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Abstract. We study the semilinear equation

—Agu(m) +ulm) = f(n,u®)),

where A is the Heisenberg Laplacian and HY is the Heisenberg group. The function
f e C?(H" x R, R) is supposed to satisfy some (subcritical) growth conditions and to
be left invariant under the action of the subgroup of H" consisting of points with integer
coordinates.. We show the existence of infinitely many solutions in the space SIZ(HN ),
which is the Heisenberg analogue of the Sobolev space W!-2(RV).
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1. Introduction and results
Let HY be the space RV x RV x R equipped with the following group operation:
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where - denotes the usual inner product in R . This operation endows H" with the
structure of a Lie group. The vector fields X1, ... Xy, Y1, ... Xn, T given by

a a

Xj=— +2y;—,
= T
Y= 2,0
R Y
7T 3y, ot

d
T=—,

ot

form a basis for the tangent space at n = (x, y, t). The commutation relations

[X;, Y] =—45;T
[Xi, X;1=1Y:,Y;1=[X;, T]=[Y;,T] =0

imply that the Lie algebra of left invariant vector fields of H" is generated by X1,
... Xn, Y1, ... Yy, and that they satisfy the Hérmander condition of order 1 (see
[11D.

The Heisenberg Laplacian is by definition

N
_ 2 2
AH—Z<Xj+Yj>

j=1
and we use the notation Vyu for the 2N-vector (Xu, ..., Xyu, Y1u, ..., Yyu).

The space SIZ(HN ) is defined as the completion of C{® (HN) in the norm [u/| 52
given by

N
s = [ w430 [ (1l ) = [ (1l 4 V)
j=1

The left and right Haar measure on H” is the Lebesgue measure, and the inte-
gral above is with respect to this measure. Let Q = 2N + 2 be the homogeneous
dimension of H" and let 2* = 20Q/(Q — 2) = 2 + 2/N. There is an embedding
theorem due to Folland and Stein [7], saying that S?(H") is embedded in L? (H")
for2 < p < 2%

Let HY be the subgroup of HY consisting of points in H" with integer coordi-
nates, and consider the equation

u € STHY) (1.1)

where f € C2(HY x R, R) satisfies the following growth conditions:

(f1) there is a constant 2 < p < 2* and constants ag, a; > 0 such that for any
neHY andu € R,

| fu(n, )| < ao + ay|ulP~2,
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(f2) there is a constant 4 > 2 such that for any n € HY and u € R\ {0},
u
uf(m,u) = puFn,u) = u/o f(n,0)do >0,

(f3) f(,0) = fu(n.0) =0.

(fa) f is left invariant with respect to Hg in the n variable, i.e. for any u € R,
z € HY and y € HY,

Joz,u) = f(z,u).
We also require that H% is the largest subgroup of H" such that ( f4) holds.

Note that conditions ( f1), (f3) and ( f4) imply that for every € > 0, there exists
a constant A > 0 such that for every n € HY and u € R,

|f (1. w)] < €lul + Aclul".
A simple example of a function f satisfying these conditions is

f(n,u) = a(m)|ul” *u,

where a € C2(HV, R) is left invariant with respect to Hg and p € (2,2%).
Semilinear equations on the Heisenberg group have been studied by a number
of authors, including Biagini, Birindelli, Capuzzo—Dolcetta, Citti, Cutri, Garofalo,
Lanconelli, Pohozaev, Ugozzoni, and Véron. See [1-4, 9, 13, 14, 17] for some of
these results.
The functional on S 12 (H) corresponding to equation (1.1) is given by

1
o) = lulg - / F(n, u(m)dn, (12)
1 HN

and the critical points of ¢ are exactly the solutions of (1.1).
Let K be the set of critical points of ¢, i.e.

K ={ueSTHE"): ¢'(u) = 0}.
For ) € HV, we define the action 7, by

1

Tyu(z) =u(n™ o2).

Note that K is invariant under the action t,, where n € Hg .

Two critical points u#1 and u; of ¢ are considered to be equivalent if there exists
n e H% such that u; = t,u>. Let F be a set of representatives of K under this
equivalence relation. Two critical points which are not equivalent are said to be
geometrically distinct.

Note that this definition makes sense by the assumption that H% is the larg-
est subgroup of HY such that (f4) holds. The subgroup Hg could be replaced by
another discrete subgroup G of HV as long as sup,cv d(n, G) is finite (for the
definition of the Heisenberg distance function d, see section 2). In our deformation
lemma (Lemma 5), it will also be needed that the infimum of the distance between
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elements in the subgroup is positive. In particular we see that this rules out the case
when f is independent of 1. Note however that if the problem was invariant with
respect to another discrete subgroup than H% (subject to the mentioned conditions),
we could by a change of variables transform it into our problem. With this in mind,
we see that there is no loss of generality assuming that the subgroup is Hg .

Our main result is the following.

Theorem 1. Suppose that f € CIZ(HN x R, R) satisfies (f1), (f2), (f3) and (f1).
Then the functional ¢ as defined in (1.2) has infinitely many geometrically distinct
critical points and the corresponding equation (1.1) has infinitely many geometri-
cally distinct solutions.

A similar result for the classical Laplacian was proved by Coti-Zelati and
Rabinowitz in [6]. In this paper, we use similar methods to obtain a proof of The-
orem 1. Section 3 contains a deformation theorem which is needed in the proof of
Theorem 1. Finally, the proof of Theorem 1 is given in Section 5.

2. Preliminaries and notation

There is a distance in the Heisenberg group, defined by

1
I

N 2
d(&,0) = (Zx? + y?) +1?
i=1

and

d(ni, m) =dny " oni, 0).

The Heisenberg ball is the set
By(n,r) ={§ e H; d(&.m) <1},
and it plays the role of the Euclidean ball of RV . For instance,
|Br(n. )| = r®| B (0, DI,

where O = 2N + 2 is the homogeneous dimension of the Heisenberg group. In
some places we use the notation d(n, A) for the Heisenberg distance between a
point 1 and a set A. Likewise diam A is the diameter of A in terms of the distance
d above. We will also use the notation Ns(A) for the set {n € HV: d(n, A) < §}.

For a domain Q c HY, the spaces S,f (R2) and S,f (R2) are the Heisenberg group

analogues of the Sobolev spaces wkP(Q) and Wé{ P (Q) for a domain Q c R¥.
We refer to Folland—Stein [7] for the exact definition of these spaces as well as the
spaces I'#(Q2), which are the analogue of the Holder spaces in RV .

The following theorem will be referred to as the Folland—Stein embedding the-
orem (see [7]):
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Theorem 2. Let @ C HY be a bounded domain and let Q0 =2N+2,1<p,q <00
andk > 1.If g < Op/(Q — kp), then S{(Q) C L1(2) and there exists a constant
C > 0 such that

lullze < Cllullgp.
The embedding is compact when q < Qp/(Q — kp).
Fork > Q/p then S,f(Q) C I'g(R), where B = a — Q/p and there exists a

constant C > 0 such that

lullry < Cllullgp.

When Q@ c HY is an unbounded domain, then there is a continuous embedding of
S{ () into LP () when p < g < Qp/(Q — kp).

The weak maximum principle holds for A, and the proof is the same as for the
classical Laplacian on RY (see e.g. [10]).

3. A deformation lemma

Lemma 1. Let ¢ be given by (1.2), where f € C(H"Y x R, R) satisfies condition
(f2). Let c € Rand let uj be a (P=S).-sequence for ¢, i.e.

p(uj) — c,

@' ;) — 0.

Then ¢ > 0. Moreover, ||u|| 52 is bounded and

2

<
2 =
S

lim sup |Ju; ||
Jj—>00

® =

1
2

The proof of this lemma is standard, and so we omit the proof.
Suppose that F C S?(HV) is afinite set. Let [F, /] C S?(H") be the set defined
by

m
[F,I]= Zra(n)w(”); l<m<Il, w™eF, o™ e Hg .
n=1
Note that [F, ] is left invariant with respect to Hg .
Lemma 2. Suppose that F C S 12 (HN) is a finite set, and let| > 1. Then the number

§=0() =inf{llu —vlLr; u,v € [F,I], u # v}

is positive.
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Proof. Let F = F U (=F). The result follows if for / > 1,
inf{[lullLr; u € [F,1]\{0}} > 0.

We proceed by induction. Letu ; € [F, 11\ {0} be a sequence such that || ujllr - 0
as j — 00.Then we have u; = To W Since F is a finite set, we can after extract-
ing a subsequence assume that w; are independent of j. Moreover, since for any
o€ Hg andu € SIZ(HN) we have |lu|lLr = |[Tqu| Lr, we can assume thataj; = 0.
Thus u; = w for all j, but then u#; = 0, which is a contradiction.

Suppose now that the assertion is true for 1 < [ < [y — 1. Suppose that
uj € [F., 1] \ {0} is such that u; — 0 in L”. We can write

mj
(n)
uj = Z ta@)wj s
J
n=1

where m; < I, ag.") € HY and w}") € F. Since F is finite, we can extract a
Q
J
is unchanged under shifts 7, where o € H% , we can also assume that ozﬁl) =0 for
all j. Thus

subsequence and assume thatm ; and w’;~ are independent of j. Since the L” norm

m
uj = E ra(_n)w(").
J
n=1

After a renumbering, we are in one of the following two cases:

@) oz;.") are bounded for 1 < n < m. In this case, after taking a subsequence,

aj.") = ™. Thus llujllLr is constant, so it must be zero, but this is a contra-

diction.
(i1) there exists 1 < m < m such that all o are bounded for 1 <n < mj and
unbounded for m{ + 1 < n < m. Then we have
mi P p
(n)
> e
n=1

m
+ E Ta(n)w(n) +¢€;,
J
L? n=mi+1 Lp

p
lujllz, =

where €; — 0 as j — oo. As in case (i), all a in the first sum can be
assumed to be independent of j after taking a subsequence. Since u; — 0 in
L7, this first sum must be zero. But then

m

uj = Z ra(n)w("),

n=mi+1 /

andu; € [F, 1 —1] \ {0}, which is also impossible. O

The following lemma is a reformulation of Theorem 2.3, of [16] (see also [15]).
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Lemma 3. Letu; € 512 (HN) be a bounded sequence. Then there exist w©® ),
. € SIZ(HN) and oz;.") e HY, J,» n € N such that on a subsequence,

‘L’Ol(_,,)uj — w(")

J

o0
uj— Z T(aj_n)),lw(") — 0in LP(HY), where p € (2,2%),
n=1

d(aj.m), aﬁ")) — ooifm #n,

o

(n) 2 . n2
D™l < Jlim a1
n=1

WK

lw™ |7, = lim [lu;|?,, where p € (2,2%).
j—oo

n
Let F be a set of representatives of K.

Lemma 4. Suppose that F is finite. Let ¢ > 0 and let u; € S%(HN) be a (P-S),
sequence for ¢. Let

- 2
m= min |ul%,,
wek\{0} I ”512

andlet p € (2,2%). If

then dpp (uj, [F,1]) — O.

Proof. By Lemma 1, the sequence u; is bounded. Hence Lemma 3 is applicable.

Let w™ and aﬁ."), j,n € Nbe as in Lemma 3. Since ¢’ is weakly continuous and

equivariant under shifts 7, for a € HY,
() = & . ol
Ty ¥ (uj)=¢ (faﬁ»z>u,) = ¢'(w™).

Since T it is a (P-S), sequence, it follows that w™ is a critical point of ¢.

J
Note that by Lemma 1 and Lemma 3,

o0
. 2 2
= limsup u; |3 = Y lw ™%
j—o00 1 1

1
12 n=1

l—

Since w™ e K, and F is finite, it is clear that only finitely many w™ are nonzero.

Indeed, there are at most ¢/ (m(% — l)) nonzero terms. The assertion follows from

"
Lemma3. 0O
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Lemma 5. Let ¢ > 0 and assume that F is finite. Let p > 0 be given. Then if e > 0
is sufficiently small, then there exists z(u,t) € C(Sl2 (HM) x [0, 1], 512 (HNY) such
that

(1) z(u,0) = u foranyu € SIZ(HN),
(i) z(u,t) =uifu ¢ 9"'[c —€,c+elorifu € Nyp(K),
(iii) ¢(z(u,t)) < o(u) forany u € S%(HN) and anyt € [0, 1],
(iv) p(z(u, 1)) < c —€/2 foranyu € ¢~ (—o00, c +€/2]\ Nop(K),
W) llzu, 1) = ullg2 < p for anyu € S?(HN).

Proof. Since F is finite, the number m = min, e\ oy ||« | is positive. Let [ be an
integer such that

—_

ml > et

1
m

1

2

By Lemma 2, there exists § > 0 such that
0<§ <inf{llu —vl|rr; u,v eF,I],u # v}

By Lemma 4, there is a number v > 0 such that ||¢’(u)| > v whenever u €
(p‘l[c +e€,c+elandd(u, [F,1]) > p/2. Now, let € € (0, 1) be such that

€< —.
4

Recall that there exists a pseudogradient vector field for ¢ on 512 HY)\ K, ie.

a locally Lipschitz mapping W : S?(HV) \ K — S?(H") such that for each

u € S3(HN) \ K one has

a) Wl < 2llg’w)ll,
b) (@' (w), W) > ll¢' ).

Let ¢y and v : SIZ(HN ) — [0, 1] be two locally Lipschitz continuous func-
tions such that

) {1 when |¢(u) — ¢| < €/2,

0 when |p(u) —c| > €.
and

1 whend(u, K) > p
Yo(u) =
0 whend(u, K) < p/2.
In particular, ¥ (1) = 1 for d(u, [F,[]) > p.
Let
W(u)

V(u) = 4edri(w)yra(u) W2
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and observe that V : § 12 HYy > § 12 (HV) is a locally Lipschitz continuous vector
field. Consider the initial value problem

dz(u,t) _
p T —V(z(u, 1)),

z(u,0) = u. (3.1

By the theory of ordinary differential equations, (3.1) has a unique solution defined
in a maximal right interval [0, T'). We claim that 7 = oco.If u ¢ ¢~ '[c —€, c + €]\
N, 2(K), then this is certainly clear, because then ¥1 ()2 (u) = Oandz(u, t) = u
for all + > 0. So we need only consider u such that z(u, t) € (p‘l [c —€,c+ €]\
Ny2(K) for all ¢ € [0, T). We argue by contradiction, and suppose that 7 < oo.
Then there exists a sequence t; — T such that |V (z(u, t;))|| — coast; — T,
since otherwise

= C|tn - tm|,

n
/ V(z(u,t))dt
Im

lz(u, tn) — 2, tw)ll g2 = ’

so that z(u, t,) is a Cauchy sequence in Slz(]H[N). Then z(u,t) — zast — T,
and the solution z(u, t) can be extended beyond T. Hence ||V (z(u, t;))|| — oo,
and by the definition of V, |W(z(u, t;))|| — 0 as j — oo. By property b) of the
pseudogradient vector field,

g’ (s )N < NW (2, )],

and so

o(z(u,tj)) € [c—€,c+el,
' (z(u, ;)| — 0.

Let p € (2,2%). Then, by Lemma 4, d(z(u, t;), [F,I]) — 0in LP(HM) on a sub-
sequence, and by Lemma 2, z(u, t) enters infinitely many L”-balls Brr(z;, 8/3),
where z; € [F, 1], as j — oo.

Let s1 and s, be such that z(u, t) leaves the ball Byr(z1,5/3) att = s1 and
enters the ball Brr(z2,8/3) at t = so and that dpr(z(u,t), [F,1]) > &/3 for
t € (s1, 52). By Lemma 4, there is anumber D > 0 such that ||¢’(u)|| > D whenever
uep lc—e c+elanddpr(u, [F,1]) > 8/3. Then

NS

< llz@, s2) = z(u, s)llzr < Sllz(u, s2) — z(u, 51l 52

$2 1

52
= S/ IV (z(u, 1))l dt 5465/ — ar
s 5 w WG 0)llg

52 1 4e S
<deS | T —————dt < —Is2—s1|. (3.2)
st 'z, D)l v

Now, since s; and s, can be chosen arbitrarily close to T, we get a contradiction.
This shows that T = oc.
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It is clear that (i) and (ii) are true. To prove (iii), we use properties a) and b) of
the pseudogradient vector field and compute

do(z(u, t)) ’ dz
— ) (z(u,t)),a(uyf))

—(¢'(z(u, 1)), V(z(u, 1))
Vi (z(u, D)2 (z(u, 1)

= —4e

(@' (z(u, 1)), W(z(u, 1))

IW (z(u, 1))]12
¢’ (z(u, ))1I?
< —4de1(z(u, 1) Y2(z(u, t))m
< —e¥1 (z(u, ))Y2(z(u, 1) < 0. 3.3)

This proves (iii).
To prove (v), a similar calculation as in (3.2) shows that

4de
lz(u, 1) —u| < o

By the choice of €, (v) follows.

Note that by (iii), we have also proved (iv) foru € (p‘l (=00, c—€/2]\ N2y (K).
It remains to show (iv) foru € ¢ 1 (c —€/2, c+¢/2] \ N2, (K). By (iii) and (v), the
only way for z(u, 1) to leave 9~ (c—€ /2, c+€/2\Ny(K)isif o(z(u, 1)) = c—€/2
for some ¢ € [0, 1]. But then, ¢(z(u, s)) < ¢ —€/2 for all s € [¢, 1], so that (iv)
holds in this case. The only remaining case is when z(u, 1) € ¢~ (c — €/2,¢c +
€/2]1\ N,(K) for all ¢ € [0, 1]. But then v (z(u, t)) = 1 forall ¢ € [0, 1], and so
by (3.3),

)

1
€><p(u)—<p(z(u,1)):_/ Mze
0 t

and we get a contradiction. 0O

The following deformation lemma will also be needed in later sections (see [18]).

Lemma 6. Let X be a Banach space, and let ¢ € Cl(X, R), SC X,ceR g
p > 0be suchthat |¢' ()| > 8¢/p wheneveru € ¢~ ([c—2e, c+2e])N N2, (S)).
Then there exists 7 € C(X x [0, 1], X) such that

1) zu,t) =uift =0orifu ¢ <p_1([c —2¢, ¢+ 2€]) N Ny (S),
(i) z(p (=00, c +€]N S, 1) C ¢~ (=00, c — €],
(@iii) z(-, t) is a homeomorphism of X for all t € [0, 1],
@v) llz(u,t) —ull < pforallu € X andt € [0, 1],
(v) ¢(z(u, -)) is non-increasing for allu € X.
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4. An infinite sequence of minimax values

Lemma 7. Suppose that ( f1)—(f1) are satisfied. Then 0 is an isolated critical point
of ¢ and

o) = l||u||2 +o(llul?)
2 st S

asu — Q.

The proof is standard, and so it is omitted. Let w € Sl2 (HM) \ {0}, then by (f>),
¢(Bw) - —oo as B — o0o. By use of Lemma 7, this means that the class

Iy ={g € C([0, 1], S;HEN)); g(0) =0, p(g(1)) < 0}

is nonempty. Hence, the problem has a mountain pass geometry, and we define our
first minimax value to be the mountain pass value

c; = inf max go(g(@))
gel'1 0

Note that ¢; > 0. Suppose that F is a finite set. Then the number
=sup(f €R: KN~ '[c1 = B.e1+ Bl =K Ng~ (c1))
is positive. The following proposition shows that c; is a critical value of ¢.

Proposition 1. Let ¢ be given by (1.2), where f € C*(HV x R, R) satisfies (f1),
(f2), (f3) and (f1). Suppose that F is finite. Then there exists a finite set A C
K N o~ (cy) such that for any €, < a1/2, p € N and ry sufficiently small, there
exists €1 € (0,€1) and g1 € "1 such that

(i) maxgefo,1] 9(g1(0)) < c1 +€1/p,
(i) if p(g1(0)) > c1 — €1, then g1(8) € Ny, (A).

Proof. Let g1 € 'y be such that

21(0)) < .
le[gﬁlw(gl( ) <ci+e€i/p

We invoke Lemma 5 with p = r;/3 and € = 2¢;. Let z € C(S%(HN) X
[0, 1], S%(]HIN)) be as in Lemma 5, and put g1(8) = z(g1(6), 1). By (iii) of Lemma
5’
Jmax, @(1(0)) < c1 +e€1/p.

Moreover, by (iv) of Lemma 5 and the definition of «1, if ¢(g1(0)) > c1 — €y,
then g1(0) € Nap(K N ¢~ (c1)). Since by (v) of Lemma 5, ||z(u, 1) — u| < r1/3,
©(g1(0)) = c1 — €1 also implies g1(8) € N, (K N (p’l(cl)).

If (ii) is not true, then there are sequences v, € K N ga_l (c1) and 6,, € [0, 1]
such that

lg1@m) — vl <1y
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and 6,, — 0 € [0, 1] on a subsequence. For these values of m, n, we have

lvm — vall < lvm — 1O + 11810m) — 1O + 1181 (On) — vall
< 2r1 +118100n) — 816l = 211

as m, n — 00. Thus, if we take
I
r < Emf{”v—wnur; v,we K, v#w},

where S is the constant in the Folland—Stein embedding theorem, we get a contra-
diction against Lemma 2. 0O

We follow [6], and construct a sequence of minimax values as follows: For
k> 2, let

Iy ={G =g1+ -+ g g satisfies (G1)-(G3), 1 <i <k},

where

(G1) g € C(0, 11%, SFEN)), 1 <i <k,

(G2) gi(01,...,0i-1,0,0i41,....0) = 0 and @(gi(®1,...,0i-1,1,0i41,
...,0) <Oholdfori =1...kand forall 8 € [0, 1]¥,

(G3) Foreveryi = 1,..., k,thereisanopenset O; C HV, suchthat@ﬂO_j =0
if i # j and supp g;(8) C O; forall 6 € [0, 1%,

and let

¢y = inf max G()).
Gerkee[o’”kso( )

To see that I'y is nonempty, note that it is a superset of
{G(O) = g1(01) + -+ gc(k); g €T'1,1 <i <k, and (G3) holds},
and that the latter is nonempty since there exists g; € I'j with compact support.

Lemma_8. Letk > 2 and let g; sat_isfy (G1) and (G3) fori = 1...k. Then there
exists a 0 € [0, 11¥ such that (gi(0)) > c1,i =1...k.

The proof is the same as that of Proposition 3.4. in [5], and so it is omitted.

Lemma 9. ¢; = kc;.
Proof. By (G3), for every 6 € [0, 1%,
k
9(G0) = 9(3i(6)).
i=1
Thus by Lemma 8§,

cx > kcy.
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For the reverse inequality, note that the assertion follows if we can find g € 'y and
R > 0 such that supp g(t) C By (0, R) forall T € [0, 1], and

max ¢(g(t)) <c1+€/k
7€[0,1]

for all T € [0, 1]. Then we may choose «; € Hg such that

k
G) = Zfa<i>§(9i) e I'y,
i=1

and

max @(G(0)) <kcy +e.
6el0,1]F

To find such g, choose g € 'y such that

max ¢(g(7)) < c1 +¢€/2k.
t€[0,1]

Let R > 0,anlet xg € C®°(R™, R) be such that xg(p) = 1if p < R, Xz <1
and xr(p) = 0if p > R + 2. For R large, we let

g(0)(m = xr(d(®,0)g(T)(m).

To se that ¢ satisfies the requirements, note that ¢ € C([0, 1], S%(HN )) and
£(0) = 0. Note that by the definition of I'}, ¢(g(1)) < 0. Let

y = min(e/2k, —p(g(1))).
Then if g satisfies
lp(g(r) — @)l <y 4.1
for all T € [0, 1], then ¢(g(1)) < 0, and so g € I'} and
rg}gfl]w(é(r)) <ci+e€/k.
Finally, to verify (4.1), suppose that
max 8@l s2@v\py0.8) < 71>

where Y1 = y1(R) is to be specified later. Note that

Vi(xrg) = xgVud (1, 0)g + XrVHE,
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Since Vgd(n, 0) is homogeneous of degree 0 with respect to the Heisenberg dila-
tions, it is bounded, and hence there is a constant C > 0 such that

IVE(XR&)| < Clg| + [VHEI.

1
/ (5 (1vme@? + |g(r>|2)—F<n,g(r>>> dn'
d(n,0)>R

1
/ (5 (1VaCrg DI + Ixrg @)
R<d((n,0)<R+2

—F(n,ng(r))> dn'

lp(g(1)) —(g(r)| <

+

c*+1 ,
) "1

=

N =

yf+/ |F(n, g(0)|dn +
d(n,0)>R

+ |F (. xrg(D)]dn. 4.2)

/R<d(7],0)<R+2
By condition ( f),
|F(n, g(0)(mM)] < A1(1g(D* + 1g(D)IP),
and by the Folland—Stein embedding,
18O r @M\ Br0)) = A2”g(7")”S12(HN\BR(O))

By applying a similar estimate to the last term of (4.2), we obtain

C2
o) ~ oGl < (G 1) 7+ 20000 = w)

By choosing R sufficiently large, we can ensure that ¥/ (y;) < y. This completes
the proof. O

5. Infinitely many solutions

In this section, we prove Theorem 1.

Suppose that F is finite, and let k be so large that ¢’(u) # 0 for every y €
¢ '[cx — 1,00). Let B > 0 be a number to be specified later. During the argu-
ment we will need to increase S, but this will only happen finitely many times. For
i =1...k, wepickn; € HN suchthatd(n;, n) > B +2fori #1.Let

k
M = mevi; v, €A,
Jj=1
where A is the finite set defined in Proposition 1.

Proposition 2. Let (f1), (f2), (f3) and (f1) be satisfied, and suppose that F is
finite. Then there exists 5 > O such that either
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(i) there is a v > 0 such that ||¢’(w)|| > v for all w € Ns(M), or
(ii) there is a w € Ns(M) such that ¢’ (w) = 0.

Proof. Suppose that (i) does not hold. Then there is a sequence u ; € Ns(M) such
that ¢’(u;) — 0. Let vy, ..., vy € A be such that

k
uj — Z Tn; Vi
i=1

< 4.
St

By Lemma 3, there are w;.") € 512 (HV) and (x;") € Hg such that

oo
uj— Z Ta(n)w(n) — 0.
n=1 "

LP

and
d(aj.n), ag.m)) — 00

for n # m. As in the proof of Lemma 4, we conclude that there are only finitely
many terms (say /) in the sum above, and that w®™ € F.
Thus,

<5+6j,

k 1
J
n=1 m=1

where €; — O as j — oo.
By Lemma 2, choosing

LP

1
8 < Einf{”u —vl|lLr; u,v € [F,max(k, )], u # v},

we must have
k )
Z Tni Vv = Z Ta(lz) w(}’l)
. J
i=1 n=1

for j large, and then all terms for which d(ozi."), 0) — oo must be 0. Thus, only

(1 a

one term remains, say T, Ow;’, and since « j ) is bounded, it has a convergent

subsequence. Since ozﬁ.l) € Hg , ozﬁ.l> is eventually constant. Thus we have shown
that

uj = ro(l(l))w(l),
and since =&y w® € K \ {0}, (i) follows. O

Proposition 3. There exists 6 = 6 > 0 such that if B > 0 is sufficiently large, then
u € Ns(M) N K implies p(u) € [ck — €, ¢k + €].
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Proof. Letu € N5j(M) N K. Then there exist v; € A such that

k
u — Z Ty, Vi
i=1

<3.

Let

k
w = Z Ty, Vi-
i=1
Then by the mean value theorem, there is a A € [0, 1] such that

o) —pw) = ¢'Gu + (1 = Dw)(u — w).

Requiring that § < 1, we have by Lemma 1,

k
I+ (1= wl < D il +1 §k<

i=1

NI—
T =

Let

B={ueSTH"); ||ul < k(

1
2

1/2
) +1

o'+ (1 =Vw)|| < max g’ )l = M.

=

Since ¢’ is bounded on bounded sets,

Now we choose f so large that

k
€
pw) =Y o] = lpw) —al < 5.
i=1
We further require that M§ < €/2. Then
low) —al <e. O

1/2
) ‘.

Proof of Theorem 1. Suppose that ¢ has only finitely many critical points. Let € €
(0, 1) be given, and note that ¢’ (u) # 0 forevery u € <p_1 [ck — €, 00). Proposition
3 and Proposition 2 together imply that there exist 6 > 0 and v > 0 such that
l¢’(w)|| > v whenever w € Ns(M). Without loss of generality, we assume that

€ < §v/32.
By Proposition 1, there exists g; € I'1 such that

€
max 1)) < -
max @(z1(0) < 1+
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andg(t) e N & (A) whenever ¢(g1(¢)) > c1 —2¢. By an approximation argument
as in the proof of Lemma 9, there exists g € I'1 and R > 0 such that

8

) —g)| < —,

lg1(t) — gl = ok
€
t)) — t —
lp(g1(1)) — (g < K

and supp g(1) C Bg2(0) for all ¢ € [0, 1]. We redefine 8 so that 8 > R.
Hence,

€
1)) < —.
t?}&’i]‘p(g( ) <c+ %

Moreover, if ¢(g(t)) > c1 — 376, then

e(g1(®)) > c1 — 2e.

Thus g1(t) € N%(A), and so g(¢) € NS%(A).
For 6 € [0, 11, let

k
G@O) =) t,8(6)).
i=1
Then we have

k
supp G(6) C U Ty, (Bu(0, R/2)).
i=1

It is clear that G € I'k, and that

k
P(GO) =Y ¢(g(6)) < ke +e.

i=1

Moreover, if 9(G(0)) > kc; — €, we have for 1 <i <k,
€
0(80)) + (k= 1) (c1 + 57) > ket —<.
and so
3¢
@(g(0i)) > c1 — EX
Hence g(6;) € N857k (A), and so

k
G(®) =) 1,86 € Ny (M).

i=1

Next, we apply Lemma 6 (with S = Nj/2(M)) to obtain a homeomorphism
w e C(S}HN) x [0, 1], ST(HV)) satisfying
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() wu,t) =uift =0orifu ¢ o~ ([cx — 2¢, cx + 2€]) N Ns(M),
(ii) p(w(u, 1)) <c—e€ifp(u) <c+eandu € N5;(M),
(i) lw(u,t) —ul| <§/4forallu € SIZ(HN) andr € [0, 1].

Then the function G(0) = w(G(0), 1) satisfies

max ¢(G(0)) < cr — €.
0el0,11%

If G € T'y we would have a contradiction at this point. Unfortunately, this might
not be the case, since condition (G3) might not be satisfied. However,

— )
”G(Q)”S%(HN\UL]S:') . Z:

where §; = 1, (Bg/2(0)).
By mollification, we can modify G(6) to G*(6), where G*(0) € C®(H", R)
satisfying

(=)

*
1G*©) = GOl g, < 3

and

max_@(G*(0)) < cx — =
0€[0,11% 2

By multiplying G*(#) with a smooth cutoft function xy like in the proof of
Lemma 9, we obtain a modified function G (6) with support in a ball By (0, R +2)
such that

A €
max @(G(0)) < ¢ — .
0el0, 11k 4

By choosing R large, we can also assure that

IG©®) = GO 2w, < 6.

The function G still does not belong to I'y. Note however, that (G1) is satisfied,
and that if we choose § small enough, also (G») holds.
To construct a function H € I'g, such that

€
max @(H@)) <cr— -,
0e[0,11% 8

we will need to modify G once more. We start by solving the following
minimization problem:
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Lemma 10. Let k > 2, an@ri =1,...,k, let W; = Bg(n;, R), where R > .
Let R > 0 be so large that W; C By(0, R + 2). Let

W = By(0, R +2) \ Us_, W;.
Let
Ew)zwesﬁwxu—Gw)eﬁum,mdemm<8ﬂ

and
1
V() = /W <5<|vHv(n>|2 + (wm)?) — F(n, v(n))) dn.

Then there is a unique minimum v(6) of ¥ on E(@). Moreover, v(9) € T2 (W)
forall y € (0, 1), and v depends continuously on 6 € [0, 11% in SIZ(W).

Proof. Note that since ||(A;(9)||S%(W) < §,theclass E(@) isnonempty. By ( f1)—(f1),

there is a constant ¢ > 0 such that for all n € HY and u € R,
1 *
F(n,u) < gluf® + cluf®.

By the Folland—Stein embedding theorem, there is a constant § > 0 such that for
allu € S3(W)

|u||L2*(W) = S||u”S12(W)'

Hence,
Fnum)dn = Sl + 82 Jul;
W ’ = g lis2w) 2wy’
Define 7 by
2% rqa2% =2 1
cS° (8r) = -
We restrict 8 by requiring that 8§ < 7. Then for u € E(0),

1 2
| o < sk,

and

2

1
Since G(0) € E(6),

. 1 . 1
inf W < W(G®) < =|G®)|> < -82.
inf W < W(GO) = FIGO Iy, < 3
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Thus, if u € E£(0) and ||u||S%(W) > 44, then we must have

W(u) > 482 > U(G(0)).

Consequently, the minimizer v(0), if it exists, must occur at an interior point of
E@®).
Let v; € E(6) be a minimizing sequence for W. Then ||v; ”SIZ(W) < 44. This

implies that v; has a subsequence on which v; converges weakly in Sf(W) and
strongly in LS(W) for1 <s < 2*. Since W is weakly lower semicontinuous and
E(0) is weakly closed, v(9) minimizes W on E(6).

By applying Theorem 4.2 of [9] to the function v(6) — é(@) € §%(W), noting
that 6(9) € C®, we see that v() is a classical solution of

—Agv(m) +v(m) = f(n,v(n), neWw
v==G®), neaw, (5.1)

and v(0) € I'>tA (W) for some B € (0, 1).
To see that the minimizer is unique, suppose that w and v are two minimizers
of W. Then by (5.1),
|w—wﬁmW=/Ywam»—ﬂnwwmwm—wm»M
1 w
1
= /W(v(n)—w(n))2 </O Jum, wn) +1(wm) — w(n)))dt) dn.

By (f1)—(f4), there is a constant ¢’ such that for all n € HY and u € R,

1 .
|nmmn§§+dw2?

Then
v —wl? <1w—ww +c [ wm —wm?qum| + lwmh* 2d
2w =g S2w) o n n n n
1 2 /o2 2 2% 2
= g”v - w”SlZ(W) +cS ||‘l) - w”SIZ(W)(”U“LZ*(W) + ”w”LZ*(W))
1 2 /o2 2 2 2% -2
= gl = wlig gy, + S = wiiga g, STVl + SIwi,,)
1

2 r 2% 2%-2 2
< —|lv— + 48 - .
< gl = wiay, +¢'S7 @ 2o —wiy

Thus, we may further require that § satisfies
* * 7
'S¥(48)% 2 < 3

Then v = w, and uniqueness is proved.
Note that the uniqueness of v(#) also implies that v depends continuously on
6. The proof is complete. O
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Lemma 11. Let v(0) be the minimizer obtained in Lemma 10. For p > 0, let
Dy={zeW; d(z,0W) = p}.

Then there exists a constant C, not depending on 0, R, R or B, such that
@ liLeD,) = Clv@) s -

Proof. Let O CC O cc HV. By the L? estimates (see [7]), there is a constant
K > 0 such that

lolsgon = K (117G 0@y + 10l o)) (52)

where K depends on k, g, N, diam O and d (@R @). Let j be free for the moment,
andleti =1...j+1.Let B; = Bg(n, (ip)/(2j)). We will use the estimate above
with O = B and © = B,,, m > i.

Let po = 2*/(p — 1). By (f1) and the Folland—Stein embedding,

p—1
1 Gy < 10l +aslvl)eg, < Clullga,

where a3 = a1 /(p — 1) (we have used that ”v”Sf(W) < 8§ < 1). Then by (5.2),

10ll70 5,y < Cllvlls2wy-

If po > N + 1, then Theorem 21.1 of [7] implies that
ol < Cllivlig2qw),

and we are done.
If po = N + 1, then there exists p < pg such that

1 1 1
(p—-D(N+2) p N+

Thus by applying the Folland—Stein embedding theorem twice,
||U||L(p*1)(N+2)(Bj) =< C||U||S2ﬁ(3j) < C”v”SIZ(W)'
Again, by (f1),
IfCollves;) = Clivllg2w)-
Then by (5.2),
Since 2 > (2N +2)/(N + 2), Theorem 21.1 of [7] gives that

||U||L°O(Bl) =< C||U||512(W)~
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If po < N +1, set
1 1 1 p—1 1

0 po N+1_  2¢r  N+IL

Since p < 2*, we have fo > 2*. Choose j such that

won(L-1)-t
J\p 1‘0 >t0.

The same argument as above implies that

Ilizos)) = Cllvligro g,y = Clivis -
By (f1) we then have
IFCoolrs) = Clvlig oy
where p1 =ty/(p — 1) > po. Then by (5.2),
Illgp s, 1y = Clvllgawy
Now, if p; > N + 1 we obtain as above

lvll ooy < C||U||512(W),

and we are finished. If p; = N +1, we argue as above to obtain the same conclusion.

If p1 < N + 1, we continue this process with
1 1 1

ti pi N+1
t
p—1

We claim that in at most j steps we arrive at p; > N + 1, which implies

Pi+1 =

”U”LOO(B]) =< ||U||s%(w)'

Indeed, if p; < N + 1, then

0<t ! _— X]:( —>+1 —1
<tj=— — — - — — .
! Dj N+1 Di  Pi-1 po N+1

But since

(1 1 . 1 1
— i === _1l+l<___>’
(p-1 (Pl po) r=b o 2%

and since p > 2 and t9 > 2* it follows that

1 1 1 1
0<Z<p—l) (5——) —<j<p—1)<5—2—*>+5,

contrary to the choice of j. The proof is therefore complete. O
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Lemma 12. Let v(6) be the minimizer obtained in Lemma 10. Fori = 1...k, let
A; be the annular region defined by

A=tnem; ReD 1 <dom < k454

Then there exists a constant C > 0 such that for n € A;,
@) (| < Ce PP, (5.3)

Proof. By (f1) and ( f1), there is a constant 7 > 0 such that |u| < r implies

)] < %|u|.

Restricting § so that

r
5 < —,
- 88

where S is the constant in the Folland—Stein embedding theorem, Lemma 11 (with
p = 1) implies that

lvllzoo(pyy <7
Letl <i <k, and let
Si={neHY; R+1<dn) <R+p+1)
Note that §,~ C D, and observe that
—Agv? 4+ v? = =2|Viv)? — 2vARY + v?
= —2|Vigv| 4 2vf (. v) — V2.
Since | f (1, v)| < 1|vl, we have
AHv2 —v? >0, in S‘i
2 < rz, on 83}.
Suppose that w satisfies
Agw —w <0, inS’,-
w > vz, on 8Si.
Then

Ag(? —w)— (> —w) >0, ind;
vz—wa, on8$’i.
The weak maximum principle then implies that

w>v> inS;. (5.4)
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Next, we construct such a function w. For simplicity, we may assume that
n; = 0. Let wy be defined by

i) = 44400,

Since w4 is radially symmetric, we have by [8], p. 327 that

Agwy =

PRUEES (11 0-1 )w
dm, 02 \4 - 2d(n,0) " F

so that

A — <{——+ ! <0
w w w

if R > 2(Q — 1)/3, which can be assumed.

Now, set
5 R+pB+1 R+1
w=r <exp{—T}w++exp{ 5 }w)
=r2<exp{—R+ﬂ+12_d(n’0)}+exp{—R_l_l_zd(n’o)}).(5.5)

Hence w = r? (e_ﬂ/2 + 1) > r2 on 3S;. Thus, w has the required properties.
By (5.5) and (5.4),

1
vz(x) < 2r2eB/* cosh >

and the proof is complete. O

Now we complete the proof of Theorem 1. For each 6 € [0, 1]¥, define

GO)n) ifng W,

vom = {v(e)(n) ifnew.

where v(6) is the minimizer given by lemma 10.
Forl <i <k, let

U©)(2)ifd(z,n) <R+ 5,
hi(0)(z) = {2 ‘d(z, m)—<R+§+%)‘ UO)@ if R+5 <d@m) < R+5+5

0 otherwise.

It is clear that &; satisfies (G1) and (G3) if 8 > 1. Define

k
H(®) = Zh,-(@).
i=1
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We claim that H also satisfies (G3), and so H € I'y. By the definition of 4;, this
follows if G and v satisfy (G2). We have already checked this for G. Since

GO, ..., 01-1,0,0i41,...,60) =0
for all 6 € [0, 1]%, it follows that
v(@1,...,0i-1,0,0i11,...,6,) =0 onadW.

Since 0 solves equation (5.1), and by the proof of Lemma 10, this solution is unique.
Thus

v@1,...,0i-1,0,0i+1,...,0,) =0 inW.
Likewise, since v(6) is the minimizer of ¥ on E(6) and G(@) € E(0), we have
W) < W(GO)).

Now it follows that (G») is satisfied.
It remains to show that ¢ (H (6)) < cx, in order to get a contradiction. Note that

w(H(©0)) < oU(0)) + (p(HH)) — pU(0)))
<=5+ 0(H©) = pU©).
Thus it suffices if we show that

lp(H (0)) — U ©))| = (5.6)

oo M

Note that H(0)(n) = U(0)(n) whenn € W = Uf.‘zlr,,l. (B (0, R+ B/2)) and that
supp H UsuppU C W U W. Thus, (5.6) follows if we show that

>l

YH = <

1
/ (§<|VHH<9)(;7>|2 +H®mI» — F(n, H(9>(n)>)
W\W

=

ol

YU =

1
/ <§<|VHU(9><n)|2 +1U@)mI*) — F(n, U(9>(n)>)
W\W.

First, we attend to ¢y, and we start by choosing g so large so that
Ce Pl <1,

where C is the constant in Lemma 12. This guarantees that [v(0)(n)| < 1 for
n € A;. Thus, as in the proof of Lemma 12,

1
F(n, hi @) () < 5|hi<9><n)|2.



382 S. Maad

Hence,
k
1
o <Y /,4 (E(WHhi(e)(n)F +1hi () — F(n,h,w)(n))) dn
i=1 i
1 k
<52 Mhillga,:
i=1
Let

Bi={neH": R+B/2<d(p.m) <R+ p/2+1/2).
Forn € Ui.‘lei, by (5.2), we have the estimate

1)l 53 (B (.1 /47 < Ke™P/®

fors > 1.Wechoose s > Q and the Folland—Stein embedding theorem to conclude
that

||U(0)”C1(BH(;7,1/4)) =< Ke P8, 5.7

Since this estimate holds for all 5 € B;, we obtain

k 0
on < Ke PPy |B| < K’ (R + g + 1) e P4,
i=1

Now, we may choose 8 so large that
B e —BJ4 €
K'(R+Z+1 Bid < — .
( + ) + e T
It then follows that

€

< —.
YH =16

Now we turn to the estimate of ¢y. Let D = W \ W. By (f1), (f3) and (fa),
there is a constant ¢; > 0 such that

l 2 2%
F(n,u)§4|u| +oerlul”.
Hence,

1 "
/ F(n,v@)(n)dn < Z/ Iv(9)(77)|2d77+61/ (@) (> 2 dn
D D D

< (L ie @R ) ok, .
- \4 S2(W) S7(D)

Recalling that ||v(0)]| S2(W) < 4§, and requiring that § satisfies

1 * 1
1 4572 < 1
4+Cz( ) =3
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this implies

1 2
| P o@ mdn = 31061
This leads to the estimate

1 2
VRS TOT
Observe that Agu = div(AVu), where A is the matrix
I 0 2yT
A= O I _2XT
2y 204307 + D)

Thus the Gauss—Green formula holds for Ag. This implies that

1061, = [ @G o@) 0~ [ v©)AV0(6) - Tdo,
1 D aD

where 7 is the outward unit normal to d D at 5. A similar estimate as above shows
that

1
| v@ 1. 0@ < 31O e,

Since

k
0D = 3Bw(0, R+2)U|_JaBu(ni, R + B/2)
i=1

and since v(#) = 0 on 9 By (0, R+ 2), we may use the estimate (5.7) to show that

lv(@®)| < Ke P4,
IVu(0)| < Ke P/

on 3D \ 3By (0, R + 2), so that

B o+2
‘/ v(0)AVv(H) -ﬁd(u' <K’ (R + —> e P2,
D 2

By combining the above estimates, we obtain
2 AR
/ _
HU(Q)HS%(D) <2K (R + 5) e .

Choosing g large enough, this estimate guarantees that ¢y < €/16. The proof is
complete. 0O
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