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SCHRODINGER EQUATION WITH MULTIPARTICLE
POTENTIAL AND CRITICAL NONLINEARITY

JAN CHABROWSKI, ANDRZEJ SZULKIN*, AND MICHEL WILLEM

ABSTRACT. We study the existence and non-existence of ground states
for the Schrédinger equations —Au — X372, u/|zi — zi? = [uf* "?u,
r=(1,...,0m) € R™ and —Au — \u/|y|? = |u|2**237 z = (y,2) €
RY™. In both cases we assume \ # 0 and A < A, where X\ is the Hardy
constant corresponding to the problem.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let 1,..., 2, represent m particles in RY, denote z = (1,...,xm) €
R™N and let
1
(1.1) V(z):= E —
— |$z - IIJ']|
1<)

It has been shown in a recent paper by M. Hoffmann-Ostenhof et al. [6] that
the following Hardy inequality holds if m > 2 and N > 3:
Jgmn |Vul|? dx

1.2 A= i
(1.2) ueHl(]%Qr’l”N)\{O} Jpmn V(2)u? dz

For N = 1 (1.2) remains valid if H*(R™) is replaced by Hg(R™\ N,,), where
(1.3) Ny i={2x = (z1,...,2m) € R™ : 2; = x; for some i # j},
and in this latter case A = 1/2, see [6].
In the present paper we study the Schrodinger equation
(1.4) —Au—NV(z)u = [u* 2u in R™V,

where A < A\, A # 0 and 2* := 2mN/(mN — 2) is the critical Sobolev
exponent.

Let || . ||, denote the usual LP(R!)-norm and D'?(R!) the closure of C$°(R?)
in the norm ||Vull2 (I = mN or N depending on whether we consider (1.5)
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or (1.7) below). Let m > 2, N > 3 and

(1.5) Syie e e [VuPde A gy V@i de
' " ueDh2(RmN)\{0} [|u '

2
2%

Assuming A < ), it follows from (1.2) and the Sobolev inequality that S >
0. Moreover, if there exists a minimizer 7, then @, normalized by |72. =2 =
Sy, is a solution of (1.4). It will be called a ground state. Obviously,
So = S, where S denotes the best Sobolev constant for the embedding
D1,2(RmN) M L2* (RmN)

Our main result is the following

Theorem 1.1. Suppose m > 2 and N > 3. If0 < XA < A, then Sy < S and
there exists a ground state u € DVY2(R™N) for (1.4). If A <0, then Sy = S
and there is no ground state.

In Remark 3.3 we make comments on the cases N = 1 and 2. For the
moment we only note that if N =1, m > 3 and 0 < A < X\ = 1/2, then
S is still well defined and positive; however, DY2(R™) in (1.5) must be
replaced by Dé’2(R’”N \ Npn).

In the two-particle case we can change the variables to x = (y, z), where
y = (v1 — 22)/v/2 and 2z = (z1 + 22)/v2 (cf. Lemma 4.6 in [6]). Then
Au(zy,z2) = Au(y, z) and
2

lyl>
Motivated by this, we let z = (y,2) € RF x RN"*F 1 < k < N, 2 :=
2N/(N —2) and consider the equation
(1.6) —Au— A % = ul* "%u inRY,

Yy
The corresponding minimization problem is

R IVul2de — X [y 2 do
(1.7) Sy:=  inf Jee Je 1y
ueDL2(RN)\{0} I

V(xy,x2) = V(y,2)

2
2

It is well known from the Hardy-Sobolev-Maz’ja inequality [7, Corollary 3,
Section 2.1.6] that if

A= inf —fRN ‘vzjlz o
weD2 RN} fon iz da

)

then \ = (k—f)z and §>\ >0for k>3 A< \. The same is true for k = 1,
but with DY2(RY) replaced by Dé’2(RN \ ({0} x R¥=F)), In [12] it has been
shown that S is attained (in a larger space) if A = \; here we assume \ < ).
Theorem 1.2. Suppose 3 < k < N. If0 < X\ < )\, then §>\ < S and there

exists a ground state v € DV2(RYN) for (1.6). If X < 0, then Sy =S and
there is mo ground state.
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Let D;{fm(RN) = {u € DY2RN) : u = u(|yl,|2])}, ie., u is radially
symmetric in each of the variables y and z but not necessarily in z. Denote
the infimum in (1.7), taken with respect to u € Difm(RN), by Sx,sym-

Theorem 1.3. Suppose 3 <k < N. If0 < X\ < \, then §>\78ym is attained
and Sx sym = Sx. If A < 0, then S\ < Sx sym and Sx sym is attained (while
Sy is not as follows from the preceding theorem,).

The second author would like to thank Moénica Clapp for helpful discus-
sions from which the idea of the proof of Theorem 1.3 for A < 0 originates.

Theorems 1.2 and 1.3 also hold for kK = N. However, since this case has
already been considered in [9, 11], we do not discuss it here. We would also
like to mention some problems which are somewhat related to our work: to
minimize

S~ [Vul? dz
wlq 2/‘17
(Jo 5 )
where ¢ = 2(N — 3)/(N — 2), see e.g. [2, 3, 10], to minimize
fRN |VU|2 dflf — 27;1 AZ fRN ﬁ dflf

13

9

where (ai,...,am) is fixed in R™" [5], and to find nonnegative solutions
u € HY(RY) for the equation

u

where f is of subcritical growth [1].

Finally we note that if u is a minimizer for (1.5) or (1.7), then so is |ul.
Therefore there exist ground states if and only if there exist non-negative
ground states.

When this paper was already written, the authors have learned about
recent work [8] by Roberta Musina. Our Theorem 1.2 is similar to her
Theorem 2 but, taking Remark 2.4 below into account, somewhat more
general. Also, our arguments differ from hers.

2. PROOFS OF THEOREMS 1.2 AND 1.3

Let M(RY) denote the space of finite measures on RY and recall that
pn = g in MRY) A (g, 0) — (p, ) for all ¢ € Co(RY), where Co(RY)
is the closure, in the L>°(R")-norm, of the set of continuous and compactly
supported functions. For each R > 0, let ¥r € C®°(RY,[0,1]) be a radially
symmetric function such that ¢¥r(z) = 0 as || < R and ¢r(z) = 1 as
|z| > R+ 1. Given A < X and a sequence u,, — u in DV2(RY), we introduce
the measures at infinity

»
2.1 o = lim limsup/ (Vun 2_ )x—") V% dx
X IS [ (vl -2 ) vk

—0 n—oo
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and
(2.2) Voo := lim limsup/ [un|? V% d.
R—o00 p—oo RN

Originally the definition of v, has been given by the expression

R—o0 n—oo

. . *
Voo = lim hmsup/ lun|* de,
lz|=R

and these two definitions are known to be equivalent, see [4] or the proof of
Lemma 1.40 in [13]. The corresponding two definitions of pi, are equivalent
when A < 0, and obviously, s > 0 in this case. However, if 0 < A < X, this
is no longer clear, the reason being that the inequality |Vu,|? —Au2 /|y|? > 0
may not hold a.e. By the same reason it is not clear that the limit as R — oo
exists in the defiition of p, see Remark 2.2 below.

Lemma 2.1. Let (u,) C DY2(RY) be a sequence such that u, — u in
DL2RN), u,, — u a.e. in RY,
2

Up — W)

(2.3) |V(up —u)]* = A ( e —pu and |u, —ul* — v in M(RY).

Then N N
[v)¥% < Sy ull, v < S5 e,

2
(2.4) limsup/ <\Vun\2 —A u—"2> dx
n—oo JRN ‘y’

U2
:/ <|Vu|2—)\—2> d + (|| + pio
RN |y|

* *
5 = llull3- + VIl + voo-

and

lim sup ||u,
n—oo

Moreover, if u =0 and |v|*?" = §;1H,u|], then p and v are concentrated at
a single point.

This is a variant of the concentration-compactness lemma [13]. Below we
shall show that p and p., are positive measures. Assuming this, the proof
of Lemma 2.1 is exactly the same as that of Lemma 1.40 in [13]. We note
in particular that the expressions for p and v, employed in the proof are
those given by (2.1) and (2.2).

Remark 2.2. Tt follows from (2.4) that u is independent of the particular
choice of the functions ¥g satisfying the required properties. As we have
mentioned above, it is not clear whether the limit in (2.1) exists as R — oo.
Therefore when adapting the proof of Lemma 1.40 in [13] to our case, we
need to replace this limit with either limsupp_, or liminfr .. Since we
obtain the same equality (2.4) in both cases, these limits must be equal and
oo 18 well defined.

Lemma 2.3. The measures p and po are positive.
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Proof. Let ¢ € C§°(RY), ¢ > 0, and put ¢, := /¢ +2 —¢, ¢ > 0. Since
up —u — 0in L2 (RY) and ¢, € C}(RY), we have

. —u 2 _ M T
0< lim o <\V(<Pa(un NIF=A PE > d

] Up — u)?
= lim <|V(Un —u)* = A %) @2 dx — (1, 02).

n—oo [pN

Since p? — ¢ in L®(RY) as ¢ — 0, (i1, ) > 0 and therefore y > 0.
Let ¥ be as in the definition of ps.. Then

2 2
0< /RN <\V(¢Run)]2 Y %) do = /RN <\vun\2 Y ﬁ‘/—|’;> W% da

+2/ un¢Rvun.v¢Rdx+/ u? | Vipg|? da.
RN RN

By Holder’s inequality and since ||Vuy,||2 < ¢ for some ¢ > 0,

[t Tl do < clun Vil — cluVinly asn— ox.
R

Letting R — oo we see that the right-hand side above tends to 0. Similarly,
lim lim u?|Vr|? de =0,
R— o0 n—00 RN

and it follows that poo > 0. O

Proof of Theorem 1.2. If A < 0, then it is clear that S < :9\)\. Let

. (N-2)/2
e2 + |x|? ’

choose T = (7,%) with § # 0 and let » € C°(RY,[0,1]) be a function such
that ¢(x) = 1 in a neighbourhood of Z and supp ¢ C B(7,r) for some r < |y]
(B(m,r) is the open ball centered at = and having radius r). Then, setting

ue(z) = @(2)Us.(x — T), we see by an easy calculation that for a suitable
C >0,

U.(z) = (N(N —2))V-2)/4 (

2
/ u—%deC’/ U2(x —T)dx — 0 ase— 0.
RN [Y] B(@r)

Hence, using the estimates on p. 35 in [13],
Jrn |Vuc|? do - Jrn |Vuc|? do — )\fRN(ug/\ylz)da:
lucld — e 3.
SN2 4 6(1)

T SND2 4 o(1) § wse—0,

and it follows that Sy = S. If u is a minimizer for (1.7) and ||u

R 2
S:SA:/ |Vu|2dx—)\/ “—de>/ V|2 dz > S,
RN RN Y] RN

S <

o+ = 1, then
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a contradiction. _
Suppose now 0 < A < A. Since

U2
/N (\VU;P -2 |y|€2> dx < |VU.||3 = S||U.
R

2
2%y

S % < S and it remains to show that S \ is attained. We modify the argument
of Theorem 1.41 in [13].
Let (u,) be a minimizing sequence for (1.7) such that |ju,

Qn(r) ;== sup / |un|2* dz
7=(0,2) J B@@,r)

(this is a variant of Lévy’s concentration function). It is clear that @, (r) — 0
as r — 0 and Q,(r) — 1 as r — oo (n fixed), hence Q,(r,) = 1/2 for some

o+ = 1 and let

rn. Moreover, since fB(% " |un|? dz — 0 as |T| = |Z] — oo (n and r fixed),
Qn(ry) is attained at some z,, = (0, z,,). It follows that setting
(2.5) () = 1N (rax + E),
we obtain
* * 1
(2.6) / lv,|* dz = sup / o ¥ dox = .
B(0,1) 7=(0,%) J B(7,1) 2

Since

v2 u?

/ <|an|2 —A —"2> dr = / <|Vun|2 - A —"2> dx
RN [yl RN vl

and

[onll2s = [lunll2s =1,

(vp,) is a minimizing sequence for (1.7). In particular, it is bounded, hence
vp — v in DY2(RY), v, — v a.e. and (2.3) holds for v,, v and some p, v
after passing to a subsequence. As

2
i [ (19007 =3 2 ) do = 53 = B3 Jim ol
I fon m o

it follows using Lemma 2.1 and the definition of S '\ that

2
en [ (9o =t ) ol +
RN Y|
2+ Il 4 v < Sl

= Sx([lv B P+ 3%

2
v
< [ (1902 = A ) ot el
RN Y|
Hence
1= (|[vll3= + 7]l + veo)?*" = |[0ll3- + 1% +v2*,

so exactly one of ||v||2«, ||V]|, Vs is 1 and the other two are 0. Since v
cannot be 1 according to (2.6), it must be 0. If v = 0, then ||| = S\||v||*/*"
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as follows from (2.7), and u, v are concentrated at a single point z. If
z = (0,2), then, employing (2.6),

1 * *
@8 o= ez [ e e =1,

2 Jboy B(,1)
a contradiction. Suppose T = (,2), ¥ # 0, and let ¢ € C*(RY,[0,1]) be
such that ¢(z) = 1 in a neighbourhood of Z and suppy C B(Z,r), r < |y|.
Since o = 0 and p concentrates at T, we have

2
(2.9) lim Vo2 = A ) (1 — ¢?) da = 0.
N0 JRN ly[?

Moreover, [pn(vZ/|y|?)¢?*dz — 0 because v, — 0 in L} (RY) and y is
bounded away from 0 on supp . Since also v concentrates at z, it follows
using (2.9) that

R 2
(2.10) Sy = lim <\V?Jn\2 A > 0% dx

n—00 Jpn ly?

= lim [ V(pva)[3 > S lim [lpva|3. = S,
n—oo n—oo

a contradiction again. Hence v =0, ||[v||2+ = 1 and

g, = / <|W|2 ~A —2> dz.
RN |y

Proof of Theorem 1.3. That S Asym = S y\ for 0 < A < X follows immediately

by the argument of Theorem 3.1 in [10]. More precisely, in this case S \ 18
attained at some u > 0 as follows from Theorem 1.2 and the comment at
the end of the introduction. If u*(., z) denotes the Schwarz symmetrization
of u(.,z) and u**(y,.) the Schwarz symmetrization of u*(y,.), then u** =
uw*(|yl, |2]) € DL (RY) and Sy is attained at u**.

Suppose A < 0. For a minimizing sequence (u,) C D%fm(]RN ) such that

|un|l2x = 1 we set
Qn(r) ::/ fun|?" de.
B(0,r)

Then Q,(r,) = 1/2 for some r, and

o
B(0,1)

where vy, (z) := 7V =2/24,, (1,z). As in the proof of Theorem 1.2 we see that
Voo = 0 and if v = 0, then ||v|| = 1 and v is concentrated at a single point
Z. Since v, = v,(|y|, |z]), v is invariant with respect to the group action of
O(k) x O(N — k) (cf. [4]). Hence T = 0 which leads to a contradiction as in
(2.8). So ||[v|l2+ =1 and §,\,sym is attained. Since §,\ is not and §,\ < §>\,sym,
it follows that S A < S pp— O

O

* 1
2 dr = —,
2
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Remark 2.4. If k = 1 or 2, we replace DV2(RY) by Dé’2(RN \ ({0} x RN=F))
and D2, (RY) by Dé:gym(RN \ ({0} x R¥=F)). With these changes the
results of Theorems 1.2 and 1.3 remain valid; however, A = 0 for k = 2, so
the existence part of Theorem 1.2 is an empty statement in this case.

3. PROOF OF THEOREM 1.1

Now we have x = (z1,...,2,) € R™ and V(z) is given by (1.1). Tt will
be convenient to introduce the following notation:
J:={(i,j): 1<i<j<m},
Jy :={J C J: J contains p pairs (i,7)}
and )
V = —_.
1) Z |z — ]2
(i,9)eJ
We also set Jy := () and V; := 0 if J € Jy. Clearly, Tmn(m-1)/2 = J and
Vyi=VifJe Jm(m—l)/2- Let
my (|Vu|2 = AV, ) d
Si,p = min inf Jem (Ve y(@)u) de
" Jedy ueDL2(RmN)\{0} [[u

Y

2
2

and for A < ), a sequence u,, — u in Dl’z(RmN) and J € J,, let
HJoo i= lim lim sup/ (|Vun|* = AV (2)u? )% da
R—o0 n—oo RmMmN

and

Voo := lim limsup/ ]unlz*w%dx,
’ R RmMmN

—X0 n—oo

where 1r € C®°(R™V [0,1]) is redially symmetric, 1)z = 0 for |z| < R and
Yr = 1 for || > R+ 1. Inspecting the proof of Lemma 1.40 in [13] once
more we obtain the following

Lemma 3.1. Let (u,) C DY2(R™) be a sequence such that u, — u in
DL2R™V), u, — u a.e. in R™V,
IV (un — u)|? = AV () (up —w)? = py  and  |u, —ul> — vy in M(R™).
Then

sl < Siblluall, w32 < Sy buice

J,00

lim sup/ ([Vun|? = \Vy(2)u?) dz
RmMmN

= [ (VuP = AVae)u) do + sl +

and
5o+ vl + vy

lim sup Huani = |ju
n—oo



NONLINEAR SCHRODINGER EQUATION 9

Moreover, if u =0 and ||vs||*/? = ;;H/L]H, then py and vy are concen-
trated at a single point.

That f170 is well defined and ju7, 17 are positive is seen as in Remark
2.2 and Lemma, 2.3.

Proposition 3.2. Let A € (0,)). Then Sxp < Srp-1 and Sy, is attained
for each p=1,2,...,m(m—1)/2.

We note that Syo = S (and is attained) while Sy ,,,(—1)/2 = Sx. Hence
the existence part of Theorem 1.1 is an immediate consequence of Propo-
sition 3.2. The non-existence part is shown as in Theorem 1.2 except that
now Z = (Z1,...,%m,) and r need to be chosen so that x; # x; for any i # j
and = (z1,...,2m) € B(z, 7).

Proof of Proposition 3.2. We proceed by (finite) induction. Suppose it has
been shown that Sy ;1 is attained. If @ is a minimizer for Sy ,_1, ||@
then

2*:1’

Shpo1 = / (Va2 — AV (2)72) da
RmMmN
for some J € J,_1, hence
/ (IVT|* — AV (2)@%) dx < Sxp_1
RmN

for all J* € Jp, J* D J. So Sy, < Syp—1 and it remains to show that Sy ,
is attained. Choose J € J, so that

Jpmn (IVul? = AV (2)u?) da

3.1 Sap = inf
@1 P uepra(RmN )\ {0} [ull-
and assume for notational convenience that the indices 1,...,[ but not [ +
1,...,m appear in J. Let (u,) be a minimizing sequence for (3.1), ||uy |2+ =
L,

Xo={z=(x1,...,00) eER™ 1y = =1}
and

Qn(r) = sup/ |un|2* dx.
zex JB@E.r)

Define vy, as in (2.5), with N replaced by m/N. Then (2.6) holds except that

this time the supremum is taken over all T € X. Since the right-hand side of

(3.1) is invariant with respect to dilations and translations by elements of X,

(vp) is a minimizing sequence for (3.1). As in the proof of Theorem 1.2, we

see that v, = 0 and if the weak limit of (v,,) is 0, then ||p || = S)\7p|’VL]H§/2*
and p g, vy are concentrated at a single point z. If z € X, then (2.8) holds
and we have a contradiction. If Z ¢ X, then we may assume (for notational
convenience again) that ¥ # Ty, and we set [ := J \ {(1,2)}. By the same
argument as in (2.9) and (2.10) (with ¢ such that suppp N X = (}) we see
that

lim (|IVvn|? = AVi(z)v2)(1 — ¢?) dz =0

n—~0o0 RmN
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and
T 2 2y, 2
Sxp = lim (IVop|® = AVy(x)v:) e dx
n—o0 JrmN
= lim [ ([V(pva)]® = AVi(z)(vn)?) dz
n— JrmN
> Sip-1 lim [jvy| 5 = Shap-1;
n—oo
a contradiction. So ||v]2» = 1 and the conclusion follows. O

Remark 3.3. If m >3, N =1 and 0 < A < ), then the Hardy inequality

(1.2

) still holds (with A = 1/2) for a smaller class of functions as we have

already mentioned at the beginning of the introduction. In this case Sy will
be attained if D2(R™") is replaced by D(l]’z(RmN \ M), where Ny, is as in

(1.3

). This follows by inspection of the argument of Theorem 1.1. If N = 2,

then A = 0, cf. Remark 2.2(i) in [6]. For A < 0 there are no ground states if
m >3, N=1orm > 2, N =2. The proof is the same as for m > 2, N > 3.

(1]

(10]
(11]
(12]

(13]
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