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+'/3(.#$/,= >, #('9* /- 8$*#'$1!#$/,*: #;$* $* & 8$'(.# $9&0( 4!,8(' #;( +'/3(.#$/,6 /-

#;(  !"#" $%#&'$& (&'$#&)*$&+, /- #;( +/"2#/+(: 0$%(, 12 $,#(0'&#$/, /%(' #;( +/"2#/+(=

>, #;$* 7/'?: 7( '(+"&.( #;( +/"2#/+( 12 #;( +/"2;(8'&" .("" ./9+"(5 K $# 8(<,(*: &,8
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.&#(0/'$(* /- *;(&%(* &'( 0$%(, $, BI

+
KOH: B &"RTH: BC$9FUH &,8 BI3TH= Q( #&,0(,#$&""2
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#  !" "%!.)%

X := Cm
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σ⊂K σ- 8.#)# ,.# σ %)# ,.# 6#++' /3 KA %$0 ,.# !$,#)'#6,!/$ /3 ,8/ 6#++' !'
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 !"!#$%&#' (&# I(σ)- #525 !$ ,.# ',%$0%)0 H:'!&7+#=-
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#$%" &4 %"// &# K $+ $ 6#$%"7%"// &# δK 8 &4 "9"' $ 6#$%"7%"// &# K8 .!"' '& %&'#5+*&' *+

/*:"/2  & $4*+",

;&4 $'2 %"// σ ⊂ K< &'" !$+  !" #&//&.*'= 4"/$ *&'+ 0" .""' δσ $'3 * + #$%" + δσj
< .!*%!

." %$//  !"  !"#$"%$ %&'"!()# ,

!"#$#%&'&#( )*) >? $'3$43 4"/$ *&'+@* *(+ ,- dim(σ) > 0. !/&# -)% "#0 $(%&1!()#"'

$&%(2"!(2& ∂v 3/&%& v ( " 2&1!)% !"#4&#! !) Hσ *!/& "5#& 6"!  7"##&$ 80 σ+.

3& /"2&

∂v · δσ = −
∑

i

〈v|ni〉δσi
,

"#$

*((+ -)% "#0 p ∈ I(σ). 3& /"2&

p · δσ = 0.

9 σ ( " 7)'0/&$%"' 8)$0. Hσ ( "# "5#&  7"1& $&:#&$ 80 m − dim(σ) &;<"!()# 

)- $&4%&& =. "#$ !/& 1)%%& 7)#$(#4 7)'0#)>("' 4&#&%"!& I(σ)?

@%))-? (i) *+ ? &:"+8  !"&4"A< $11/*"3  & σ,

(ii) *+ &09*&5+< $'3 * #&//&.+ *AA"3*$ "/2 02 3"B'* *&', C& B'3  !" $% *&' &# xi &' δσ<

+*A1/2 "9$/5$ " * *' k[X]/I(σ)< ",=, *# I(σ) = 〈xi−p(x)〉 >.!"4" p(x) .*// 0" +&A" /*'"$4

1&/2'&A*$/ *'  !" & !"4 9$4*$0/"+@< ." !$9" xi · δσ = p(x)δσ,

+,--. )*/* A)% "#0 1&'' σ. m )- !/&  !"#$"%$ %&'"!()#  <51& !) 4&#&%"!& "'' )- !/&>?

@%))-? C!" 4"/$ *&'+ &#  !"  21" D,D(i) $4" ="'"4$ "3 02 $ +1$''*'= +" &#  !"  $'="' 

+1$%" &# Hσ< .!*%! *+ dim(σ)(3*A"'+*&'$/, C!" 4"/$ *&'+ &#  21" D,D(ii) $4" ="'"4$ "3 02

$ ="'"4$ *'= +" #&4 I(Hσ)< $'3 $+ Hσ *+ 3"B'"3 02 m − dim(σ) "E5$ *&'+< * +5F%"+  &

!$9" dim(σ) + m − dim(σ) = m + $'3$43 4"/$ *&'+  & ="'"4$ " $// &#  !"A,

01.-$2, )*3* G" K 0" $ +*'=/" 1&*' p = (p1, . . . , pm), C!"' δK = δp<  !" H*4$%

3*+ 4*05 *&' &'  !$ 1&*' , I *+ $''*!*/$ "3 02 $'2 #&4A (xi − pi), I'3""3< I(p) = 〈x1 −
p1, . . . , xm − pm〉, I'  !*+ %$+"<  !"4" $4" '& + $'3$43 4"/$ *&'+ =*9"' 02 3*J"4"' *$/+< $+

Hp *+ K"4&(3*A"'+*&'$/ $'3 !$+ '&  $'="' +,

01.-$2, )*4* G" K = [0, 1]n ⊂ Rn
, C!"' ∂iδK = δxi

− δxi−1< +& δK *+ $''*!*/$ "3 02

$'2 "/"A"' &'  !" #&4A xi(xi − 1)∂i,

01.-$2, )*5* G" K = ∆2 ⊂ R2
0"  !" + $'3$43 D(+*A1/"), I'  !*+ %$+"< ∂iδK =

δxi
− 1√

2
δx1+x2−1< $'3 &'" +$A1/" $''*!*/$ &4 &# δ∆2 *+ xi(x1 + x2 − 1)∂i,

B&>"%C D,L >C&1&/&=2@? M0&9"< ." A$3"  !" 4"E5*4"A"'  !$ K 0" %/&+"3, C!*+ *+

0"%$5+" ." .*+!  & %&''"%  !" 4"/$ *&'+ 0" .""'  !" δσ  &  !" ="&A" 42 &# K< $'3 *'

&43"4 #&4  !*+  & .&4:< ." A5+ 4"E5*4"  !$ K 0" %/&+"3, M' ")$A1/" *+  !$ δ[0,1], δ[0,1)

$'3 δ(0,1) $4" $//  !" +$A" 3*+ 4*05 *&' >&' R@< "9"'  !&5=! [0, 1], [0, 1) $'3 (0, 1) $4" 9"42

3*J"4"'  &1&/&=*%$//2,
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5%6$,#(7 )#38 .$ &*! +!$+! &*#& &*! (!+6-& %' #33-7.$4 ∂v &% δK .+8 .$'%()#--78 9:*#& K
-%%2+ -.2! :*!$ ;.!:!, .$ &*! ,.(!"&.%$ v18 %( 9&*! 5%6$,#(7 .$ &*! v ,.(!"&.%$10  ! :.--
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 ! "#$ "%$&'(!) #** %+ ,-'& ,#.'$/ 0*#"! '$ ,-! W 12%(3*!

MK := W · {δσ|σ ⊂ K},

,-! 2%(3*! /!$!)#,!( 45 ,-! "-#)#",!)'&,'" ('&,)'43,'%$& %+ #** ,-! "!**& %+ K6 7$ ,-!
&!83!*9 ,-'& '& ,-! 2%(3*! :! :'** :%). :',-6

;!, 3& $%,! )'/-, #:#5 ,-#, MK (%!&  !" 3$'83!*5 (!,!)2'$! K6 7$ /!$!)#*9 ,-!
#$$'-'*#,%) '(!#* '$ W %+ # ('&,)'43,'%$ µ #$$'-'*#,!& 2#$5 %,-!) ('&,)'43,'%$&6 <-'& '&
%+ $% /)!#,!) "%$"!)$ +%) 3&9 -%:!=!)9 #& :! #)! 2#'$*5 "%$"!)$!( :',- :-#, +!#,3)!& %+

K #)! #00*'"#4*! ,% MK 6

 !"#"$%&%"' ()*) MK #$ % &'!"#( " !) "*( )+(( ,!-'.( /( (+%"(- 01 "*( 2(..$ !) K3 01

"*( #-(%. /( (+%"(- 01 "*( $"% -%+- +(.%"#! $ /#4( # 5+!6!$#"#! 7878 9(""# / c 0( "*(

 ',0(+ !) 2(..$ # K3 "*(+( #$ 01 9(,,% 78: % "!"%. !) m · c +(.%"#! $ /( (+%"# / "*#$

#-(%.3 % - *( 2( "*(+( #$ % 2% ! #2%. 6+($( "%"#! 

Wm·c → W c
։ MK ,

;*(+( "*( .%$" ,%6 #$ /#4( 01

∑
σ⊂K pσ · (σ) 7→ ∑

σ⊂K pσδσ8

 ! 0%&,0%$! ,-! 0)%%+ %+ ,-'& 3$,'* &!",'%$ >6?6

+,-.#/0 ()1 @<-! A1&'20*!BC) D%$&'(!) ,-! &,#$(#)( A1&'20*!B '$ R9 '6!6 ,-! "*%&!( 3$',

'$,!)=#* I = [0, 1]6 MI '& /!$!)#,!( 45 ,-)!! &'20*'"!&9 δI , δ0 #$( δ19 :',- ,-! )!*#,'%$&

∂xδI = δ0 − δ19 xδ0 = 0 #$( (x − 1)δ1 = 06 <-! "#$%$'"#* 0)!&!$,#,'%$ '& ,-!)!+%)!

W 3

·

0

B

B

@

∂x −1 1
0 x 0
0 0 (x − 1)

1

C

C

A

−→ W 3
։ MI .

 ! $%,! ,-#, ,-! 23*,'0*'"#,'%$ '& +)%2 ,-! )'/-,9 &% #& ,% 2#.! ,-! 83%,'!$, # *!+,

W 12%(3*!6

E'=!$ ,-#, K '& # 0%*5-!()#* "!** "%20*!B9 :! :%3*( *'.! ,% (!&")'4! ,-! 2%(3*!MK '$

,!)2& %+ ,-! 2%(3*!& %+ ,-! "!**& %+ K #$( &% 0)!&!)=! &%2! %+ ',& "!** "%20*!B &,)3",3)!6
F%2! &3"- )!&3*,& "%2! !#&'*5G

 !"#"$%&%"' ()() <) K ⊂ L #$ % $'02!,6.(=3 2.!$(- # L3 "*( MK ⊂ ML #$ % $'0,!-'.(8



 ! "# $%& '())*+, *- MK

 !""#$  !"#$%&'$"( )*+) )*& ,&--# !. K +'& +-#! ,&--# !. L/ +"% )*+) 0&,+1#& K $# ,-!#&%

$" L )*& '&-+)$!"# 0&)2&&" )*& (&"&'+)!'# δσ !. MK +'& +-#! '&-+)$!"# 0&)2&&" (&"&'+)!'#

$" L/ $) $# ,-&+' )*+) 2& *+3& + %$+('+4 2$)* &5+,) '!2#6

W rK //
� _

��

W sK // //
� _

��

MK

��
W rL // W sL // // ML

2*&'& rK , sK +'& )*& "140&' !. ,&--# +"% #)+"%+'% '&-+)$!"# 7'&#89: !.MK / +"% %&'( %(!)*

.!' ML; $) $# ,-&+' )*+) )*& 4+8 MK → ML $# +" $"<&,)$!"9

.+*)*'/,/*0 "#1# +# K ′
&) * ),-.&%&)&"/ "# K0 12(!( (3&)1) * '*/"/&'*4 &/5('1&%( 6*7

MK →֒ MK′
$

 !""#$  *+'+,)&'$#)$, %$#)'$01)$!"# *+3& )*& 8'!8&')= )*+) $. K, L ⊂ Rm
+'& !. &>1+-

%$4&"#$!" +"% K ∩ L *+# %$4&"#$!" #)'$,)-= -&## )*+" dim(K)/ )*&" δK∪L = δK + δL9

?#$"( )*$#/ 2& ,+" <1#) )+@& )*& 4+8 )*+) #&"%# + #$48-&5 δL )! )*& #14 !. )*& #$48-$,&#

)*+) #10%$3$%& $)9

2345)6& "#7# A! #10%$3$%& [0, 2] $")! [0, 1] ∪1 [1, 2]/ 2& #&"% δ[0,2] )! δ[0,1] + δ[1,2] +"%

)*& '&-+)$!" 〈∂xδ[0,2]−δ0 +δ2 = 0〉 )! 〈∂xδ[0,1]−δ0 +δ1 = 0〉+ 〈∂xδ[1,2]−δ1 +δ2 = 0〉9 A*&
8!$")# δ0, δ2 +"% )*&$' '&-+)$!"# 〈xδ0 = 0〉/〈(x − 2)δ2 = 0〉 7$" M[0,2]: +'& #&") )! δ0, δ2 +"%

〈xδ0 = 0〉/〈(x − 2)δ2 = 0〉 7$" M[0,1]∪1[1,2]:9

.+*)*'/,/*0 "#8# +# K */. L *!( 84,(. *4"/8 * ),-'"674(3 F 0 9( 2*%( MK∪F L ≃
MK ⊕MF

ML$

 !""#$ B= ,!"#$%&'$"( )*& (&"&'+)!'# 2& #&& )*+) MF $# + #104!%1-& !. 0!)* MK +"%

ML/ #! 2& ,+" )+@& )*& 81#*!1) !. )*& )2! $",-1#$!"# +"% 0& %!"&9 A*& ,'1,$+- 8+')

$# !0#&'3$"( )*+) 0!)* )*& (&"&'+)!'# +"% )*&$' '&-+)$!"# +'& 4+),*&% ,!''&,)-=/ 2*$,*

$# !03$!1# $. !"& 2'$)&# !1) )*& 8'&#&")+)$!"# W r → W s
։ MK .!' +-- )*& $"3!-3&%

4!%1-&#/ +-!"( 2$)* )*&$' $",-1#$!"# $")! &+,*!)*&'9

2345)6& "#9#  !"#$%&' )*& (-1$"( [0, 1] ∪1 [1, 2]9 C& @"!2 .'!4 D5+48-& E9F )*+) $"

(&"&'+-M[a,b] *+# (&"&'+)!'# δ[a,b], δa, δb/ +"% '&-+)$!"# ∂xδ[a,b] = δa−δb/ (x−a)δa = 0 +"%
(x − b)δb = 09 A*& 4!%1-& M[0,1]∪1[1,2] *+# (&"&'+)!'# δ[0,1], δ[1,2], δ0, δ1, δ2 +"% )*& #+4&

'&-+)$!"#/ +# +88'!8'$+)&9 G-1$"( M[0,1] +"% M[1,2] +-!"( δ1 #$48-= +4!1")# )! #+=$"( )*+)

)*& δ1H# +88&+'$"( $" &+,* 4!%1-& $# $" .+,) )*& #+4&9

 !" #$% &'(()*+ ), MK

G$3&" )*+) MK $# + 4!%1-& !3&' )*& ,!48-&5 C&=- +-(&0'+/ $) $# 2!')* )+@$"( + 4!4&")

)! )*$"@ +0!1) 2*+) )*& #188!') !. MK $" Cm
-!!@# -$@&/ +"% )! )+@& +%3+")+(& !. +"=

#)'1,)1'& $) *+#9



 !

K K̃

 !"#$% &'() *+% ,%-- ,./0-%1 K 234 5+% 266.,!25%4 273% 602,% 2$$23"%/%35 K̃'

"#$%&'&(% !)*) 8%,2-- 9$./ ('( 5+25 9.$ 23: ,%-- σ ⊂ Rm
; <% -%5 Hσ 4%3.5% !56 273%

+#-- Z(I(σ)) !3 Cm
' *+!6 !6 2 ,./0-%1 =2$!%5: .9 4%"$%% .3% 234 4!/%36!.3 dim(σ)'

>.<; 4%?3%

K̃ =
⋃

σ⊂K

Hσ

<!5+ 5+% #3!.3 52@%3 .=%$ 5+% ,%--6 .9 K' *+!6 !6 23 2$$23"%/%35 .9 273% 602,%6 !3

Cm
' >.5% 5+25 !9 K !6 0#$% 4!/%36!.32- .9 4!/%36!.3 m; 5+!6 !6 !3 92,5 2 +:0%$0-23%

2$$23"%/%35'

A% ,23 65$25!9: 5+!6 B: 4!/%36!.3 .9 σ)

"#$%&'&(% !)+ C*+% 6@%-%5.3 65$25!?,25!.3D) E.36!4%$ 5+% 2$$23"%/%35 K̃ !3 Cm
' *+%

 !"#"$%&  $'($)*+($)%&; 4%3.5%4 S; !6 4%?3%4 B:

K̃≤i =
⋃

dim(σ)≤i

Hσ,

234 5+% 65$252 2$%

Si = K̃≤i \ K̃≤i−1

F3% 3.52B-% 9%25#$% .9 5+% 2$$23"%/%35 K̃ !6 5+25 3.5 2-- 5+% ,./0.3%356 .9 5+% 65$252

,.$$%60.34 5. 2 ,%-- .9 K' *+25 !6; <% /2: +2=% ,%--6 σ, τ <!5+ σ∩τ = ∅; B#5 Hσ∩Hτ 6= ∅'
*+%6% G%1,%66G !35%$6%,5!.36 4. 3.5 ,2#6% 23: 0$.B-%/6; 26 <% <!-- 6%%'

"#$%&'&(% !) ,) H%5MK B% 5+% 6+%29 266.,!25%4 5. MK C,.36!4%$%4 26 2 C[X]I/.4#-%D
.3 Cm

' *+!6 +26 2 325#$2- 65$#,5#$% 26 DX I/.4#-%'

*+% 6%,5!.36 .9 MK 2$% 4%5%$/!3%4 B: 5+% 2$$23"%/%35 K̃)

-.(/(0&'&(% !)  ) ,-"' (& %."&  "$ U ⊂ Cm
/ $0"  "+$)%& MK(U) ('" 1"&"'($"2 34

$0% " δσ  5+0 $0($ Hσ ∩ U 6= ∅6



 ! "#$ %&' ()'*'+,- .*+/0+1,-

 !"#$% &'() *+!,- .!/%0123!/40 5$% K6 4+!/ .!/%0 5$% K̃6 %74$5 !/4%$0%,4!3/ 23!/4 0+38/ !/

"$59'

 !""#$ :3,5.!;!/" MK 54 03<% 23!/4 p ∈ Cm
+50 4+% %=%,4 3> -!..!/" 4+30% δσ 4+54 5$%

/34 0#223$4%? 54 p6 %72.!,!4.9 !> p 6∈ Hσ6 5/? q(x) · δσ = 06 4+%/ !/ 4+% .3,5.!;54!3/6

δσ = q(x)
q(x)δσ = 1

q(x)q(x) · δσ = 0' @.036 4+% $%.54!3/0 5$% <3?!A%? 5,,3$?!/".9'

B9 ?%A/!4!3/ C0%% %'"' DE5$FF6 GG'HIJ6 4+% 0%,4!3/0 3K%$ 5/ 32%/ U 5$% 4+30% >#/,4!3/0

s : U → ∐
p∈U (MK)p 0#,+ 4+54 s(p) ∈ (MK)p 5/? 4+54 5$% .3,5..9 5 >$5,4!3/ m/f 8!4+

m ∈ MK 5/? f ∈ C[X]' E%$%6 m =
∑

σ pσ(x, ∂)δσ6 5/? 4+30% δσ 4+54 522%5$ ,5/ L% 3/.9

4+30% 4+54 5$% /34 -!..%? L9 .3,5.!;54!3/ 54 03<% 23!/4 3> U ' *+%0% 5$% %75,4.9 4+30% 0#,+
4+54 Hσ ∩ U 6= ∅'

M% /38 0%% 4+54 4+% %74$5 !/4%$0%,4!3/0 8% "%4 8+%/ 2500!/" >$3< K 43 K̃ ,5#0% /3

$%5. 4$3#L.%6 50 4+%$% 5$% /3 "%/%$543$0 4+54 ,3$$%023/? 43 5/9 %74$5 !/4%$0%,4!3/'

23045*' "# $# :%4 K ⊂ R2
L% 4+% #/!3/ 3> 4+% .!/% 0%"<%/40 σ1 = [(1, 0), (2, 0)] 5/?

σ2 = [(0, 1), (0, 2)]' *+%/ K̃ !0 4+% ;%$3N0%4 3> x1x26 5/? 4+% 3$!"!/ 522%5$0 50 5/ %74$5

23!/4 !/ 4+% 5$$5/"%<%/4 C0%% &'(J'

B9 4+% 045/?5$? $%.54!3/0 5/? &'O6 MK !0 "%/%$54%? L9 δσ1 6 δσ1 6 5/? δ(p,q) >3$ 4+% 23!/40

(1, 0), (2, 0), (0, 1) 5/? (0, 2)' *+% 045/?5$? $%.54!3/0 "!K% 4+54 ∂x1δσ1 = δ(1,0) − δ(2,0) 5/?

x2δσ1 = 0 C5/? 0!<!.5$.9 >3$ δσ2J6 5/? (x1 − p)δ(p,q) = (x2 − q)δ(p,q) = 0 >3$ 4+% "!K%/

23!/40'

:3,5.!;!/" 4+!0 54 4+% 3$!"!/6 8% 0%% 4+54 4+% K%$4!,%0 (1, 0), (2, 0), (0, 1) 5/? (0, 2)
?!0522%5$6 !/?%%? δ(p,q) = x1−p

x1−pδ(p,q) = 1
x1−p(x1 − p)δ(p,q) = 0 %4,'6 50 x1 − p !0 !/K%$4!L.%

!/ 4+% .3,5.!054!3/' M+54 $%<5!/0 !0 4+% "%/%$543$0 δσ1 , δσ2 6 8!4+ 4+% $%.54!3/0 ∂xi
δσi

=
0, xjδσi

= 0 >3$ i 6= j6 03 4+% <3?#.% ?3%0 /34 0%% 4+% %74$5 !/4%$0%,4!3/ 23!/4' *+%$% 5$%
/3 $%.54!3/0 L%48%%/ δσ1 5/? δσ2 !/ 4+% .3,5.!054!3/6 03 4+% .3,5.!0%? <3?#.% !0 5 ?!$%,4

0#<'

@0 Cm
!0 5P/%6 4+% ,54%"3$!%0 3> W N<3?#.%0 5/? 3> DCm

N<3?#.%0 5$% %Q#!K5.%/4R 5..

4+% $%0#.40 >3$ MK 8!.. 5.03 +3.? >3$ MK ' M% 8!.. /34 +5K% 5/9 >#$4+%$ #0% >3$ MK 5/?

8!.. 83$- 3/.9 8!4+ MK >3$ 4+% $%<5!/?%$'

 !" #$% &'%(%)*+ ,()-.)/*+

@003,!54%? 43 4+% 0-%.%43/ 04$54!A,54!3/ !0 5 /54#$5. A.4$54!3/ 3/ MK )



 !

"#$%&'&(% )* )  !"#$#%&' ($%)*%+&',* -#% F iMK .# %/# 01.2&31$# &4 MK 5#'#)*%#3

.6 %/&0# δσ 7+%/ dim(σ) ≤ i8 9/#0# 01.2&31$#0 4&)2 * ($%)*%+&'

F 0MK ⊂ F 1MK ⊂ · · · ⊂ Fm−1MK ⊂ FmMK = MK

7/+:/ 7# :*$$ %/#  !"#"$%& '#$()$*%&8

9/10; F 0MK +0 5#'#)*%#3 .6 %/# <#)%+:#0 &4 MK ; F 1MK .6 %/# <#)%+:#0 *'3 =>:#$$0;

#%:8

+,(-(.&'&(% )* /* +"$ i : Hσ →֒ X ," $-" *&.#/ *%& 0)12 3-" '#$()$*%& 4/%$*"&$ 

Qk := F kMK/F k−1MK )("  "0* *01#"5 6*$-  /00)&7 * %0%(1-*. $% $-" 7*(".$ *0)8"

/&7"( $-" *&.#/ *%& i0+C[Hσ]5 %&" 9%( ").- k:."## σ ⊂ K2

;"0)(! ?8=@2 !## !#:%+&' @ 4&) 3#('+%+&'0 &4 %/# 3+)#:% +2*5# 41':%&)0 i0+, i+8

<(%%92 A% +0 :$#*) %/*% Qk +0 5#'#)*%#3 .6 %/#  :$*00#0 &4 %/#, k>:#$$0; '*2#$6 Qk =∑
W · δσ8 B# 210% 0/&7 %7& %/+'50C %/*% W · δK +0 &4 %/# 5+<#' 4&)2; *'3 %/*% %/# 012

+0 3+)#:%8

B# 2*6 *0012# .6 :/&&0+'5 :&&)3+'*%#0 *DD)&D)+*%#$6 %/*% Hσ +0 %/# *E'# F*% xk+1−
pk+1 = · · · = xm−pm = 08 G)&2 %/# 0%*'3*)3 )#$*%+&'0 5+<#' +' H)&D&0+%+&' I8I; +% 4&$$&70

%/*%

∂jδσ = 0, j ≤ k

(xj − pj)δσ = 0, j > k.

A'3##3; 7# /*<# ∂v · δσ =
∑

j〈v|nj〉δσj
4&) v D*)*$$#$ %& Hσ; *'3 +' %/# J1&%+#'% %/#

)+5/%>/*'3 0+3# 3+0*DD#*)0; 0& 7# *)# $#4% 7+%/ ∂vδσ = 08

9/# #K+0%#':# &4 %/#0# )#$*%+&'0 +2D$+#0 %/*% %/#)# +0 * 01)L#:%+<# 2*D

i0+C[Hσ] → W · δσ

*'3 *0 %/# ()0% 2&31$# +0 0+2D$# .6 M*0/+7*)*N0 9/#&)#2  OP*$Q?; ARS,; %/+0 +0 *'

+0&2&)D/+02 1'$#00 W · δσ +0 %/# T#)& 2&31$#8 A% +0 '&%; *0 δσ = 0 7&1$3 +2D$6 %/*% δσ +0

0&2# $+'#*) :&2.+'*%+&' &4 3+0%)+.1%+&'0 7+%/ 01DD&)% &' $&7#)>3+2#'0+&'*$ :#$$0; 7/+:/

:*''&% .# %)1# *0 %/#+) 01DD&)%0 /*<# 3+U#)#'% 3+2#'0+&'8

G&) 3+)#:%'#00 &4 %/# 012; %/# &'$6 &.0%)1:%+&' +0 %/*% %/#)# 2+5/% .# )#$*%+&'0 .#%7##'

:#$$0 &4 %/# 0*2# 3+2#'0+&'8 G&) 0&2# :#$$0 σ, τj &4 %/# 0*2# 3+2#'0+&'; 7# :&1$3 /*<#

p(x, ∂)δσ =
∑

pj(x, ∂)δτj
; 7+%/ p '&'T#)& *'3 '&% *$$ pj T#)&8 9/+0 +0 +2D&00+.$#; /&7#<#);

.#:*10# %/# δσj
*$$ /*<# 3+0L&+'% 01DD&)%0; *'3 *:%+'5 .6 *' &D#)*%&) p(x, ∂) :*' '#<#)

#KD*'3 %/# 01DD&)% &4 * 3+0%)+.1%+&'; &'$6 )#0%)+:% +%  OVWQX; ?8=8=S,8 9/10; 4&) 0&2# %#0%

41':%+&' f 7+%/ 01DD&)% 0%)+:%$6 :&'%*+'#3 +' %/# +'%#)+&) &4 σ; %/# )+5/%>/*'3 0+3# +0 T#)&

*'3 %/# $#4%>/*'3 0+3# +0 '&'>T#)&; 0& %/# #J1*$+%6 :*''&% /&$38

B# /*<# *:%1*$$6 D)&<#3 * $+%%$# 2&)#C

+,(-(.&'&(% )* 0* 3-" 0%7/#" W · δHσ )&7 W · δσ )(" * %0%(1-*.5 )&7 )# %  *01#"2



 ! "#$ %&' ()'*'+,- .*+/0+1,-

 !""#$  ! "#$$#%& "'#( !)* +'##" #" ,-./ !)0! !)* (#12$* W ·δσ 3& &3(+$*4 5*367 3&#(#'+)38

!# !)* &3(+$* (#12$* i0+C[Hσ]- 9)* 7*6*'0!#' δσ #5*:& !)* &0(* '*$0!3#6& 0& δHσ 4 0& !)*

"08*!& δσi
#" δσ 0'* ;3$$*1 36 !)* <2#!3*6!- =* 6#% )0>* W · δσ ≃ W · δHσ 061 !)* 8$03(

"#$$#%&-

%&'(!) ,-.?$ @'#+#&3!3#6 ,-./ 73>*& 2& 0 >*': 2&*"2$ !##$ "#' 80$82$0!3#6A !)* <2#!3*6!

&2((061& W · δσ 0'* *08)4 "#' 0 &23!05$* 8)#38* #" 8##'1360!*& xi B1*+*61367 #6 σC4

3&#(#'+)38 !# !)* (#12$* C[x1, . . . , xk, ∂k+1, . . . , ∂m] = W/
∑

i≤k W ·∂i+
∑

k<i≤m W ·xi ≃
i0+C[Hσ] B&** DE

+
F?4 G-,HC- I*'* xi, ∂j )0>* !)* 60!2'0$ 08!3#6& 36128*1 36 !)* <2#!3*6!-

=* 0'* 6#% *<23++*1 !# 73>* 0 +'##" #" @'#+#&3!3#6 ,-.-

 !""# "#  !"*"+,-,". /$0$ =* %06! !# &)#% !)* *J08!6*&& #" W r → W c → MK 4 %)*'* c
3& !)* 62(5*' #" 8*$$& 36 K4 r = m · c4 !)* (0+ W r → W c

3& 73>*6 5: !)* '*$0!3#6& "'#(

@'#+#&3!3#6 K-K4 061 !)* (0+ W c → MK (0;*& !)* 0++'#+'30!* 31*6!3L80!3#6&-

M*! 2& L'&! 1*L6* !)* (0+& +'#+*'$:- =* $05*$ !)* 7*6*'0!#'& #" W c
5: !)* 8*$$& #" K

N &# !)0! W c
3& "'**$: 7*6*'0!*1 5: 7*6*'0!#'& gσ N "#' 0$$ !)* σ ⊂ K4 061 $*! !)* (0+

W c → MK 5* 73>*6 5: gσ 7→ δσ-

=* 73>* 0 8#''*&+#61367 $05*$$367 #6 !)* 7*6*'0!#'& #" W r
4 5: !)* &!0610'1 '*$0!3#6&

"'#( @'#+#&3!3#6 K-K- E: M*((0 K-,4 !)*'* 3& "#' *08) σ ⊂ K 0 !#!0$ #" m 7*6*'0!#'&

"#' !)* &!0610'1 '*$0!3#6&- =* 806 %'3!* *08) #" !)*&* 0& &#(* W O$36*0' 8#(5360!3#6

P σ(δσ, . . . , δσk
) = 04 *-7- ∂v ·δσ +

∑
i〈v|ni〉δσi

= 0 "#' &#(* v !067*6! !# Hσ4 #' (
∑

i aixi−
d)δσ = 0 "#' &#(* 7*6*'0!#' (

∑
i aixi−d) #" I(Hσ)- =* 6#% $*! W r

5* "'**$: 7*6*'0!*1 5:

7*6*'0!#'& rP σ
4 #6* "#' *08) 7*6*'0!367 &!0610'1 '*$0!3#64 061 1*L6* !)* (0+ W r → W c

5: rP σ 7→ P σ(gσ, . . . , gσk
)-

9)* &;*$*!#6 L$!'0!3#6 #6 MK 36128*& L$!'0!3#6& #6 W c
061 W r

4 36 5#!) 80&*& 5:

13(*6&3#6 #" σA F ′iW c
061 F ′′iW r

0'* 7*6*'0!*14 '*&+*8!3>*$:4 5: !)#&* gσ 061 rP σ
%3!)

dim(σ) ≤ i- =* 806 3((*130!*$: #5&*'>* !)0! 5#!) (0+& '*&+*8! !)* L$!'0!3#6-

9)* (0+ W c → MK 3& 8$*0'$: &2'P*8!3>*4 %)0! '*(036& 3& *J08!6*&& 36 !)* (311$*- =*

806 8)*8; !)3& 5: +0&&367 !# !)* 0&&#830!*1 7'01*1 (#12$*& #" !)* &;*$*!#6 L$!'0!3#6 061

8)*8;367 *J08!6*&& #" !)* &*<2*68*

gr(W r) → gr(W c) ։ gr(MK).

9)3& '*128*& !# 8)*8;367 !)* 13'*8! &2((061& #" !)* L$!'0!3#6 <2#!3*6!&-

Q#' 0 <2#!3*6! &2((061 W · δσ ≃ C[x1, . . . , xk, ∂k+1, . . . , ∂m]4 !)* &*<2*68* 3&

Wm

·

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

∂1
-

-

-

∂k

xk+1
-

-

-

xm

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

−→ W ։ W · δσ

9)* 8#;*'6*$ #" !)* L'&! (0+ 3& W/(
∑

i≤k W · ∂i +
∑

i>k W · xi)4 061 !)3& 3& 8$*0'$:

3&#(#'+)38 !# C[x1, . . . , xk, ∂k+1, . . . , ∂m] ≃ W · δσ-



 !

 !"#"$%&%"' ()*+ ,-$" .%/0$ 1$ &20 3"--"4%'.5 ,-6"$& 3"! 3!007

"#$%$&'('$) *+ ,+ MK  ! "#$#%#& '(

)*##+(  ! "#$%&" !' %(&%) !(& *+!,-!.'/ 0#'!.&/!" ./ !(& ")&+&!'/ *+!,-!.'/1 2(.%( ,&3#%&"

!' %(&%)./4 !(& 3.,&%! "#55-/3"6 7(& "#55-/3" 8', MK -,& 9: ;6<= ."'5',>(.% !'

i0+C[Hσ]6 C[Hσ] ." ('+'/'5.%1 -/3 "./%& !(& 8#/%!', i+ >,&"&,?&" ('+'/'5.%.!:1 @"&& AB

+
CD1

E  6<FGH1 2& -,& 3'/&6



 !" #$%& '($(&()(*+ (, MK

 ! "#$ #%&' (&! )*! &+!%!)'$ ,%)-#).'$ )' "#%"(%#)! )*! /! 0*#1 "'*'1'%'23 '4 MK 5  !

-!"#%% ,-&) )*! /!,$.).'$&6 #$/ *!-! 7! 4'%%'7 )*! "'$8!$).'$& '4 9:#%;<=>

 !"#$%$&# '()( ?*!  ! "#$% &'%()!* DRX(M) @'- DR(M) 4'- &*'-)A '4 # %!4) W B
1'/(%! M .& )*! "'1C%!D Ω• ⊗C[X] M [m]6 )*#) .&6

0 → M → Ω1 ⊗C[X] M → · · · → Ωm ⊗C[X] M,

2-#/!/ &("* )*#) Ωi ⊗ M *#& /!2-!! i − m6 &' !525 M *#& /!2-!! −m #$/ Ωm ⊗ M *#&

/!2-!! E5 ?*! /.F!-!$).#% .& 2.8!$ G3 )*! !D)!-.'- /!-.8#).8!6

d(ω ⊗ m) = dω ⊗ m +
∑

i

dxi ∧ ω ⊗ ∂im

'- !H(.8#%!$)%3

d(dxI ⊗ m) =
∑

j

dxj ∧ dxI ⊗ ∂jm

7*."* &(22!&)& #& # &*'-)*#$/ d =
∑

i dxi ⊗ ∂i5

?*!  ! "#$% &'#'%')'+, H∗
dR(M, C) '4 M .& )*! "'*'1'%'23 '4 )*.& "'1C%!D5

"!%$-. I5J/  ! -!1#-+ )*#) )*.& "#$ G! &)#)!/ .$ )!-1& '4 )*! /!-.8!/ "#)!2'-3 @'4

8!")'- &C#"!& '- CX B1'/(%!&6 -!&C!").8!%3A> 7! "#$ /!,$! DR(M) = Ωm ⊗L M 6 #$/ )*.&
7.%% G! !H(.8#%!$) )' )*! #G'8! /!,$.).'$ @&!! 9:#%;<6 K5J= 4'- /!)#.%&A5 DR "#$ G! 8.!7!/
#& # 4($")'- 4-'1 )*! G'($/!/ /!-.8!/ "#)!2'-3 '4 W B1'/(%!& )' )*! G'($/!/ /!-.8!/
"#)!2'-3 '4 CB8!")'- &C#"!&6 &!! 9L.1EI6 M5<= 4'- /!)#.%&5

 ! 7.&* )' (&! )*! &+!%!)'$ ,%)-#).'$ )' "'1C()! )*! "'*'1'%'23 '4 MK 6 #$/ )' /'

)*.& 7! &)#-) 7.)* )*! ,%)-#).'$ H(').!$)& Qk6 7*."* -!/("!& )' )*!.- &(11#$/&5

"!%$-. I5</ N'- !#&! '4 )!-1.$'%'236 7! 1#+! # 1.$'- /!8.#).'$ 4-'1 '(- "'$)!D) '4

/.&)-.G().'$& #$/ W B1'/(%!& .$)' )*! -!#%1 '4 &0--!1236 4'- 7*."* )*! G!&) &'(-"! .&
9L!1E;=5 O(--!$)& #-! @.$ '$! !H(.8#%!$) 4'-1(%#).'$A /.F!-!$).#% 4'-1& 7.)* /.&)-.G().'$

"'!P".!$)&6 #$/ )*! 2!$!-#)'-& )*#) 7.%% #CC!#- .$ '(- /! 0*#1 "'1C%!D!& "#$ G! 8.!7!/

#& "(--!$)&5 K$ "'1C().$2 7.)* )*! &+!%!)'$ ,%)-#).'$ H(').!$)&6 7! 7.%% !$"'($)!- #

2!$!-#)'- '4 )*! 4'-1 δσ ⊗ dxk+1 ∧ . . . ∧ dxm @7*!-! 7! *#8! "*'&!$ "''-/.$#)!& &("*

)*#) Hσ .& C#-#%%!% )' )*! Q#) x1 = · · · = xk = 0A5 R.!7!/ #& # "(--!$)6 )*.& .& $')*.$2
')*!- )*#$ )*! &0--!12 '4 512!+-$25'1 '6!- Hσ @.$ L!1#.%%3S& $')#).'$ [Hσ]6 &!! 9L!1E;6
@J5IA6@J5;A=A G!"#(&! δσ .& .&'1'-C*." )' δHσ @G3 <5TUA5 K) &*'(%/ G! "%!#- @#2#.$ 4-'1

<5TUA )*#) )*! [Hσ] )*#) #CC!#-& .$ )*! H(').!$) DR(Qk) "'1!& 4-'1 [σ] @)*! "(--!$) '4
.$)!2-#).'$ '8!- σA .$ DR(MK)5



 !

 ! "#$ #"% &$ "'((!$%) *+%, -+.!(!$%+#/ &0!(#%&()1 23 #"%+$4 &$ %,! -+)%(+2'%+&$ "&!56

7"+!$%)8 9,#% +)1 +5 p(x, ∂) ∈ W 1 δi #(! -+)%(+2'%+&$) #$- ωi #(! k65&(:)1 *! ,#;!

p(x, ∂) ·
∑

i

δiωi =
∑

i

(p(x, ∂) · δi)ωi.

9,! $&%#%+&$ [σ] *+// #/)& 2! ')!- /#%!( %& (!5!( %& %,! )+$4'/#( ,&:&/&43 "/#)) &5 σ1 #$
&;!(/&#-+$4 &5 $&%#%+&$ *! 0!(:+% &'()!/;!) %& "&::+% #) +% ),&'/- $&% "#')! #$3 (!#/

"&$5')+&$8

"#$$% &'&'  !" #" $!%& '(!(&()(*+ (, W · δσ -. C1
-/ #"*0"" −k1 2"0( (3!"04-."5 6/

3!" #"0-7"# '%3"*(0+1 DR(W · δσ) -. -.(&(08!-' 3( 3!" (/"93"0& '(&8)": 3!%3 !%. C · [Hσ]
-/ #"*0"" −k5

;0((,5  ! "#$ 23 <8=> (!0/#"! W · δσ 23 i∗C[Hσ]8 ?,&&)+$4 "&&(-+$#%!) #$- ')+$4 %,!
-!"&:0&)+%+&$ C[x1, . . . , xk, ∂k+1, . . . , ∂m] ≃ C[x1] ⊗ · · · ⊗ C[∂m]1 *! "#$ !@0(!)) %,! -!
A,#: "&:0/!@ &5 i∗C[Hσ] #) # %!$)&( 0(&-'"% &5 m "&:0/!@!)1 k &5 %,! 5&(:

0 → C[xi]
∂i→ C[xi]dxi → 0

5&( 1 ≤ i ≤ kB #$- m − k &5 %,! 5&(:

0 → C[∂j ]
·∂j→ C[∂j ]dxj → 0

5&( k < j ≤ m C)!! D !+EF1 F8GH #$- DI?J=K1 =K8=HL8 A!"#// %,#% &'( -!4(!! "&$;!$%+&$
:!#$) %,#% %,!)! #(! "&:0/!@!) *+%, 7()% $&$6M!(& %!(: +$ -!4(!! 6= #$- )!"&$- %!(: +$

-!4(!! K8

9,! 7()% k &5 %,!)! m :#0) #(! )'(N!"%+;!1 #$- %,! /#)% m − k #(! +$N!"%+;!8 O% +)
&2;+&') %,#% (!)0!"%+;!/3 %,! +$"/')+&$ &5 %,! P!($!/ +$ -!4(!! 6= #$- %,! 0(&N!"%+&$ &$

%,! "&P!($!/ +$ -!4(!! K #(! Q'#)+6+)&:&(0,+):)1 *,+", :!#$) %,#% *! ,#;! k "&:0/!@!)
Q'#)+6+)&:&(0,+" %& %,! )+$4/!6%!(: "&:0/!@ *+%, C +$ -!4(!! 6=1 #$- m − k Q'#)+6
+)&:&(0,+" %& # "&:0/!@ &5 %,! 5&(: Cdxj +$ -!4(!! M!(&8 9,!+( %!$)&( 0(&-'"% +) %,!

-! A,#: "&:0/!@ &5 C[x1, . . . , xk, ∂k+1, . . . , ∂m]1 *,+", +) %,!$ Q'#)+6+)&:&(0,+" %& %,!
"&:0/!@ Cdxk+1 ∧ · · · ∧ dxm "&$"!$%(#%!- +$ -!4(!! −k8 A!"#//+$4 %,#% *! #(! (!#//3
*&(P+$4 *+%, W · δσ1 %,+) +) C · δσdxk+1 ∧ · · · ∧ dxm1 &( C23 F8<L C · [Hσ]8
 ! ,#;! !;!$ :&(!R %,! +$"/')+&$

C

��

// 0

��
C[x]

∂ // C[x]dx

+) # Q'#)+6+)&:&(0,+):1 2'% )& +)

C[x]
∂ //

x 7→0

��

C[x]dx

0

��
C // 0



 ! "#$%&'( )* +' (#$, "-#-,-.-/0 -1 MK

 !" #$% & '% ()* (C[∂j ]
·∂j→ C[∂j ]dxj) ↔ (0 → Cdxj)+  !"#"$%  !"#&'$%, -)'./!/!0 #$%&%

1% 0%# #1) %234/5/# 67 &/8/&)')*3$/&'&

Cdxk+1 ∧ · · · ∧ dxm ↔ DR(C[x1, . . . , xk, ∂k+1, . . . , ∂m]),

)!% 0/9%! .: #$% /!547&/)!+  !" )!% .: #$% 3*);%5#/)! xi, ∂i 7→ 0, dxj 7→ 0 ()* j > k<
')*%)9%* )!% /&  &%5#/)! )( #$% )#$%* =#$/& ( 5# /& !)# /''%"/ #%4: 7&%(74+ .7# /# /& !/5%

#) >!)1  !:1 :?,

"23244536 )*7* H∗
dR(Qk, C) (#% '$ )&%$*& )+!#, "* "() &! -). */ k0%$ 1,$2)% $& ')3.))

−k4 #&' 5).* *"().6$%)7 8& "() ').$9)' 2#")3*.:4 DR(Qk) $% $%* *.1($2 $& "() ').$9)'
2#")3*.: "* "() *&)0"). 2* 1,); Ωm−k ⊗ Cak =

⊕
dim(σ)=k C · [Hσ]4 2*&2)&".#")' $&

')3.)) k − m4 6().) ak $% "() &! -). */ k02),,% $& K7

&89239: )*;* <() ') =(# 2*(* *,*3: */ MK >6$"( 2*)?2$)&"% $& C@ $% $%* *.1($2

"* "() A*.),0B**.) (* *,*3: */ K7 8& "() ').$9)' 2#")3*.: */ 9)2"*. %1#2)%4 DR(MK) $%
$%* *.1($2 "* "() %$&3!,#. (* *,*3: 2(#$& 2* 1,); CBM

• (K, C)7

=) #.C @,A7 B& C)*%48D))*% $)')4)0: /& /&)')*3$/5 #) &/!074 * $)')4)0: ()* 5)'3 5#

&3 5%&+ 1% !)#% #$ # ()* 5)'3 5# K+ 1% $ 9% DR(MK) ≃ Csing
• (K, C),

D.**/7 E% 7&% #$% &3%5#* 4 &%67%!5%  &&)5/ #%" #) #$% &>%4%#)! F4#* #/)!, G$% E0 3 0%

/& #$%! #$% "% H$ ' 5)'34%2%& )( #$% F4#* #/)! 67)#/%!#& Qk+ Ep,q
0 = Ωm+p+q ⊗Q−p =#)

' #5$ )7* "%0*%% 5)!9%!#/)! ()* #$% "% H$ ' 5)'34%2?I

,

,

,

,

,

,

,

,

,

Ω1 ⊗ Qm

OO

Ω2 ⊗ Qm−1

OO

Ω3 ⊗ Qm−2

OO

· · ·

Qm

d

OO

Ω1 ⊗ Qm−1

d

OO

Ω2 ⊗ Qm−2

d

OO

· · ·

Qm−1

d

OO

Ω1 ⊗ Qm−2

d

OO

· · ·

Qm−2

d

OO

· · ·

J%*%+ #$% #%*' Qm /& /! 3)&/#/)! (−m, 0)+ #$% #%*' Qm−1 /! 3)&/#/)! (1 − m,−1) %#5,

G$% E1 3 0% /& 0/9%! .:

Ep,q
1 = Hm+p+q

dR (Q−p),

 !" (*)' K*)3)&/#/)! @,L 1% $ 9% #$ # Ep,q
1 /& Ωm−k ⊗ Cak

()* p = k, q = 0  !" M%*)

)#$%*1/&%+ 1$%*%  0 /! ak /& #$% !7'.%* )( k85%44& /! K, G$7&+ #$% E1 3 0% 5)!&/&#& )(  

&/!04% 5)'34%2

0 → C
am → Ω1 ⊗C[X] C

am−1 → · · · → Ωm−1 ⊗C[X] C
a1 → Ωm ⊗C[X] C

a0 → 0.



 !

 ! "#$% &'( !)*"+&! (,*% %,! -+.!/!&%+*0 +$1 2% $#34!$ %' 4,!45 (,*% ,*66!&$ %' *

$+&70! 7!&!/*%'/ [σ] = dxIσ ⊗ δσ8 *$$#"+&7 $#+%*90! 4''/-+&*%!$1

d(dxIσ ⊗ δσ) =
k∑

i=1

dxi ∧ dxIσ ⊗ ∂iδσ

= −
k∑

i=1

∑

j

〈ei|nj〉dxi ∧ dxIσ ⊗ δσj

= −
∑

j

〈
k∑

i=1

ei|nj〉dxi ∧ dxIσ ⊗ δσj

= −
∑

j

d(
k∑

i=1

ei|nj〉xi) ∧ dxIσ ⊗ δσj

= −
∑

j

d(nj) ∧ dxIσ ⊗ δσj

 ! $!! %,*% %,! 7!&!/*%'/ 4'//!$6'&-+&7 %' δσ +$ $!&% %' %,! $#" ': %,! 7!&!/*%'/$

4'//!$6'&-+&7 %' %,! 9'#&-*/; 4!00$ δσj
1 <$+&7 %,! 0*&7#*7! ': 4#//!&%$8 %,+$ 4'#0- 9!

$!!& -+/!4%0; :/'" %,! :*4% %,*% d[σ] = ±[∂σ] =>?!"@A8 =B1CDED1 F'%! %,*% !*4, 7!&!/*%'/
[σ] ,*$ 40'$!- $#66'/%G d %,#$ 4'//!$6'&-$ %' %,! 9'#&-*/; "*6$ :'/ 4,*+&$ ':  !"#$%
#&''"()8 +1!1 %,! H'/!0IJ''/! ,'"'0'7; 9'#&-*/; "*68 *&- (! */! -'&!1

K,! 40*+" *9'#% +$'"'/6,+$" +& %,! -!/+L!- 4*%!7'/; +$ $%/*+7,%:'/(*/-M %,! +&40#$+'&

CBM
• (K) →֒ DR(MK) 7+L!& 9; $!&-+&7 %,! *"+"!",-  !.## [σ] %' %,!  &(($/) [σ] +$
* N#*$+I+$'"'/6,+$" =9!4*#$! d[σ] = [∂σ]D8 *&- !L!& "'/!M %,! "*6 P : DR(MK) →
CBM
• (K) 7+L!& +& -!7/!! −k 9;

P (p(x, ∂)ω) =

{
p(0)[σ] +: ω = [σ] :'/ $'"! σ (+%, dim(σ) = k,

0 '%,!/(+$!

+$ * 4,*+& "*6M

∂(P (xα∂β[σ])) =

{
∂[σ] +: α = β = 0

0 +: α, β 6= 0,

=0!%%+&7 ∂ -!&'%! %,! -+.!/!&%+*0 +& CBM
• (K)D *&- 4,''$+&7 $#+%*90! 4''/-+&*%!$ *$ 9!:'/!8

P (d(dxIσ ⊗ xα∂βδσ)) = P (
∑

i

dxi ∧ dxIσ ⊗ ∂i(x
α∂βδσ))

= P
( ∑

i≤k

dxi ∧ dxIσ ⊗ (xα∂β∂iδσ +
∑

i

αix
α−1i∂βδσ)

+
∑

i>k

dxi ∧ dxIσ ⊗ (xα∂β+1iδσ)
)

= P (
∑

i≤k

dxi ∧ dxIσ ⊗ xα∂β∂iδσ)

=

{
P (d[σ]) = ∂[σ] +: α = β = 0

0 +: α, β 6= 0,



  !"#$%&' () *& '"#+ !,",+,-,./ ,0 MK

 !" #$  %& $#'#$()(*+,#$)  $ #- #$ -,. #".!-#-/ (! ,()(0(1/2 3(*.(4.*5 -,. #!60&$#(! #$  

$.6-#(! (7 P 8 1 #!5 -,#$ #$ (7 !( + *-#6&0 * &$. -( &$5 9&- :. ).!-#(! #- 7(* 6()+0.-.!.$$;2

&123456 ()7 8<,. $- !" *" ='$#)+0.>;) ?.- &$ *&! -,*(&1, -,. :,(0. 6 06&0 -#(!2

@. , 4. (!. ='$#)+0.>5 δ∆5 -,*.. A'$#)+0#6.$ δx, δy  !" δx+y−15  !" -,*.. B'$#)+0#6.$

δ(0,0), δ(1,0)  !" δ(0,1)2

C#*$-5 :. *.6 00 :, - -,. $#)+0#6# 0 ,()(0(1/ 6()+0.> 0((D$ 0#D.2 ?.- &$ 1#4. -,.

$#)+0#6.$ ! ).$ 6(**.$+(!"#!1 -( -,. 1.!.* -(*$ 7(* MK 5 .212 σx #$ -,. $#)+0.> 6(*'

*.$+(!"#!1 -( δx .-62 C(* -,. (*#.!- -#(! (0, 1) < (0, 0) < (1, 0)5 -,. 9(&!" */ ) +$

 *. 1#4.! 9/ ∂∆ = σx − σx+y−1 + σy5 ∂σx = σ(1,0) − σ(0,0)5 ∂σy = σ(0,0) − σ(0,1)  !"

∂σx+y−1 = σ(1,0) − σ(0,1)2 <,. 6()+0.> -,.! 9.6().$

C
1(∆)

0

B

B

@

1
1
−1

1

C

C

A

−→ C
3(σx, σy, σx+y−1)

0

B

B

@

−1 1 0
0 −1 −1
1 0 1

1

C

C

A

−→ C
3(σ(0,0), σ(1,0), σ(0,1))

E$ #! F2AG5 :. 6 ! :*#-. . 6, $D.0.-(! %&(-#.!- $&)) !" (7 MK  $ 7(00(:$5 7(* $&#- 90.

6((*"#! -.$ u, vH -,. ='$#)+0.>  $ C[u, v]δ∆5 -,. A'$#)+0#6.$  $ dv⊗C[u, ∂v]δv=vi
5  !" -,.

B'$#)+0#6.$  $ du ∧ dv ⊗ C[∂u, ∂v]δpj
5 :#-,  ++*(+*# -.  6-#(!$2 < D#!1 6(,()(0(1/  !"

D..+#!1 -* 6D (7 -,. dxI$  !" dyI$5 :. 1.- -,. 6()+0.>

C · δ∆
d→ C · dx ⊗ δx ⊕ C · dy ⊗ δy ⊕ C · dx+dy√

2
⊗ δx+y−1

d→ C · dx ∧ dy ⊗ δ(0,0) ⊕ C · dx ∧ dy ⊗ δ(1,0) ⊕ C · dx ∧ dy ⊗ δ(0,1)

J(: #- #$ $#)+0. -( $.. :, - -,. "#K.*.!-# 0$  *.5 L&$-  ++0/ d =
∑

i dxi ⊗ ∂i -( -,.

1.!.* -(*$  !" D..+ -* 6D (7 :,.*. -( 1( *.1 *"#!1 dx  !" dy2 @.I00 M*$- - D. δ∆H

d(δ∆) = (dx ⊗ ∂x + dy ⊗ ∂y)δ∆

= dx ⊗ ∂xδ∆ + dy ⊗ ∂yδ∆

= dx ⊗ (δx − 1√
2
δx+y−1) + dy ⊗ (δy − 1√

2
δx+y−1)

= dx ⊗ δx + dy ⊗ δy − (dx + dy) ⊗ 1√
2
δx+y−1

= dx ⊗ δx + dy ⊗ δy − d(x+y√
2

) ⊗ δx+y−1

<,#$ 6(**.$+(!"$ .> 6-0/ -( -,. -(+(0(1#6 0 9(&!" */ ) +5  $ :. 6 ! $.. -, - δ∆ #$ $.!-

-( -,. $&) (7 #-$ 9(&!" */ $#)+0#6.$ d(nσ) ⊗ δσ2

C&*-,.*5 :. , 4.

d(dx ⊗ δx) = (dx ⊗ ∂x + dy ⊗ ∂y)dx ⊗ δx

= dx ∧ dx ⊗ ∂xδx + dy ∧ dx ⊗ ∂yδx

= dy ∧ dx ⊗ (δ(0,0) − δ(0,1))

= dx ∧ dy ⊗ (δ(0,1) − δ(0,0))



 !

 !" #$%$& '&(

d(dy ⊗ δy) = dx ∧ dy ⊗ (δ(0,0) − δ(1,0)).

)* +,- d(d(x+y√
2

)) ⊗ δx+y−1) .,  //&( -0, 1**'"$! -, 10 !+, u = x−y√
2

, v = x+y√
2
2 #*

d(x+y√
2

) ⊗ δx+y−1 = dv ⊗ δv− 1√
2
2  !" d = du ⊗ ∂u + dv ⊗ ∂v3 4, !*. +,-

d(dv ⊗ δv− 1√
2
) = du ∧ du ⊗ ∂uδv− 1√

2

.0$10 $#2 $! -0, *'$+$! & 1**'"$! -,#2

d(x−y√
2

) ∧ d(x+y√
2

) ⊗ (∂x − ∂y)δx+y−1 = dx ∧ dy ⊗ (δ(0,1) − δ(1,0)).

56//',##$!+ !*. -0, +,!,' -*'#2 .,  ##,%7&, -0$# $!-* -0, 1*%/&,8

C
1

0

B

B

@

1
1
−1

1

C

C

A

−→ C
3

0

B

B

@

−1 1 0
0 −1 −1
1 0 1

1

C

C

A

−→ C
3

.0$10 ., ',1*+!$9,  # -0, #$!+6& ' 0*%*&*+( 1*%/&,8 *: ∆2  7*;,3



 !"#$%& "'()$* +,-$# .",$(# '(/*

 !" # $!%&'!()#% (#$ π : Cm → Cs
*+,)-, +. /.'!0. #1 π : X → Y 23 0,.".)1 # /)".-0

)(#4. 56'-0!" π+ : Db(DX) → Db(DY ) 5"!( 0,. *7!6'/./2 /.")8./ -#0.4!"& !5 DX 9

(!/6%.1 0! 0,. *7!6'/./2 /.")8./ -#0.4!"& !5 DY 9(!/6%.1: ;0 )1 /.<'./ 7&

π+M := DY←X ⊗L
DX

M

5!" # %.50 DX 9(!/6%. M 3 +,.". DY←X )1 # 1!9-#%%./ =0"#'15." (!/6%.> /.<'./ )' 0."(1

!5 DX #'/ DY 3 +,)-, )1 # %.50 DY 9(!/6%. #'/ # ")4,0 DX 9(!/6%.: ?,. /.<')0)!'1 #".

1!(.+,#0 )'8!%8./3 1! +. %.#8. 0,. /.0#)%1 0! @A

+
BCD *-,#$0." E:F )' $#"0)-6%#"23 #'/

".10")-0 !6"1.%8.1 0! G6!0)'4 0,. $#"01 +. #". )'0.".10./ )':

;' $#"0)-6%#"3 +. +)%% 5!-61 !' 0,. H."!0,9%.8.% $#"0 π0
+3 +,)-, )1 # 56'-0!" 5"!( DX 9

(!/6%.1 0! DY 9(!/6%.1I π+ )1 0,. %.50 /.")8./ 56'-0!" !5 π0
+: J. -#' /.<'. π0

+ 7&

π0
+M = DY←X ⊗DX

M 3 0,#0 )13 0,. !"/)'#"& 0.'1!" $"!/6-0 !5 (!/6%.1 "#0,." 0,#' 0,.

/.")8./ 0.'1!" $"!/6-0 !5 -!($%.K.1:

A.-#61. !6" K )1 /.<'./ 7& %)'.#" .G6#0)!'13 #'/ +. +)1, 0! $".1."8. 0,)1 5.#06".3

+. (610 ".10")-0 !6" 0".#0(.'0 0!  !"#$% (#$1 π : X → Y : L'& %)'.#" (#$ -#' 7.

/.-!($!1./ #1 #' )'-%61)!' 5!%%!+./ 7& # $"!M.-0)!'3 1! +. '../ !'%& -!'1)/." 0,.1.

-#1.1:  6"0,."(!".3 #1 K )1 )'0")'1)-#%%& # %#$ !7M.-03 +. +)%% 0#-)0%& #116(. +,.'.8."

'.-.11#"& 0,#0 π )1 0,. -!($%.K)<-#0)!' !5 # (#$ π : Rm → Rs
:  !" 0.-,')-#% ".#1!'13

+. +)%% #%1! #%+#&1 #116(. 0,#0 0,. <7."1 π−1(x) ∩ K !5 0,)1 (#$ #". -!($#-0:

 !"#"$%&%"' ()*) &#' i : X →֒ Y (# $" !") *+!,"- ./#"0 i0+MK ≃ Mi(K)0 1/#%# i(K) !+

+!23 4 K ),"+!5#%#5 $+  4!"6 !" Y -

7%,,8- ?,)1 )1 ".#%%& # -!'1.G6.'-. !5 9$+/!1$%$:+ ./#,%#2 *1.. @N#%OF3 ;ED23 +,)-,

10#0.1 0,#0 i+ )1 #' .G6)8#%.'-. !5 -#0.4!").1 7.0+..' 0,. -#0.4!").1 !5 DX 9(!/6%.13 #'/

DY 9(!/6%.1 +)0, 16$$!"0 )' i(X):

;'/../3 +. (#& #116(. i )1 0,. )'-%61)!' !' 0,. <"10 m -!!"/)'#0.13 (x1, . . . , xm) 7→
(x1, . . . , xm, 0, . . . , 0)3 0,#0 )13 +. .(7./ X #1 0,. 1671$#-. xm+1 = · · · = xs = 0: ;'
0,)1 -#1.3 0,. 0"#'15." (!/6%. DY←X )1 )1!(!"$,)- 0! DY /

∑s
i=m+1 DY · xi3 +)0, 0,.

'#06"#% %.50 DY 9(!/6%. 10"6-06".I #'/ 0,. ")4,0 DX 9(!/6%. 10"6-06". 4)8.' 7& %.00)'4 xi

#'/ ∂xi
#-0 7& (6%0)$%)-#0)!' +)0, xi #'/ −∂xi

3 ".1$.-0)8.%& *1.. @A

+
BC3 E:F:F:FD2: ?,)1

4)8.1 61 0,#0 i0+MK )1 DY /
∑s

i=m+1 DY · xi ⊗DX
MK : ?,)1 #(!6'01 0! #//)'4 8#")#7%.1

xj , ∂j 5!" j > m3 #'/ 7.-#61. 0,. 8#")#7%.1 xi, xj -!((60. $#)"+)1.3 0,. ".%#0)!'1 0,#0

5!" j > m3 xj P)%%1 0,. 4.'."#0!"1 !5 i0+MK : ?,.1. ".%#0)!'1 #". .K#-0%& 0,. #//)0)!'#%

)'5!"(#0)!' +. '../ 0! /.1-")7. i(K) )' Y 3 )'/../ I(Hi(K)) = I(HK) + (xm+1, . . . , xs)
*-!'1)/.")'4 ,.". C[X] #1 # 167")'4 !5 C[Y ]2: ?,. !0,." ".%#0)!'1 #". 6'-,#'4./:



 !

 !"# $% &' #(! )*'! +, &'+-+.%(&'-'/ 0(&' 1!"# .!'$2# &' &1 '+-! '!1'! #.&3&*24 *' &# &'

+53&+$' #(*# φ0
+MK &' &'+-+.%(&) #+ Mφ(K) 6(!1 φ &' * 2&1!*. &'+-+.%(&'-4 5$# ,+. #(!

%$.%+'! +, !1*52&17 !"%2&)&# )*2)$2*#&+1' &1 #(! )*'! +, %.+8!)#&+1'4 6! 6+.9 +$# 6(*#

!"*)#2: (*%%!1' #+ #(! 7!1!.*#+.'/ ;*#!. 6! 6&22 )+-%$#! π0
+MK 6(!1 π &' * %.+8!)#&+1

+1 #(! <.'# )++.=&1*#!' +, #(! *-5&!1# '%*)!4 *1= %.!)+-%+'&17 6&#( *1 &'+-+.%(&'-

7&3!' $' *1: 7!1!.*2 %.+8!)#&+1/

"#$%$&'('$) !* *  !" φ : X → Y #! $ %&'!$( &)*+*(,-&)+. φ0
+MK &) &)*+*(,-&/ "* "-!

+*01%! 2!'!($"!0 #3 "-! 0&)"(&#1"&*') |det(φ|Hσ)|−1δφ(σ). 4!(!5 6! +!$' #3 φ|Hσ : Hσ →
φ(Hσ) "-! (!)"(&/"&*' "* "-! )1#),$/!) Hσ, φ(Hσ) 6&"- "-! +!$)1(!) &'01/!0 7(*+ X $'0

Y 5 (!),!/"&8!%3.

9(**7. >: ?>

+
@A4 B/C/C/DE4 ,+. * 2&1!*. &'+-+.%(&'- φ4 #(! #.*1',!. -+=$2! DY←X &'

&'+-+.%(&) #+ DX 6&#( #(! $'$*2 .&7(# DX F'#.$)#$.! *1= #(! 2!,# DY F'#.$)#$.! 7&3!1

5: 2!##&17 yi *)# 5: -$2#&%2&)*#&+1 6&#( φi(x)4 *1= 2!##&17 ∂yi
*)# 5: -$2#&%2&)*#&+1 6&#(∑

j
∂xj

∂yi
∂xj
/

G' #(&' &' * )++.=&1*#! )(*17!4 &# &' )2!*. #(*# #(! 7!1!.*#+.' δ̂σ *.! +, #(! ,+.- cσδφ(σ)

,+. '+-! ')*2&17 ,*)#+. cσ ∈ R4 =!%!1=&17 +1 σ/  +64 5: #(! $'$*2 )(*17! +, 3*.&*52!'
,+.-$2*4 δφ(σ)(f) = |det φ|Hσ | · δσ(f ◦ φ) ,+. '+-! #!'# ,$1)#&+1 f '$%%+.#!= +1 φ(σ)/ G'

δ̂σ -$'# '*#&',: #(! '*-! .!2*#&+1' *' δσ4 !"%.!''!= &1 #(! 1!6 )++.=&1*#!'4 6! -$'# (*3!

#(*#

δ̂σ(f) = cσδφ(σ)(f) = cσ|det φ|Hσ |δσ(f ◦ φ),

6(&)( &-%2&!' cσ = |detφ|Hσ |−1
/

+,-.%/0 !*1* H+1'&=!. #(! '#*1=*.= IF'&-%2!" ∆2 ⊂ R2
*1= #(! 2&1!*. &'+-+.%(&'-

φ 7&3!1 5: #(! -*#.&" φ =

(
2 0
0 1

)
/ G' 6! *2.!*=: 91+64 δ∆2 '*#&'<!' #(! .!2*#&+1'

∂x1δ∆2 = δx2 − 1√
2
δx1+x2−1 *1= ∂x2δ∆2 = δx1 − 1√

2
δx1+x2−1/ 0(! &-*7! φ(∆2) (*'

.!2*#&+1' ∂y1δφ(∆2) = δy2 − 1√
5
δy1+2y2−1 *1= ∂y2δ∆2 = δy1 − 2√

5
δy1+2y2−1/

J1 #(! =&.!)# &-*7!4 6! (*3! ∂y1 δ̂∆2 = ∂y1(
1
2δφ(∆2)) = 1

2(δy2 − 1√
5
δy1+2y2−1) = 1

2(δ̂x1 −
1√
5

√
5√
2
δy1+2y2−1) = 1

2(δ̂x1 − 1√
2

̂δx1+x2−1) !#)/  +#! #(*# φ0
+MK &1 #(&' %.!'!1#*#&+1 &' 1+#

!K$*2 #+ Mφ(K)4 5$# #(!: *.! &'+-+.%(&) 5: .!')*2&17 +, 7!1!.*#+.'/

L&1*22: )+-!' #(! )*'! +, %.+8!)#&+1'/ L.+- (!.! +14 π : X → Y 6&22 *26*:' 5! *

%.+8!)#&+1/ J, π &' #(! %.+8!)#&+1 +1 #(! '$5'%*)! '%*11!= 5: #(! <.'# s 3*.&*52!'4 #(!
#.*1',!. -+=$2! DY←X &' &'+-+.%(&) #+ DX/

∑
j>s ∂jDX 4 6&#( #(! 1*#$.*2 2!,# DY F

'#.$)#$.! M&1=$)!= 5: )+1'&=!.&17 DY *' * '$5.&17 +, DXN *1= #(! .&7(# DX F'#.$)#$.!

7&3!1 5: 2!##&17 xi, ∂xi
*)# 5: -$2#&%2&)*#&+1 6&#( xi,−∂xi

4 .!'%!)#&3!2:/ J# ,+22+6' #(*#

π0
+M ≃ M/

∑

j>s

∂jM. M∗N

J1 ,*)#4 6! )*1 '*: 6(*# π+M &' #++4 ,+22+6&17 ?O*2PCE +. ?>

+
@A4 B4BJE 6! (*3! #(*#

π+M ≃ DRX/Y M 4 #(! (!%$"&8! 0! :-$+ /*+,%!; +, M 4 =!<1!= 5!2+6/ Q! +12: 7&3! #(!



 ! "#$%&'( )* +,('"& ,-$.'/ 01+'( 2,1'$( -$%/

 !"#$%$&# $# &'( )*+! &, * -(&.!)%$&# Y ×Z → Y / %0! 1!#!(*2  !"#$%$&# &, %0! 3& '2! &,

(!2*%$4!  $5!(!#%$*2+ )*# 6! ,&'# $# 78*(99/ ::;<=;

+34567685 )*9 >?0! (!2*%$4!  ! @0*3 )&3-2!AB* C!% π : X = Y × Z → Y 6! %0!

-(&.!)%$&# &# %0! "(+% ,*)%&(/ *#  !#&%! 6D ξ %0! -(&.!)%$&# &# %0! 2*+% ,*)%&( Z; ?0!
 !"#$% !& '%$()*+% "*,%'%-)*($. ΩX/Y $+  !"#! %& 6! %0! C[X]E3& '2! ξ∗ΩZ = C[X]⊗C[Z]

ΩZ ;

?0! '%$()*+% "% /0( 1! 2$%3 &, * DX E3& '2! M F$%0 (!+-!)% %& π $+ %0! )&3-2!A

DRX/Y M := Ω•X/Y ⊗C[X] M

>F0!(! *+ $# %0! '+'*2  ! @0*3 )&3-2!A >G;HB F! F($%! Ωi
X/Y :=

∧i ΩX/Y B F$%0  $5!(E

!#%$*2 dZ 1$4!# 6D

dZ(dzI ⊗ m) =

m−s∑

i=1

dzi ∧ dzI ⊗ ∂zi
m

&( *+ * +0&(%0*# F! )*# F($%! dZ =
∑

i dzi ⊗ ∂zi
; I! 1(* ! %0$+ $# * 3*##!( +$3$2*( %&

%0!  ! @0*3 )&3-2!A/ +& %0*% %0! "#*2 %!(3 Ωm−s
X/Y ⊗ M 0*+  !1(!! J!(& *# %0! "(+%

%!(3 M 0*+  !1(!! −(m − s); ?0$+ $+ * )&3-2!A &, DY E3& '2!+;

?0!  !($4! )*%!1&(D ,&(3'2*%$&# $+ %& 2!% ωX/Y := ξ∗ωZ >F0!(! ωZ = Ωm−s
Z B/ *# 

 !"#!

DRX/Y M := ωX/Y ⊗L
C[X] M.

?0!  !"#$%$&#+ ,&( +0!*4!+ *(! )&3-2!%!2D *#*2&1&'+/ *# )*# 6! ,&'# $# !;1; 7K

+
<9/

L:;M;N=;

I! F$22 )&3-'%! π0
+MK ,&( #&F/ *# (!%'(# %& %0! )*+! &, π+MK 2*%!(;

KD )&3-&+$#1 F$%0 *# $+&3&(-0$+3/ $% +'O)!+ %& )&#+$ !( %0$+ )*+!; PA-2$)$%2D/ $, F!

2!% Y ′  !#&%! %0! &(%0&1&#*2 )&3-2!3!#% %& ker(π) $# X/ F! 0*4! X = Y ′ × ker(π) *# 
Y ′ ≃ Y / +& F! 3*D F($%!

X
∼→ Y × Z

pr1→ Y,

F0!(! Z ≃ ker(π) *# %0! 2*+% 3*- $+ %0! &(%0&1&#*2 -(&.!)%$&# &# %0! "(+% ,*)%&(;

+34567685 )*)* Q&( * )!22 σ ⊂ K/ 2!% v(σ) := dim(σ) − dim(π(σ)) >F0$)0 $+ %0! +*3!

*+ %0!  $3!#+$&# &, * 1!#!($) "6!( π−1(x) ∩ K ,&( * -&$#% x ∈ int(π(σ))B; I! )*22 v(σ)
%0! 45%' "* %-.*!- &, σ;

I! *2+& !A%!# %0$+ #&%*%$&# %& %0! F0&2! )&3-2!A/ *# 2!% v(K) := dim(K) −
dim(π(K)); R& #&%! %0*% * )&3-2!A K )*# )&#%*$# )!22+ σ F$%0 v(σ) > v(K);

%:8;8<67685 )*! >S%*# *( (!2*%$&#+ ,&( π0
+MKB* 6%) σ 5% ( 1%$$ *- K !& )!2 "* %-.*!-7

8*)0 5!#-"('9 1%$$. σi 8*)0 !#)8('" #-*) -!' ($. ni7 (-" $%) π : X = Y × Z → Y 5% )0%

2'!:%1)*!- !- )0% 4'.) s 1!!'"*-()%.; <%-!)% )0% 1$(.. !& δσ *- )0% "*'%1) * (=% π0
+MK 59

δσ; >0%- )0% &!$$!8*-= '%$()*!-. 0!$"?

@*A ∂π(z)δσ = −∑
i〈π(z)|ni〉δσi

7 &!' (-9 2!*-) z *- Hσ @80%'% ∂π(z) :=
∑

i〈ei|π(z)〉∂iA7



 !

 !!"

∑
i〈v|ni〉δσi

= 0# $%& '() v ∈ ker(π)# '(*

 !!!" v(σ)δσ =
∑

i(di −
∑

j≤s(ni)jxj) · δσi
# +,-&-

∑
j(ni)jxj − di = 0 !. /,- *-0(!(1

-23'/!%( %$ Hσi
4

 !5" p(x) · δσ = 0 $%& '() p(x) ∈ I(Hπ(σ))4

6&%%$4  !" j ≤ s# $%& '($)!* !+ ∂j ), -*(%'*.&/ )* $%& 0-!$)&*$ 1∗2# 3%)(% )456)&, (i)7
 !" j > s# ∂jδσ ), 8&"! )* $%& 0-!$)&*$ 1∗29 0 = ∂jδσ =

∑
i〈ej |ni〉δσi

'*/ ,)*(& ker(π) =
〈ej |j > s〉# 3& .&$ (ii)7

:%& ';*& ,5'*, Hσi
!+ $%& <!-*/'"= (&66, σi '"& !+ (!-",& /&>*&/ <= &0-'$)!*,

〈x|ni〉 = di +!" ,!4& (!*,$'*$, di7 ?!3
∑

j>s ∂jxjδσ = 0# <&('-,&
∑

∂jxj ), )* $%& )/&'6∑
j>s ∂jDX 7 @& $%&* .&$ 0 =

∑
j>s ∂jxjδσ =

∑
j>s(1+xj∂j)δσ# !" 1-,)*. v(σ) = m− s2


(m − s) +

∑

j>s

xj∂j


 δσ =


v(σ) +

∑

j>s

xj∂j


 δσ = 0.

A&$ -, &B5'*/ $%),9

v(σ)δσ = −
∑

j>s

xj∂jδσ

=
∑

j>s

xj

∑

i

〈ej |ni〉δσi

=
∑

i

(
∑

j>s

〈ej |ni〉xj)δσi

=
∑

i

(di − 〈e1|ni〉x1 − · · · − 〈es|ni〉xs)δσi

=
∑

i

(di −
∑

j≤s

(ni)jxj)δσi
,

3%&"& $%& ,&(!*/C$!C6',$ &0-'6)$= -,&, $%& ,$'*/'"/ "&6'$)!* (
∑

j(ni)jxj − di)δσi
= 0D

'*/ 3& %'E& (iii)7 :%& (6')4 (iv) ), !+ (!-",& !<E)!-,# )$ +!66!3, <= /&>*)$)!* $%'$

supp(δσ) = π(supp(δσ)) = π(Hσ) = Hπ(σ)7

7-8'&9 F7G4 H= '* '556)('$)!* !+ I',%)3'"'J, $%&!"&4# $%& "&,$")($)!* !+ π $!Hσ )*/-(&,

,)4)6'" "&6'$)!*, +!" (&66, σ !+ '"<)$"'"= /)4&*,)!*7 :%'$ ),# 3& (!*,)/&" $%& 4'5 π|Hσ :
Hσ → π(Hσ)# /&(!45!,& π = pr ◦ φ 13%&"& φ ), '* ),!4!"5%),4 '*/ pr ), ' 5"!K&($)!*
!* !*& +'($!"2# '*/ .&$ ' /&,(")5$)!* 6)L& 1∗27 :%& '556)('$)!* !+ I',%)3'"'J, :%&!"&4 ),

$%'$ $%& "&6'$)!*, !+ δσ )* MK∩Hσ '"& $%& ,'4& ', $%!,& !+ δσ )* MK 1'*/ ,-<,&0-&*$6=

$%&)" /)"&($ )4'.&,27

"#$$% &'(' :%& '() ;-<< σ ⊂ K# dim(Y ) + v(σ) + (1 − δ0,v(σ)) %$ /,- &-<'/!%(. %$ =4>

.3?;- /% 1-(-&'/- '<< %$ /,-8  ,-&-# δ0,v(σ) !. /,- @&%(-;9-& *-</' $3(;/!%("4



 ! "#$%&'( )* +,('"& ,-$.'/ 01+'( 2,1'$( -$%/

 !""#$  !"#$!% &" '#( ')**+" ,*$ "#') '"!! σ- # ."("$#/0(. +"/ *, dim(π(σ)) !0("#$!%
0(1"2"(1"(/ $"!#/0*(+ *, /%2" 345(i)- #(1 codim(π(σ)) !0("#$!% 0(1"2"(1"(/ $"!#/0*(+ *,
/%2" 345(iv)4 6)0+ 0+ "7#'/!% #+ 0( 849- #(1 *(!% 1"2"(1+ *( /)" +:22*$/ *, /)" ."("$#/*$+
δσ4 ;:$/)"$- #+ /)" $"!#/0*(+ *, /%2" 345(ii) "++"(/0#!!% +#% /)#/ ∂vδσ = 0 ,*$ /)*+" v 0(
/)" <"$("! *, π 2#$#!!"! /* σ- &" '#( ')**+" v(σ) !0("#$!% 0(1"2"(1"(/ *("+ *, /)"+" ,*$
"#') σ- /* ."("$#/" #!!4 ;0(#!!%- /)"$" 0+ *(" $"!#/0*( *, /%2" 345(iii) 0, v(σ) 6= 0 =&)"(
v(σ) = 0- >*/) +01"+ *, /)" "?:#/0*( #$" @"$*A4

6):+- ,*$ "#') '"!! σ ⊂ K- /)"$" 0+ # /*/#! *, dim(Y ) + v(σ) + (1 − δ0,v(σ)) ."("$#/0(.
$"!#/0*(+4

B"/ :+ (*& #//"C2/ # 1"+'$02/0*( *, π0
+MK &0/) /)" #01 *, /)" #>*D" $"!#/0*(+4 E"

&*:!1 !0<" /* 0(/$*1:'" # +<"!"/*( +/$#/0F'#/0*( *( π(K)- #(1 #( #++*'0#/"1 +<"!"/*(
F!/$#/0*( *( π0

+MK #+ 0( 94G #(1 94H9- #(1 :+" /)"+" ,*$ '*C2:/#/0*(+4 6)0+ '#((*/

>" 1*(" 10$"'/!%- >"'#:+" 0( ."("$#! π(K) 0+ (*/ # 2*!%)"1$#! '"!! '*C2!"7 =0/+ '"!!+
'#( *D"$!#2A- #(1 +* /)" '*(+/$:'/0*( *, 94G 1*"+ (*/ &*$<4 E" '#(- )*&"D"$- C#<" #

+/$#/0F'#/0*( *, K- #(1 # F!/$#/0*( *( MK - /)#/ 0(1:'"+ # F!/$#/0*( *( π0
+MK /)#/

>")#D"+ !0<" /)" +<"!"/*( F!/$#/0*( 0( #!! 0C2*$/#(/ $"+2"'/+4

+34567685 )*9 =6)" πI+<"!"/*( +/$#/0F'#/0*(A* E" !"/ Sπ
1"(*/" /)" +/$#/0F'#/0*( *, X

.0D"( >%

Sπ
≤i :=

⋃

σ⊂K
dim(π(σ))≤i

Hσ

&0/) +/$#/# Sπ
i = ∪dim(π(σ))=iHσ4 E" '#!! /)0+ +/$#/0F'#/0*( /)" π%&'()(*"+ &*!,*-./,*-"+4

6)0+ 0(1:'"+ # F!/$#/0*( *( MK J &" !"/ F π
≤i >" /)" +:>C*1:!" ."("$#/"1 >% /)*+"

δσ &0/) dim(π(σ)) ≤ i4 6)"+" ,*$C #( #+'"(10(. F!/$#/0*( F π
0 ⊂ F π

≤1 ⊂ · · · ⊂ F π
≤s- &0/)

F!/$#/0*( ?:*/0"(/+ Qπ
i ."("$#/"1 >% /)*+" δσ &0/) dim(π(σ)) = i4 E" '#!! /)0+ F!/$#/0*(

/)" π%&'()(*"+ .)*!,*-"+4

K( # (#/:$#! &#%- /)" πI+<"!"/*( F!/$#/0*( 0+ 2#++"1 *( /* /)" ?:*/0"(/ π0
+MK J

+34567685 )*:;* B"/ F π
≤i
′
>" /)" +:>C*1:!" *, π0

+MK ."("$#/"1 >% /)*+" δσ &0/)

dim(π(σ)) ≤ i4 6)"+" ,*$C # F!/$#/0*( #+ #>*D"- &0/) F!/$#/0*( ?:*/0"(/+ Qπ
i
′
C0(0C#!!%

."("$#/"1 >% /)" '!#++"+ =0( F π
≤i
′/F π

≤i−1
′
A *, /)*+" δσ &0/) dim(π(σ)) = i =/)0+ '!#0C ,*!I

!*&+ ,$*C '*(+01"$0(. /)" +:22*$/ *, "#') ."("$#/*$- *(!% /)0(.+ &0/) "?:#!I10C"(+0*(#!

0C#." '#( >" 01"(/0F"1 0( /)" 10$"'/ 0C#."A4 E0/)*:/ ,"#$ *, *D"$!*#10(. /)" (#C"- &"

'#!! /)0+ F!/$#/0*( /)" &'()(*"+ .)*!,*-"+ "+ π0
+MK 4

B"/ :+ +"" )*& /)"+" F/ /*."/)"$4 E" F$+/ 0(/$*1:'" +*C" (*/#/0*( /)#/ &0!! >" *, :+"J

+34567685 )*::* E" !"/ Ki, K≤i 1"(*/" /)" +:>'*C2!"7"+ *, K .0D"( >% $"+2"'/0D"!%

Ki :=
⋃

dim(π(σ))=i σ #(1 K≤i :=
⋃

dim(π(σ))≤i σ4 L*/" /)#/ K≤i 0+ '!*+"1 0( K4

23<<= )*: * F π
≤k ≃ MK≤k$

 !""#$ 6)0+ 0+ *>D0*:+ >% '*(+/$:'/0*(4



 !

 !"#$%  !"#& $% &'((')* &+', %-.% Qπ
k /* 0121+.%13 45 0121+.%'+* δσ 6'++1*7'23/20 %' %-1

61((* '& Kk!

"#$$% &'()' '(! )%!*!+,- .*+$#+/,- 01,+/!-+) Qπ ′
k ,2 π0

+MK #$! -#+1$#**3 /),",$4(/5

+, +(! 6/$!5+ /"#7!) π0
+Qπ

k ,2 +(! π8)%!*!+,- .*+$#+/,- 01,+/!-+) ,2 MK &

9$,,2& 8+', %-1 3192/%/'2* '& %-1 %)' 9(%+.%/'2*: /% &'((')* %-.% )1 -.;1 . *<+=16%/'2

θ : π0
+F π

≤k ։ F π
≤k
′
: .23 /% /* 6(1.+ %-.% /& %-/* ,.7 /* .2 /*','+7-/*,: )1 .(*' -.;1

Qπ ′
k ≃ π0

+Qπ
k ! >'+1';1+: 416.<*1 F π

≤k ≃ MK≤k 45  !"#: .23 K≤k /* 6('*13 /2 K: )1 01%

45 #!# . 6.2'2/6.( 7+1*12%.%/'2 &'+ F π
≤k %-.% /2=16%* /2%' %-1 6.2'2/6.( 7+1*12%.%/'2 &'+

MK ? .23 7<%%/20 %-/* %'01%-1+ )1 -.;1 %-1 &'((')/20 6',,<%.%/;1 3/.0+.,@

W rk
Pk //

� _

ir

��

W sk
ρk // //

� _

is

��

F π
≤k� _

i

��

qk // // π0
+F π

≤k

θ

"" ""F
F

F
F

F
F

F
F

bi
��

W r P // W s
ρ // // MK

q // // π0
+MK F π

≤
′? _

ιoo

A-1 ;1+%/6.( .++')* ir, is, i .+1 %-1 6.2'2/6.( /26(<*/'2*: î /* %-1 /23<613 ,.7 /2 %-1 3/+16%

/,.01: .23 ι /* %-1 /26(<*/'2 '& F π
≤k
′
.* . *<4,'3<(1 /2 π0

+MK ? P, Pk, ρ, ρk .+1 %-1 ,.7*

/2 %-1 6.2'2/6.( 7+1*12%.%/'2*: .23 q : MK ։ MK/
∑

∂zMK ≃ π0
+MK B.23 */,/(.+ &'+

qkC /* %-1 D<'%/12% ,.7 &+', B∗C!
$2 7.+%/6<(.+: )1 6.2 4</(3 &+', %-/* %-1 3/.0+.,

W rk
Pk //

� _

ir

��

W sk
qk◦ρk// //

� _

is

��

π0
+F π

≤k

bi
��

W r P // W s
q◦ρ// // π0

+MK

)-1+1 %-1 -'+/E'2%.( ,.7* 6',7'*1 %' E1+'! F1 )/*- %' *-') %-.% ker(̂i) = 0: /!1! %-.%
π0

+F π
≤k /* . *<4,'3<(1 '& π0

+MK ? 416.<*1 î = ι ◦ θ %-/* /2 %<+2 /,7(/1* %-.% θ /* .2

/*','+7-/*, .23 )1 .+1 3'21!

F1 6'2*/31+ %-1 7+1;/'<* 3/.0+., .* . 3'<4(1 6',7(1G: .23 1G.,/21 %-1 .**'6/.%13

*716%+.( *1D<1261! A.H/20 %-1 -'+/E'2%.( 3/+16%/'2 9+*%: )1 01% E1 %' 41

ker(Pk)� _

ir
��

∗
is

��

0

ker(P ) ∗ 0

B)-1+1 )1 -.;1 ,.+H13 45 ∗ %-1 12%+/1* )1 3' 2'% 6.+1 .4'<%C? .23 %-1 *1D<1261 *%'7*

)/%- E2@

0 ∗ 0

ker(P )/ ker(Pk) ∗ 0

BIC



 ! "#$%&'( )* +,('"& ,-$.'/ 01+'( 2,1'$( -$%/

 !"#$% &'($ &'( )(*&#+!, -#*(+&#.$ /*0&1 E1 #0

0 0 ker(̂i)

cok(ir)
P // cok(is)

q◦ρ // cok(̂i)

!$- /$!,,2 E2 #0

0 0 ker(̂i)

ker(P )

f
66mmmmmmmmmmmmm

∗ ∗

345

6( $.7 '!)( 8*.9 -#!%*!9 345 ! 9!: f : ker(P ) → ker(̂i)1 7'#+' 7( "$.7 8*.9 -#!%*!9

3;5 '!0 &. <( 0=*>(+&#)(1 !$- 9=0& '!)( "(*$(, #0.9.*:'#+ &. ker(P )/ ker(Pk)? @$ .&'(*
7.*-01 7( '!)( !$ (A!+& 0(B=($+(

0 → ker(P )/ ker(Pk) → ker(P ) → ker(̂i) → 0 3C5

D.71 8*.9 &'( E$!"( F(99! !::,#(- &. &'( -#!%*!9

W rk
� � ir //

Pk

��

W r // //

P

��

cok(ir)

P
��

W sk
� � is // W s // // cok(is)

7( %(& &'( (A!+& 0(B=($+(

0 → ker(Pk) → ker(P ) → ker(P ) → cok(Pk) → cok(P ) → cok(P ) → 0

G(+!,,#$% &'!& <2 -(/$#&#.$ .8 Pk !$- P 1 7( '!)( cok(Pk) ≃ F π
≤k !$- cok(P ) ≃ MK H

0. &'( 9!: cok(Pk) → cok(P ) #0 &'( #$+,=0#.$ 9!: F π
≤k →֒ MK ?  '#0 9(!$0 &'!& &'(

0(B=($+(

0 → ker(Pk) → ker(P ) → ker(P ) → 0

#0 (A!+&1 0. ker(P ) ≃ ker(P )/ ker(Pk)1 !$- 8*.9 &'( 0(B=($+( 3C5 7( 0(( &'!& ker(̂i) =
0?

 '( -#*(+& #9!%( π+Qπ
k #0 #$&#9!&(,2 +.$$(+&(- &. &'( '.9.,.%2 .8 &'( KkI0J

&345647 )*8)*  !" #$!$%$&$'( %$)*&"+ hi(DRX/Y Qπ
k) $, DRX/Y Qπ

k -." +"%/+/%0&"

DY 1%$)*&"+2 3/4! +*%%-5)+ /+$%$.0!/# 4$ DY · δπ(σ) ,$. σ ∈ Kk6 7$. hi(DRX/Y Qπ
k)2

4!" 5*%8". $, +*#! +*%%-5)+ /+ "9*-& 4$ dimHBM
i+k (Kk, C)6



 !

 !""#$  ! "!#$%% &'" #&()!(*+&( *,$* X = Y × Z- .+*, π *,! /"&0!#*+&( &( Y 1  ! .+%%
23!4+( *&5 #&6/'*! *,! "!%$*+)! 7! 8,$6 #&6/%!9 3: 6!$(; &< *,! ;=!%!*&( >%*"$*+&(

2?1@?5 &( Kk1  ! #$( !9/"!;; !$#, ;=!%!*&( >%*"$*+&( A'&*+!(* ;'66$(7 DX · δσ $;

$ 6&7'%! C[y1, . . . , ∂ys , z1, . . . , ∂zm−s
] 3: #,&&;+(4 ;'+*$3%! #&&"7+($*!;- +( *,! <&%%&.+(4

6$((!"1  ! #,&&;! *,! yi ;'#, *,$*

DY · δπ(σ) ≃ C[y1, . . . , ydim(π(σ)), ∂ydim(π(σ))+1
, . . . , ∂ys ]

+( *,! ;$6! .$: $; +( ?1@B1 C+6+%$"%:- .! #,&&;! *,! zj ;'#, *,$* <&" $ 4!(!"+# >3!"

F := π−1(p) ∩ σ̊ 2.,!"! p ∈ int(π(σ)) +; ;&6! /&+(*5- .! ,$)!- $%;& $; +( ?1@B- *,$*

DZ · δF ≃ C[z1, . . . , zv(σ), ∂zv(σ)−1
, . . . , ∂zm−s

].

D,+; +;&6&"/,+;6 &< #&'";! 7!/!(7; &( .,+#, /&+(* p .! #,&&;!- 3'* *,! #&&"7+($*!; 7&
(&*1 E( /$"*+#'%$" .! ,$)! ∂zj

δσ = 0 <&" j ≤ v(σ)1 D,!;! #&&"7+($*!; $"! (&* $; ($*'"$%
$; *,&;! &< ?1@B- $(7 #&6/%+#$*! *,! 7!;#"+/*+&( &< *,! $#*+&(; &< yi, ∂yi

$(7 zj - 3'* *,!

$#*+&( &< ∂zj
+; !$;: *& 7!;#"+3!- .,+#, +; $%% .! (!!71

D,! "!%$*+)! 7! 8,$6 #&6/%!9 DRX/Y (DX · δσ) +; (&. &< *,! <&"6

Ω•X/Y ⊗ C[y1, . . . , ydim(π(σ)), ∂ydim(π(σ))+1
, . . . , ∂ys , z1, . . . , zv(σ), ∂zv(σ)−1

, . . . , ∂zm−s
],

$(7 ;+(#! *,! 7+F!"!(*+$% dZ =
∑

j dzj ⊗ ∂zj
2';+(4 &'" ;,&"*,$(7 <"&6 G1H5 #&66'*!;

.+*, *,! Y )$"+$3%!;- *,+; 3!#&6!;

C[y1, . . . , ∂ys ] ⊗C

(
Ω•Z ⊗C[Z] C[z1, . . . , ∂zm−s

]
)
.

 ! #$( (&. <&%%&. *,! #&,&6&%&4: #$%#'%$*+&( +( H1H- $//%+!7 *& *,! #&6/%!9 Ω•Z ⊗
C[z1, . . . , zv(σ), ∂zv(σ)−1

, . . . , ∂zm−s
]1 I: H1H .! ,$)! *,$*

Ω•Z ⊗ C[z1, . . . , zv(σ), ∂zv(σ)−1
, . . . , ∂zm−s

] ≃ CBM
• (π−1(p) ∩ σ̊),

$(7 *,! #&,&6&%&4: 6&7'%!; &< DRX/Y (DX · δσ) $"! J!"& !9#!/* +( 7!4"!! −v(σ)- .,!"!
.! ,$)!

C[y1, . . . , ydim(π(σ)), ∂ydim(π(σ))+1
, . . . , ∂ys ]dz1 ∧ · · · ∧ dzv(σ) ≃ DY · δπ(σ)dzJσ

2.,!"! dzJσ := dz1 ∧ · · · ∧ dzv(σ)51

D,! #&,&6&%&4: &< DRX/Y Qπ
k #$( 3! #$%#'%$*!7 3: $ ;/!#*"$% ;!A'!(#! $;;&#+$*!7

*& *,! ;=!%!*&( >%*"$*+&( 2<&%%&.+(4 *,! #$%#'%$*+&( <&" *,! 7! 8,$6 #&6/%!9 DRXMK

+( H1K51 D,! ;!A'!(#! 3!4+(; .+*, Epq
0 = Ωm−s+p+q

X/Y ⊗ Q−p1 L; <&" $%% #!%%; +( Kk .!

,$)! dim(σ) = k + v(σ)- !$#, Q−p ,$; &(%: $ ;+(4%! #&,&6&%&4: 6&7'%!- +( 7!4"!!

−v(σ) = k + p1 D,+; 4+)!; '; *,$* *,! E1 /$4! +; $ ;+(4%!M"&. #&6/%!9

⊕

v(σ)=m−s−k

DY · δπ(σ) → · · · →
⊕

v(σ)=0

DY · δπ(σ)dzJσ

2.! %!* dzJσ = dz1 ∧ · · · ∧ dzv(σ)- +( *,! #&&"7+($*!; ;'+*+(4 !$#, σ $; $3&)!5- $(7 *,!
7+F!"!(*+$% +; dZ $; 3!<&"!1



 ! "#$%&'( )* +,('"& ,-$.'/ 01+'( 2,1'$( -$%/

 ! "#$ $%& '(%& )(#) )(! "%(%*%+%,- *%./+!' */') 0! .12!") '/*' %3 '1*4+! *%./+!'5

#' )(! .16!2!$)1#+ dZ "%**/)!' &1)( DY 7 1) #")' %$+- %$ )(! ,!$!2#)%2' δπ(σ)dzJσ 7 #$.

'% )#81$, "%(%*%+%,- %$+- 1$9%+9!' 1.!$)1:"#)1%$ %3 ,!$!2#)%2'; <(1' 1*4+1!' )(#) )(!

"%(%*%+%,- *%./+!' #2! %3 )(! 3%2*

∑
DY · δπ(σ)dzJσ 7 #$. %$! ,!)' # =$%$>"#$%$1"#+?

.12!") '/* .!"%*4%'1)1%$ 0- "(%%'1$, '%*! ,!$!2#)1$, '!);  ! 2!"#++ 32%* @;AB )(#) !#"(

'/**#$. DY · δπ(σ)dzJσ 1' '1*4+!;

 ! &#$) )% 2!+#)! )(1' )% )(! (%*%+%,- %3 Kk;  ! 2!"#++ 32%* C;B )(#) )(! .! D(#*

.16!2!$)1#+ dX "%22!'4%$.' )% )(! )%4%+%,1"#+ 0%/$.#2- *#47 0!"#/'! 3%2 # ,!$!2#)%2

δσdxIσ &! (#.

d(δσdxIσ) =
∑

σi⊂∂σ

δσi
dxIσi

.

E%&7 1$ )(! 2!+#)19! .! D(#* "%*4+!F &! (#9! )(! 2!+#)19! .16!2!$)1#+ dZ #")1$, %$

,!$!2#)%2' δσdzJσ 7 #$. )(1' #+'% 0!(#9!' +18! )(! )%4%+%,1"#+ 0%/$.#2- *#47 )(! '#*!

"%*4/)#)1%$ #' 1$ C;B &%28'5

dZ(dzJσ ⊗ δσ) =
m−s∑

j=1

dzj ∧ dzJσ ⊗ ∂zj
δσ

=

m−s∑

j=1

dzj ∧ dzJσ ⊗ (−
∑

σi⊂∂σ

〈ej |ni〉δσi
)

= −
m−s∑

j=1

∑

σi⊂∂σ

〈ej |ni〉dzj ∧ dzJσ ⊗ δσi

= −
∑

σi⊂∂σ

d(

m−s∑

j=1

〈ej |ni〉zj) ∧ dzJσ ⊗ δσi

= −
∑

σi⊂∂σ

d((ni)Z) ∧ dzJσ ⊗ δσi

= −
∑

σi⊂∂σ

dzJσi
⊗ δσi

G!2!7 (ni)Z .!$%)!' )(! 42%H!")1%$ %3 )(! 9!")%2 ni ∈ Rm
%$ )(! '/0'4#"! {0} × Rm−s

;

 ! '!! )(#) )(! "%22!'4%$.!$"! %3 )(! .! D(#* .16!2!$)1#+ )% )(! )%4%+%,1"#+ 0%/$.#2-

*#4 (%+.'7 !F"!4) 3%2 %$! '/0)+!)-5 )(%'! "!++' σi ⊂ ∂σ '/"( )(#) (ni)Z = 0 .% $%)
#44!#2 1$ )(! :$#+ '/*; <(!'! #2! 42!"1'!+- )(%'! "!++' 1$ )(! 0%/$.#2- %3 σ )(#) (#9!
1*#,! %3 .1*!$'1%$ ')21")+- +%&!2 )(#$ dim(π(σ)); <(/'7 13 &! 2!')21") %/2 #))!$)1%$ )%
)(! '/0"%*4+!F Kk7 &(!2! )(!'! "!++' #2! 2!*%9!.7 )(! "%22!'4%$.!$"! )% )(! )%4%+%,1"#+

0%/$.#2- *#4 2!*#1$'; I/') #' &! (#. d[σ] = d(dxJσ ⊗ δσ) =
∑

dxJσi
⊗ δσi

= [∂σ] =/4
)% %21!$)#)1%$?7 &! (#9! $%& dZ(dzJσ) =

∑
dzJσi

⊗ δσi
7 )(! %$+- .16!2!$"! 1' 1$')!#. %3

"%$')#$) "%!J"1!$)' &! $%& (#9! DY >"%!J"1!$)';

 ! 2!"#++ )(! %0'!29#)1%$ )(#) )(! "!++' 1$ Kk #++ (#9! dim(σ) = k + v(σ)7 #$. #">
"%2.1$,+- )(! ,!$!2#)%2' %3 hi(DRX/Y Qπ

k) "%22!'4%$. )% "!++' &1)( dim(σ) = k + i; <(1'



  

Hσ dim(σ) v(σ) dim(π(σ))

x = 0   !

y = 0  "  

z = 0 !   

x + y + z − 1 = 0 !   

x, y = 0   "

x, z = 0   "

y, z = 0  "  

x, y + z − 1 = 0   "

y, x + z − 1 = 0  "  

z, x + y − 1 = 0  "  

#$% &'()'* " " "

+,&'- .- )/#) )/' $.01'( 23 -.00#$4- ,$ hi(DRX/Y Qπ
k) ,- '5.#6 )2 )/' 4,0'$-,2$ 23 )/'

/20262+% +(2.7 HBM
k+i (Kk, C)8 #$4 2$' 9#$ 9/22-' #- +'$'(#)2(- #$% -') 23 dzJσ ⊗ δσ:-

-.9/ )/#) )/' #--29,#)'4 /20262+% 96#--'- [σ] +'$'(#)' HBM
k+i (Kk, C);

 !"#$% <; =& >2)' )/#) )/' 4'92072-,),2$ hi(DRX/Y Qπ
k) ≃ ⊕

DY · δπ(σ) ,- $2) 9#$2$?

,9#68 #- #$% +'$'(#),$+ -') 23 π(σ):- @,66 42;

 !"!##$"% &'()' '(! )%!*!+,- .*+$#+/,- 01,+/!-+ Qπ
k
′ ≃ π0

+Qπ
k ,2 π0

+MK /) # 3-,-4

5#-,-/5#*6 7/$!5+ )1" ,2 )/"8*! ",71*!)9 #-7 +(! -1":!$ ,2 )1""#-7) /) !01#* +, +(!

7/"!-)/,- ,2 +(! (,",*,;< ;$,18 HBM
k (Kk, C)&

=$,,2& A/' ,-202(7/,-0 Qπ
k
′ ≃ π0

+Qπ
k ,- <; B #$4 <; C; A/' -)#)'0'$) 32( π0

+Qπ
k 32662@-

3(20 <; <8 1'9#.-' π0
+M ≃ h0(DRX/Y M);

*+$,-#. &'(/' D') K 1' )/' 12.$4#(% 23 )/' -)#$4#(4 C?-,076'* ∆3 ⊂ R3
8 #$4 6')

π : R3 → R1
1' )/' 7(2E'9),2$ (x, y, z) 7→ x 2$ )/' F(-) 922(4,$#)'; G' #776% )/' π?

-H'6')2$ F6)(#),2$ )2 MK 8 /'(' @' 6,-) )/' 9'66- #$4 )/',( 76#9' ,$ )/' F6)(#),2$ I)/' 9'66-

#(' 6,-)'4 1% )/',( #J$' /.66K ,$ )/' )#16';

A/.-8 )/' F(-) 5.2),'$) Qπ
1 ,- +'$'(#)'4 1% δy, δz, δx+y+z−1, δy,z, δy,x+z−1 #$4 δz,x+y−18

@/,6' )/' L'(2)/ 5.2),'$) Qπ
0 ,- +'$'(#)'4 1% )/' &'(),9'-8 δx, δx,y, δx,z #$4 δx,y+z−1 I-''

M,+.(' <; K;

A/' +'$'(#)2(- 23 )/' 4,('9) ,0#+' π0
+Qπ

k #(' +,&'$ 1% 9/22-,$+ 9'66- 92(('-72$4,$+ )2 #

+'$'(#),$+ -') 32( )/' /20262+% +(2.7 Hk(Kk, C)8 -2 6') .- 9#69.6#)' @/#) )/'-' #('; G'

/#&' )/#) K18 1',$+ )/' 7#() 23 K )/#) 6,'- 2&'( )/' 27'$ .$,) ,$)'(&#68 ,- /20'202(7/,9

)2 # 7(24.9) 23 #$ 27'$ ,$)'(&#6 I)/' ,0#+'K @,)/ # 9,(96' I!?-,076'* @,)/ '07)% ,$)'(,2(8

)/' F1'(KN )/,- /#- H1(K1, C) ≃ C +'$'(#)'4 1% I';+;K )/' 27'$ .$,) ,$)'(&#6; M.()/'(8

K0 ,- )/' 4,-E2,$) .$,2$ 23 72,$) I)/' 72,$) (1, 0, 0) #$4 # 962-'4 !?-,076'* I)/' 7#() 6%,$+

,$ )/' 76#$' x = 0K; A/,- /#- H0(K0, C) ≃ C⊕C8 +'$'(#)'4 1% I';+;K )/' 72,$)- (0, 0, 0)
#$4 (1, 0, 0);
A/,- +,&'- .- )/' -H'6')2$ F6)(#),2$ 5.2),'$)- 23 π0

+MK N )/' L'(2)/ 5.2),'$) Qπ
0
′ =

π0
+Qπ

0 ,- ,-202(7/,9 )2 )/' DY ?024.6' M0 ⊕ M18 #$4 )/' F(-) 5.2),'$) Qπ
1
′ = π0

+Qπ
1 ,-

,-202(7/,9 )2 )/' DY ?024.6' M(0,1);



 ! "#$%&'( )* +,('"& ,-$.'/ 01+'( 2,1'$( -$%/

∂∆3

(∂∆3)1

(∂∆3)0

 !"#$% &'() *+% ,-$.-. !/ -+% π0,1%2%-3/ 42-$.-!3/ 3/ ∂∆3'

%3454678749 )*:;*  !"#" $% & '&()($'&* +#"%"(,&,$)(

(DY )r → (DY )c
։ π0

+MK

-!"#" c $% ,!" (./0"# )1 '"**% $( K2 &(3 r $% "4.&* ,) (dim(Y )+1)·c+∑
σ⊂K(v(σ)−δ0,v(σ))

5!"#"2 δ0,v(σ) $% ,!" 6#)("'7"# 3"*,& 1.(',$)(89

:#))19 5% 6$37%%8 ., !/ -+% 6$339 39 :'(' 5% 2.;%2 -+% "%/%$.-3$, 39 (DY )c
;< -+% 7%22, 39

K= ./8 2.;%2 -+% "%/%$.-3$, 39 (DY )r
;< . "%/%$.-!/" ,%- 93$ -+% $%2.-!3/, !/ &'>' ?%7.22

-+.- %.7+ ,-./8.$8 $%2.-!3/ !/8#7%8 ;< . 7%22 σ 7./ ;% @$!--%/ ., . DY 02!/%.$ 73A;!/.-!3/

P σ(δσ, . . . , δσk
) = 0 !/B32B!/" σ ./8 !-, ;3#/8.$< 7%22, σi= %'"' $%2.-!3/, 39 -<6% &'>(i)

7./ ;% @$!--%/ ., P (δσ, . . . , δσn) = ∂π(z)δσ +
∑

i〈π(z)|ni〉δσi
= 0 93$ ./< 63!/- z ∈ Hσ=

%-7' C3= @% 2%- (DY )c
;% 9$%%2< "%/%$.-%8 ;< gσ 93$ %.7+ σ ⊂ K= ./8 (DY )r

;< rP σ
@+%$%

-+% P σ
.$% . "%/%$.-!/" ,%- D93223@!/" E%AA. &'FG 93$ -+% ,-./8.$8 $%2.-!3/, !/8#7%8 σ=

., !/ -+% 6$339 39 :'('

*+% A.6, (DY )r → (DY )c
./8 (DY )c → π0

+MK .$% 8%4/%8= $%,6%7-!B%2<= ;< 2%--!/"

rP σ 7→ P σ(gσ, . . . , gσk
),

./8

gσ 7→ δσ.

C#$H%7-!B!-< 39 -+% 2.,- A.6 !, 72%.$= @+.- $%A.!/, !, 7+%71!/" %I.7-/%,, !/ -+% A!882%'

*+% 73#/- 39 "%/%$.-!/" $%2.-!3/, !, "!B%/ ;< E%AA. &'F) -+%$% !, 93$ %.7+ 7%22 σ ⊂ K
. -3-.2 39 dim(Y ) + v(σ) + (1 − δ0,v(σ)) "%/%$.-!/" $%2.-!3/,' J88!/" -+!, #6 3B%$ .22 -+%
7%22,= @% "%- (dim(Y ) + 1) · c +

∑
σ⊂K(v(σ) − δ0,v(σ))= @+%$% c !, -+% /#A;%$ 39 7%22,'



 !

 ! "#$ %#"&'(!) *+! &,!-!*#" .-*)/*'#" #" π0
+MK /"( *+! '"(0%!( .-*)/*'#"& #" (DY )c

/"( (DY )r
1 *# )!(0%! *# *+! /&&#%'/*!( 2)/(!( 3#(0-!&4 5+! '"(0%!( .-*)/*'#"& #" (DY )c

/"( (DY )r
/)! 2'6!"1 /& '" 7481 9: -!**'"2

F ′i (DY )c := DY · {gσ|dim(π(σ)) ≤ i}

/"(

F ′′i (DY )r := DY · {rP σ |dim(π(σ)) ≤ i}.
 ! (!"#*! *+! .-*)/*'#" ;0#*'!"*& 9: ((DY )c)i !*%41 '* '& %-!/) *+/* *+!: /)! 2!"!)/*!( 9:

2!"!)/*#)& gσ, rP σ
)!&<!%*'6!-:1 &0%+ *+/* dim(π(σ)) = i4

 ! %/" "#$ </&& *# *+! /&&#%'/*!( 2)/(!( 3#(0-!& /"( %+!%, !=/%*"!&& #> *+! &!;0!"%!

s⊕

i=0

((DY )r)i →
s⊕

i=0

((DY )c)i →
s⊕

i=0

Qπ
i
′

$+'%+ )!(0%!& *# *+! .-*)/*'#" ;0#*'!"*&4 ?!* 0& "#$ -##, /* *+! %#,!)"!- Ck #> *+! 3/<

((DY )r)k → ((DY )c)k1 *+/* '&1 $+/* +/<<!"& *# *+! 2!"!)/*#)& gσ $+!" $! '3<#&! *+!

)!-/*'#"& #> 7484 5+! 2!"!)/*#)& δσ #> Qk 30&* #> %#0)&! /-&# &/*'&>: *+!&!1 *+! #9&*/%-!

'& <)#6'"2 *+/* "#*+'"2 !-&! +/<<!"&4

5+#&! gσ $'*+ v(σ) > 0 %/"1 9: 748(iii)1 9! $)'**!" /& / &03 #> *+!') 9#0"(/): %!--&1

v(σ)δσ =
∑

i

(di −
∑

j≤s

(ni)jxj) · δσi
,

$+!)!

∑
j(ni)jxj − di = 0 '& *+! (!."'"2 !;0/*'#" #> Hσi

4 5+! 9#0"(/): %!--& σi /--

+/6! dim(σi) = dim(σ) − 11 /"( !'*+!) v(σi) = v(σ) − 1 #) v(σi) = v(σ) @'" $+'%+ %/&!
dim(π(σi)) = dim(π(σ))− 11 /"( *+!&! /)! )!3#6!( '" *+! &,!-!*#" .-*)/*'#" ;0#*'!"*&A4
B*!)/*'"2 *+! /<<-'%/*'#" #> 748(iii)1 $! %/" &!! *+/* !/%+ Ck '& 2!"!)/*!( 9: %!--& gσ $'*+

dim(σ) = dim(π(σ)) = k, v(σ) = 04 5+!)! /)! &#3! )!-/*'#"& 9!*$!!" *+!&!1 2'6!" 9:
748(ii)1 &# $! %/" !-'3'"/*! &#3! #> *+!3 /"( !=<)!&& Ck /& / (')!%* &03 #> 3#(0-!&

2!"!)/*!( 9: gσ $'*+ v(σ) = 04 C!(0%'"2 *# *+! (')!%* &033/"(&1 $! 2!* &0)D!%*'6! 3/<&

DY · gσ → (&033/"( #> Qπ
k
′)

/"( /& *+! .)&* #> *+!&! '& &'3<-!1 *+! 3/< 30&* 9! /" '&#3#)<+'&34

 !" #$%&'( )$('*+ $,-%'.

5+! (!)'6!( (')!%* '3/2! π+ %#"*/'"& 3#)! '">#)3/*'#" /9#0* MK /"( K *+/" π0
+1 &#

-!* 0& !=/3'"! '* >0)*+!)4

"#$%&'( !)*+) C!%/-- >)#3 E=/3<-! 74FG1 *+/* >#) K 9! *+! 9#0"(/): #> *+! &*/"(/)(
HI&'3<-!= '" R3

/"( π : R3 → R1
*+! <)#D!%*'#" #" *+! .)&* %##)('"/*!1 *+! (')!%* '3/2!

π0
+MK $/& '&#3#)<+'% *# *+! 3#(0-! M[0,1] = Mπ(K)4 J" *+! #*+!) +/"(1 */,'"2 K *#
9! *+! $+#-! HI&'3<-!=1  !"# '"*!)'#)1 $! 2!* *+! &/3! 3#(0-! '" *+! (')!%* '3/2!1 /&

*+! K!)#*+ +#3#-#2: #> *+! .9!)& )!3/'" *+! &/3!4  ! &!! *+/* π0
+ >/'-& *# (!*!%* *+'&

('L!)!"%!4



 ! "#$ %&'()* +&*),- &./')0

 !" #"$%&"# #%$"'( %)*+" π+, !-."&"$, #-"/ #"("'( (!" !-)-0-+%'*0 %12-$)*(%-1, .!%'!

.%00 '-)" */ 1- /3$4$%/" +%&"1 56756 8"( 3/ 9$/( $")*$: (!*( ;$-4-/%(%-1 <6= !*/ *1

%))"#%*(" '-$-00*$>?

1*2320&-&24 "#5$#  !" #" $!%& '(!(&()(*+ (, π+MK -. "/0%) 1( 1!" 2(3")45((3"

!(&()(*+ (, K6

73((,6 @1" !*/ (!" /(*1#*$# %/-)-$4!%/) -2 231'(-$/DRY ◦π+ ≃ Rπ∗◦DRX A/"" BC

+
DE,

FGGGHI, .!%'! +%&"/ 3/ H•
DR(π+MK) = H•(Y, DRY (π+MK)) ≃ H•(Y,Rπ∗DRX(MK)) ≃

H•(X, DRX(MK)) ≃ HBM
• (K, C)6

 - '-)43(" π+MK , ." .%00 3/" (!" πJ/:"0"(-1 90($*(%-1 */ ." #%# 2-$ (!" -$#%1*$> #%$"'(
%)*+"6 K" '-1/%#"$ DRX/Y MK */ * 90("$"# '-)40"L .%(! $"/4"'( (- (!%/ 90($*(%-1, *1#

$31 (!" /4"'($*0 /"M3"1'"6  !" E0 4*+" %/ DRX/Y -2 (!" Qπ
i N/?

6

6

6

6

6

6

6

6

6

Ω1
X/Y ⊗ Qπ

s

OO

Ω2
X/Y ⊗ Qπ

s−1

OO

Ω3
X/Y ⊗ Qπ

s−2

OO

· · ·

Qπ
s

dZ

OO

Ω1
X/Y ⊗ Qπ

s−1

dZ

OO

Ω2
X/Y ⊗ Qπ

s−2

dZ

OO

· · ·

Qπ
s−1

dZ

OO

Ω1
X/Y ⊗ Qπ

s−2

dZ

OO

· · ·

Qπ
s−2

dZ

OO

· · ·

O*'! '-03)1 !"$" %/ (!" $"0*(%&" #" P!*) '-)40"L -2 * Qπ
k , *1# %( 2-00-./ 2$-) 5675

(!*( (!" '-!-)-0-+> )-#30"/ *$" "*'! +%&"1 Q> +"1"$*(-$/ '-$$"/4-1#%1+ (- * +"1"$*(%1+

/"( 2-$ (!" !-)-0-+> +$-34 HBM
k+i (Kk, C)6 R-, %1 4-/%(%-1 (−p,−q) ." +"( (!" −qN(!

$"0*(%&" #" P!*) '-!-)-0-+> )-#30", .!%'! %/ +"1"$*("# Q> δσ '-$$"/4-1#%1+ (- -3$

2*&-3$%(" /"( -2 +"1"$*(-$/ [σ] 2-$ HBM
p+q (Kp, C)6

K" 1-. !*&" (!" E1 4*+" '-1/%/(%1+ -2 (!"/" )-#30"/, *1# (!" 4$-'"// /(-4/ !"$"? (!"

πJ/:"0"(-1 90($*(%-1 %/ '-1/($3'("# %1 /3'! * .*> (!*( 1- %1("$*'(%-1 Q"(.""1 (!" 0"&"0/
-2 (!" 90($*(%-1 (*:"/ 40*'" %1 (!" Z #%$"'(%-1, (!*( %/ -1" '*11-( +"( 2$-) Qπ

k (- Qπ
k−1,

/*>, Q> *'(%1+ .%(! * ∂z #%S"$"1(%*06 G2 (!%/ ."$" (!" '*/", ." .-30# !*&" * +"1"$*(-$

-2 Qπ
k *1# * +"1"$*(-$ -2 Qπ

k−1 !*&%1+ %)*+" -2 (!" /*)" #%)"1/%-1, .!%'! '-1($*#%'(/

(!" #"91%(%-1 -2 (!" πJ/:"0"(-1 90($*(%-16  !" E1 4*+" 1-. !*/ %1 4-/%(%-1 (−p,−q) (!"
pN(! /:"0"(-1 90($*(%-1 M3-(%"1( -2 hq(π+MK) AQ> (!" 1*(3$*0 #"91%(%-1 -2 (!" /:"0"(-1
90($*(%-1 -1 hq(π+MK)I6 K" #- 1-( +"( (!" )-#30" "L40%'%(0>, Q3( :1-.%1+ (!" /:"0"(-1
90($*(%-1 M3-(%"1(/ %/ "1-3+! 2-$ )-/( 43$4-/"/6



 !

"#$%&'( )*++*  ! !"#!$% &"'()*! +,-. #/ 0$% #1! 1231!4 %24!5# 2('3!6 '6 7!**, 8!5'**

#1'# #1! π96:!*!#/$ 0*#4'#2/$ %!5/()/6!%K 2$#/K1; #1! )4/%<5# /= '$ /)!$ 2$#!4>'* 72#1

' ?962()*!" 72#1 !()#@ 2$#!42/4A '$% K0; #1! %26B/2$# <$2/$ /= ' )/2$# '$% ' ?962()*!"

C !"# 2$#!42/4D,

 ! '*4!'%@ 1'>! #1! E!4/#1 1231!4 %24!5# 2('3! π0
+MK = h0(π+MK); '$% '6 #1! 0F!4

/= π 26 #7/9%2(!$62/$'*; 7! 61/<*% 51!5: =/4 1231!4 %24!5# 2('3!6 2$ %!34!! −1 '$% −2,
G1! 1/(/*/3@ /= K1 26 32>!$ F@

HBM
i (K1, C) =





0 =/4 2HI

C =/4 2H-

C =/4 2H?,

'$% #1! 1/(/*/3@ /= K0 26

HBM
i (K0, C) =

{
C =/4 2HI

0 /#1!4726!.

G126 32>!6 <6 #1! =/**/72$3 0$'* )'3! /= #1! 6)!5#4'* 6!J<!$5!K

M(0,1) 0

M(0,1) M0 ⊕ M1

71251 %26)*'@6 #1! 6:!*!#/$ 0*#4'#2/$ J</#2!$#6 /= #1! %24!5# 2('3!A 2$ %!34!! E!4/ Ch0(π+MK)D
7! 1'>! Q1 = M(0,1) '$% Q0 = M0 ⊕ M1; 2$ %!34!! (2$<6 /$! Ch

−1(π+MK)D 7! 1'>!
Q1 = M(0,1) '$% Q0 = 0,



 !"#$%"&'$"()*+ ,"%-.$ "/*0-# *),

B1#2+")-#

 !"#" $% &'%( & )(*$() (+ ,$#"-* $.&/" (+ ,$%*#$01*$()%2 3!$-! $) (1# -&%"2 +(# δσ2 3!")

π : Rm → Rs
2 $% /$4") 05

π∗δσ := [f 7→
∫

σ
f ◦ π]

+(# & *"%* +1)-*$() f () Rs
6 7) 8&#*$-1'&# *!" -&%" (+ 8#(9"-*$()% $% $)*"#"%*$)/ !"#"2

0"-&1%" *!" ,$%*#$01*$()&' ,$#"-* $.&/" π∗δσ $% *!" ,$%*#$01*$() +(#. (+ *!"  !"#$%&'$&#(

B)*+"$,(

σπ(x) =
1√

det(π · πt)
vol(π−1(x) ∩ σ),

:3!"#" 3" 05 &01%" (+ )(*&*$() 3#$*" π +(# *!" .&*#$; &%%(-$&*", *( π< 3!$-! !&% &
'()/ !$%*(#5 $) &88'$", .&*!".&*$-%6  58$-&''52 ()" !&% %*1,$", %$.8'" %!&8"% '$=" 0(;"%2

%$.8'$-"% &), -()"%2 &% *!"5 &#" .(%* %1$*", +(# &88'$-&*$()% :%"" +(# $)%*&)-" >?@ABCD2

>EFGBHD (# >E?IJKD<6

L(*" *!&* 3" -&) &'%( ";8#"%% π∗δσ &% *!" ,$%*#$01*$()

φ 7→
∫

Rs

φ(x)σπ(x)dx

:%"" "6/6 >E?IJK2 -!&8*"# CD +(# ,"*&$'%<6

F"+(#" *&-='$)/ *!" -&%" (+ 8#(9"-*$()%2 '"* 0#$"M5 %"" !(3 *!" ,$%*#$01*$()&' ,$#"-*

$.&/"% (+ δσ 0"!&4"% 1),"# :'$)"&#< $)-'1%$()% &), $%(.(#8!$%.%N

O(# &) $)-'1%$()2 3" !&4"

∫
K f(i(x))dx =

∫
i(K) f(x)dx2 %( i∗δσ = δi(σ)6 P) $%(.(#8!$%.

η '$="3$%" /$4"%2 05 *!" 1%1&' -!&)/" (+ 4&#$&0'"% +(#.1'&2 η∗δσ = |det(η)|−1δη(σ)6

 !" #"&,"# .&5 )(*$-" *!&* 3!&* +(''(3% 0"'(3 +(''(3% Q"-*$() R &'.(%* ";&-*'56  !$%

$% )( -($)-$,")-"2 &% .1-! (+ *!" .&*"#$&' $) *!$% %"-*$() $% (', %*1S &0(1* BT%8'$)"%2
&), *!" 8#"4$(1% %"-*$() -()%$%*", $) '&#/" 8&#* (+ -!"-=$)/ 3!"*!"# *!" %&." %*&*".")*%

&), #"'&*$()% &88'$", *( π∗MK 6  !$% $% *#1" $) 8&#*$-1'&# +(# R6U2 *!" %*&*".")* (+ 3!$-!

$% &'.(%* & 4"#0&*$. -(85 (+ U6H2 #"8!#&%", *( %1$* *!" &'*"#", -()*";*V &), *!" 8#((+

."#"'5 -()%$%*% (+ -!"-=$)/ *!&* *!" %&." #"'&*$()% !(',6

E" ?()-$)$ &), I#(-"%$ $) >E?IJKD $)4"%*$/&*" %(." (+ *!" 8#(8"#*$"% (+ *!" .(,1'"

W · π∗δK 2 3!") π $% & 8#(9"-*$()2 $) *!" -&%"% 3!") K $% & 0(; (# & -()"6 7) '$/!* (+

3!&* 3" !&4" ,()" %( +&#2 3" .$/!* %&5 *!&* +(# /")"#&' K2 *!" .(,1'" /")"#&*", 05 &''
*!" π∗δσ $% *!" .(#" )&*1#&' (09"-*2 %( '"* 1% $)4"%*$/&*" $* -'(%"#6

 !"#$%$&# '()( W" '"* SK := W · {π∗δσ|σ ⊂ K}6



 !

 !" #$%&'("%)'* +"*'),-%. #-+ SK '+" ($/! )!" .'(" '. #-+ MK 0 1,2"% 34 )!,. +".$*)

#+-( 56789:;0 <!,/! '*.- "=,.). ,% .,(,*'+ 2"+.,-%. "*."<!"+" ,% )!" *,)"+')$+" >#-**-<

+"#"+"%/". #+-( 56789:;05?@A9B; -+ 56?CDE;FG H" +"I!+'." )!" -+,1,%'* +".$*) )- .$,)

-$+ /-%)"=)J 6" 7--+ '%& 8K**,1 ,% 56789:; -%*4 I+-2" (i) '%& )!" .)')"("%) -# (iii) #-+
)!"  !"#$%&"' σπ, (σi)π0 3$) )!" +".) ,. ,(I*,/,) '%& #-**-<. &,+"/)*4G

"#$%&$' ()* >6" 7--+ L 8K**,10 56789:;F) ()$ σ *) + ,&-./)01+- *&0. %" Rm
2 3%$/  +#)$'

σi2 +"0 #&11)',&"0%"4 &!$3+10 !"%$ "&15+-' ni2 +"0 -)$ π *) $/) ,1&6)#$%&" &" $/) 71'$

s #&&10%"+$)'8 9''!5) +-'& $/+$ $/) 7*)1' π−1(x) ∩ K +1) #&5,+#$8 :/)" $/)  &--&3%"4

/&-0;

<%= ∂π(z)π∗δσ = −∑
i〈π(z)|ni〉π∗δσi

2  &1 +". z ∈ Rm
2

<%%=

∑
i〈v|ni〉π∗δσi

= 02  &1 v ∈ Rm
&1$/&4&"+- $& Rs

2 +"0

<%%%= v(σ)π∗δσ =
∑

i〈ki − x|ni〉π∗δσi
2 3/)1) ki %' +" +1*%$1+1. ,&%"$ & σi +"0 x ∈ Rs

8

>1&& 2 +0+,$)0  1&5 ?@ABCDE8  - "%.$+" /-%2"+1"%/" -# )!" ,%)"1+'*.0 <" '..$(" )!')

)!" M3"+. K ∩π−1(p) '+" /-(I'/)G  !,. ,. %"/"..'+4 3"/'$." '*)!-$1! -$+ )".) #$%/),-%.
φ !'2" /-(I'/) .$II-+) ,% Rs

0 φ◦π &-". "&$ !'2" /-(I'/) .$II-+) ,% σ $%*".. )!" M3"+.
π−1 ∩ σ '+" /-(I'/)G

(i) '%& (ii) '+" #',+*4 .)+',1!)#-+<'+&J ,# <" *") z ∈ Rm
3" .$/! )!') π(z) = v0 )!"%

∂π(z)

∫

σ
φ ◦ π = −

∫

σ
(∂π(z)φ) ◦ π = −

∫

σ
∂z(φ ◦ π) = −

∑

i

∫

σi

〈z|ni〉φ ◦ π.

 !,. ,. '*(-.) (i)0 "=/"I) )!') NzO ,. .$3.),)$)"& #-+ Nπ(z)O -% )!" +,1!)L!'%& .,&"G  -
+".-*2" )!,.0 <+,)" z = π(z) + v0 <!"+" v ,. -+)!-1-%'* )- Rs

G H" )!"% 1")

∂π(z)π∗δσ = −
∑

i

〈π(z) + v|ni〉π∗δσi

)!') ,.0

∂π(z)π∗δσ = −
∑

i

〈π(z)|ni〉π∗δσi
−

∑

i

〈v|ni〉π∗δσi

'%& #-+ )!,. )- ('P" ."%."0 )!" *'.) .$( ($.) 3" Q"+-G  !,. )!"% 1,2". $. (i) '%& (ii)G

(iii) ,. I+-2"& ,% )<- .)"I.0 M+.) <" I+-2" )!') #-+ θ :=
∑s

j=1 xj∂xj
0 <" !'2" θ ·σπ(v) =

(m − s)σπ(v) − ∑
i〈ki|ni〉(σi)π(v)0 <!"+" ki ∈ Hσi

,. '% '+3,)+'+4 I-,%)G @")O. <+,)" )!,.



 !"#$%&'( )* +,-&(,./&,01$2 +,('"& ,3$4'- $1+ B5-%2,1'-

 !"#

s∑

j=1

xj∂xj

∫

σ
φ(π(z))dz = −

∫

σ

s∑

j=1

∂xj
(xjφ(π(z)))dz

= −s

∫

σ
φ(π(z))dz −

∫

σ

s∑

j=1

xj∂xj
(φ(π(z)))dz

= −s

∫

σ
φ(π(z))dz −

∫

σ

m∑

j=1

zj∂zj
(φ ◦ π(z)))dz

= (m − s)

∫

σ
φ(π(z))dz −

∫

σ

s∑

j=1

∂zj
(zj(φ ◦ π)(z)))dz

= (m − s)

∫

σ
φ(π(z))dz −

∑

i

∫

σi

〈z|ni〉(φ ◦ π)(z)dz

$%& $' 〈z|ni〉 (' ) %'"$%"  % *$)+ σi, -*./* & %*0 1*2" -*  3'*/4* "+$" m− s = v(σ) $%&
(θ − ∂π(z))σπ(π(z)) = 0, $%& *25$%&(%6 "+(' -* 6*"

0 = (θ − ∂π(z))σπ(π(z))

= v(σ)σπ(π(z)) −
∑

i

〈ki|ni〉(σi)π(π(z)) +
∑

i

〈π(z)|ni〉(σi)π(π(z)),

-+()+ /*5+/$'*& (% &('"/(3!"( % 7 /8 ('

v(σ)π∗δσ =
∑

i

〈ki −
∑

j≤s

xj |ni〉π∗δσi
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 !"#$% 90:& ;< /*'"/()"(%6 π " "+* $55/ 5/($"* Hσ $%& ) 85 '(%6 -("+ $ )  /&(%$"*

)+$%6* -* '** "+$" "+* $3 4* + =&' 7 / σ  7 $%< &(8*%'( %, % " 8*/*=< "+* " 5>&(8*%'( %$=

 %*'0 ?25=()("=<, (7 -* 7$)" / π = p ◦ τ , -+*/* p (' "+* 5/ @*)"( %  % "+* A/'" )  /&(%$"*'

$' $3 4* $%& τ (' $% (' 8 /5+('8, -* +$4*

π∗δσ(f) =

∫

σ
f(p(τ(z)))dz =

∫

τ(σ)
f(p(y))

dy

|det(τ)| =
1

|det(τ)|p∗δσ(f).
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41 !, !4 %01#"; ,1 ?66 $%8?,!104 +1$ ,;% 5-!44!0"9 =%884 @!,; v(σ) = 1'

I;% %L,$? $%8?,!104 ?$% ?88 1+ ,;% ,/.% &'G(ii)2 ,;?, !4 ,;%/ ?$% !06#=%6 7/ ? $%8?,!10
∂zδσ = 0 ,;?, %L!4,4 !0 ,;% =1-.8%L σ∪⋃

σi⊂∂σ σi' Q0 1,;%$ @1$642 @% "%, 4#=; ? $%8?,!10

!+ @% =?0 %L.$%44 ,;% σi94 ?4 ,;% 71#06?$/ 1+ ? =%88 σ @!,; dim(σ) = dim(σi) + 12 ?06
v(σ) = v(σi) + 1'
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 !"#$% &':) *+!4 /012,%3 !4 50. π !"##$!%$&; 957 977!5" .+% 1!44!5" $%/.95",% <19$=%7

>8 "$%8 ,!5%4? /9550. >% 705% @!.+0#. A!0,9.!5" .+% /%,, /012,%3 4.$#/.#$%'
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@!.+ .+% 491% /057!.!054; .+%$% %3!4.4

9 /%,, σ ⊂ K @!.+ dim(σ) = i + 1 957 v(σ) = 1 4#/+ .+9. ∂σ = K ′
'

'6789:; )*)* C054!7%$ .+% 2$0D%/.!05 π : R2 → R1
05 .+% E$4. /00$7!59.%' *+% ,%-.
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+MK 957 SK 7!F%$ .+9. /95 50. >% E3%7 >8 .+%
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