, t), [F, l]) ≥ δ/3 for
t ∈ (s1, s2). By Lemma 4, there is a number ν̃ > 0 such that ‖ϕ′(u)‖ > ν̃ whenever
u ∈ ϕ−1[c − ε, c + ε] and dLp(u, [F, l]) ≥ δ/3. Then

δ

3
≤ ‖z(u, s2)− z(u, s1)‖Lp ≤ S‖z(u, s2)− z(u, s1)‖S2

1

≤ S

∫ s2

s1

‖V (z(u, t))‖S2
1
dt ≤ 4εS

∫ s2

s1

1

‖W(z(u, t))‖S2
1

dt

≤ 4εS
∫ s2

s1

1

‖ϕ′(z(u, t))‖S2
1

dt ≤ 4εS

ν̃
|s2 − s1|. (3.2)

Now, since s1 and s2 can be chosen arbitrarily close to T , we get a contradiction.
This shows that T = ∞.
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It is clear that (i) and (ii) are true. To prove (iii), we use properties a) and b) of
the pseudogradient vector field and compute

dϕ(z(u, t))

dt
= 〈ϕ′(z(u, t)),

dz

dt
(u, t)〉

= −〈ϕ′(z(u, t)), V (z(u, t))〉
= −4ε

ψ1(z(u, t))ψ2(z(u, t))

‖W(z(u, t))‖2 〈ϕ′(z(u, t)),W(z(u, t))〉

≤ −4εψ1(z(u, t))ψ2(z(u, t))
‖ϕ′(z(u, t))‖2

‖W(z(u, t))‖2

≤ −εψ1(z(u, t))ψ2(z(u, t)) ≤ 0. (3.3)

This proves (iii).
To prove (v), a similar calculation as in (3.2) shows that

‖z(u, 1)− u‖ ≤ 4ε

ν
.

By the choice of ε, (v) follows.
Note that by (iii), we have also proved (iv) for u ∈ ϕ−1(−∞, c−ε/2]\N2ρ(K).

It remains to show (iv) for u ∈ ϕ−1(c−ε/2, c+ε/2]\N2ρ(K). By (iii) and (v), the
only way for z(u, t) to leaveϕ−1(c−ε/2, c+ε/2]\Nρ(K) is ifϕ(z(u, t)) = c−ε/2
for some t ∈ [0, 1]. But then, ϕ(z(u, s)) ≤ c − ε/2 for all s ∈ [t, 1], so that (iv)
holds in this case. The only remaining case is when z(u, t) ∈ ϕ−1(c − ε/2, c +
ε/2] \ Nρ(K) for all t ∈ [0, 1]. But then ψ(z(u, t)) = 1 for all t ∈ [0, 1], and so
by (3.3),

ε > ϕ(u)− ϕ(z(u, 1)) = −
∫ 1

0

dϕ(z(u, t))

dt
≥ ε,

and we get a contradiction. ��

The following deformation lemma will also be needed in later sections (see [18]).

Lemma 6. Let X be a Banach space, and let ϕ ∈ C1(X,R), S ⊂ X, c ∈ R, ε,
ρ > 0 be such that ‖ϕ′(u)‖ ≥ 8ε/ρ whenever u ∈ ϕ−1([c−2ε, c+2ε])∩N2ρ(S)).
Then there exists z ∈ C(X × [0, 1], X) such that

(i) z(u, t) = u if t = 0 or if u /∈ ϕ−1([c − 2ε, c + 2ε]) ∩N2ρ(S),
(ii) z(ϕ−1(−∞, c + ε] ∩ S, 1) ⊂ ϕ−1(−∞, c − ε],

(iii) z(·, t) is a homeomorphism of X for all t ∈ [0, 1],
(iv) ‖z(u, t)− u‖ ≤ ρ for all u ∈ X and t ∈ [0, 1],
(v) ϕ(z(u, ·)) is non-increasing for all u ∈ X.
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4. An infinite sequence of minimax values

Lemma 7. Suppose that (f1)–(f4) are satisfied. Then 0 is an isolated critical point
of ϕ and

ϕ(u) = 1

2
‖u‖2

S2
1

+ o(‖u‖2
S2

1
)

as u → 0.

The proof is standard, and so it is omitted. Let w ∈ S2
1 (H

N) \ {0}, then by (f2),
ϕ(βw) → −∞ as β → ∞. By use of Lemma 7, this means that the class

�1 = {g ∈ C([0, 1], S2
1 (H

N)); g(0) = 0, ϕ(g(1)) < 0}
is nonempty. Hence, the problem has a mountain pass geometry, and we define our
first minimax value to be the mountain pass value

c1 = inf
g∈�1

max
θ∈[0,1]

ϕ(g(θ)).

Note that c1 > 0. Suppose that F is a finite set. Then the number

α1 = sup{β ∈ R; K ∩ ϕ−1[c1 − β, c1 + β] = K ∩ ϕ−1(c1)}
is positive. The following proposition shows that c1 is a critical value of ϕ.

Proposition 1. Let ϕ be given by (1.2), where f ∈ C2(HN × R,R) satisfies (f1),
(f2), (f3) and (f4). Suppose that F is finite. Then there exists a finite set A ⊂
K ∩ ϕ−1(c1) such that for any ε1 < α1/2, p ∈ N and r1 sufficiently small, there
exists ε1 ∈ (0, ε1) and g1 ∈ �1 such that

(i) maxθ∈[0,1] ϕ(g1(θ)) ≤ c1 + ε1/p,
(ii) if ϕ(g1(θ)) > c1 − ε1, then g1(θ) ∈ Nr1(A).

Proof. Let g̃1 ∈ �1 be such that

max
θ∈[0,1]

ϕ(g̃1(θ)) ≤ c1 + ε1/p.

We invoke Lemma 5 with ρ = r1/3 and ε = 2ε1. Let z ∈ C(S2
1 (H

N) ×
[0, 1], S2

1 (H
N)) be as in Lemma 5, and put g1(θ) = z(g̃1(θ), 1). By (iii) of Lemma

5,

max
θ∈[0,1]

ϕ(g1(θ)) ≤ c1 + ε1/p.

Moreover, by (iv) of Lemma 5 and the definition of α1, if ϕ(g1(θ)) ≥ c1 − ε1,
then g̃1(θ) ∈ N2ρ(K ∩ ϕ−1(c1)). Since by (v) of Lemma 5, ‖z(u, 1)− u‖ < r1/3,
ϕ(g1(θ)) ≥ c1 − ε1 also implies g1(θ) ∈ Nr1(K ∩ ϕ−1(c1)).

If (ii) is not true, then there are sequences vm ∈ K ∩ ϕ−1(c1) and θm ∈ [0, 1]
such that

‖g1(θm)− vm‖ ≤ r1
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and θm → θ ∈ [0, 1] on a subsequence. For these values of m, n, we have

‖vm − vn‖ ≤ ‖vm − g1(θm)‖ + ‖g1(θm)− g1(θn)‖ + ‖g1(θn)− vn‖
≤ 2r1 + ‖g1(θm)− g1(θn)‖ → 2r1

as m, n → ∞. Thus, if we take

r1 <
1

3S
inf{‖v − w‖Lp ; v,w ∈ K, v 
= w},

where S is the constant in the Folland–Stein embedding theorem, we get a contra-
diction against Lemma 2. ��

We follow [6], and construct a sequence of minimax values as follows: For
k ≥ 2, let

�k = {G = g1 + · · · + gk; gi satisfies (G1)–(G3), 1 ≤ i ≤ k},
where

(G1) gi ∈ C([0, 1]k, S2
1 (H

N)), 1 ≤ i ≤ k,
(G2) gi(θ1, . . . , θi−1, 0, θi+1, . . . , θk) = 0 and ϕ(gi(θ1, . . . , θi−1, 1, θi+1,

. . . , θk)) < 0 hold for i = 1 . . . k and for all θ ∈ [0, 1]k ,
(G3) For every i = 1, . . . , k, there is an open setOi ⊂ H

N , such thatOi ∩ Oj = ∅
if i 
= j and supp gi(θ) ⊂ Oi for all θ ∈ [0, 1]k ,

and let

ck = inf
G∈�k

max
θ∈[0,1]k

ϕ(G(θ)).

To see that �k is nonempty, note that it is a superset of

{G(θ) = g1(θ1)+ · · · + gk(θk); gi ∈ �1, 1 ≤ i ≤ k, and (G3) holds},
and that the latter is nonempty since there exists g1 ∈ �1 with compact support.

Lemma 8. Let k ≥ 2 and let gi satisfy (G1) and (G2) for i = 1 . . . k. Then there
exists a θ̄ ∈ [0, 1]k such that ϕ(gi(θ̄)) ≥ c1, i = 1 . . . k.

The proof is the same as that of Proposition 3.4. in [5], and so it is omitted.

Lemma 9. ck = kc1.

Proof. By (G3), for every θ ∈ [0, 1]k ,

ϕ(G(θ)) =
k∑

i=1

ϕ(gi(θ)).

Thus by Lemma 8,

ck ≥ kc1.
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For the reverse inequality, note that the assertion follows if we can find ĝ ∈ �1 and
R > 0 such that supp ĝ(τ ) ⊂ BH(0, R) for all τ ∈ [0, 1], and

max
τ∈[0,1]

ϕ(ĝ(τ )) ≤ c1 + ε/k

for all τ ∈ [0, 1]. Then we may choose αi ∈ H
N
Z

such that

G(θ) =
k∑

i=1

τα(i) ĝ(θi) ∈ �k,

and

max
θ∈[0,1]k

ϕ(G(θ)) ≤ kc1 + ε.

To find such ĝ, choose g ∈ �1 such that

max
τ∈[0,1]

ϕ(g(τ)) ≤ c1 + ε/2k.

LetR > 0, an let χR ∈ C∞(R+,R) be such that χR(ρ) = 1 if ρ ≤ R, |χ ′
R(ρ)| ≤ 1

and χR(ρ) = 0 if ρ > R + 2. For R large, we let

ĝ(τ )(η) = χR(d(η, 0))g(τ )(η).

To se that ĝ satisfies the requirements, note that ĝ ∈ C([0, 1], S2
1 (H

N)) and
ĝ(0) = 0. Note that by the definition of �1, ϕ(g(1)) < 0. Let

γ = min(ε/2k,−ϕ(g(1))).

Then if ĝ satisfies

|ϕ(g(τ))− ϕ(ĝ(τ ))| < γ (4.1)

for all τ ∈ [0, 1], then ϕ(ĝ(1)) < 0, and so ĝ ∈ �1 and

max
τ∈[0,1]

ϕ(ĝ(τ )) ≤ c1 + ε/k.

Finally, to verify (4.1), suppose that

max
τ∈[0,1]

‖g(τ)‖S2
1 (H

N\BH(0,R))
< γ1,

where γ1 = γ1(R) is to be specified later. Note that

∇H(χRg) = χ ′
R∇Hd(η, 0)g + χR∇Hg,



370 S. Maad

Since ∇Hd(η, 0) is homogeneous of degree 0 with respect to the Heisenberg dila-
tions, it is bounded, and hence there is a constant C > 0 such that

|∇H(χRg)| ≤ C|g| + |∇Hg|.
|ϕ(ĝ(τ ))− ϕ(g(τ))| ≤

∣∣∣∣
∫

d(η,0)>R

(
1

2

(
|∇Hg(τ)|2 + |g(τ)|2

)
−F(η, g(τ))

)
dη

∣∣∣∣

+
∣∣∣∣
∫

R<d((η,0)<R+2

(
1

2

(
|∇H(χRg(τ))|2 + |χRg(τ)|2

)

−F(η, χRg(τ))
)
dη

∣∣∣∣

≤ 1

2
γ 2

1 +
∫

d(η,0)>R
|F(η, g(τ))| dη + C2 + 1

2
γ 2

1

+
∫

R<d(η,0)<R+2
|F(η, χRg(τ))| dη. (4.2)

By condition (f1),

|F(η, g(τ)(η))| ≤ A1(|g(τ)|2 + |g(τ)|p),
and by the Folland–Stein embedding,

‖g(τ)‖Lp(HN\BR(0)) ≤ A2‖g(τ)‖S2
1 (H

N\BR(0))

By applying a similar estimate to the last term of (4.2), we obtain

max
τ∈[0,1]

|ϕ(g(τ))− ϕ(ĝ(τ ))| <
(
C2

2
+ 1

)
γ 2

1 + 2A1A2γ
p
1 ≡ ψ(γ1)

By choosing R sufficiently large, we can ensure that ψ(γ1) < γ . This completes
the proof. ��

5. Infinitely many solutions

In this section, we prove Theorem 1.
Suppose that F is finite, and let k be so large that ϕ′(u) 
= 0 for every y ∈

ϕ−1[ck − 1,∞). Let β > 0 be a number to be specified later. During the argu-
ment we will need to increase β, but this will only happen finitely many times. For
i = 1 . . . k, we pick ηi ∈ H

N such that d(ηi, ηl) ≥ β + 2 for i 
= l. Let

M =





k∑

j=1

τηi vi; vi ∈ A



 ,

where A is the finite set defined in Proposition 1.

Proposition 2. Let (f1), (f2), (f3) and (f4) be satisfied, and suppose that F is
finite. Then there exists δ > 0 such that either
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(i) there is a ν > 0 such that ‖ϕ′(w)‖ ≥ ν for all w ∈ Nδ(M), or
(ii) there is a w ∈ Nδ(M) such that ϕ′(w) = 0.

Proof. Suppose that (i) does not hold. Then there is a sequence uj ∈ Nδ(M) such
that ϕ′(uj ) → 0. Let v1, . . . , vk ∈ A be such that

∥∥∥∥∥uj −
k∑

i=1

τηi vi

∥∥∥∥∥
S2

1

< δ.

By Lemma 3, there are w(n)j ∈ S2
1 (H

N) and α(n)j ∈ H
N
Z

such that

∥∥∥∥∥uj −
∞∑

n=1

τ
α
(n)
j

w(n)

∥∥∥∥∥
Lp

→ 0.

and

d(α
(n)
j , α

(m)
j ) → ∞

for n 
= m. As in the proof of Lemma 4, we conclude that there are only finitely
many terms (say l) in the sum above, and that w(n) ∈ F .

Thus,
∥∥∥∥∥

k∑

n=1

τηnvn −
l∑

m=1

τ
α
(m)
j

w(m)

∥∥∥∥∥
Lp

< δ + εj ,

where εj → 0 as j → ∞.
By Lemma 2, choosing

δ <
1

2
inf{‖u− v‖Lp ; u, v ∈ [F,max(k, l)], u 
= v},

we must have

k∑

i=1

τηi vi =
l∑

n=1

τ
α
(n)
j

w(n)

for j large, and then all terms for which d(α(n)j , 0) → ∞ must be 0. Thus, only

one term remains, say τ
α
(1)
j

w
(1)
j , and since α(1)j is bounded, it has a convergent

subsequence. Since α(1)j ∈ H
N
Z

, α(1)j is eventually constant. Thus we have shown
that

uj = τ (1)α0
w(1),

and since τ (1)α0 w
(1) ∈ K \ {0}, (ii) follows. ��

Proposition 3. There exists δ = δk > 0 such that if β > 0 is sufficiently large, then
u ∈ Nδ(M) ∩K implies ϕ(u) ∈ [ck − ε, ck + ε].
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Proof. Let u ∈ Nδ(M) ∩K . Then there exist vi ∈ A such that

∥∥∥∥∥u−
k∑

i=1

τηi vi

∥∥∥∥∥ ≤ δ.

Let

w =
k∑

i=1

τηi vi .

Then by the mean value theorem, there is a λ ∈ [0, 1] such that

ϕ(u)− ϕ(w) = ϕ′(λu+ (1 − λ)w)(u− w).

Requiring that δ < 1, we have by Lemma 1,

‖λu+ (1 − λ)w‖ <
k∑

i=1

‖vi‖ + 1 ≤ k

(
c

1
2 − 1

µ

)1/2

+ 1.

Let

B =



u ∈ S2
1 (H

N); ‖u‖ ≤ k

(
c

1
2 − 1

µ

)1/2

+ 1




 .

Since ϕ′ is bounded on bounded sets,

‖ϕ′(λu+ (1 − λ)w)‖ ≤ max
v∈B

‖ϕ′(v)‖ ≡ M.

Now we choose β so large that

∣∣∣∣∣ϕ(w)−
k∑

i=1

ϕ(vi)

∣∣∣∣∣ = |ϕ(w)− ck| < ε

2
.

We further require that Mδ ≤ ε/2. Then

|ϕ(u)− ck| < ε. ��

Proof of Theorem 1. Suppose that ϕ has only finitely many critical points. Let ε ∈
(0, 1) be given, and note that ϕ′(u) 
= 0 for every u ∈ ϕ−1[ck − ε,∞). Proposition
3 and Proposition 2 together imply that there exist δ > 0 and ν > 0 such that
‖ϕ′(w)‖ ≥ ν whenever w ∈ Nδ(M). Without loss of generality, we assume that
ε < δν/32.

By Proposition 1, there exists g1 ∈ �1 such that

max
t∈[0,1]

ϕ(g1(t)) ≤ c1 + ε

3k
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and g1(t) ∈ N δ
16k
(A)whenever ϕ(g1(t)) > c1−2ε. By an approximation argument

as in the proof of Lemma 9, there exists g ∈ �1 and R > 0 such that

‖g1(t)− g(t)‖ ≤ δ

16k
,

|ϕ(g1(t))− ϕ(g(t))| < ε

6k

and supp g(t) ⊂ BR/2(0) for all t ∈ [0, 1]. We redefine β so that β > R.
Hence,

max
t∈[0,1]

ϕ(g(t)) ≤ c1 + ε

2k
.

Moreover, if ϕ(g(t)) > c1 − 3ε
2 , then

ϕ(g1(t)) > c1 − 2ε.

Thus g1(t) ∈ N δ
16k
(A), and so g(t) ∈ N δ

8k
(A).

For θ ∈ [0, 1]k , let

G(θ) =
k∑

i=1

τηi g(θi).

Then we have

suppG(θ) ⊂
k⋃

i=1

τηi (BH(0, R/2)).

It is clear that G ∈ �k , and that

ϕ(G(θ)) =
k∑

i=1

ϕ(g(θi)) ≤ kc1 + ε.

Moreover, if ϕ(G(θ)) > kc1 − ε, we have for 1 ≤ i ≤ k,

ϕ(g(θi))+ (k − 1)
(
c1 + ε

2k

)
> kc1 − ε,

and so

ϕ(g(θi)) > c1 − 3ε

2
.

Hence g(θi) ∈ N δ
8k
(A), and so

G(θ) =
k∑

i=1

τηi g(θi) ∈ Nδ
8
(M).

Next, we apply Lemma 6 (with S = Nδ/2(M)) to obtain a homeomorphism
w ∈ C(S2

1 (H
N)× [0, 1], S2

1 (H
N)) satisfying
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(i) w(u, t) = u if t = 0 or if u /∈ ϕ−1([ck − 2ε, ck + 2ε]) ∩Nδ(M),
(ii) ϕ(w(u, 1)) ≤ c − ε if ϕ(u) ≤ c + ε and u ∈ Nδ/2(M),

(iii) ‖w(u, t)− u‖ ≤ δ/4 for all u ∈ S2
1 (H

N) and t ∈ [0, 1].

Then the function G(θ) = w(G(θ), 1) satisfies

max
θ∈[0,1]k

ϕ(G(θ)) ≤ ck − ε.

If G ∈ �k we would have a contradiction at this point. Unfortunately, this might
not be the case, since condition (G3) might not be satisfied. However,

‖G(θ)‖S2
1 (H

N\∪ki=1Si)
≤ δ

4
,

where Si = τηi (BR/2(0)).
By mollification, we can modify G(θ) to G∗(θ), where G∗(θ) ∈ C∞(HN,R)

satisfying

‖G∗(θ)−G(θ)‖S2
1 (H

N) ≤ δ

2

and

max
θ∈[0,1]k

ϕ(G∗(θ)) ≤ ck − ε

2
.

By multiplying G∗(θ) with a smooth cutoff function χR̂ like in the proof of
Lemma 9, we obtain a modified function Ĝ(θ) with support in a ball BH(0, R̂+ 2)
such that

max
θ∈[0,1]k

ϕ(Ĝ(θ)) ≤ ck − ε

4
.

By choosing R̂ large, we can also assure that

‖Ĝ(θ)−G(θ)‖S2
1 (H

N) ≤ δ.

The function Ĝ still does not belong to �k . Note however, that (G1) is satisfied,
and that if we choose δ small enough, also (G2) holds.

To construct a function H ∈ �k , such that

max
θ∈[0,1]k

ϕ(H(θ)) ≤ ck − ε

8
,

we will need to modify Ĝ once more. We start by solving the following
minimization problem:
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Lemma 10. Let k ≥ 2, and for i = 1, . . . , k, let Wi = BH(ηi, R), where R > 0.
Let R̂ > 0 be so large that Wi ⊂ BH(0, R̂ + 2). Let

W = BH(0, R̂ + 2) \ ∪ki=1Wi.

Let

Ê(θ) = {v ∈ S2
1 (W); v − Ĝ(θ) ∈

◦
S2

1(W), and ‖v‖S2
1 (W)

< 8δ},

and

�(v) =
∫

W

(
1

2
(|∇Hv(η)|2 + (v(η))2)− F(η, v(η))

)
dη.

Then there is a unique minimum v(θ) of � on Ê(θ). Moreover, v(θ) ∈ �2+γ (W)
for all γ ∈ (0, 1), and v depends continuously on θ ∈ [0, 1]k in S2

1 (W).

Proof. Note that since ‖Ĝ(θ)‖S2
1 (W)

< δ, the class Ê(θ) is nonempty. By (f1)–(f4),

there is a constant c > 0 such that for all η ∈ H
N and u ∈ R,

F(η, u) ≤ 1

8
|u|2 + c|u|2∗

.

By the Folland–Stein embedding theorem, there is a constant S > 0 such that for
all u ∈ S2

1 (W)

‖u‖L2∗
(W) ≤ S‖u‖S2

1 (W)
.

Hence,
∫

W

F(η, u(η)) dη ≤ 1

8
‖u‖2

S2
1 (W)

+ cS2∗‖u‖2∗
S2

1 (W)
.

Define r̂ by

cS2∗
(8r̂)2

∗−2 = 1

8
.

We restrict δ by requiring that δ < r̂ . Then for u ∈ Ê(θ),
∫

W

F(η, u(η)) dη ≤ 1

4
‖u‖2

S2
1 (W)

and

�(u) ≥ 1

4
‖u‖2

S2
1 (W)

.

Since Ĝ(θ) ∈ Ê(θ),

inf
Ê(θ)

� ≤ �(Ĝ(θ)) ≤ 1

2
‖Ĝ(θ)‖2

S2
1 (W)

≤ 1

2
δ2.
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Thus, if u ∈ Ê(θ) and ‖u‖S2
1 (W)

≥ 4δ, then we must have

�(u) ≥ 4δ2 > �(Ĝ(θ)).

Consequently, the minimizer v(θ), if it exists, must occur at an interior point of
Ê(θ).

Let vj ∈ Ê(θ) be a minimizing sequence for �. Then ‖vj‖S2
1 (W)

≤ 4δ. This

implies that vj has a subsequence on which vj converges weakly in S2
1 (W) and

strongly in Ls(W) for 1 ≤ s < 2∗. Since � is weakly lower semicontinuous and
Ê(θ) is weakly closed, v(θ) minimizes � on Ê(θ).

By applying Theorem 4.2 of [9] to the function v(θ)− Ĝ(θ) ∈
◦
S2

1(W), noting
that Ĝ(θ) ∈ C∞, we see that v(θ) is a classical solution of

−�Hv(η)+ v(η) = f (η, v(η)), η ∈ W
v = Ĝ(θ), η ∈ ∂W, (5.1)

and v(θ) ∈ �2+β(W) for some β ∈ (0, 1).
To see that the minimizer is unique, suppose that w and v are two minimizers

of �. Then by (5.1),

‖v − w‖2
S2

1 (W)
=
∫

W

(f (η, v(η))− f (η,w(η))(v(η)− w(η)) dη

=
∫

W

(v(η)−w(η))2
(∫ 1

0
fu(η,w(η)+ t (v(η)− w(η))) dt

)
dη.

By (f1)–(f4), there is a constant c′ such that for all η ∈ H
N and u ∈ R,

|fu(η, u)| ≤ 1

8
+ c′|u|2∗−2.

Then

‖v − w‖2
S2

1 (W)
≤ 1

8
‖v − w‖2

S2
1 (W)

+ c′
∫

W

(v(η)− w(η))2(|v(η)| + |w(η)|)2∗−2 dη

≤ 1

8
‖v − w‖2

S2
1 (W)

+ c′S2‖v − w‖2
S2

1 (W)
(‖v‖

L2∗
(W)

+ ‖w‖
L2∗

(W)
)2

∗−2

≤ 1

8
‖v − w‖2

S2
1 (W)

+ c′S2‖v − w‖2
S2

1 (W)
(S‖v‖

S2
1 (W)

+ S‖w‖2
S2

1 (W)
)2

∗−2

≤ 1

8
‖v − w‖2

S2
1 (W)

+ c′S2∗
(4δ)2

∗−2‖v − w‖2
S2

1 (W)
.

Thus, we may further require that δ satisfies

c′S2∗
(4δ)2

∗−2 <
7

8
.

Then v = w, and uniqueness is proved.
Note that the uniqueness of v(θ) also implies that v depends continuously on

θ . The proof is complete. ��
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Lemma 11. Let v(θ) be the minimizer obtained in Lemma 10. For ρ > 0, let

Dρ = {z ∈ W ; d(z, ∂W) ≥ ρ}.
Then there exists a constant C, not depending on θ , R, R̂ or β, such that

‖v(θ)‖L∞(Dρ) ≤ C‖v(θ)‖S2
1 (W)

.

Proof. Let O ⊂⊂ Ô ⊂⊂ H
N . By the Lp estimates (see [7]), there is a constant

K > 0 such that

‖v‖Sq2 (O) ≤ K
(
‖f (·, v)‖

Lq(Ô) + ‖v‖
Lq(Ô)

)
, (5.2)

where K depends on k, q, N , diam Ô and d(O, Ô). Let j be free for the moment,
and let i = 1 . . . j + 1. Let Bi = BH(η, (iρ)/(2j)). We will use the estimate above
with O = Bi and Ô = Bm, m > i.

Let p0 = 2∗/(p − 1). By (f1) and the Folland–Stein embedding,

‖f (·, v)‖Lp0 (Bj+1) ≤ ‖v‖Lp0 (Bj+1) + a3‖v‖p−1
L2∗

(Bj+1)
≤ C‖v‖S2

1 (W)
,

where a3 = a1/(p − 1) (we have used that ‖v‖S2
1 (W)

≤ 8δ < 1). Then by (5.2),

‖v‖
S
p0
2 (Bi)

≤ C‖v‖S2
1 (W)

.

If p0 > N + 1, then Theorem 21.1 of [7] implies that

‖v‖L∞(B1) ≤ C‖v‖S2
1 (W)

,

and we are done.
If p0 = N + 1, then there exists p < p0 such that

1

(p − 1)(N + 2)
= 1

p
− 1

N + 1
.

Thus by applying the Folland–Stein embedding theorem twice,

‖v‖L(p−1)(N+2)(Bj )
≤ C‖v‖

S
p
2 (Bj )

≤ C‖v‖S2
1 (W)

.

Again, by (f1),

‖f (·, v)‖LN+2(Bj )
≤ C‖v‖S2

1 (W)
.

Then by (5.2),

‖v‖
S
p0
2 (Bj )

≤ C‖v‖S2
1 (W)

.

Since 2 > (2N + 2)/(N + 2), Theorem 21.1 of [7] gives that

‖v‖L∞(B1) ≤ C‖v‖S2
1 (W)

.
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If p0 < N + 1, set

1

t0
= 1

p0
− 1

N + 1
= p − 1

2∗ − 1

N + 1
.

Since p < 2∗, we have t0 > 2∗. Choose j such that

j (p − 1)

(
1

2∗ − 1

t0

)
>

1

t0
.

The same argument as above implies that

‖v‖Lt0 (Bj ) ≤ C‖v‖
S
p0
2 (Bj )

≤ C‖v‖S2
1 (W)

.

By (f1) we then have

‖f (·, v)‖Lp1 (Bj ) ≤ C‖v‖S2
1 (W)

,

where p1 = t0/(p − 1) > p0. Then by (5.2),

‖v‖
S
p1
2 (Bj−1)

≤ C‖v‖S2
1 (W)

Now, if p1 > N + 1 we obtain as above

‖v‖L∞(B1) ≤ C‖v‖S2
1 (W)

,

and we are finished. Ifp1 = N+1, we argue as above to obtain the same conclusion.
If p1 < N + 1, we continue this process with

1

ti
= 1

pi
− 1

N + 1
,

pi+1 = ti

p − 1
.

We claim that in at most j steps we arrive at pj ≥ N + 1, which implies

‖v‖L∞(B1) ≤ ‖v‖S2
1 (W)

.

Indeed, if pj < N + 1, then

0 < tj = 1

pj
− 1

N + 1
=

j∑

i=1

(
1

pi
− 1

pi−1

)
+ 1

p0
− 1

N + 1
.

But since

1

pi+1
− 1

pi
= (p − 1)

(
1

ti
− 1

ti−1

)
= (p − 1)

(
1

pi
− 1

pi−1

)

= (p − 1)i
(

1

p1
− 1

p0

)
= (p − 1)i+1

(
1

t0
− 1

2∗

)
,

and since p > 2 and t0 > 2∗ it follows that

0 <
j∑

i=1

(p − 1)i
(

1

t0
− 1

2∗

)
+ 1

t0
< j(p − 1)

(
1

t0
− 1

2∗

)
+ 1

t0
,

contrary to the choice of j . The proof is therefore complete. ��
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Lemma 12. Let v(θ) be the minimizer obtained in Lemma 10. For i = 1 . . . k, let
Ai be the annular region defined by

Ai = {η ∈ H
N ; R + β

2
− 1 < d(η, ηi) < R + β

2
+ 1}.

Then there exists a constant C > 0 such that for η ∈ Ai ,

|v(θ)(η)| ≤ Ce−β/8. (5.3)

Proof. By (f1) and (f4), there is a constant r > 0 such that |u| < r implies

|f (η, u)| ≤ 1

2
|u|.

Restricting δ so that

δ ≤ r

8S
,

where S is the constant in the Folland–Stein embedding theorem, Lemma 11 (with
ρ = 1) implies that

‖v‖L∞(D1) ≤ r.

Let 1 ≤ i ≤ k, and let

Ŝi = {η ∈ H
N ; R + 1 ≤ d(η, ηi) ≤ R + β + 1}.

Note that Ŝi ⊂ D1, and observe that

−�Hv
2 + v2 = −2|∇Hv|2 − 2v�Hv + v2

= −2|∇Hv| + 2vf (η, v)− v2.

Since |f (η, v)| ≤ 1
2 |v|, we have

�Hv
2 − v2 ≥ 0, in Ŝi

v2 ≤ r2, on ∂Ŝi .

Suppose that w satisfies

�Hw − w ≤ 0, in Ŝi

w ≥ v2, on ∂Ŝi .

Then

�H(v
2 − w)− (v2 − w) ≥ 0, in Ŝi

v2 − w ≤ 0, on ∂Ŝi .

The weak maximum principle then implies that

w ≥ v2 in Ŝi . (5.4)
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Next, we construct such a function w. For simplicity, we may assume that
ηi = 0. Let w± be defined by

w±(η) = e±
1
2 d(η,0).

Since w± is radially symmetric, we have by [8], p. 327 that

�Hw± =
∑N

1 (x
2
j + y2

j )

d(η, 0)2

(
1

4
± Q− 1

2d(η, 0)

)
w±,

so that

�Hw± − w± ≤
(

−3

4
+ Q− 1

2d(η, 0)

)
w± ≤ 0

if R ≥ 2(Q− 1)/3, which can be assumed.
Now, set

w = r2
(

exp

{
−R + β + 1

2

}
w+ + exp

{
R + 1

2

}
w−
)

= r2
(

exp

{
−R + β + 1 − d(η, 0)

2

}
+ exp

{
R + 1 − d(η, 0)

2

})
. (5.5)

Hence w = r2
(
e−β/2 + 1

) ≥ r2 on ∂Ŝi . Thus, w has the required properties.
By (5.5) and (5.4),

v2(x) ≤ 2r2e−β/4 cosh
1

2
,

and the proof is complete. ��

Now we complete the proof of Theorem 1. For each θ ∈ [0, 1]k , define

U(θ)(η) =
{
Ĝ(θ)(η) if η /∈ W,
v(θ)(η) if η ∈ W,

where v(θ) is the minimizer given by lemma 10.
For 1 ≤ i ≤ k, let

hi(θ)(z) =






U(θ)(z) if d(z, ηi) < R + β
2 ,

2
∣∣∣d(z, ηi)−

(
R+ β

2 + 1
2

)∣∣∣U(θ)(z) if R+ β
2 < d(z, ηi) < R+ β

2 + 1
2

0 otherwise.

It is clear that hi satisfies (G1) and (G3) if β > 1. Define

H(θ) =
k∑

i=1

hi(θ).
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We claim that H also satisfies (G2), and so H ∈ �k . By the definition of hi , this
follows if Ĝ and v satisfy (G2). We have already checked this for Ĝ. Since

Ĝ(θ1, . . . , θi−1, 0, θi+1, . . . , θk) = 0

for all θ ∈ [0, 1]k , it follows that

v(θ1, . . . , θi−1, 0, θi+1, . . . , θk) = 0 on ∂W.

Since 0 solves equation (5.1), and by the proof of Lemma 10, this solution is unique.
Thus

v(θ1, . . . , θi−1, 0, θi+1, . . . , θk) = 0 in W.

Likewise, since v(θ) is the minimizer of � on E(θ) and Ĝ(θ) ∈ E(θ), we have

�(v(θ)) ≤ �(Ĝ(θ)).

Now it follows that (G2) is satisfied.
It remains to show that ϕ(H(θ)) < ck , in order to get a contradiction. Note that

ϕ(H(θ)) ≤ ϕ(U(θ))+ (ϕ(H(θ))− ϕ(U(θ)))

≤ ck − ε

4
+ |ϕ(H(θ))− ϕ(U(θ))|.

Thus it suffices if we show that

|ϕ(H(θ))− ϕ(U(θ))| ≤ ε

8
. (5.6)

Note that H(θ)(η) = U(θ)(η) when η ∈ W ≡ ∪ki=1τηi (BH(0, R + β/2)) and that
suppH ∪ suppU ⊂ W ∪W . Thus, (5.6) follows if we show that

ϕH ≡
∣∣∣∣∣

∫

W\W

(
1

2
(|∇HH(θ)(η)|2 + |H(θ)(η)|2)− F(η,H(θ)(η))

)∣∣∣∣∣ ≤ ε

16

ϕU ≡
∣∣∣∣∣

∫

W\W

(
1

2
(|∇HU(θ)(η)|2 + |U(θ)(η)|2)− F(η,U(θ)(η))

)∣∣∣∣∣ ≤ ε

16
.

First, we attend to ϕH , and we start by choosing β so large so that

Ce−β/4 ≤ 1,

where C is the constant in Lemma 12. This guarantees that |v(θ)(η)| ≤ 1 for
η ∈ Ai . Thus, as in the proof of Lemma 12,

F(η, hi(θ)(η)) ≤ 1

2
|hi(θ)(η)|2.
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Hence,

ϕH ≤
∣∣∣∣∣

k∑

i=1

∫

Ai

(
1

2
(|∇Hhi(θ)(η)|2 + |hi(θ)(η)|2)− F(η, hi(θ)(η))

)
dη

∣∣∣∣∣

≤ 1

2

k∑

i=1

‖hi‖S2
1 (Ai )

.

Let

Bi = {η ∈ H
N ; R + β/2 < d(η, ηi) < R + β/2 + 1/2}.

For η ∈ ∪ki=1Bi , by (5.2), we have the estimate

‖v(θ)‖Ss2(BH(η,1/4)) ≤ Ke−β/8

for s > 1. We choose s > Q and the Folland–Stein embedding theorem to conclude
that

‖v(θ)‖C1(BH(η,1/4)) ≤ Ke−β/8. (5.7)

Since this estimate holds for all η ∈ Bi , we obtain

ϕH ≤ Ke−β/4
k∑

i=1

|Bi | ≤ K ′
(
R + β

2
+ 1

)Q
e−β/4.

Now, we may choose β so large that

K ′
(
R + β

2
+ 1

)Q
e−β/4 ≤ ε

16
.

It then follows that

ϕH ≤ ε

16
.

Now we turn to the estimate of ϕU . Let D = W \W . By (f1), (f3) and (f4),
there is a constant c1 > 0 such that

F(η, u) ≤ 1

4
|u|2 + c1|u|2∗

.

Hence,
∫

D
F(η, v(θ)(η)) dη ≤ 1

4

∫

D
|v(θ)(η)|2 dη + c1

∫

D
|v(θ)(η)|2∗−2 dη

≤
(

1

4
+ c2 ‖v(θ)‖2∗−2

S2
1 (W)

)
‖v(θ)‖2

S2
1 (D)

.

Recalling that ‖v(θ)‖S2
1 (W)

≤ 4δ, and requiring that δ satisfies

1

4
+ c2(4δ)

2∗−2 ≤ 1

2
,
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this implies
∫

D
F(η, v(θ)(η)) dη ≤ 1

2
‖v(θ)‖2

S2
1 (D)

.

This leads to the estimate

ϕU ≤ 1

2
‖v(θ)‖2

S2
1 (D)

.

Observe that �Hu = div(A∇u), where A is the matrix

A =



I 0 2yT

0 I −2xT

2y −2x 4
∑
(x2
i + y2

i )



 .

Thus the Gauss–Green formula holds for �H. This implies that

‖v(θ)‖2
S2

1 (D)
=
∫

D
v(θ)(η)f (η, v(θ)(η)) dη −

∫

∂D
v(θ)A∇v(θ) · n dω,

where n is the outward unit normal to ∂D at η. A similar estimate as above shows
that

∫

D
v(θ)f (η, v(θ)(η))dη ≤ 1

2
‖v(θ)‖2

S2
1 (D)

.

Since

∂D = ∂BH(0, R̂ + 2) ∪
k⋃

i=1

∂BH(ηi, R + β/2)

and since v(θ) = 0 on ∂BH(0, R̂ + 2), we may use the estimate (5.7) to show that

|v(θ)| ≤ Ke−β/4,

|∇v(θ)| ≤ Ke−β/4

on ∂D \ ∂BH(0, R̂ + 2), so that

∣∣∣∣
∫

∂D
v(θ)A∇v(θ) · n dω

∣∣∣∣ ≤ K ′
(
R + β

2

)Q+2

e−β/2.

By combining the above estimates, we obtain

‖v(θ)‖2
S2

1 (D)
≤ 2K ′

(
R + β

2

)Q+2

e−β/2.

Choosing β large enough, this estimate guarantees that ϕU ≤ ε/16. The proof is
complete. ��
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[11] Hörmander, L.: Hypoelliptic second order differential equations. Acta Math. 119,
147–171 (1967)

[12] Kryszewski, W., Szulkin, A.: Generalized linking theorem with an application to
semilinear Schrödinger equation. Adv. Differential Equations 3, 441–472 (1998)

[13] Lanconelli, E., Uguzzoni, F.: Non-existence results for semilinear Kohn-Laplace
equations in unbounded domains. Commun. Partial Differential Equations 25 (9–
10), 1703–1739 (2000)

[14] Pohozaev, S., Véron, L.: Nonexistence results of solutions of semilinear differential
inequalities on the Heisenberg group. Manuscripta Math. 102 (1), 85–99 (2000)

[15] Schindler, I., Tintarev, K.: An abstract version of the concentration compactness
principle. Rev. Mat. Complutense 15, 417–436 (2002)

[16] Tintarev, K.: Semilinear subelliptic problems without compactness on Lie groups.
To appear in NoDEA Nonlinear Differential Equations Appl.

[17] Uguzzoni, F.: A note onYamabe-type equations on the Heisenberg group. Hiroshima
Math. J. 30 (1), 179–189 (2000)

[18] Willem, M.: Minimax Theorems, Birkhäuser, 1996


