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Abstract

In this thesis, we describe a technique of globalizing L.-automorphisms of the Schouten
algebra of polyvector fields. From a given local automorphism of the Schouten algebra
Tpoly(Rd) on affine space satisfying certain conditions, we construct an associated global
automorphism of the Schouten algebra Tj1y (M) on a general smooth manifold. Exotic
automorphisms of the Schouten algebra on affine space were constructed by Merkulov
in [15]. It is very plausible that these automorphisms satisfy the conditions posed in this
thesis. If this conjecture holds, these results together yield exotic automorphisms of the
Schouten algebra of polyvector fields on a general smooth manifold.
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1 Introduction

In this thesis we use a method by Fedosov [8] for solving a new instance of an old problem:
Extending a local geometric construction to a global one. The construction that we will
globalize is an Ly,-automorphism of the Schouten algebra of polyvector fields. A reader
unfamiliar with these concepts can find some motivation and a historical outline in
Section 1.1, and a short introduction in Chapter 2.

We continue with a more precise statement of the main result. Let F' be an L.-
automorphism of the Schouten algebra T, poly(Rd) of polyvector fields on affine space.
Assume furthermore that the automorphism satisfies the following condition:

Condition 1. (i) For n > 2, F,, vanishes on vector fields. That means
Fn(’Ul, e ,’Un) = 0,
for vector fields vy, ..., v,.

(ii) F wvanishes if one of the inputs is a vector field that is linear in the standard
coordinates on R, That means

0

Fn(’}’l, . ,ll(flf)%, ..

7fYn) :07

for arbitrary polyvector fields 1 to v, and a vector field li(a:)a‘zi where the 1*(x)
are linear in the coordinates x', ..., z% of affine space RY.

Using the given local automorphism F', we construct a new, globalized morphism Fjjqp,
such that the following holds:

Main Theorem. For a smooth d-dimensional manifold M and an L.,-morphism F of

T poly(Rd) satisfying Condition 1, the globalized morphism Fg oy, constructed below is an
Loo-morphism of Tyoly (M).

This thesis is based on a result of Merkulov’s [15], the construction of a family of exotic
Lso-automorphisms of the Schouten algebra on affine space. The constructed morphisms
are non-trivial Ls.-morphisms

F = {Fn : /\nTpoly(Rn) — poly(Rn)}n21

of the form

id n=1,
F, =
ZF Cror n>2



where the summation runs over graphs I' with n vertices and 2n — 2 directed edges.
The ®r are multilinear maps @" Toly (R™) — Tpoly (R™) associated to the graph I' and
the Cr are real weights given by an integral over a compactified configuration space of
a differential form associated to I'. The weights Cr are independent of the choice of
coordinates, but the maps ®r are in general only invariant up to affine transformation.

The result described in this thesis parallels a result of Cattaneo, Felder, and Tomassini
[3,4], and Dolgushev [7]: The globalization of Kontsevich’s L..-quasi-isomorphism from
polyvector fields Tpoy(R?) to polydifferential operators Dpory(RY) [12]. Kontsevich’s
result in turn is based on the Hochschild-Kostant-Rosenberg theorem [10]: The Lie
algebra of polyvector fields with the Schouten bracket is isomorphic to the cohomology of
the Lie algebra of polydifferential operators with the Gerstenhaber bracket. Kontsevich’s
L,-quasi-isomorphism is a stronger result, which solved the problem of deformation
quantization of a general Poisson manifold. Kontsevich proved his result for affine space
R? and sketched the proof for general manifolds. This was elaborated on by Cattaneo,
Felder, and Tomassini [3, 4], and later also Dolgushev [7] for obtaining an equivariant
formality theorem.

The result of Merkulov [15], which this thesis builds on, is obtained using methods
similar to those of Kontsevich’s for constructing an L.,-automorphisms of polyvector
fields Tpoly(Rd) on affine space. It should not be surprising that this thesis uses the
methods of Cattaneo, Felder, and Tomassini, and Dolgushev respectively, for the glob-
alization of Merkulov’s result to general manifolds. They in turn use a trick invented
by Fedosov for the construction of the Fedosov star product [8]. This thesis is mostly
based on Dolgushev’s application of the well-known technique. Indeed, most of the re-
sults are careful checks of Dolgushev’s results for our case. We state the correspondence
with Dolgushev’s work in detail. Lemma 3 here corresponds to Dolgushev’s Theorem
2, Proposition 1 to Dolgushev’s Theorem 3, Proposition 2 to Dolgushev’s Proposition 2
and the Main Theorem to Dolgushev’s Theorem 4.

Condition 1 is analogous to two conditions in Kontsevich’s work [12]. Kontsevich’s
Lso-morphism between polydifferential operators and polyvector fields satisfies certain
conditions (P4) and (P5), which was proved in the same work. Merkulov’s exotic au-
tomorphisms are constructed in an analogous way, which makes it plausible that they
satisfy the analogous condition. A proper investigation is very obvious future work.

As an alternative to Condition 1, one can impose another condition on the local
automorphism constructed as in [15]. Later, we give an easy proof that Condition 1 is
satisfied if the following condition holds:

Condition 2. If the graph I' contains a vertex with at most one ingoing and at most
one outgoing edge, then the weight Cr is zero.

The outline of the thesis is the following: We start with a historical overview over
polyvector fields and polydifferential operators. It followed by a short introduction
to polyvector fields, the Schouten bracket, L..-algebras and Maurer-Cartan elements.
Maurer-Cartan elements are the keys to the twist of Lie algebras and L..-morphisms,
a method which we will need later. After that, the first step towards proving the main
result is the introduction of vertical polyvector fields. They are used to construct a



resolution of the Schouten algebra Tpo,(M). For obtaining a resolution not only as
a C°°(M)-module, but also as a Lie algebra, the resolution has to be twisted using
a chosen covariant derivation. This is called the Fedosov trick. The given local Lo-
morphism acts fiberwise on the obtained resolution as a C°°(M)-module. After a twist
of the fiberwise morphism, we obtain an L..-morphism of the resolution as a Lie algebra.
Using Condition 1, we see that this twisted, fiberwise morphism is invariant under change
of coordinates, which proves the result. We conclude with showing that Condition 2
actually implies Condition 1.

Although the aim of this thesis is a global construction, we are going to work in local
coordinates most of the time. If not stated otherwise, the formulas that we are going to
use are independent of the choice of local coordinates. Throughout this thesis, we use
the Einstein summation convention.

1.1 A short history of polyvector fields

This section is intended for the non-expert reader who wonders why polyvector fields
or L.,-algebras are something worth investigating. We have no ambition to write a
complete treatise and only aim to tell a story. There are nice and careful expositions
such as [17] or [5]. The Schouten algebra of polyvector fields, L.-algebras and Maurer-
Cartan elements will be defined in Chapter 2, Basic notions. However, we give short
definitions here that should suffice for this historical overview.

Let M be a smooth d-dimensional manifold. The Schouten algebra of polyvector fields
Thoy(M) on M is the C°°(M)-module of sections of the exterior algebra of the tangent
bundle, i.e.,

TPOIY(M) = @ goly(M)a
n=0

where
goly(M) = F(/\nTM)

Via the graded Leibniz rule, the Lie bracket on vector fields can be extended to polyvector
fields. The resulting Lie bracket is called the Schouten bracket.

An L..-algebra is a generalization of a Lie algebra which consists not only of a binary
operation, the bracket, but of a (possibly vanishing) n-ary operation for each positive
integer n. The operations suffice a countable number of compatibility relations, among
others a Jacobi identity up to homotopy. A Maurer-Cartan element is an element of
the L,-algebra that can be used to twist the L,.-algebra, that is, to construct a new
Ly-algebra structure from the old one with help of the Maurer-Cartan element.

We continue by introducing the C°° (M )-module of polydifferential operators Doy (M).
On a local patch U of the manifold M where we denote coordinates by ', ..., 2% a poly-
differential operator is a map

C®(U)®...0C°(U) — C®(U)



of the form

ol Hlnl
(1) :(1) ®...® (n) FCOR

oxr« axlkl . ozrh .. Ox*n

where the AIUI"'I" (x) are smooth functlons, the I; are multi-indices

Ay = AlIn(x) (L1)

I =69,

J

and |I;| = k;. On smooth functions a1, ...,a,, they act as
olllq ollnla,,
n..I, 1
A(al,...,an):Al (1)—2(1) ﬁ
oxi ...0x ™ ox'r ... 0x"n

Having described polydifferential operators locally, we define polydifferential operators
on the manifold M as maps

A:C®M)®...0C°(M) — C®(M)

that are locally of the form (1.1). More precisely, there is a covering of M with open
subsets U; such that A restricted to C°°(U;)®" is of the form (1.1).
The polydifferential operators form a complex with the grading

poly @ Dpoly

where DpJ ) (M) consists of the polydifferential operators from C°°(M )€™ to C*®°(M). Tt
is a subcomplex of the Hochschild cochain complex C*(A, A) for the associative algebra
A := C*(M), where

C™(A, A) = Homg (A% A).

The differential in this complex is given by d : C"(A, A) — C"T1(A, A) with

(dA)(ag, . ..an) =
n
apA(ay,...,ay) + Z(—l)iA(ag, ey i1y .y an) + Alag, ... an—1)an

i=1
The cohomology of the Hochschild cochain complex is denoted by HH*(A, A), the coho-
mology of the subcomplex D1y (M) is denoted by HH};¢(M). We mention also that the
polydifferential operators form a Lie algebra with respect to the so-called Gerstenhaber
bracket, which induces a bracket on cohomology. So both the space of polydifferential
operators and its cohomology are Lie algebras. They are the topic of a famous theorem:

Hochschild-Kostant-Rosenberg-Theorem. [10] The cohomology of the differential
Hochschild complex of polydifferential operators is isomorphic as a Lie algebra to the Lie
algebra of polyvector fields with the Schouten bracket:

(HHZiff’ [_’ _]G) = (Tpoly(M)v [_7 _]S)'



Why, however, should one be interested in the Hochschild cochain complex of C*°(M)?
One answer is given by Gerstenhaber in the work [9]: The Hochschild cohomology groups
of an associative algebra control the deformations of this algebra. Here, we consider a
special deformation problem, deformation quantization, posed by Bayen, Flato, Fronsdal,
Lichnerowicz, and Sternheimer in [1] and [2].

Let A be a commutative algebra over a field K. We introduce a formal parameter v
and deform the algebra A to an associative algebra A[[v]] over K][v]]. The problem of
deformation quantization is to find a so-called star product, i.e., an associative product

* 1 Af[v]] @ Allv]] — Allv]]-
It can be written in the form
axb=ab+vBy(a,b) +v>Bay(a,b) + ... .

Consider the important special case when A is the algebra C*° (M) of smooth functions
on a manifold M. From the associativity of the star product, it follows that {—, —}
defined by
1(CL, b) — Bl(b, a)

2
makes A[[v]] into a Poisson algebra, i.e., a special Lie algebra. If there exists a Poisson
algebra structure on A = C°°(M), then M is called a Poisson manifold. One can prove
that the Poisson algebra structures on A[[v]] determine the star products on A[[v]]. A
more general formulation of the problem is to construct a star product for a given Poisson
algebra structure.

For the mathematician not educated in physics, it is difficult to understand what
these products have to do with quantization. An attempt to give some physical intuition
behind this formula is to interpret the algebra A as the algebra of classical observables
and the deformed associative algebra as the algebra of quantum observables. The formal
parameter v is often set to %L where h is the Planck constant.

Now Lqo-algebras slowly come into the picture. The solution to the deformation
quantization problem for symplectic manifolds, i.e., nondegenerate Poisson manifolds,
was given by Fedosov [8]. Its main idea is the Fedosov construction, which this thesis
uses heavily. The solution for general Poisson structures is due to Kontsevich [11,12]. Tt
consists of the proof of the Formality Theorem (stated as Formality Conjecture in [11}),
which is a stronger version of the Hochschild-Kostant-Rosenberg Theorem.

(a0} =5

Formality Theorem. [12] There exists an Lo -quasi-isomorphism between the Lie al-
gebras Tooly (M) and Dpory (M).

The connection to deformation quantization is roughly the following: If the Formal-
ity Conjecture is true, one can relate the Maurer-Cartan elements of Dyl (M) and
Tpoty(M). The Maurer-Cartan elements of Ty (M) are the Poisson structures, and
the Maurer-Cartan elements of Doy (M) can be identified with deformations of the
usual multiplication. Hence, the existence of a star product as above follows from the
Formality Conjecture. For more details we refer to [11], [16] and the introduction [5].



Kontsevich succeeded in proving the Formality Theorem [12]. Actually, he proved it
only for affine space R?, but sketched a proof of a globalization to general manifolds. As
already written in the beginning of the introduction, this allowed Cattaneo, Felder and
Tomassini [3,4] as well as Dolgushev [7] to establish the globalization of Kontsevich’s
result.

Now the non-expert reader should have the background to read the beginning of the
introduction again.



2 Basic notions

2.1 The Schouten algebra of polyvector fields

Let M be a smooth manifold of dimension d with the R-algebra of smooth functions
C*°(M) and tangent bundle TM. The Schouten algebra of polyvector fields Tpo1y (M)
on M is the C°°(M)-module of sections of the exterior algebra of the tangent bundle,

ie.,
Tooly (M @ poly

where

poly (M) = T(N"TM)

for n > 1. We set TSOIY(M ) = C*°(M). We obtain a grading of the Schouten algebra
by saying that an element of T, (M) = I'(A\" TM) has degree n. The degree of a
homogeneous polyvector field f is denoted by |f|. Usual vector fields are polyvector
fields of degree 1.

In the chosen grading, the Lie bracket for vector fields has degree -1. It can be extended
to an odd Lie bracket on polyvector fields via the graded Leibniz rule: Let f, g and h be
homogeneous polyvector fields, then

[fsg AR =[f, 9] AN+ (1)1l A f, B,

the -1 in the exponent coming from the degree of the bracket. We recall the properties
of odd Lie brackets:

e Skew-symmetry: [f,g] = —(—1)(|f‘+1)(‘g‘+1)[9, f], and

o Jacobi identity: [f,[g, k] = [[f. g], h] + (1) DD g [ 1, p)).

There are several ways to write down the Schouten bracket explicitly. Here we are
going to present two of them. For vector fields vg,...,vr , wo,...,w; and a smooth
function a we have that

[Vo Avo o Avg,wo A .. Awy] =

k l
ZZ D)™ v, wi] Avg Ao AV AVt A AU AW A - Awj_1 Awjpi A . Awy
=0 j=0

10



and

k
Vo Ao Avgya]l = (—DFY (=Di(a) vo Ao Avi—g Avigr Ao A
=0

2

On a local patch U of M with coordinates z', ..., 2", a polyvector field takes the form

0 A A 0
Oxio " T Pxik’

it (z)

Here, the fi- (z) are smooth functions on U. Observe that the Einstein summation
convention is used in this formula. We write ¢; instead of a?si' Then a polyvector
field restricted to the patch U is an element of the graded commutative polynomial ring
C>®(U)[¢1,---,pd|, where the ¢; are of degree 1. This allows us to write the Schouten
bracket in local coordinates simply as

of 9y 17 0F dg
= — - - ——=. 2.1
ol == (S5 + (2L 28 (21)
Here f and g are elements of C*°(U)[p1, .. ., ¢q4), i.e. polyvector fields in local coordinates.

Observe that C*°(U)[p1, ..., 4] is graded commutative, i.e.,

pip; = (D)ol g0 = — ;.

Furthermore 5 9 io-d ()
i0...0 0tk (i
5 (f 0t (1) g . - @ik) = T(’% i
and

0
8—%%% = —a—%_%% = —Yi-

2.2 L..-algebras and Maurer-Cartan elements

L,.-algebras are a generalization of Lie algebras, consisting not only of a binary bracket,
but of a set of maps

Qi:9—9g
Q2:9®9g—g
Q3:90gRg—yg

where g is a graded vector space. Every Lie algebra is an L,-algebra, where all but the
binary map are zero. Not every L.,-algebra is a Lie algebra, but one says that it is a
Lie algebra up to homotopy. L-algebras are also called strong homotopy Lie algebras
or sh Lie algebras. This introduction is going to be very short. We skip the proofs
and specification of signs. For this, we refer to much more elaborate introductions such
as [13], [14] or [5].

11



An L-structure on a Z-graded vector space g is a collection of skew-symmetric maps
Qn:Q"g—y

of degree 2 — n such that

DD HQi(Qi 01y - B V() B Vg(jp1) B -+ B V() =0 (2.2)
i+j=n+1 o

for all n > 1. The inner sum runs over all permutations o such that o(1) < ... < o(j)
and 0(j + 1) < ... < o(n). The sign + depends on 7,j and the permutation o. If
all the maps except Qo are zero, then Equation (2.2) for n = 3 is the usual graded
Jacobi identity. In general, n = 3 yields a Jacobi identity up to higher terms, or up to
homotopy.

We are now going to describe another approach to defining L,-algebras. Consider
the reduced graded symmetric coalgebra

S(g[1]) =) s™gl1l,
i=1

where S™ denotes the n-th symmetric tensor power and g[1] the vector space g with
grading shifted by 1, i.e., g[1],, = gn+1. The coalgebra structure is given by

Av)=v®1+1®v

for an element v in g. It is extended to elements of higher degree such that A is an
homomorphism of algebras. The algebra structure of S(g[1]), and hence S(g[1])®S (g[1]),
is given by the tensor product.

As we are going to see, an L..-structure is also given by a coalgebra differential and
coderivation @ on S(g[1]), that is, a degree 1 map Q : S(g[1]) — S(g[1]) such that
Q? =0 and Q is a coderivation, i.e.,

AoQ=(Q®Q)oA. (2.3)

The differential @ is determined by maps S"g[1] — S(g[1]) for every n. Because Q is a
coderivation, these maps are in turn determined by their composition with the projection
S(g[1]) — g[1]. Hence a differential @ on the symmetric coalgebra S(g[1]) is determined
by degree 1 maps

Qn = S"g[1] — g[1].

They correspond to degree 2 — n maps

Qn:N'g—g.

The condition Q% = 0 translates to the conditions (2.2) on the Q,, and vice versa.
Hence, we see that an Ly.-algebra structure on a graded vector space g can be given
as skew-symmetric maps

Qn:N'g—yg

12



satisfying condition (2.2), or alternatively as a coderivation @ of the symmetric coalgebra
S(g[1]) satisfying Q% = 0. In the following, we then say that (g, Q) is an L.-algebra.

The second definition makes it easier to define the notion of an L,-morphism. Let
(9,Q) and (h, R) be Ly-algebras. Then an Ly,-morphism from (g, Q) to (h, R) is given
by a coalgebra morphism

®: S(g[]) — S(h[1])

that commutes with () and R, which means that
o =Roo.

In a similar way as an L.c-algebra structure, an Leo-morphism ® : S(g[1]) — S(h[1])
is uniquely determined by its composition with the projection S(h[1]) — h[1]. Hence an
Loo-morphism @ can also be given by linear maps

@, :N'g—h

satisfying compatibility conditions coming from the fact that ® respects the Lo-structures
Q@ and R.

We turn to the topic of twisting L.-algebras and L..-morphisms with a so-called
Maurer-Cartan element. For a more detailed introduction, see [6,18]. In a graded Lie
algebra, a Maurer-Cartan element is an element A such that [A, \] is zero. In an Loo-
algebra (g, @), a Maurer-Cartan element is an element 7 of g that satisfies

Z Zl'Ql ) =0.
=1

Given a Maurer-Cartan element in an L..-algebra, one can twist the L,-algebra in the
following way:

Let (g9,Q) and (h, R) be Loo-algebras as before, 7 an element of g[1] and @ : (g,Q) —
(h, R) an Lo,-morphism. Define exp(n) : S(g[1]) — S(g[1]) by

exp ZZ_
=0

for X in S(g[1]). One checks that exp(—7) o exp(7) = id.
Suppose that 7 is a Maurer-Cartan element. Then the map @), defined by

Qr = exp(—7) o Q o exp()

makes (g, Q) into an L.o-algebra. This is the twisting of (g, Q) with 7. It may also be
given explicitly by the formula

<1
=Y QX

=0

.

13



We can also twist the Loo-morphism @ : (¢,Q) — (h, R) with the Maurer-Cartan
element 7 of (g, Q). The first step is to find a corresponding Maurer-Cartan element in
(h,R). It is given by

w=Y_ ,llcpi(wi). (2.4)

00
‘ ]

=1

We can twist (g,Q) with 7 and (h, R) with w and get the L.-algebras (g,@Q,) and
(h, R,). The twisted Loo-morphism ®, between them is given by

O, = exp(—w) o Q o exp(n). (2.5)

An explicit formula for & is given by

.(X) = Z :

=0

| =

(1’ X). (2.6)

~

Now the reader should have the necessary prerequisites. The remainder of the thesis
consists of the proof of the main result.

14



3 The construction of the globalized
morphism

3.1 Vertical polyvector fields

In this section, we define vertical polyvector fields and differential forms with values
in them. The idea is to work in the module of sections of a large vector bundle, with
fibers at any point on the manifold being isomorphic as R-vector spaces to T; Oly(R ).
The Schouten bracket on Tpoly(Rd) extends fiberwise to a Lie bracket on the vertical
polyvector fields, the vertical Schouten bracket. In the same way, an L,,-morphism of
Tholy (]Rd) will extend to an Ls.-morphism on the vertical polyvector fields. In practice,
this idea has to be modified in two ways: We have to consider polyvector fields on
the “thick point” Rformal, the formal completion of R? along 0, instead of polyvector
fields on R?. Furthermore, as already said, we will not only need polyvector fields, but
also differential forms with values in them. Summarizing, we are going to construct a
C°°(M)-module and Lie algebra whose elements in local coordinates are of the form

0 0
Z Z fob e @)y ™y i AL A o dz® A ... Adzom. (3.1)

k>01,m>0

As first step, consider R?ormal’ the formal completion of R¢ along 0. Roughly speak-
ing, this is the point 0 together with an infinitesimal neighborhood in R%. We work
in local coordinates which we denote by z!' to z?. The “smooth functions®, i.e., the
global sections of the structure sheaf, of R?ormal are the power series in d coordinates,
R[[z!, ..., z9]]. The tangent vectors, i.e., global sections of the tangent sheaf, are the

derivations f*(z)-2 -2 where f'(x) is a formal power series with respect to the .t

Hence, the Schouten algebra T}l (Rformal) on Rformal is given by

Troly (RE 11nal) = {Z frtn( A axzn | frtn (@ )GR[[ml,...,xd]]},

with the Schouten bracket given by the same formula (2.1) as the usual Schouten bracket.

As next step, we are going to construct vertical polyvector fields. Let, as before, M be
a manifold of dimension d. The total space of the tangent bundle T'M is a manifold of
dimension 2d. When we choose local coordinates on this manifold, we will denote them
by z',...,z% y', ..., y? where the 2* are coordinates on the original manifold M and
the y* coordinates on the fibers of the tangent bundle. We define the sheaf T on TM as
the sections 5

15



of the iterated tangent bundle T(T'M) such that fi(x,y) and ¢‘(z,y) are smooth with
respect to the z and formal power series with respect to the y. Observe that this
definition is independent of the choice of coordinates, as long as one chooses one set of
coordinates denoted by x for the original manifold M and one set denoted by y for the
fiber at the point  in M. The sheaf 7 is a sheaf of modules over the formal structure
sheaf C' defined by

CWU) :=
{f:U — R | f smooth with respect to x, formal power series with respect to y}.
Consider the projection 7 : TM — M. It induces a differential
dr: T(TM) — 7*T M,

where 77 M is the pullback of the tangent sheaf 7 M. In local coordinates, dr is given
by

i 9 9\ _ 4 9
n (e g + o) ) = Fo0)
Hence the kernel of d7 consists of those vector fields taking the form g'(x, y)aiyi with ¢

smooth with respect to the x and formal power series with respect to the y. We define
TV (M) := ker dm(M).

Elements of TV (M) are called vertical vector fields on the manifold M. The vertical
vector fields 7V (M) form both a C°°(M)-module and a C(T'M)-module. The elements
of the exterior algebra of TV'*(M) over C(T'M) are the vertical polyvector fields. We

define
d

Tye(M) := P AT (M),
q=0

where we let A\’ TV (M) be C(TM) and the exterior algebra is over C(T'M). In local
coordinates, a vertical polyvector field is of the form

.y 0 0
11.--tn
gt (m,y)ayil/\.../\ayin,

where the g'in(z,y) are smooth with respect to the z and formal power series with
respect to the y. On a local patch U, we can hence identify ng{;j(U ) with the graded
commutative polynomial ring and formal power series

C)y',- -y N, -l

where we set 1; = aiyi' The 3 are of degree 0 and the 1; of degree 1.
Tensoring T I‘)’gf;(M ) with the de Rham algebra QM over M, we get differential forms
over M with values in vertical polyvector fields:

Q(M, Ty (M) = Ty (M) @coo gy QM.

poly poly
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In local coordinates, the elements of Q(M, ng{;j(M)) are of the form (3.1). On a local
patch U, we can hence identify Q(M, TV (M) with the graded commutative polynomial

» < poly
ring and formal power series

C®y' -y Nt - vasn’s o] (3.2)

where we set ' = da’ with degree 1, and the 9; = a%i as before. Hence Q(M, Ty (M))
is graded in the following way:

d
Q(M, Tvert(M)) — @ QT(M7 Tvert(M))7

poly poly
r=0

where
O (M, Tyge (M) = @ TyayP(M) @ T(AY(T*M))
ptq=r

and the elements of Tgslr;’p(M ) have degree p with respect to the 821-.

As last step, we will show that the Schouten bracket on TPOIY(R?ormal) induces a Lie

algebra structure on both Tg’(?fyt(M ) and Q(M,T pvglryt(M )). Consider the vector bundle

S(T*M)® \TM, where S(T*M) is the completed symmetric algebra over the cotangent
bundle T* M,

S(r*M) =[] s (@ M)
i=0
and /\ T'M the exterior algebra over the tangent bundle TM. It holds that
poly

r (M, S(T°M)© N\ TM) ~ TVt (M)

as C°°(M)-modules, by the identification

0 0
§ : bi..b a ak

0 0

bi...b

— E fay ok (e)y™ oy —8yb1 AL A —8ybl .
k,1>0

Hence the C°(M)-module of the global sections of S(T*M) @ A TM is isomorphic to
T gglryt (M). The fibers of the bundle S(T*M)® A TM are isomorphic to Tpoy(RE ) as
R-vector spaces. This induces a fiberwise Lie algebra structure on TVt (M). Explicitly

poly
and in local coordinates, it is given by

vert __ af ag - |fﬁ@>
= (S5 L0 (33

Here f and g are elements of C(U)[[y!,...,y"]][¢1,. .., %], i.e., vertical polyvector
fields on a local patch U. We call this bracket the vertical Schouten bracket. It can be
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extended to Q(M, T35 (M)) and is given explicitly by the same formula (3.3) where the
f and g are elements of C®(U)[[y", ...,y [¥1,...,%q,n", ... ,n%, ie., differential forms
with values in the vertical polyvector fields on a local patch U.

In a similar fashion as the construction of the vertical Schouten bracket, an L..-
morphism on Tg’(e)f;,(M ) induces a fiberwise Loo-morphism on Q(M, Tg’(e)f;,(M )), see Sec-
tion 3.4.

We will also need a subalgebra of Q(M,Ty5!(M)), the Lie algebra Ty (M)|,=o of
vertical polyvector fields which are constant with respect to the y. Its elements are of

the form
gt (z) 8‘ AN 8‘ .
Z?y“ ayzn

It is not hard to see that TS (M)|y=o is isomorphic to Tpely (M) as C°°(M)-module
(but not as Lie algebra). So Ty (M) can be seen as submodule of Q(M, nglryt(M)), a
fact that we are going to use soon.

Summarizing, we have proved the following lemma:

Lemma 1. The C*°(M)-module Q(M,TYIY(M)) is a Lie algebra together with the ver-

» ~ poly
tical Schouten bracket. An element of Q(M, Tg’gfyt(M)) can locally be written in the form
a a a 8 C C
Z Z f(x)gll'.'.'.ltjllk,cl...Cmy Lo Y kw VANRRAWA w dz™ A ... Adx™. (34)
k>0 1,m>0
In local coordinates, QM, T35 (M) can be identified with C(MN[y, ... y™ b1, - - - )
and the vertical Schouten bracket is given by
af 9y af 9y
v __(0F D yin OF D9 35
ol = (G + (-0 5L 28 (35)
The submodules nglryt(M) and Tg’gfyt(Mﬂy:o are subalgebras of Q(M, Tg’gfyt(M))

3.2 Resolution of T},,,()) via the Poincaré lemma

Using the Poincaré lemma, differential forms with values in the vertical polyvector fields
provide us with a resolution of Ty, (M) as a C*°(M)-module. Consider the following
differential on Q(M, TVIY(M)):

» = poly

S Q’I‘(M7 Tvert(M)) N QT'H(M, Tvert(M))

poly poly
given in local coordinates by

of
oyt

(5(f) — [niwi7f]vert — da:i

This is well-defined since n'y; = da’ 8‘; is invariant under change of coordinates on M.
The differential § is similar to the de Rham differential. In fact, we are going to use a

version of the proof of the Poincaré lemma in order to prove the following lemma:
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Lemma 2. As C*°(M)-module, the cohomology of Q(M, ng{;j(M)) with respect to § is
given by

Tpoly(M) z'fn = 0,

1 .
POty 0 otherwise.

HP (Q(M, TySH(M)), 6) = {

Proof. We use a contracting homotopy 6*. It is defined by

5* - QT‘(M7 Tvert(M)) _ QT—I(M’ vort(M))

poly poly

with

1 0
5 (fr.a(z,¥)y'n’) = . “anaf(x,w)yfn",

for f non-constant with respect to the y and 7, where I and J are multi-indices of

degree p and ¢, respectively. For f constant with respect to the y and 7, the contracting
homotopy 6* is given by 6*(f) = 0 . Furthermore, there is a projection map

o Q(M,Tvert(M)) N Vert(M)|y:0 C Q(M,Tvert(M))

poly poly poly
given by
by...b; al ag 0 0 c1 Cm
O'(Z Z fal---akycl---cm(x)y LY W/\/\w dZE /\/\dx )

k>01,m>0

0 0
_ E b1...b
= fl l(gﬁ)aybl/\/\@

>0

One checks that

f=of 405" f+66f. (3.6)
Hence we have proved that the cohomology of Q(M,Tyg(M)) is Tyeii(M)|y=o. But
T pvglryt(M )|y=0 is isomorphic to Tpe (M) as C°°(M)-module via 622. — 6‘;. This con-
cludes the proof. O

3.3 The Fedosov resolution

The Poincaré resolution is a resolution of Tj,e1y (M) as a C°°(M)-module, but not as a Lie
algebra. Recall that T}l (M) is endowed with the Schouten bracket and Q(M, nglryt (M)
with the vertical Schouten bracket. However, the resolution can be transformed into a
resolution of Lie algebras by the Fedosov trick, first applied in [8].

Choose a torsion-free connection on M and denote its Christoffel symbols by Ffj(a:)
Then we are given a derivation V of Q(M, Tg’(e)f;,(M )) by

Vf = df + [T, S
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where

0

d = dz* e and
I = Ty, = ~daTh ey 5
In general, V is not a differential. Instead we have
Vif =[R, ],
where L 9
R= —Enlanfﬂjykwl ——da:ldij,wy 9y =

is given by the Riemann curvature tensor of the connection. It is not hard to check that
0V +Vi=0.

We are going to twist the differential 6 with V. As V is not a differential, d + V is not
a differential either. However, it can be made into one by adding an extra term. This is
the content of the following lemma:

Lemma 3. There exists an element A in Q(M, ng{;j(M)) such that 6*A =0 and

D=V -5+ [A e

is a differential. The element A has the form

[e.e]

Z k 301 Zp Yyt ylp¢] Z d:EkA?C 11l (@)™ ...y oyd”

p=2

Proof. The first observation is that D? = 0 follows from
R+VA+ < [A APVt = S A. (3.7)

Furthermore, observe that the we are looking for an A such that §*A =0 and 0 A = 0.
Hence, by using Equation (3.6),

A=0A+00"A+§0A =05"0A.
Together with (3.7) we get that A should satisfy
A=06"R+0" (VA + —[A, A]Vm>
This is a recurrence formula for A. Convergence follows from the fact that 6* increases

the degree with respect to the y. We now prove that D? actually vanishes using the A
obtained from the recurrence. We write

1
C:=R+VA+ §[A,A]VC“ — A
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and prove that C' = 0.
From the Bianchi identities for the Riemann curvature tensor we get

R=VR=0.
A consequence of this is that C lies in the kernel of D:
DC =VC —6C + [A, O] = 0. (3.8)

It holds that o(C') = 0 and §*C = 0 by
5 (C) = o* (R +VA+ %[A,A]Vert> —§"0A=A—-5A=0,

because A = §*0A. Using the contracting homotopy from the Poincaré lemma and
Equation (3.8) it follows that

C = o(C) + 66*C + 6*6C
= §*(VC + [A, C]¥™).

This recursion equation for C' has the unique solution 0, because §* increases the
degree with respect to the y. Hence C' = 0, which proves the claim. O

Twisting the differential does not change cohomology. Indeed, the following holds:

Proposition 1. As C°°(M)-module, the cohomology of Q(M, ng{;(M)) with respect to
D 1is given by

Tpoly(M) an = 07

1 .
pey 0 otherwise.

H"(Q(M, Tyg4(M)), D) %{

Proof. We use recursion equations as in the foregoing proof.

At first, we consider elements f of Q" (M, ngf;(M)) with » > 1. Let Df = 0. We try

to find an element g in Q"' (M, T];’gf;(M)) with Dg = f and §*g = o(g) = 0. Then g
satisfies
g=0g+ 080" g+ "0g = 6%dg

and Dg = Vg — dg + [A, g]"* = f, so
59 =—f+Vg+I[Ag]"".

Hence g has to satisfy
g= _5*f + (5*(Vg+ [Ayg]vert)'

This is a recurrence equation for g. It converges and yields g such that og = 0 and
0*g = 0. We prove that in fact Dg = f.
Consider the element h := Dg — f. It holds that

0*h =0"(Dg) — 0" f=9g—06"9g=0
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because of the recurrence equation, and och = 0 because h lies in Q" (M, ng{;(M ), r > 1.
By applying the contracting homotopy to h = Dg — f, and by the fact that Dh = 0, it
follows that

h = ch+ 85 h + 6*6h = 6*(Vh + [A, B]*™) (3.9)

because oh = §*h = 0. Since §* increases the degree with respect to the y, zero is the only
solution of the recursion equation (3.9). Hence h = Df —g = 0 and (Q(M, ngf;(M)), D)
is acyclic.

The second step is to find a bijection 7 between ng{;j\y:o and the elements of

QO(nglryt(M)) that lie in ker(D). Let fo be an element of nglryt|y:0. The aim is to

find an element f in QO(ngf;(M )) that satisfies

Df =0,
of = fo

and is unique with these properties. Observe that f € QO(Tpvglryt) implies that

0 f=0.
Hence, such an f satisfies

f=ocf+65f+06"0f
= fo+d0f
= fo+6*(Vf+ A, [1),

the latter because we want Df = 0. As 0* increases the degree with respect to the y,
this equation has a unique solution. We check that actually Df = 0. That of = fy is
clear. Denote Df by u. Then ocu = 0 because u lies in the image of D and

S u=—86f + 6 (Vf+[A I’ = =66f +f— fo=05"f =0
because 6* f = 0. Hence

u=ou-+66"u+6"ou
= 0" (Vu + [A, u]""Y), (3.10)

because Du = 0. Equation (3.10) has u = 0 as only solution, thus D f = 0.
This proves that HC(Q(M, ngfyt(M)),D) is isomorphic as a C°(M)-module to

nglryt(M )ly=0. That it is isomorphic to Tpoly (M) is clear from before. This concludes

the proof. O

The vertical Schouten bracket on Q(M,T I‘)’gf;(M )) commutes with the differential D,
that is,
D[f, g]vort _ [Df, g] + (_1)|f\[f7 Dg]vert'
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Indeed, D can be written as

0
oyt

D = dz’ 9

_+ [da?
8x’+[x

— I+ 147 .]Vert.

One checks easily that dz’ 8‘32- commutes with the bracket. From the Jacobi identity

for odd Lie brackets, it follows that [dz* 8?;2' — T + A, ] commutes with the vertical
Schouten bracket.

Hence, the vertical Schouten bracket induces a Lie bracket on the cohomology of
Q(M, T gglryt (M)) with respect to D, that means on Tyl (M ). We show that the induced
bracket coincides with the usual Schouten bracket on 1,1y (M ).

Proposition 2. Consider the Lie algebra Tyo1y (M) equipped with the Schouten bracket,
and the Lie algebra
H(Q(M, Tysiy (M), D)

poly

equipped with the induced vertical Schouten bracket. The C°°(M)-module isomorphism

oty (M) — H(QUM, Ty (M)), D)

poly
given by Proposition 1 is an isomorphism of Lie algebras.

Proof. We introduce the following notation: ¢’ denotes the composition

QM TG (M) = Tyeiy (M)]y=0 — Tpoty (M)

and 7' denotes the composition

QM Tyg (M) <= T3Sy (M)|y=o0 <= Tpoty (M).

poly poly

The morphism 7 was defined in the proof of Proposition 1.
We have to show that
7'[fo, 90l = [7' fo, ' go] ™" (3.11)

for fo,90 € Tpoly(M). We denote 7' fy by f and 7/gy by g. By the definition of 7/, the
equation (3.11) for fo, go € Tpoly(M) is equivalent to

(o' f,0'g] = o' [, g]""*

for f,g € QU(TYt(M)) with Df = Dg = 0.

poly
From Df = 0 it follows that
7 8f _ 7 af o itk 8_f ‘ ..
dz o dz B dz' T (@), a0, + da*(terms containing y).
Hence, using that f lies in Q°(T ey (M), we have
of of k of
/ ! ] K. —J
U(ayl) _U((%cl) U(Fm(x)wkaw])
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From the explicit formula for the vertical Schouten bracket (3.3), we obtain

o101 = [0/ .0 S~ 'S

where
0 f ag 0 f
S = 1)1 k.
=0
because Ffj is symmetric in the lower indices. This proves the claim. O

3.4 The twisted automorphism

The Schouten algebra Tyl (M) is isomorphic as a Lie algebra to the cohomology of
Q(M, nglryt(M )) with respect to the Fedosov differential D, that is the content of Propo-
sition 2. It is quite straightforward to construct an L..-automorphism of Q(M, ngf;(M )
given an L.o-automorphism of Ty, (R™): one applies the given automorphism fiberwise.
However, we are looking for an L..-automorphism of Q(M, ngf;(M )) that commutes
with the differential D, so that it induces an L.,-automorphism on its cohomology, the
Schouten algebra. To accomplish this we have to twist the automorphism. We will see
that this twist is independent of the choice of coordinates if the original automorphism
of Tpory(R?) satisfies Condition 1.

More precisely, the last steps of the proof of the main result are the following: Let
F be an Log-automorphism of Tp,e1y(R?) as constructed in [15]. We construct an Loc-
automorphism F*" of Q(M, T3sit(M)). Then we twist this automorphism with a certain
Maurer-Cartan element B which we define explicitly below and obtain a morphism F)**
that commutes with D. Finally, we show that this construction is independent of the
choice of coordinates if F' satisfies Condition 1.

Assume, hence, that F' is an L,-automorphism of Tj,q1y (R™) as in [15]. Its components
are defined as
P, = id n=1,

where the summation runs over graphs I' with n vertices and 2n — 2 directed edges.
The ®r are polydifferential operators @" Tpoly (R™) — Tpoly(R™). As we are working
over R, the Schouten algebra Tpoly(R?) can be identified with the polynomial ring
C™ (]Rd)[cpl, .. ,gpd]. Hence, ®r can be seen as a polydifferential operator

R @1, 0a] = COR[pr, .., ol

The ®r are defined by

Or(fi,. .o fn) = [( 11 Ae) fileqy, ) - falm) Tm))

ecEdges(T") T(1) = =T (), P(1) = =P ()
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with .
82
A=Y —F—
; 0230 (i)a

where the edge e starts at the vertex labeled by ¢ and ends at the vertex labeled by j.
For example, if

o2
r= T :
ol
then of of
o _Oh 0
F(f1($730)7f2(x7(70)) 8:17@( ) 8(,07‘
We aim to construct a morphism ®}*'* that works fiberwise on Q(M, Tg’(e)f;,(M )). At

first, we choose a local patch U on M. Restricted to this patch, Q(M, ng{;(M)) can be
identified with

COO(U)[[ylv s ayd]][wlv s 7¢d77717 s 777d]7
as in (3.2) in Section 3.1. We define ®}'* on this patch as

q)\f‘ert(flv .. afn) =

[( 11 Ae> fi®ay,yw) - (V) Yin))

ecEdges(T") Y(1)=--=Y(n) Y1) ==V (n)

with
R
Aei=> ———.
= 990 )a

Thus }'* differentiates with respect to y* and v; where ®p differentiates with respect
to 2" and ¢;. The difference is that ®}'* is independent of the choice of the coordinates

z!, ..., z% whereas ®r is not. We define F¥'* locally by

Fyert =) Crap (3.12)
r

where the summation runs over graphs I' with n vertices and 2n — 2 edges as before. As
both the weights Cr and ®}*'* are independent of the choice of coordinates, this formula
gives a global FV°'t ie.,

Fy\;ert . ®HQ(M, Tvert(M)) N Q(M, Tvert(M))'

poly poly

In [15] it is proved that F is an Lo-morphism of Ty (RY) equipped with the Schouten
bracket. The proof also holds for FV°'* with the vertical Schouten bracket. Hence we
have proved the following lemma:

Lemma 4. F"'" as defined in (3.12) is an Log-automorphism of Q(M, Ty5(M)) with
respect to the vertical Schouten bracket.
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This automorphism F¥°'* commutes with the differential d, but not with
D=d+ [P _ 77i1/1i + A, .]vert.
We write

0 & . o
Y + de® AL, @y (3.13)
p=2

B=T-—n"{;+A= —d:E’Ffj(:E)yjaiyk—d:E’a oy
We reformulate the above statement: FY*'' commutes with the differential d, but not
with D = d + [B,—]|""*. This problem will be solved by twisting with the Maurer-
Cartan element B, a technique we explained in Section 2.2. That B is a Maurer-Cartan
element in the differential graded Lie algebra Q(M, ngf;(M )) with differential d and
the vertical Schouten bracket is most easily seen backwards. Twisting this L.o-algebra
with B, we obtain Q(M, Tg’gfyt(M )) with differential D = d + [B, —]"*"" and the vertical
Schouten bracket. As this is a differential graded Lie algebra as well, it follows that B is
a Maurer-Cartan element. We will see later that B depends on the choice of coordinates.

Hence we start working on a local patch of M with fixed coordinate system.
Lemma 5. The twisted morphism Fy™* defined by
F' .= exp(—B) o F¥" o exp(B)

on a local patch U of M is an Loo-automorphism of Q(U, ng{;j(U)) with respect to D
and the vertical Schouten bracket [—, —]ve't.

Proof. We proceed as in Section 2.2. At first, we use (2.4) and compute

S SR(BY).

~

o0
i=1

By the definition of F' and the first part of Condition 1, this is B. Hence, in Equation
(2.5), we twist with the same Maurer-Cartan element from both sides. We get that
F}'* = exp(—B)oF ¥ oexp(B) is an Leg-automorphism of Q(M, TV (M) with respect

poly
to D, which concludes the proof. O

Lemma 6. The twisted morphism F)i*" defined in Lemma 5 is independent of the choice
of coordinates. Hence it glues together to an Leo-automorphism of QM, TYei0(M)) with
respect to D and the vertical Schouten bracket [—, —]Ve®.

Proof. We analyze how B transforms under change of coordinates. The terms daz’ 8?;2'

and A are invariant under change of coordinates. The transformation of I' is more com-
plicated due to the presence of the Christoffel symbols. We compute that B transforms

as
0
oyk

B' =B+ da:inj(x)yj
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for some HZ(J}), where the exact form of HZ(JZ) is not important.*
We have a closer look at the explicit formula for ®%'*. By Equation (2.6) in Section
2.2, it holds that

[e.e]

1 .
FER () = 3 2 T (BX)
i=0
for X in \"Q(M, Tg’gf;(M )). However, FV'' is zero on any summand of the form
deHZ(a:)y] % by the second part of Condition 1. Hence FE™ is independent of the
choice of coordinates, which concludes the proof. O

Lemma 6 and Proposition 1 together result in the main theorem of this thesis.

Main Theorem. For a smooth d-dimensional manifold M and an L.,-morphism F of
T poly(Rd) satisfying Condition 1, the globalized morphism Fyo, constructed above is an
Loo-morphism of Tyoly (M).

Proof. Because F}* commutes with D, it induces an Lo,-automorphism FEC“ on co-
homology H®(Q(M, TVt (M)), D). Together with the Lie algebra isomorphism 7/ from

’ ~poly
Tpoly (M) to HY(Q(M, Ty (M)), D) and its inverse 7'~! from H°(Q(M, Tyt (M)), D)
to Tholy (M) we get that .
Fglob — 7_/—1 o Fgert ot
is an Ly.-automorphism of Tpoly(M ). O

3.5 The conditions on the local automorphism

In this section, we show that an Lo,-automorphism of T}y (R?) constructed as in [15]
that satisfies Condition 2 also satisfies Condition 1. Assume we are given such an
automorphism F'. Recall that it is constructed as

id n=1,
F, =
ZF Cr®r n>2

where the summation runs over graphs I with n vertices and 2n — 2 directed edges. The
®r are polydifferential operators

R C=®Y o1, 0d] = CCR®R) o1, on]

defined by

Or(f1,---sfn) = [( 11 Ae) fileayszay) - fu(Pm)> T(n))

ecEdges(T") T(1) =0 =T (), P(1) = =P (n)

!This step is taken directly from [7], see Equation (58).
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with .
82
A=Y —F—
; 0230 (i)a

where the edge e starts at the vertex labeled by ¢ and ends at the vertex labeled by j.
We assume that F' satisfies Condition 2, i.e., Cr = 0 if I' contains a vertex with at most
one outgoing and at most one ingoing edge.
At first, we show that
Fn(vl, PN ,Un) =0

for vector fields vy,...,v,. The only polydifferential operators ®r that are nonzero on
vector fields correspond to those graphs I' in which every vertex has at most one outgoing
edge. As the number of edges is 2n — 2, this is satisfied only by the graph

However, the weight Cr for this graph is zero by Condition 2. Hence F' is zero on vector
fields.
Finally we show that

Fn(’n,...,li(x)a— .oy ) =0,

i’

o)
Oxt
linear in the coordinates ', ..., 2% of R%. A polydifferential operator ®r does not vanish
on l'(x) 621- only if the graph I' contains vertices with at most one ingoing and at most
one outgoing edge. The weight Cr for these graphs is zero by Condition 2. Hence F
vanishes if one of the inputs is a vector field linear in the coordinates of R%.

We conclude that Condition 2 implies Condition 1.

for arbitrary polyvector fields v; till 7, and a vector field I'(x)+2; where the [*(x) are
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