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Abstract

We start by introducing a Cech homology with compact supports which we then use in order
to construct an infinite-dimensional homology theory. Next we show that under appropriate
conditions on the nonlinearity there exists a ground state solution for a semilinear Schrodinger
equation with strongly indefinite linear part. To this solution there corresponds a nontrivial
critical group, defined in terms of the infinite-dimensional homology mentioned above. Finally
we employ this fact in order to construct solutions of multibump type. Although our main
purpose is to survey certain homological methods in critical point theory, we also include some
new results.
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1 Introduction

The first topic we consider in this paper is a homology theory of Cech type which satisfies all the
Eilenberg-Steenrod axioms and the strong excision property. Such a construction, although known
to algebraic topologists, see [24], does not seem to be well known to analysts. The advantages of
this theory are that homology is often considered as more geometric and intuitive than cohomology
and that strong excision is very convenient in applications — in fact the weaker excision property
which holds for singular homology is a source of certain technical difficulties in critical point theory
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in infinite-dimensional spaces. Unlike for the Cech (or Alexander-Spanier) cohomology, the original
Cech homology construction leads to a theory which is not exact unless it is restricted to compact
pairs and coefficients in a field [16]. As we shall see, this deficiency can be removed by introducing
a theory with compact supports.

Next we construct an infinite-dimensional homology theory which is suitable for so-called
strongly indefinite problems and parallels the cohomology of [19]. An infinite-dimensional co-
homology which (like our theory) satisfies all the Eilenberg-Steenrod axioms except the dimension
axiom has been first time introduced by Geba and Granas, see [17] and the references there.

Then we turn our attention to the Schrédinger equation

—Au+V(x)u= f(z,u), ueHY(RY),

where V and f are periodic in z1,...,zx and 0 is in a gap of the spectrum of —A + V in L2(RY).
Under appropriate assumptions on f it has been proved in [29] that this equation has a ground state
solution ug. We show that this solution, if isolated, must necessarily have a nontrivial critical group
(in the sense of Morse theory). This gives rise to the existence of so-called multibump solutions
which are obtained by gluing together translates of ug in a suitable way (see Section 6 for a more
rigorous definition). The idea of using variational methods in order to find such solutions goes back
to the work of Séré [27, 28] and Coti Zelati and Rabinowitz [12, 13].

The paper is organized as follows. In Section 2 we introduce the Cech homology H., (P, Q) for
compact metric pairs, with coefficients in a field. Our approach is different from the usual one and
— we hope — more appealing to geometric intuition. Instead of taking inverse limits of the simplicial
homology for nerves of coverings we take inverse limits of the singular homology for neighborhoods
of (P,Q) in an ambient space. Then we define a homology with compact supports HS(X, A) for all
metric pairs as the direct limits of H, (P, Q) with respect to all compact (P, Q) C (X, A). As we have
already mentioned, the theories H, and H¢ satisfy all the Eilenberg-Steenrod axioms including the
strong excision, see Theorems 2.6 and 2.9. The reader who wishes to do so may omit the details of
the construction and the proofs. In Section 3 we introduce an infinite-dimensional homology, define
the notion of critical group (in terms of this homology) and summarize its pertinent properties.
The proofs are essentially the same as in [19] and are omitted or briefly outlined. However, since
the arguments in [19] concern cohomology, some simple adaptation (mainly “reversing the arrows”)
is necessary. In Section 4 we consider the Schrédinger equation mentioned above and sketch the
procedure which has been employed in [29] in order to obtain a ground state for f of subcritical
growth (i.e., |f(z,u)| < a(l + [uP71), 2 < p < 2*, where 2* := 2N/(N — 2) is the critical Sobolev
exponent). Then, combining a result in [8] with the method of [29], we show that the ground state

= |u|* ~2u. Section 5 is concerned with the proof that the ground state

exists also when f(z,u)
solution has a nontrivial critical group. In Section 6 we discuss multibump solutions. Since the
details of the multibump construction are rather tedious, we first describe the main ideas which
are in fact rather simple, and then in Section 7 we provide the technical details.

Although our primary goal in this paper is to survey certain homological methods in critical
point theory for strongly indefinite functionals, we also include some results which have not been
published earlier. In particular, in Theorems 5.3 and 5.4 an infinite-dimensional homology com-

putation is performed for a strongly indefinite functional which does not satisfy the Palais-Smale



condition, and in Theorem 6.3 multibump solutions are found for a Schrodinger equation with
strongly indefinite linear part and critical Sobolev exponent. We also believe that our approach to
the Cech homology in Section 2 may be of independent interest.

Notation: In what follows B,(z), B,(z) and S,(z) will respectively denote the open ball,
the closed ball and the sphere centered at  and having radius p. The symbol “—” denotes weak
convergence, “int” and “cl” are respectively the interior and the closure of a set, and R* := [0, +00).
We also use the customary notation ®¢:= {u € E : ®(u) < c}, where @ is a functional defined in
a Banach space E and ¢ € R.

2 Cech homology with compact supports

In order to construct an infinite-dimensional homology theory we shall need an appropriate ordinary
homology. The most commonly used singular homology theory H:(-,-;G) (with coefficients in an
abelian group () is defined for arbitrary topological pairs and satisfies all the Eilenberg-Steenrod
axioms. However, in singular theory there exist certain pathological examples which may not be
desirable. For instance, there are connected spaces (like the so-called Warsaw circle, see Remark 2.7
below) which admit homotopically nontrivial maps into the circle but have trivial 1-dimensional
singular homology, and there are compact subsets of R3 having nontrivial homology groups in
arbitrarily high dimensions (see e.g. [6]). Moreover, the singular homology does not satisfy the
strong excision axiom but only the weaker one saying that given a topological pair (X, B) and a set
A C X such that int AUint B = X, the inclusion j : (A, AN B) — (X, B) induces an isomorphism
Jx t HE(A,ANB;G) — H(X, B;G).

In [16, Chap. IX], the Cech homology ﬁ*(X , A; G) with coefficients in an abelian group G for
an arbitrary pair (X, A) of topological pairs has been defined. However, in this general situation the
exactness axiom is not always satisfied. It holds if G is a field (or a compact group) and (X, A) a
compact pair. In this latter case the setting presented in [16] is complete and satisfactory although
not intuitive from the geometric viewpoint. Therefore we propose a different approach.

Let (P, @), where Q C P, be a pair of compact metric spaces. It is well known that P can be
emebedded in the Hilbert cube and hence in any infinite-dimensional normed space E (in other
words, we can consider P and @) as compact subsets of E).

Let F be a fixed field and H,(P,Q) := {H,(P,Q)}4cz the graded vector space defined by

(2.1) Hy(P,Q) :=lim{H;(U,V): (U, V) €U}, q€Z,

where U stands for the family of all (pairs of) neighborhoods of (P, Q) in E directed by the inverse
inclusion and H3 (U, V') = H{(U,V; F) denotes the singular homology of (U, V') € U with coefficients
in F. In other words, H,(P,Q) is the inverse limit of the inverse system {H;(U,V)}wvyeu of
vector spaces together with homomorphisms induced by the inclusions (U, V) < (U’, V). In what
follows we shall make repeated use of standard properties of inverse and direct limits, see e.g. [24,
Appendix].



Remark 2.1 Observe that if a family U’ of neighborhoods of the pair (P, Q) is cofinal in U, then
H.(P.Q) = lm{HX(U.V) : (U.V) €/},
In particular, Y’ may consist of all pairs of open neighborhoods of (P, Q) in E.

Lemma 2.2 Definition (2.1) is correct, i.e., it does not depend on the choice of a normed space
E.

Proof To see this, suppose that Fy, Fy are normed spaces and let Q1 C P C Ey, Q2 C P, C Ey
be homeomorphic copies of the pair (P,Q) embedded into E; and Es, respectively. Thus there
is a homeomorphism A’ : (P1,Q1) — (P, Q2). Let E := Ey x Fy and let j; : E; — E, i = 1,2,
be inclusions given by ji(z1) = (21,0) and ja(z2) = (0,22) for z; € Ey and z9 € Ey. In view of
Lemma (2.4) from [18], there is a homeomorphism h : E — E such that hji|p, = joh'.

For i = 1,2, let U; be the family of all neighborhoods of the pair (P;,Q;) in E; and let U; be
the family of all neighborhoods of the pair (j;(P;), ;(Q;)) in E. Since h is a homeomorphism, we
casily see that Uy = {(h(U),h(V)) : (U, V) € Uy }. This shows that

lim{H:(U,V) : (U, V) €t} = im{H(U,V) : (U,V) € Up}.

On the other hand, given a neighborhood (U,V) of the pair (ji(P1),j1(Q1)) in E, there are
(U1,V1) € Uy and an integer n > 1 such that Uy x By/,(0) C U and Vi x By/,(0) C V, where
Bi/,(0) is a ball in Ej. In other words, the family {(U1,V1) x By, (0) : (U1, V1) € Uy, n > 1} is
cofinal in U;. Since H((U1,V1) x By, (0)) = HZ (U1, V1), we see that

Um{H; (U, V1) : (Ur, V1) € Uh} = Im{HZ(U,V) : (U, V) € Z/Nll}
Similarly one shows that
Um{H(Us, V2) : (U2, V2) € Us} = im{HZ(U, V) : (U, V) € 2/72}

a

Let f: (P,Q) — (P',Q’) be a continuous map of compact metric pairs and assume that P C E,
P’ C FE', where E and E’ are normed spaces. In order to define the induced homomorphism
fo : H(P,Q) — H.(P',Q"), let f' : E — E’ be an arbitrary (continuous) extension of f which
exists in view of the Dugundji theorem. For each (U, V') € U’, where U’ stands for the family of all
neighborhoods of the pair (P’, Q') in E', consider the homomorphism f/ : H:(f'~1(U"), {1 (V")) —
H(U', V') induced by f'|p—1(). It is easy to see that the family {f; : (U, V') € U'} forms a
transformation of the inverse system {H$(U,V) : (U,V) € U} into the inverse system {H(U', V') :
(U', V') e U'} and therefore determines a homomorphism

(2.2) fo:=Tlm{fl: (U, V') eU'} : H(P,Q) — H.(P',Q").

Lemma 2.3 Definition (2.2) is correct, i.e., it does not depend on the choice of an extension f’

of f.



Proof Suppose that f”: E — E’ is another extension of f. Define a map h : (E x {0,1}) U (P x
[0,1]) — E' by

f'(x) for z€E, t=0;

h(z,t) ;=< f(x) for xe€ P, te]|0,1];

f’(x) for ze€eFE, t=1.
As before, h admits an extension b’ : E x [0,1] — E'. If (U', V') € U', then there is a pair (U, V) of
neighborhoods of P and Q respectively, such that U x [0,1] ¢ A=Y (U’) and V x [0,1] € K~ (V");
in particular, U C f'"HU") N f"~1(U’) and V C f~H(V') N f"~1(V’). Since the maps f'|(,yy and
f"lw,v) are homotopic in (U’, V'), they induce the same homomorphism HZ(U,V) — HZ(U', V).
This completes the proof. O

In order to define the boundary operator d : H,(P,Q) — H,_1(Q) and show the exactness of
the homology sequence of (P, Q) we need some preparations. First observe that given a compact
subset P of a normed space E and a neighborhood U of P in E, there is an integer n > 1 such
that, for any = € P, By/,(v) C U. Since P is compact, there are points z1,...,7; € P such that
P c Ui Binlz;) CU.

In other words, we see that the family Uy of pairs of open sets (U, V'), where U (resp. V) is the
finite union of balls centered at points of P (resp. @) and of radius 1/n, where n > 1, is cofinal in
the family of all neighborhoods of (P, Q).

Lemma 2.4 If X C E is a finite union of open convex sets, then for any q € Z, the vector space
H3(X) is finite-dimensional.

Proof We shall proceed by induction on the number of open convex sets covering X. If X is open

convex, then H§(X) = F and H;(X) = 0 for ¢ # 0. Suppose that, for any ¢ € Z, dim H;(X') < oo

whenever X’ is the union of k open convex sets. Let X = Uf;rll C; where C}; is open convex in F,

i=1,...,k+1, and put X' := Ule Cy; then X = X' U Cyq;.
Since the pair {X', C;41} is excisive, the Mayer-Vietoris sequence

> HI (X' N Ciy1) =5 HI(X) @ H(Cigq) =5 HI(X' U Ciy1)
=% He_((X'NCip) = Hy_(X') ® Hy_1(Ci1) — ..

is exact. In view of the induction hypothesis, the spaces Hj(X' N Ciy1) and H; (X') @ H;(Ciy1)
are finite-dimensional for all ¢ (note that X’ N C;4; is the union of at most k convex open sets).
Passing to subspaces and quotient spaces we see that the following sequence

0 — coker(aq) 22, H;(X'UCiy1) 2, ker(ay) — 0
is exact. Since the above terms are vector spaces, this sequence is split and
H,(X) = Hj(X'UCjy1) = coker(a;) @ ker(ay);

hence H;(X) is finite-dimensional. O

The above lemma implies that if (U, V) € Up, then the vector spaces Hj(U), H; (V) are finite-
dimensional for all ¢, and therefore so are H; (U, V') in view of the homology sequence of (U, V).
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Let (P, Q) be a compact pair in a normed space E. Since the family U is cofinal in the family
of all neighborhoods of (P, @), we have

H.(P.Q) = Im{H3(U, V) : (U, V) € Up}.
Let g € Z and consider the inverse system of exact sequences
S S S 8 S S
o — HJ(V) — Hj(U) — Hy(U,V) — H; (V) — H,_(U) — ...,

where (U, V) € Uy (0 : Hj(U,V) — H_4(V) is the connecting homomorphism). Since all terms
in these sequences belong to the category of finite-dimensional vector spaces, in view of Theorem
VIIL.5.7 from [16], we conclude that the limit sequence

. Hy(Q) — Hy(P) — Hy(P,Q) -% Hy1(Q) — Hy1(U) — ...
is exact.

Remark 2.5 It is important that we deal with finite-dimensional vector spaces since in general
the inverse limit of an inverse system of exact sequences consisting of arbitrary groups is not exact;
this is the reason why the Cech homology for arbitrary topological pairs with coefficients in an
arbitrary group is not exact.

It is easy to see that the inverse limit homomorphism 0 := lim{0 : Hj(U,V) — H;_,(V) :
(U,V) € Up}) is in fact the desired boundary operator for the pair (P,Q): if f: (P,Q) — (P',Q’)
is a continuous map of compact pairs, then 0f, = (f|g)«0 because inverse limits preserve commu-
tativity.

Theorem 2.6 The above defined Cech homology H, is a functor on the category of compact metric
pairs which satisfies the following Eilenberg-Steenrod axioms:

(i) (Functoriality) If id is the identity map on a compact metric pair (P,Q), then id, is the
identity on H,(P,Q); if f : (P,Q) — (P',Q') and g : (P',Q") — (P",Q") are continuous maps of
compact metric pairs, then (go f)« = g« o f«.

(ii) (Naturality of ) If f: (P,Q) — (P',Q’) is a continuous map of compact metric pairs, then

Hy(P,Q) —2~ H,1(Q)

(P, Q) ——~ Hy1(Q)

(iii) (Exactness) For a compact metric pair (P,Q), leti: Q — P and j : P — (P,Q) be the
inclusions. Then, for any q € Z, the homology sequence

— Hy(Q) 5 Hy(P) L5 Hy(P,Q) - Hyr(Q) — ...



15 exact.
(iv) (Strong excision) If P,Q are compact metric spaces, then the inclusion (P,P N Q) —
(PUQ,Q) induces the excision isomorphism

ExXC

A.(P,PNQ) = H.(PUQ,Q).

(v) (Homotopy invariance) If two continuous maps f,g : (P,Q) — (P', Q") of compact metric
pairs are homotopic, then fi. = gx.
(vi) (Dimension) If x is a one-point space, then

- | F forq=0;
Ho(x) = { 0 otherwise.

Proof The functoriality of H, is easy to see. Using arguments similar to those from the proof
of Lemma 2.3, we show the homotopy invariance axiom (this time we extend the homotopy h :
P x[0,1] - P' toh' : Ex[0,1] — E’). It is clear that the dimension axiom is satisfied. The
naturality of 0 and the exactness axiom have been discussed above.

To show the excision property we may assume that P and () are compact subsets of a normed
space E. Given neighborhoods U, V of P and @ respectively, the excision axiom for the singular
theory implies that the inclusion i : (U, UNV) — (UUV,V) induces an isomorphism i, : H(U,UN
V) — H(UUV,V). Since the family U; (resp. Uz) of neighborhoods of the form (U, U NV) (resp.
(UUV,V)), where U is a neighborhood of P and V a neighborhood of @, is cofinal in the family
of all neighborhoods the pair (P, PN Q) (resp. (PUQ,Q)), we obtain that

H.(P,PNQ)=lm{H:(U,UNV):PCU, QCV}—
lm{H;(UUV,V): PCU, QCV}=H.(PUQ,Q),

where the isomorphism is induced as above by the inclusion, i.e., it is given as the inverse limit

map
lim{i, : H}(U,UNV) - H}(UUV,V): PCU QCV}
(remember the that the inverse limit of isomorphisms is an isomorphism). O

Remark 2.7 Recall that the Warsaw circle X is the union of two sets A and B such that A
is the closure of {(z,y) € R? : y = sin(r/z), 0 < z < 1} and B is an arc in R? which meets
A only at (0,—1) and (1,0). It is easy to see that each map S' — X is homotopically trivial,
hence Hj(X) = 0. However, there exists a nested sequence of open annuli U,, D X such that

Ny Un = X. It follows that H(X) = lim H (U,) = F.

Remark 2.8 (i) Mardesi¢ [22] (see also [23]) shows that our definition (2.1) coincides with the
definition of the Cech homology introduced in [16]. Moreover, it can be shown (cf. [22], [23]) that
if a compact space P is locally contractible (or — more generally — homologically locally connected,
see e.g. [24]), then H,(P) = HZ(P;F); therefore, if Q C P is also locally contractible, then
H,(P,Q) = H:(P,Q; F). In particular, if (P, Q) is a pair of compact metric absolute neighborhood



retracts, then H,(P,Q) = H:(P,Q;F).

(ii) Another construction of a Cech type homology theory for compact pairs, with coefficients
in an arbitrary group G, which satisfies the Eilenberg-Steenrod axioms including the exactness and
the strong excision axioms, was provided in Massey [24]. The main advantage of his theory is that
it is valid for arbitrary (not necessarily metric) compact pairs and coefficient groups. If G is a field,
then the Massey and the Cech theories coincide. The disadvantage of the Massey approach is that
it is less intuitive, especially in contrast to the formula (2.1) above.

The Cech homology H, introduced above is not sufficient for our purposes because it is defined
on compact pairs only. Now we extend it to a more general situation.

Let (X, A) be an arbitrary pair of metric spaces. It easy to see that the family C(X,A) of
all compact pairs (P,Q) C (X, A) is directed by inclusion. The family {H, (P, Q)}(p)ec(x,A)
together with the family H,(P,Q) — H.(P', Q') of homomorphisms induced by inclusions (P, Q) C
(P',Q") € C(X,A) form a direct system of vector spaces. Following [16, Chap. IX, Exercise D]
(comp. [24, Chap. 9]), we define the Cech homology with compact supports and coefficients in F
by setting

H{(X,A):= lim H,.(P,Q).
(P,Q)eC(X,A)
Given a continuous map f : (X, A) — (Y, B), the family {H.(P,Q) — H.(f(P), F(@)}roecix,a)
of homomorphisms induced by f determines a map of the system {H.(P,Q)}pg)ec(x,4) to the
direct system {H,(P’,Q’ )}pr.Qnec(v,B)- Therefore f determines a unique (graded) homomorphism
St HE(X, A) — HE(Y, B).

In a similar manner one checks that given a pair (X, A), the family {9 : H.(P,Q) — H._1(Q)}
of boundary homomorphisms in the Cech theory determines a map between the direct systems
{H,(P, Q)}(ro)ec(x,4) and {H*—I(Q)}QGC(A) and therefore defines the boundary homomorphism
0:H{(X,A) — HS_((A).

The Cech homology H¢ with compact supports and coefficients in F on the category of arbitrary
metric pairs satisfies all the Eilenberg-Steenrod axioms. This follows from the properties of the
direct limit and the respective properties of H,. In particular, the exactness of the sequence

. HE(A) = HO(X) 25 Ho(X,A) <L HE_(A) — ..

is a consequence of the exactness of the functor of direct limit (see [24, Theorem A.7]). More
precisely, the following holds true:

Theorem 2.9 The Cech homology with compact supports HE is a functor on the category of metric
pairs which satisfies the Filenberg-Steenrod axioms (i)-(iii) and (v),(vi) stated in Theorem 2.6.
Aziom (iv) is satisfied for closed pairs, i.e., if X = AU B, where A, B are closed in X, then the
inclusion (A, AN B) — (X, B) induces the isomorphism

EeExC

HS(A,ANB) = HY(X,B).



Only the excision axiom requires some explanation. It is easy to see that the families of pairs
(P,PNQ) and (PUQ,Q), where P C A, Q C B are compact, are cofinal in the families of all
compact subsets of respectively (A, AN B) and (AU B, B). Indeed, if R C AU B is compact, then
soare RN A:= P and RN B := (@ (because A, B are closed), and if R C AN B, then we can take
P = Q = R. Hence passing to the direct limit in the isomorphisms H,(P, P N Q)=H,(P U Q,Q)
gives the conclusion.

Remark 2.10 If a metric pair (X, A) is compact, then H¢(X, A) = H,(X, A). In view of the results
of [22], if a metric space is locally compact and locally contractible, then H¢(X) = HZ(X;F). If
A C X is closed and locally contractible, then HS(X, A) = H?(X, A; F).

3 Infinite-dimensional homology theory

Let E be a Hilbert space and ® a functional of class C'. In critical point theory one introduces
the notion of critical groups of ® at an isolated critical point xg by setting c,(®,zo) := H; (PN
U, (®NU)\{zo}) (¢ € Z), where ¢ = ®(z¢) and U is a neighborhood of zg, see e.g. [10]. Suppose
E = E* @ E~ is an orthogonal decomposition and consider the functional ®(x) := |z 7]|? — ||z 7|2,
x% € E*. Then 0 is a critical point of ® and one can show that c,(®,0) = H;(D~,57), where D~
and S~ are respectively the unit closed ball and the unit sphere in E~. So ¢4(®,0) # 0 if and only
if ¢ = M~ (®"(0)), the Morse index of ®”(0). Hence if M~ (®”(0)) = dim E~ = o0, ¢4(®,0) = 0 for
all g. Our purpose in this section is to construct a theory which will give a nontrivial homological
information (and a finite Morse index) in this case.

In what follows (E,|| - ||) is a real Banach space. By a filtration of E we mean an increasing
sequence (E,)>2; of closed subspaces of E such that E = cl |J,~, E,. Given a filtration (E,) of
Eand X C E, let X,, :=XNE, IfACX C Fand BCY C E, then a (continuous) map
f:(X,A) — (Y, B) is said to be filtration-preserving if f(X,) C E,, for almost all n. A homotopy
h:(X,A) x[0,1] — (Y, B) is filtration-preserving if h(X,, x [0,1]) C E,, for almost all n.

In order to introduce a homology theory of spaces with filtration we will need some preliminaries.
Let (Gn)32, be a sequence of abelian groups. We define the asymptotic group [(G,)2 ] by the

[(Gn)321] Hgn/@gn

In other words, in the direct product [[>7; G, := {(£,)22, : &, € G, } we introduce an equivalence

formula

relation: (&) ~ (1) if and only if &, = 7, for almost all n>1. So

The equivalence class of (§,) € [[,2; G, is denoted by [(£,)52,]. If G, = G for almost all n, then we
write G instead of [(G,,)52,]. It is clear that the above construction of asymptotic groups generalizes
immediately to modules and vector spaces.



Let (Ep)22, be a filtration of E. Suppose that a sequence (dy,)52; of nonnegative integers is
given and let € := (E,,d,)% . If F is a field and (X, A) a pair of subsets of E, then for any integer
q € Z, we define the g-th £-homology group with coefficients in F by the formula

Hqg(X, A) = [(H§+dn (XWJAW/));L.OZI]'

Consequently, HE(X, A) := {HZ (X, A)}qez. Note that unlike in the usual homology, HE (X, A)
need not be 0 if ¢ < 0.

As admissible morphisms in the category of pairs in E we take all continuous maps f : (X, A) —
(Y, B) which preserve the filtration (E,)S°

o1, and as admissible homotopies we take those which

preserve this filtration. It is clear that each admissible f induces a (graded group) homomorphism
fo : HE(X, A) — HE(Y, B) given by the formula f, = [fn.] or, more precisely,

Fil(n)nza] = [(frx(n))nzals

where fr, :== fl(x,,4,) * (Xn, An) — (Yo, By) and &, € Herdn(Xn,An).
The boundary homomorphism 9 = 94 . HE(X, A) — HE | (A) is defined by setting 9 := [9,],
ie.,

A(&n)nz1] = [(On(&n))ntal;
where 0, : Herdn(Xn,An) — Hf+dn—1(‘4n) is the boundary homomorphism for H¢ and &, €

HE, y (X, Ap).
It is easy to see that HE is a functor from the category of pairs of subsets of F together with
admissible maps of such pairs into the category of vector spaces over F. More precisely, we have

the following:

Proposition 3.1 (i) (Functoriality) If id is the identity map on (X, A), then id, is the identity
on HE(X,A); if the maps f : (X,A) — (Y,B) and g : (Y,B) — (Z,C) are admissible, then
(go f)e=g«o fu

(ii) (Naturality of 9) If f : (X, A) — (Y, B) is admissible, then Of, = (f|4)«0.

(iii) (Exactness) For each pair (X, A) in E, leti: A — X and j: X — (X, A) be the inclusions.
Then, for any q € Z, the homology sequence

L HE(A) S HE(X) 2 HE(x, 4) P2 HE (4) — .

s exact.
(iv) (Strong excision) If A, B are closed subsets of X C E such that AU B = X, then the
inclusion (A, AN B) — (X, B) induces the excision isomorphism

HE(A, AN B) = HE(X,B).

(v) (Homotopy invariance) If f,g: (X, A) — (Y, B) are homotopic by an admissible homotopy,
then f. = gs.
(vi) (Exact homology sequence of a triple) For a triple (X, A,B) in E, i.e. BC AC X C E and
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inclusions i : (A,B) — (X,B), j : (X,B) — (X, A), there is a homomorphism A : HE (X, A) —
HE (A, B) such that, for each q € Z, the sequence

. — HE(A,B) 5 HE(X, B) 25 HE(X,A) 25 HE (A, B) — ...
15 exact.

The proofs of (i)—(v) follow immediately from the definition HE and the respective properties of
the homology H¢. Property (vi) follows from (iii) upon taking A = k, 0 X4 where k, is induced
by the inclusion k: A — (A, B), see e.g. [15, I11.3.4 and I11.3.5].

Proposition 3.1 states that HE satisfies all of the Eilenberg-Steenrod axioms for homology theory
except for the dimension axiom which is satisfied only in the trivial case E, = F and d,, = 0 for
almost all n > 1. Instead of the dimension axiom we have the following basic example:

Example 3.2 Suppose that F' is a closed subspace of E and k, := dim(F' N E,). Suppose that
d = lim, o0 (k, — d,) exists, d € Z U {£oo}. Given p € F and r > [|p||, let D := B,.(p) N F and
S := S, (p)NF. For each n > 1, D, := DN E, is a closed ball with boundary S, := SN E, and
dim D,, = k,. If d = o0, then H(;ern(Dn,Sn) = 0 for large n; hence Hqg(D,S) =0 for all ¢ € Z.
If d # +o00, then g+ d, = q¢ + k,, — d for almost all n and

F for ¢q=d
0 otherwise.

HE(D,S) = {

Since HE (D) = 0 for all ¢ € Z, by the exactness of the homology sequence for (D, S) we infer that

Hg(S):{ F for q=d—-1

q 0 otherwise.

Let (E,)22, be a filtration of E and suppose that ® € C1(E,R). For each n € N, let ®,, :=
®|g,. It is clear that ®, € CY(E,,R) and @/ () € E} for * € E,. Moreover, for u € E,,
(D (2),u) = (®'(x),u); here and below (-,-) denotes the duality pairing in E,, (or in E).

Let N C E. We say that a sequence (y;)72; in N is a (PS)*-sequence (with respect to (Ey))
if y; € Eyp,;, where nj — oo, (®(y;)) is bounded and [[®;, (y;)|| — 0 as j — oo. If every (PS)*-
sequence in N has a convergent subsequence, then ® is said to verify the (PS)*-condition (with
respect to (E,)) on N.

The (PS)*-condition (in a slightly different form) has been introduced by Bahri and Berestycki
[4], [5], and Li and Liu [21]. Note that if ® satisfies the (P.S)*-condition on N, then each convergent
(PS)*-sequence (y;) in N tends to a critical point of ®. Indeed, suppose that y; — y and take
e > 0. For large j, |2}, (y;)[| < e and ||®(y;) — ®'(y)|| <e. Let u € UyZy En, |luf| < 1. Then, for
large j, we have u € E,,; and

(2" (), u)| < U (y) — D (yy), w)] + (P, (y), )| < 2e.

Therefore ®'(y) = 0.
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If ¢ satisfies (PS)*, then ® satisfies the usual (PS)-condition as well. Given a sequence () such
that (®(z;)) is bounded and ®'(x;) — 0, then for each j thereis y; € Ey; such that |[®(z;)—®(y;)| <
L, lzj —y;ll < 7' and ||®'(z;) — @'(y;)]] < j~'; moreover, we may asume n; < njy1. Soif u € Ey,
and |lu|| < 1, then

(@0, (), w)| = (@7 (), )| < 112" ()]

hence (y;) is a (P.S)* sequence. Thus (y;), and therefore also (z;), has a convergent subsequence.

Definition 3.3 Let N C E'\ K, where K is the critical set of ®. A map V : N — F is called a
gradient-like vector field for ® on N if:

(i) V is locally Lipschitz continuous;
(i) |V(z)|| <1 for all z € N;

(iii) there is a function 3 : N — Ry such that (®'(x), V(z)) = B(z) on N and if Z C N is bounded
away from K and supy |®| < oo, then inf.cz 3(z) > 0.
We say that a gradient-like vector field V' for ® on N is related to (E,) provided V|7 preserves this
filtration on any set Z C N which is bounded away from K and such that sup, |®| < oc.

Lemma 3.4 Let N C E be open. If ® satisfies the (PS)*-condition on N, then there erists a
gradient-like vector field V' for ® on N \ K related to (E,).

For the proof, see [19, Lemma 2.2]. In [19] it was assumed that E is a Hilbert space; however,
it is easy to see that the argument goes through for Banach spaces as well. The same remark also
applies to Proposition 3.6 below.

Next we define the notion of admissible pair. It is a suitable adaptation of a Gromoll-Meyer pair
to our situation (an extra requirement we need here is that there exists a vector field V' satisfying
the conditions of Definition 3.3). A detailed study of the classical Gromoll-Meyer theory may be
found e.g. in [10].

Definition 3.5 Let A be an isolated compact subset of K. A pair (W, W ™) of closed subsets of
E is said to be an admissible pair for ® and A with respect to (Ey,) provided:
(i) W is bounded away from K\ A, W~ C W, A C int W and ®|w is bounded;

(ii) there is a neighborhood N of W and a gradient-like vector field V for ® on N \ A, related to
(En);

(iii) W~ is the union of finitely many (possibly intersecting) closed sets each of which lies on a
C'-manifold of codimension 1, V is transversal to each of these manifolds at points of W,
the flow n of —V can leave W only via W~ and if 2 € W, then n(t,z) ¢ W for any t > 0.
A gradient-like vector field V', corresponding to (W, W ™) in the above sense, will be called an
admissible field.

In what follows we will usually omit the expressions ‘related to the filtration’ and ‘with respect
to the filtration’. In view of [19, Proposition 2.6], for each isolated critical point p of ® there exists
an admissible pair (W, W ™). More precisely, the following holds true:
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Proposition 3.6 Suppose that ® € C'(E,R) satisfies the (P.S)*-condition in a neighborhood N of
an isolated critical point p of ®. For each open neighborhood U C N of p, there exists an admissible
pair (W, W~) for ® and p such that W C U and ®|y- < ¢ := ®(p). Moreover, there is a 61 > 0
such that Bs,(p) C int W and if x € S, (p) N ®¢, then n(t,x) € W~ for some t > 0.

For the reader’s convenience we sketch the construction of (W, W ™). Without loss of generality
we may assume that N N K = {p}. Let § > 0 be such that Bs(p) C U and ®(z) > ¢ — ¢ for all
x € Bs(p) (¢ > 0 small enough). Let V be a gradient-like field for ® on N \ {p} and consider the
Cauchy problem

d
o= w@V(). o0.2)=x.
dt
where w is a cutoff function such that w = 0 in a neighborhood of p and w = 1 in N\ Bs, (p). Then
it can be shown that the pair (W, W ™) defined by

W ={o(t,z) :t >0, z € Bs(p), ®(o(t,z)) >c—c}, W =WnNod c—e¢)

satisfies the properties stated in Proposition 3.6.

For the rest of this section suppose that a sequence (d,) of integers is given and let & =
(Bn,dy)% ;. Let p be an isolated critical point of a functional ® € C(E,R) satisfying the (PS)*-
condition in a neighborhood N of p and let (W, W ™) be an admissible pair for ® and p such that
W C N. For any q € Z we define the g-th critical group of ® at p with respect to £ by setting

¢t (@,p) == Hy (W, W").

Proposition 3.6 asserts the existence of an admissible pair (W, W ™) for ® and p in N. Exactly as
in [19, Proposition 2.7] one shows that the critical groups ng (®,p) are well-defined, i.e., they do
not depend on the choice of an admissible pair: if the pairs (W;, W;"), i = 1,2, are admissible for
® and p, then the groups H, 5 (W1,W[) and H, 5(W2, Wy ) are isomorphic for all ¢ € Z.

The proof of this fact is rather technical and employs the strong excision property in an essential
way. The rough idea is to find an admissible pair (Wy, W) such that Wy C int Wi N int Ws
(which exists by Proposition 3.6) and construct a number of deformations by cutting off the flow
o constructed above. These deformations and excision show that HE (Wy, Wy ) = HE(W;, W,).

Let now E be a Hilbert space with an inner product (.,.), let ® € C?(U,R), where U C E is
a neighborhood of an isolated critical point p, and set L := ®”(p). In what follows we assume via
duality that ®'(z) € F for all z and L € L(E, E).

Suppose that L = A+ B, where A € L(E,E) is a self-adjoint Fredholm operator of index
0 such that A(E,) C E, for almost all n and B € L(E,E) is self-adjoint compact. It is then
clear that L is a self-adjoint Fredholm operator of index 0, and in particular, dim N(L) < oo
and N(L) @ R(L) = E. Hence any point x € E admits a unique representation x = p + z + v,
where z € N(L) and y € R(L). Assume further that there exists k € Z such that the Morse
index M~ (Alg,) = dn + k and let Q,, : R(L) — R(L) N E,, be the orthogonal projection of R(L)
on R(L)N E,. One shows (see Corollary 4.4 in [19]) that, for each x € R(L), Qn,z — x; hence
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(R(L) N E,)2, is a filtration of R(L). Moreover, in view of Proposition 5.2 in [19], the £-Morse

n=1
ndex

Mg (L) = lim (M~ (QuLlrpys,) — dn)
is well-defined and finite.
Since ® is a C2-functional, we have the representation

B(2) = Bp) + 5Ly, ) + (),

where 1 € C?(U,R), ¥(p) = 0, ¢'(p) = 0 and ¥"(p) = 0. Denote the orthogonal projection of F
on R(L) by Q. Then

(3.1) Dp+zty)=Ly+ (p+z+y).

The invertibility of L|g) and the implicit function theorem imply that there is 6 > 0 and a
Cl-function y = a(2) : Bs(0) N N(L) — R(L) such that Bs(p) C U, a(0) =0, o/(0) = 0 and

(3.2) QY (p+z+alz) =0 for z € Bs(0)NN(L).

Define ¢ : Bs(0) " N(L) — R by

(3.3) p(z) = @(p+z+a(z) - 2(p) = %(LQ(Z% a(z)) +v(p+z+a(z)), |zl <4

It is clear that 0 is an isolated critical point of ¢. The next result shows the relationship between
the critical groups ¢£(®,p) and c.(p,0) := HS(W, W), where (W, W) is an admissible pair for
pand 0 in N (L) (with respect to the trivial filtration of N(L)).

Theorem 3.7 (cf. Theorem 5.4 in [19]) Under the above assumptions, for all q € Z, ¢5(®,p) =
Cq—M; (L) (¢,0).

We sketch the argument which is rather tedious and consists of several steps. By the continuity
property of critical groups [19, Corollary 2.10], we may assume without loss of generality that p = 0
and ®(p) = 0. Next one shows using a certain homotopy which goes back to [14] that ¢£(®,0) =
£ (®1,0), where @1 (2 +y) = 3(Ly,y) + ¢(z), z+y € (N(L) & R(L)) N Bs(0). Then one constructs
admissible pairs, respectively (W, Wy ) for (Ly,y) in R(L) and (W, W) for ¢ in Bs(0) N N(L),
and shows that (Wp, W) x (W, W‘) is topologically equivalent to an admissible pair (W, W ™)
for ®; and 0 (here we use the customary notation (A, B) x (C,D) = (A x B,(Ax D)U (B x C)).
The pair (Wq N E,, W, N E,) turns out to be homotopy equivalent to (B,0B), where B is the
closed unit ball of dimension m,, := M (L) +d, (n large). We may assume (W, W‘) is a pair of
compact ANR’s [14] (in [14] this is shown for Gromoll-Meyer and not for admissible pairs; however,
on finite-dimensional spaces these two notions coincide). Hence by the Kiinneth formula in singular
homology [15, Corollary VI.12.12],

ey (Wi N Eg, Wi N Ey) x (W, W) = Hyg, (B,0B) x (W, W7))
o (IL(B,@B) ® H.(W, W‘))

q+dn = Hytdyom, (W, W) = Hq—ME(L)(W’ W)
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Here we have used that H¢ = H, = H? and the excision requirement of the Kiinneth formula for
H? holds on pairs of compact ANR’s. The first fact is a consequence of Remarks 2.8, 2.10 and
the second one (which is well known) can be immediately deduced from the strong excision axiom
for H, as long as H, = H?. It follows that Hg(W W=)=H, My (L)(W W~ ) and the proof is
complete.

4 Ground states for a Schrodinger equation

In this section we sketch a proof of the existence of a ground state for the Schrédinger equation
(4.1) —Au+V(z)u= f(z,u), ueH (RY),

where as usual, H'(R") denotes the Sobolev space of functions u € L?(R") such that Vu €
L?(RY,RY). Denote the spectrum of —A+V in L*(RY) by o(—A+V), let F(z,u) := [} f(z,s)ds
and 2* := 2N/(N — 2) if N > 3, 2" := 400 if N =1 or 2. We make the following assumptlons on
V and f:

(S1) V is continuous, 1-periodic in x1,...,zN, o(=A + V)N (—00,0) # 0 and 0 ¢ o(—A + V),

(S2) f is continuous, 1-periodic in z1,...,zy and |f(z,u)| < a(l + |u[P~!) for some a > 0 and
€(2,2%),

(S3) f(z,u) = o(u) uniformly in x as u — 0,
(S4) F(z,u)/u? — oo uniformly in z as |u| — oo,
(S5) ur— f(x,u)/|ul is strictly increasing on (—o0,0) and on (0, 00).

Although the results of this section also hold if o(—A+ V') C (0,00) (see the discussion in [29]), we
only consider the more difficult case where o(—A + V) N (—00,0) # 0. Recall (see e.g. [20]) that
periodicity of V' implies o(—A + V) is absolutely continuous, bounded below but not above, and
consists of a finite number (> 1) of disjoint closed intervals. We also remark that in Sections 5-7
condition (S3) will be replaced by a stronger condition (S5).

Let

(4.2) O (u) = %/]RN(’VUP + V(z)u?) dx — /]RN F(z,u) dz.

It is well known [30, 31] that ® € C'(H*(R"),R) and ®'(u) = 0 if and only if u is a weak solution
of (4.1). Since 0 ¢ o(—A + V), the quadratic form in (4.2) is non-degenerate, so there exist an
equivalent inner product (.,.) and a corresponding norm ||.|| in E := H*(RY) such that

1 1
(43) B0) = | = P - [ Fow)do.

2 2 RN
Here u = ut +u™, ut € E*, E = ET @ E~ and ET are the orthogonal invariant subspaces
corresponding to the positive and the negative part of the spectrum of —A + V. By the absolute

continuity of o(—A 4 V) and (S;), dim EF = +o0.
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Let
M:={uec E\E :{(®u),u) = (®'(u),v) =0 for all v € B~ }.

Recall from Section 3 that we identify (via duality) ®'(u) € E* with an element of E. The set
M has been introduced by Pankov in [25]. He has proved that under stronger conditions M is
a Cl-manifold, see also a comment at the end of Section 6. Here we shall outline an argument
showing that under our hypotheses there is a natural homeomorphism between the unit sphere in
E* and M. Note that if ®(u) = 0 and u # 0, then v € M.

For u € E'\ E~, we define

(4.4) E(w):=E ®Ru=E ®Ru' and E(u) := E~ ® R u.

Theorem 4.1 Suppose (S1)—(S5) are satisfied and let ¢ := infyepq ®(u). Then ¢ is attained, ¢ > 0
and if ug € M satisfies ®(ug) = ¢, then ug is a solution of (4.1).

Since ¢ is the lowest level of ® at which there exists a nontrivial solution, ug will be called a
ground state. We shall also show that ¢ has the following minimax characterization:

(4.5) c= inf = max ®(u).
weET\{0} ye E(w)

We sketch the main steps in the proof of Theorem 4.1 and refer to [29] for the details.

Proposition 4.2 Ifu € M, then ®(u+w) < ®(u) for all w # 0 such that u+w € E(u). In other
words, if u € M, then u is the unique global mazimum of (I)‘E(u)'

Note that u+w € E(u) if and only if w = su+wv, where s > —1 and v € E~. The key step in the
proof of this proposition is the following inequality which is a consequence of (S5): Let u,s,v € R,
s> —1land w:=su+v #0. Then

flz,u)[s(s/2+ 1D)u+ (14 s)v] + F(z,u) — F(z,u+w) < 0.
The proof, although elementary, is not straightforward, see [29].

Proposition 4.3 For each w € E'\ E~, the set M N E(u) consists of exactly one point which is
the (unique) global mazimum of @’E(u)'

Proof (outline) Since E(u) = E(ut/||u’|), we may assume without loss of generality that u €
St := ET N 51(0). By (S3), there exist a, p > 0 (independent of u € ST) such that ®(pu) > a.
It follows from (S4) that ® < 0 on E(u) \ Bg(0) for a sufficiently large R > 0 (R depends on the
choice of u). Hence a < supg,) ® < oo. Since E()NET =RTuand F > 0 (by (S5)), it is easy to
see from (4.3) and Fatou’s lemma that ®| Blu) 18 weakly upper semicontinuous. So P F(u) attains
its supremum at some @ # 0. Clearly, ® < 0 on E~ and therefore @ is a critical point of | Bl
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In particular, (®'(a),a) = (®'(a),v) = 0 for all v € E~, that is, & € M. Finally, Proposition 4.2
implies that M N E(u) = {u}. ]

It follows from the above proof that

c= inf ®(u)> inf P(u) > a,
ueM u€E+TNS,(0)
so ¢ > 0. For w € E*\ {0}, denote the unique point at which (I)‘E(w) attains its maximum by m(w)
and set

U(w) := ®(m(w)).
It can be shown that 7 is continuous and, somewhat surprisingly, ¥ € C*(E* \ {0}, R), with

7 (w) 7|

W2 =

(@ (m(w)),z), weET\{0}, zc ET.
Now it is not too difficult to see that m|g+ : ST — M is a homeomorphism, with the inverse given
by m~(u) = vt /||ut||, and (w,,) is a Palais-Smale sequence for ¥ := W|g if and only if (7(wy,))
is a Palais-Smale sequence for ® on M. Moreover, w is a critical point of ¥ if and only if m(w) is
a critical point of ®. Clearly,

inf U =inf ® = ¢,

S+ M
and since E(w) = E(w/|w]) for w € E*\ {0} and ®(f(w)) = maxp,, P, ¢ has the minimax
characterization (4.5).

Proposition 4.4 The functional ® is coercive on M, i.e., ®(u) — oo as ||u|| — oo, u € M.

Proof We shall show that each sequence (u,,) such that ¢ < ®(u,,) < d for some d > ¢ is bounded.
Suppose ||[up|| — oo and let vy, 1= U /||um||. Then, after passing to a subsequence, vy, — v in E
and vy, — v a.e. in RY. Clearly, ||v};||? + ||lv;||? = 1 and

(el = lluzm ),

1 1
0<c< P(um) = §(||U?Z,||2 = Jluml*) = /RN F(z,um) de < 5

hence |[v}||2 — ||v,||? > 0 and therefore |[v};||? > L. For any m > 1 there is y,,, € RY such that

1
5

/ (v dr = max / (vF)? da.
Bl(ym) yERN Bl(y)

Since ® and M are invariant under translations of the form u(z) — u(z —¥), y € Z" (by the
periodicity of V' and f), we may assume without loss of generality that the sequence (y,) is
bounded. Suppose

(4.6) / ()2 dx — 0.
Bi(ym)
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Then, according to P.L. Lions’ lemma [30, Lemma 1.21], v;; — 0 in LP(RY). Since sv;; € E(up,)
for each s > 0, it follows that

2 2 2
(A7) d > D(up) = B(svt) = 2o |2 —/ Fla,sut)de > > — | F(z,sv)de — 2,
2 ]RN 4 ]RN 4

a contradiction if s > v/4d. Hence the integral in (4.6) is bounded away from 0 and since v, — vT
in L2 (RY), v* # 0 and therefore v # 0. So by (S,) and Fatou’s lemma,

1 F
T T F(z,up)dx = 7(%2”7”)1)72” dx — o0
[uml? Jr~ RN U5,
and thus S(un) X
0< 28 = S = o) =z [ Pl do =~
([t |? " l[um|l* S~ "
This contradiction completes the proof. O

Proof of Theorem 4.1 (outline) By Ekeland’s variational principle [30], there exists a Palais-
Smale sequence (w,,) C ST for ¥ such that ¥(w,,) — c. Set uy, := Mm(wy,). Then (u,) C M is
a Palais-Smale sequence for ® and ®(u,,) — c¢. By Proposition 4.4, ® is coercive on M. Hence
(um) is bounded, s0 uy, — u in E and u,, — u in L7 (RY) after passing to a subsequence. Since
®'(u) =0, u € M or u=0. Let (y,,) C RY be a sequence such that

/ u? dr = max/ u?, dx.
Bi(ym) veRY JBi(y)

Using the translation invariance of ® and M by elements of Z", we may assume as in the preceding
proof that the sequence (y,,,) is bounded in RY. If 4 = 0, then

(4.8) / uZ, dr — 0 as m — oo
Bl(ym)

and it follows from P.L. Lions’ lemma [30, Lemma 1.21] again that u,, — 0 in LP(RY). Hence
using (S2), (S3) and the Holder and Sobolev inequalities, we obtain

o(1) = (@' (um), u) = llu|I* — /RN F @ um)usyy do = |l |* + of1).

Sowt, — 0and ¢ < 0 by (4.3). It follows that u # 0 and u € M. Obviously, ®(u) > ¢ and it remains
to show that the reverse inequality holds. It is easy to see from (S5) that 3f(z,u)u > F(z,u),
hence by Fatou’s lemma and since (u,,) is bounded,

(4.9) c+o(1) = P(up) — %(@'(um),um> = /]RN (3 f (2, um)um — F(z,u)) dz
> / (3f(z,u)u — F(z,u)) dz +o(1) = ®(u) — %@)/(u)’w +o(1) = ®(u) + o(1).
RN

So ®(u) < c. O
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Theorem 4.5 Suppose N > 4, (S1) is satisfied and f(x,u) = |u|* ~2u. Then the conclusion of
Theorem 4.1 remains valid.

Let )
[Vull3

ueB\{0} full3

The proof of Theorem 4.5 will follow from the lemma below which is essentially a reformulation of
some statements contained in [8]. The main result of [8] asserts that (4.1) has a solution ug # 0;
however, no claim has been made there that ug is a ground state.

Lemma 4.6 The following is true under the conditions of Theorem 4.5:

(i) each Palais-Smale sequence is bounded;

(i) there exists a Palais-Smale sequence (uy,) such that ®(u,,) — ¢ < SN/2/N;

(ii) each Palais-Smale sequence () such that ®(uy,) — ¢ < SN/2/N has a subsequence which,
possibly after translation by elements of ZN , converges weakly to a solution u # 0 of (4.1) such that
P(u) <c.

Proof (i) is (essentially) Proposition 3.3 in [8]. For (ii), see Propositions 3.2 and 4.2 there. Finally,
Proposition 4.1 in [8] implies that (4.8) cannot hold if ¢ < SN¥/2/N. Hence for a (translated)
subsequence we have that u, — u # 0 and ®'(u) = 0. That ®(u) < ¢ follows from (4.9) with
f(z,u) = [u* "2u and c replaced by €. O

Proof of Theorem 4.5 One sees by inspection of our arguments above and of [29] that M, m and
¥ have the same properties as before except that we do not claim ® is coercive on M. As in the
proof of Theorem 4.1, let (w;,) be a minimizing sequence which we may assume is Palais-Smale.
Hence so is (uy, ), where u,, := m(wy,). By Lemma 4.6, ¢ < SN/2/N and there exists a solution ug
with ®(ug) = c. O

5 Critical groups for a ground state solution

In Theorems 4.1 and 4.5 it has been shown that (4.1) has a ground state solution ug. We shall
now compute the critical groups of ug under the assumption that it is an isolated solution, i.e., an
isolated critical point of the functional ® given by (4.2). We consider subcritical f first and at the
end of this section we discuss the case of f(z,u) = |u|* ~2u.

We shall need the following stronger form of (S2):

(S5) f and f! are continuous and, for some @ > 0 and each x € RY, u € R,
|fulz,w)] < a(l+ [uf~?).
Condition (S3) implies that ® € C?(E,R); moreover, for any u,v € F,

®"(u)v = vt — v~ — B(u)v,
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where

(B(u)v,w) := fo(z, u)vw dz.
RN

We claim that for each u € FE, B(u) : E — E is a compact linear operator. Indeed, suppose
|w|| <1, v; = 0 and let € > 0 be given. By (S%) and (S3), |fi(z,u)| < € + ac|ulP~2. Since u is
fixed, there exists R = R, > 0 such that, for some constant d independent of £ and w,

6y [ lfeyulds<e [ ulelde e [l llds < de
lz| >R RN |z|>R

(we have used the Holder and Sobolev inequalities). Now the conclusion follows because v; — 0 in
LY(Bg(0)), 1 < g < 2",

Let E = ET & E~ be as in the preceding section and put L := ®”(ug). Then Lv = vt — v~ —
B(ug)v; thus L is a Fredholm operator of index 0 and F = N(L) @ R(L). Choose a filtration (E,,)
such that Ff := Ruf, E,, = E, @ E,,, where E, C E* and dim E}, = m (so dim E,,, = 2m).
Assume without loss of generality that N(L) C E,, for almost all m and let P,, : E — E,, be the
orthogonal projection.

Lemma 5.1 There are o > 0 and mg > 1 such that, for m = mg and u € R(L) N Ep,, || Py Lu|| >
alfuf-

Proof Arguing by contradiction, for each j there exist m; and v; € R(L)NE,, ; such that m; — oo,
|lvj]] =1, v; = v and
P Lvj = v;-' —v; — P B(ug)v; — 0

(recall Py, E* C E¥). Since B(ug) is compact, P, B(ug)v; — B(ug)v. Hence ’U;»t — vT; therefore
vj — v and Lv = vT — v~ — B(up)v = 0. This is impossible because v € R(L) and v # 0. O
Since ® € C?(E,R), we have the representations

B(u) = B(un) + 5 {Ll — o), u — o) + (), () = Lluw — ug) + 9/ (u),

where 1) € C2(E,R), (uo) = 0, ¥'(uo) = 0 and 9" (ug) = 0. Let Q : E — R(L) be the orthogonal
projection. Then any w € E has a unique representation u = ug + n + v, where n € N(L) and
v € R(L). As in Section 3 (comp. (3.1) and (3.2)) we see that there are p > 0 and a C'-function
v: B,(0)NN(L) — R(L) such that ug is the only critical point of ® in B,(uo), v(0) =0, v'(0) =0
and, for n 4+ v € B,(0),

(5.2) Lv + QY (ug +n +v) = QP (up + n +v) =0 if and only if v =v(n).
Lemma 5.2 & satisfies the (PS)*-condition (with respect to (Ep,)) on B,(uo).

Proof Let (u;) be a (PS)*-sequence in By(ug), i.e., uj € Ep,;, mj — 0o and Py, ®'(u;) — 0 as
J — o0. Since dim N (L) < oo, (I — Q)P (u;) is strongly convergent to some z € N(L) after passing
to a subsequence, hence also Py, (I — Q)®'(u;) — z (note that P, — I uniformly on compact sets

20



as m — oo). It follows that Pp,,Q®'(u;) — —2z € R(L). So z € N(L) N R(L) = {0}, i.e.,, z = 0.
Putting u; = ug + n; + v;, where n; € N(L) and v; € R(L), we have in particular

wj = ijQCD’(uj) = P, Lvj + P, QY'(up +nj +vj) — 0 as j — oo.
Note that ug,uj,n; € Ep,, hence v; € Ey,; as well. Set hj := v; — v(n;). Then
wj = Py, Lo(n;) + P, Lhj + Pa, QU (ug + nj + v(ny) + hy).
By (5.2), Lv(n;) + Q¢ (up + nj + v(n;)) = 0; hence
(5.3) wj = Po; Lhj + P Q[ (w0 + nj + v(ny) + hy) — 4 (uo + nj + v(ny))).

Passing to a subsequence, n; — n, and it follows that P, v(nj) — v(n) and h; — Py h; =
v(n;) — Pm;v(n;) — 0. Using this and Lemma 5.1, we have

[ By L || Z [ By LPm b || + 0(1) = al[ By, byl + 0(1) = al[hy | + o(1)
for almost all j. Since v € C? and 1" (ug) = 0, taking p smaller if necessary we see from (5.3) that

allh;l| + o(1) < || P, Lhj|| < |lwj| + 19 (uo 4+ nj + v(ng) + hj) — ' (ug + nj + v(ny))||

< |
«

< wjll + S 1Ayl

Hence hj — 0 and we see that

uj =ug +n; +v(n;)+hj = ug+n+uv(n) as j— oo.
This completes the proof. O
For m > 1, let d,, := m and &€ := (Ep,, dm)o0_;.-
Theorem 5.3 If the ground state ug is an isolated critical point of ®, then c§(®,ug) # 0.

Proof There is p > 0 such that ug is the only critical point of ® in B,(up) and ® satisfies the
(PS)*-condition with respect to the filtration (E,,) on B,(uo).
Recall from Section 4 that m : ST — M is a homeomorphism and m(w) = tw + v for some
t > a > 0 (a independent of w € S*) and v € E~. Furthermore, m~!(u) = u™/|ut| for any
u € M. Hence wg := m~1(ug) € Ey, for all m > 1 and E(ug) = E~ @ Rug = E(wp) (cf. (4.4)).
Given § > 0, let
Es(w) :={u € E(w) : [lu — m(w)]| < 4}

and

Us := U Es(w).

wEBjs(wo)NST

It is easy to see that if § is small enough (in particular, 6 < p), then Uy is an open neighborhood
of ug and Us C B,(up). Hence according to Proposition 3.6, there is an admissible pair (W, W ™)
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for ® and wg such that W C U and supy,— ¢ < ¢ = ®(up). Moreover, there is §; € (0,0) such that
Bs, (up) C int W and, for some t > 0, n(t,u) € W~ provided u € S, (ug) N ®¢; as before 7 is the
flow of —V, where V is an admissible gradient-like vector field corresponding to (W, W ™).
Set
S = 551 (UO) N E(UQ), D = Bs, (UQ) N E(UO)
and
A:={n(t,u) e W:t>0, ue S}
In view of Proposition 4.2, ®(u) < ¢ for u € S. Hence, for each u € A, ®(u) < ¢ and there is
a unique t(u) > 0 such that n(t(u),u) € W~. According to (iii) of Definition 3.5, t(u) depends
continuously on w; thus the map v: (W~ U A) x [0,1] — W~ given by
f n(Mt(u),u) fue A, Xe(0,1],
v( A) ‘_{ u ifue W=, Aelo,1],
provides a filtration-preserving strong deformation retraction of W, := W~ U A onto W~. The
exactness of the homology sequence of the triple (W, W, W ™) implies that

HE (W, W™) = HY (W, Wy).
Since E(ug) N By = E,, ® Ef, dim(D N E,,) = m + 1. In view of Example 3.2,

F ifg=1,

& _ g€ _ )
Hy (D, 8) = Hy_1(5) = { 0 otherwise
and 0 : HY (D, S) — HE(S) is an isomorphism. Consider the diagram

HE(D, S) —2— H§(S)

| |

. 8 _
Hf(WWA)—>H§(WA)

where the vertical arrows are induced by the respective inclusions. It is clear that in order to prove
that H (W, W ™) = Hf (W, W) # 0 it is sufficient to show that the homomorphism i, : H§(S) —
HE (W), induced by the inclusion 7 : S < W, is nontrivial.

Let 7 : Us — E(ug) be the map given by

m(tw +v) := (t — t(w) + t(wp))we + (v — v(w) + v(wp)),

where u = tw +v € Us, w € Bs(wg) N ST, v € E~ and m(w) = t(w)w + v(w), m(wy) =
t(wo)wo +v(wp). It is easy to see that 7 is continuous and since u € UsN E,, if and only if w € E;}
and v € E_, 7 is filtration-preserving. Moreover, 7|g is the identity map on S and 7(u) = uy if and
only if u = m(w) € MNUs. Hence w: (W, ,5) — (E(uo) \ {uo},S) and we have the commutative
diagram

_ 0 Tx —
Hf (W, 8) HE (S) — H (W)

l wlg

HE (E(uo) \ {uo}, §) —2= HE(S)
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where the lower left element is 0 because F(ug) \ {ug} can be radially deformation retracted onto
S. Therefore @ = 8Wa+5) is trivial and it follows that i, is a monomorphism. In particular, i, is
nontrivial. This completes the proof. O

Theorem 5.4 Suppose N > 4, (S1) is satisfied and f(x,u) = |u|* ~2u. Then the conclusion of
Theorem 5.3 remains valid.

Proof Let

(B(u)v,w) := (2" — 1) /RN lu? ~2vw de.

B(u) is no longer a compact operator for all u, however, B(ug) is compact. Indeed, for R large
enough (5.1) still holds; however, in the middle term ¢ should be replaced by 0, p by 2* and a.
by 2* — 1. Since ug € L®(RY) (see [9]) and v; — 0 in L%(Bg(0)), fBR(O) luo|¥ ~2vjwdr — 0
uniformly in w, ||w|| < 1. Taking this into account, the arguments of Lemmas 5.1 and 5.2 go
through unchanged and so does the argument of Theorem 5.3. O

6 Multibump solutions

Let 6 = (&,...,&v) € RY and
(0 xu)(x) :=ulx —0).

If u € E = HY(RY) is a solution of (4.1), then so is 6 x u for any § € Z" as follows from the
periodicity of V' and f. Suppose now ug is a minimizer of ® on M. Then ug solves (4.1) and we
will be interested in solutions which are of the form

u=01*xug+ -+ 0 xug+ v,

where 0; € ZN | 10; — 6;| are large enough for i # j and v is suitably small. Such @ will be called a
k-bump solution.

Theorem 6.1 Suppose the hypotheses (S1), (S5), (S3)-(S5) are satisfied and ug is a ground state
solution of (4.1), isolated in the set of critical points of ®. For each k > 2 and §y > 0 there exists
a € N with the property that if 61,0,...,0k € ZN and |0; — 0;] > a for all i # j, then there is
v € E such that ||v]| < dp and @ = 01 *ug + - - - + O x ug + v is a solution of (4.1).

Remark 6.2 (i) A similar result, with a independent of k, has been obtained in [3] (see Theorem
6.1 there). However, while here 0 is in a gap of the spectrum of —A+V, in [3] o(—A+V) C (0, 00).
Also the assumptions on f are somewhat different. Although we believe that under the assumptions
above it should still be possible to obtain a k-independent lower bound for a, there are some
technical difficulties which we make no attempt to resolve.

(ii) In two recent papers [1, 11] results similar to our Theorem 6.1 have been proved. In [1]
the assumptions corresponding to (S5) and (S4) are stronger ((Sy) is replaced by the Ambrosetti-
Rabinowitz superlinearity condition). Using a version of (S5), the functional is reduced to another
one (on E1) which has the mountain pass geometry, and a degree-theoretical argument is then
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employed in order to construct multibumps. In [11] no assumption like (S5) has been made. On
the other hand, the condition corresponding to (5%) is somewhat stronger there and the Ambrosetti-
Rabinowitz condition replaces our (S4). Moreover, our argument is more direct (it does not use
periodic approximations like in [11]).

(iii) In Theorem 6.3 below we formulate an analogue of Theorem 6.1 for the critical Sobolev
exponent. This result seems to be new.

Theorem 6.3 Suppose N > 4, (S)) is satisfied and f(x,u) = |u|?> ~2u. Then the conclusion of
Theorem 6.1 remains valid.

Below we describe the main ideas of the proofs of Theorems 6.1 and 6.3 and postpone the
technical details to the next section. We assume that the kernel N (L) of L = ®"(ug) is nontrivial. If
N(L) = {0}, then ug is a nondegenerate critical point of ® and the argument becomes considerably
simpler (cf. Remark 2.13 in [3]). Moreover, a stronger conclusion is then known to hold [2].

Let v = v(n), n € N(L), be as in (5.2) and set p(n) := ®(ug + n + v(n)) — ®(ug), [|n]| <9
(6 > 0 small enough), cf. (3.3). Then ¢'(n) = 0 if and only if ®'(ug +n + v(n)) = 0 and we may
assume choosing a smaller ¢ if necessary that ¢'(n) = 0 if and only if n = 0. By Theorems 5.3 and
5.4, ¢f (®,up) # 0, hence c,(p,0) # 0 for some r > 0 according to Theorem 3.7.

Given a > 0, let

@ =0 =(01,...,06) €ZN* 110, — 0;| = aifi # 5}
and

(6.1) [ul|? = /RN(WUP +u?) da.

We emphasize that here we use the original H!(R")-norm and not the one introduced in Section
4. Hence in particular, (4.3) does not hold. The reason for choosing this norm is that it has certain
local properties which will be needed in Section 7.
Let w € C§°(R, [0,1]) be a (cutoff) function such that w(t) =1 for |¢| < 1/8 and w(t) = 0 for
|t| > 1/4. Put
u®(x) = w(lz|/a)u(z) (a>0),

and for 0y € ZN and a set S C F,
S ={u:uesS}, 6OyxS:={0pxu:uecS}

We see that if 6 € ©F, then 0; x u® and 6; * u® have disjoint supports unless i = j.
Let 6 = (01,...,0;) € ©f and

k 1
V, = V,(6) := <EB 0; * N(L)a> ., P,=P,(0):E—V,,
i=1

where P, is the orthogonal projection on V,. The direct sum above is indeed well defined since
the functions corresponding to different indices i have disjoint supports. Put z = (nq,...,ng) €
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N(L)*. Using some technical estimates (see Lemmas 7.1, 7.2) and the contraction mapping principle
(Lemma 7.3) it is shown in Corollary 7.4 that if § is sufficiently small, a; € N sufficiently large,
a €N, a>a and ||n;|| < 0, then there is a unique w = w(#, z) € V, such that ||w(0, z)| < § and

k
(6.2) P,® (Z 0; x (ug + n; + v(n;))* + w(6, z)) =0.
i=1

Here a; depends on § but not on the particular choice of 6 and z. Set { := Zle 0; * (ug +n; +
v(n;))* +w(6, z) and

(6.3) p(2) == 2(Q).

Using (6.2) one shows (Lemma 7.5) that ¢'(z) = 0 if and only if ®'(¢) = 0 provided § is small
enough. If z is a critical point of @, then @ = ( is a solution of (4.1) which has the required form,
ie.,

* (ug +ni +v(n))* +w(d, z) = ZQ * Uy + 0,

||M?r

where
k k
v = ZHZ- * (ug — up) + Z 0; x (n; +v(ny))* +w(d,2).
i=1 i=1
Since uf — up in E as a — oo, the first sum above can be made as small as we wish. The same is
true of the second sum because ||n;|| < d, v(0) = 0 and ||u®|| < ¢||u|| for all u, where the constant ¢
is independent of u € F and a > a;. Finally, |[w(f, 2)|| < 6 and it follows that ||v|| < dp provided §
is small and a; large enough.
It remains to show that ¢ indeed has a critical point. If § is small enough, then 0 is the only
critical point of ¢ in the set ||n|| < § and we can find an admissible pair (W, W ™) for ¢ and 0.
Moreover, we may assume (W, W ™) is a pair of ANR’s, see [14] and the end of Section 3. Let

(W, W) = (W, W)k = (W, W) x - x (W, W)
k times

(recall that (A,C)x (B,D) := (Ax B,Ax DUC x B)). We shall show in Lemma 7.6 that choosing
a larger a; if necessary, (W, W) is an admissible pair for ¢ and the (possibly empty) set K of

critical points contained in the interior of W. By Kiinneth’s formula [15, Corollary VI.12.12] (cf.
the argument at the end of Section 3),

HY(W, W) = HX(W.W™) @ @ HY (W, W),
Since ¢, (p,0) # 0, H,W,(W W) # 0 and it follows that K 7 0 (otherwise W™ is a strong defor-
mation retract of W by a standard argument, hence H. S(W W~ ) =0).

We remark that if (S5) is replaced by the somewhat stronger condition f’(u)u? > f(u)u > 0
for all u # 0 (which is certainly satisfied if f(z,u) = |u|?>" ~2u), then it can be shown that M € C!
and it is easy to see that N(L) C Ty, M and Mg (L) = 1. So cy(p,0) # 0, hence 0 is the minimum
of ¢ and W~ = (). Since we make no use of this fact, we leave out the details.
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7 Details of proofs of Theorems 6.1 and 6.3

The arguments we provide below are taken from the proof of Theorem 1.1 in [3] but are simpler
because we allow a to be dependent of k. We also make use of some ideas which may be found in

[7]. Recall that the norm in F we use here is given by (6.1). We first consider f satisfying (S2)-(S5)

and at the end of the section we point out what needs to be changed if f(z,u) = |u|> ~2u.

Let L : E — E be the operator defined by
(Lw,v) = / (Vw - Vo + V(z)wv) dz
RN

and note that
(Lw,v) = (®" (up)w,v) = (Lw,v) —/ fl(z, uo)wo da.
RN

For notational convenience we let k = 2; the case of k > 2 is treated in the same way.
Lemma 7.1 There exist ¢ >0, § > 0 and ag € N such that

(7.1) | Pa®” (01 % u + 02 % ul + u)w| > c||w||

forallae N, a>ag, 0 €0, weV, andu € E, |Ju| <4.

Proof We first show that

(7.2) [|®" (61 * ul + O * ul + u)wl|| = c|lw].

Arguing by contradiction, we can find a,, — oo, 0™ = (67",05") € ©5™, u,, € E and wy, € Vg,
such that u,, — 0, [[w,| =1 and

(7.3) D" (07 * ug™ + 05 * uf™ + Uy )Wy, — 0 as m — oc.

By the Z"-invariance of ® we may assume 67" = 0 for all m. Then V,,, is orthogonal to N (L)%,
so passing to a subsequence, w,, — w and

0 = (wp, 29™) — (w, z) for all z € N(L).
Thus w € R(L). Since
(7.4)  (D"(ug™ + 05 * uf™ + U, ) Wiy, V) = (Lwy,, v) — /]RN To(z,uy™ + 05 % u™ + ) wmo d,
|05"| — oo and u,, — 0, we see letting m — oo that
(Lw,v) = (Lw,v) — / fh(z,up)wv dz = 0 for all v € CO(RY).
RN

Hence w = 0 and w,,, — 0. Replacing w,, by —05" * w,, we see passing to a subsequence once more
that also —05" x w,,, — 0. Next we show that

(7.5) / Tr(z,ud™ + 05" % ul™ + U, )W U, dz — 0,
RN
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where v, = Ewm. Since w,, — 0 and —05' *x w,, — 0 in E, w, — 0 and —05" x w,, — 0 in
L9(Bgr(0)) for any R > 0 and 1 < ¢ < 2*. It follows that

Fo(@,ug™ 4 05 % ug™ + U, ) Wi vy, dz — 0.

/BR(O)UBR(%”)

Let Q := R\ (Bg(0)UBRg(65Y)). It is well known that ug(z) — 0 as |z| — oo (in fact exponentially,
see e.g. [26]). By (%) and (S3), for each g9 > 0 we can find @, such that |f/(z,u)| < &g+ e, |uP~2
(cf. (5.1)). Hence we see from the Holder and Sobolev inequalities that given € > 0, there exists
R > 0 for which

/ |f;($vu8m +0£n*u8m +um)wmvm|d$
Q
< / (60 + Gieg JuE™ + O3 % 4S™ + 1 [P~2) [ [vm] d < & Jevna® = .
Q

Now by (7.3)-(7.5) and since || Lwy,|| = ¢||wm | for some ¢ > 0 (recall L is invertible), we obtain
& = P|Jwm|? < (Lwp, Lwy,) — 0,

a contradiction. Hence (7.2) is satisfied.
Since ¢ may be replaced by 2c¢ in (7.2), the conclusion will follow once we prove that if ag is
large and ¢ small enough, then

(I — P)®" (61 * uf + 0 * ul + uw)wl|| < c|lwl| for all w € E.

Let ||w|| =1 and set (I — P,)®" (01 *uf + 02 uf +u)w =: z = 2{ + 25, where z; € 6;* N(L), i = 1,2.
Assume without loss of generality that 6; = 0. Then

(7.6) [2817 = (2, 2§) = (D" (u§ + 02 * uf +u) — " (ug)) w, 2 + (" (up)w, )
- /RN (fi(, ug + 02 % uf + u) — fi(z, uo)) wl dz + (D" (uo)w, 21).

Let € > 0 be given. Since ®”(ug)z; = 0, the second term on the right-hand side above can be made
< e]|2§|| by letting a be sufficiently large. Since supp (62 * ul) Nsupp 2§ = 0,

/N (f;(x,ug + 09 % ug +u) — f&(:ﬂ,uo)) w2 dx
R

< / |l + ) — £, o) ]2 dz.
RN

The function f], is uniformly continuous on sets of the form {(x,u) : |u| < A}, hence choosing &
sufficiently small and a sufficiently large, we obtain

/ |1l + ) — FL(x, uo)| fwll28] d < el 4]
lu|<eo

Furthermore, using (S5), the fact that ug(z) — 0 as |z| — oo and the Holder and Sobolev inequal-

ities, we have

/ |yl + ) — £ ()| wl|28] d < e / (1 + [uoP~2 + [ulP2) ]| 4] da
\u|>€0

|u|>eo
< a2 | pful > €0)® 7PV,
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where p denotes the measure. Since u(|u| > €9) — 0 as |jul]| — 0, the right-hand side above is
< ¢||2§|] whenever |lul| < § and ¢ is small enough. It follows therefore from (7.6) that ||2§| < 3¢
Since the same argument applies to 2§, we obtain the conclusion. O

Denote the space of bounded linear operators on E by L(E).

Lemma 7.2 For each k > 2 the map P,®" : E — L(E) is uniformly continuous and uniformly
bounded on bounded sets. Moreover, the modulus of continuity and the uniform bound are indepen-
dent of a.

Proof We have
(7 (" () = " @)w )] < [ |fita) = £ @) o] da

Suppose ||ul], ||z]] < 1, |Jw|l, ||v]] < 1 and let € > 0 be given. By (S5) and the Holder and Sobolev
inequalities,

(7.8) / | fula,u) = fi(z,w)| |w|]v| dz < 63/ (1 [uP=2 4 [a]P~) wl[v] da
Ju|>A

lu|>A

<eap(lul > A)F P,

where c3,c4 are independent of A. Hence the right-hand side above can be made < ¢ by taking
A large enough, and the same inequality holds on the set |u| > A. By the uniform continuity of
fl, there exists dyp > 0 such that the integral on the right-hand side of (7.7), taken over the set
lul, |u] < A, |u—1u] < d, is <e. (7.8) still holds with |u| > A replaced by |ul,|u| < A, |u—u| > dy
and the right-hand side will be e if |lu—ul| < ¢ and ¢ is small enough (because u(|u—u| > dy) — 0
as |lu —aul| — 0). Hence |[®"(u) — ®"(u)||z(py < 4¢ whenever |lu —ul| < ¢ and ®” is uniformly
continuous on bounded sets. That ®” is uniformly bounded can now be easily seen by considering
(@ (u) — B"(0))w, v).

Since || Py||z(g) = 1, the same conclusions hold for P, ®". O

Let z = (n1,n2) € N(L) x N(L), 0 = (01,02) € ©3, w € V, and
F(0,z,w) := P,® (01 % (ug + n1 + v(n1))* + 02 * (ug + ng + v(n2))* + w),
where v(n;) are given by (5.2). Then w — F (0, z,w) : V, — V, and
Fy(0,2,0) = P,®" (61 * (ug +n1 + v(n1))* + 02 * (ug + n2 + v(nz))?) .

Since v(n;) — 0 as n; — 0 and F,(6, z,0) is self-adjoint, it follows from Lemma 7.1 that if a is
large enough and ||n;|| small enough, then F,,(6, z,0) is invertible and

(7.9) [1F (6, 2,0)~ ]| < collv]],
where ¢g is independent of 6 and z. Set

(7.10) R(z,w) :=w — Fy(0,2,0) 7 F(6, z,w);
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then R(z,w) = w if and only if F(0,z,w) = 0. We shall show that this equation can be uniquely
solved for w. Our proof follows the usual argument of the implicit function theorem, however, we
include it because we need estimates which are uniform with respect to the choice of # and z.

Lemma 7.3 Given k > 2 and 6y > 0, there exist a; € N and § € (0,d9) such that if ||n;|]| < 0
(i=1,2), a>a and 0 € ©F, then R(z,-) is a contraction on the ball ||w|| < 9.

Proof By Lemma 7.2, if ||w| < ¢, and 0 is small enough, then

1
(7.11) | Fw (0, z,w) — Fu(0, 2,0)| £(m) < 30"
Since
F(0,2,0) = P,®" (01 * (uo + n1 4+ v(n1))*) + Po® (02 * (uo + n2 + v(n2))*),

Vo = [01 % N(L)?* N [0 * N(L)*]* and Q&' ((up + n + v(n))*) — 0 uniformly in n (||n|| < J) as
a — 00, it is easy to see that F'(0,z,0) — 0 uniformly in 6,z as a — oco. We may therefore choose
aq so that

o
(7.12) |1F(8,z,0)| < 3
whenever a > a;. Since
R(z,w) = —F,(#,2,0)7 F(0, 2,0) — Fy(#,2,0) "L (F(0, z,w) — F(0,2,0) — Fy(6, 2,0)w),
it follows from (7.9) and (7.11), (7.12) that

IRz, w)l| < 1Fw(@,2,0)" Iz, IE(8, 2,0)]]
+[1Fu(8, 2,00 2y 1F (6, 2,w) = F(6,2,0) — Fyu(8, 2, 0)w]

1) 1 5 5
g g + CO/O ”Fw(97 Zy Sw) - Fw(97270)”£(\/a) H’u)H ds g g + 60%

Hence R maps the ball |w| < ¢ into itself. Also, for w,w in this ball,
(7'13) HR(Z7w) - R(Z,@)H < |’Fw(67270)_1H£(Va) ”F(6727w) - F(@,Z,’[E) - Fw(67270)(w - {E)H
1
< Co/ [1F2 (0, 2, sw + (1 = s)w) = Fuy (8, 2,0) [ (v, 1w — w]| ds
0
1 ~

< gllw -l

It follows that R(z,-) is a contraction as claimed. O

Corollary 7.4 Given k > 2 and 6y > 0, there exist ay € N and § € (0,09) such that if ||n;|| < 0
(i=1,2),a>a; and 0 € ©F, then there is a unique w = w(0, z) € V, such that F(0,z,w(0,z)) =0
and ||w(8, 2)|| < 8. Moreover, w(6, z) is of class C' and w(0,z) — 0 uniformly in 6,z as a — .
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Proof In view of the preceding lemma, existence and uniqueness of w follow from the contraction
mapping principle. Moreover, F,(6,z,w) is invertible according to (7.9) and (7.11), hence z —
w(f, 2) is of class C! by the implicit function theorem.

Let w = w(0,2) and w = 0 in (7.13). Then ||w|| = [|R(z,w)|| < ||R(z,0)|| + }|jw]| and by (7.10),

3 3 _
lwll < SR 0] < 51 £ (8, 2,0) HewallF (@, 2,0) — 0as a — .

Set Ds :={z = (n1,n2) € N(L) x N(L) : ||n;|| <} and (cf. (6.3))
o(z) == ®((), where ¢ := 01 * (up +n1 + v(n1))* + bz * (ug + n2 + v(n2))* + w(6, z).

Lemma 7.5 Given k > 2 and §y > 0, there exist ay € N and § € (0,9g) such that whenever a > aq,
0 € ©% and z € Ds, then @' (z) =0 if and only if ®'(¢) = 0.

Proof Since P,®'(¢) = F(0,z,w(f,2)) = 0 and w'(0,2) maps N(L) x N(L) into V,, for each
y = (my,mg) € N(L) x N(L) we have
(7.14) @'(2) -y =(P'(C), b1 * (mq + V' (n1)m1)® + 02 * (mg + v/ (n2)ma2)* + w'(0, 2)y)
= ((I = Pa)®'(C), 01 % (m1 +v'(n1)m1)® + 02 % (mg + ' (ng)ma)®) .
Clearly, if ®'(¢) = 0, then ¢'(z) = 0.

Suppose ¢'(z) = 0 and let (I — P,)®'(¢) = &7 + &5, where & € 6; * N(L). Choosing y = (£1,0)
and assuming without loss of generality 1 = 0, we obtain

0=¢'(z) -y = (&§ + &5, (& +v'(n1)€1)") = €711 + (&7, (' (1))

Since v'(n1)é1 € R(L), (€2, (v/(n1)&)?) = —3|€¢]|% provided a is large enough. Hence £ = 0 and
similarly, £§ = 0. O

Let Y be a pseudo-gradient vector field for ¢ and (W, W ™) a corresponding Gromoll-Meyer
pair contained in the ball ||n|| < § (recall that Gromoll-Meyer and admissible pairs coincide in
finite-dimensional spaces).

Lemma 7.6 There exist as > a1 and 61 < &y such that if a > a2 and 0 < § < 61, then (W, W‘) =
(W, W) x (W,W~) is a Gromoll-Meyer pair for ¢ and the (possibly empty) set K of critical points
contained in the interior of W.

Proof Clearly, W c Ds. Let n be the flow given by

% = —x(mY(n), n0,n)=n,

where n € N(L) N Bs(0), x € C*(Bs(0),[0,1]) and x = 0 close to n = 0, x = 1 close to the
boundary of W. Further, let z = (n1,n2) € N(L) x N(L) and Y (z) = (x(n1)Y (n1), x(n2)Y (n2)).
The flow of —Y is

77(87 Z) = (77(87”1)777(87”2))'
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It is clear that 77 can leave 1% only through W~ and s — n(s, z) is transversal to W- . Also, Y is
bounded. We shall show that ¢'(z) - Y(z) e for some ¢ > 0 if z is close to the boundary of W.
This will complete the proof because using partltlon of unity, Y can be modified in the interior of
W so that it becomes a pseudo-gradient field in W \ K.

Let y = (m1,0) € N(L) x N(L) and assume without loss of generality that 6; = 0. Since
P,®'(¢) = 0 and the supports of 0 * (ng + v(n2))* and (my + v'(n1)my)® are disjoint, it follows
from (7.14) that

F'(2) -y = (@'(C), (m1 +v'(n1)m1)*) = (@' ((uo +n1 +v(n1))*), (M1 +0'(n1)m1)*)
+{®" ((ug + n1 +v(n1))* +w(8,2)) — D' ((uo +n1 +v(n1))?*), (M + ' (n1)mq)?).

Take my1 = x(n1)Y(n1). Since u® — w uniformly on compact sets as a — oo, v'(0) = 0 and
o(ny) = ®(up + n1 + v(n1)) — @(up), it is easy to see that the first term on the right-hand side
above is larger than or equal to 2ex(ny) for some € > 0 provided a is large and ¢ small (a > as,
0 <6 < dy). Since w(fh,z) — 0 as a — oo, the second term can be made smaller than /2. The
same argument applies to y = (0, mz2), hence

¢'(2) Y(2) =@ (2) - (x(n1)Y (n1), x(n2)Y (n2)) > €

for z close to the boundary of W because x(n1) 4+ x(n2) > 1 there. O
Finally we describe the changes that need to be made in the arguments above if f(z,u) =
lu|? ~2u.

In Lemma 7.1 the arguments of (7.5) and (7.6) require some modifications. Since ug™ 4wy, — ug
and w,, — 0 as m — 00, it is easy to see that

/ lug™ + 05" * ug™ + um| 2 W Uy dx = / lug™ + um|2*_2wmvm dr — 0
Br(0) Br(0)
and

/ [ul™ 4 05" % u§™ 4 tp|* Wi de = / [ul™ 4 T |* 2 WO dz — 0,

Br(0%") Br(0)
where tilde denotes translation by —65". We complete the proof of (7.5) by noting that
/ [ulm 4 05" 5 uG™ + U |2 72w | [0 | dz < €l ||* =
Q

for R large enough because up(x) — 0 as |x| — oo (see [9]). In (7.6) it suffices to show that for
each € > 0 there are  and ag such that

2% -2

|wl| 2] dz

@ =) [ [ls+ v+l 2~ g
RN

— |ug

= =) [ gl 2 2wt o < e8]
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whenever |Ju|| < § and a > ag. However, this follows easily from the calculus inequality
Jug +ul* 72 = ug[* P < OO+ [uf| + [ul)* 7 ul®

which holds for some a € (0,1] and C' > 0 (one can e.g. choose @« = 2* — 2 if 2* <3 and a = 1
otherwise).

In Lemma 7.2 we must modify the proof of (7.7) which is easily done by applying the inequality
above. Indeed,

*_ ~
L2

and if [Jul],||z] < c1, ||w]],||v|| < 1, then the right-hand side above can be made arbitrarily small

2“2mmwx<c/ (U4 Jul + @)% 2 — @]° o] d,
]RN

by letting ||u — u|| be small enough.
Since no other modifications are necessary, this completes the argument.
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