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Integral representation formulas
associated with toric varieties

Alexey Shchuplev

Abstract

A finite family {Z, } of planes in C? is called atomic if the top non triv-
ial homology group Hy (C* \ U, Zv, Z) is generated by a single element.
One shows that families of coordinate planes giving rise to the concept
of a toric variety are atomic. For this class of atomic families, the thesis
presents a construction of a cycle v and of a differential form 7 that gen-
erate the indicated homology group and the dual de Rham cohomology
group, respectively. New integral formulas of the Bochner-Ono type with
kernels 7 for holomorphic functions in special bounded domains of C¢ are

obtained.
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1. Introduction

Integral representations and multidimensional residues are among the most
important tools in several complex variables. Many significant results of theo-
retical and practical importance have been proved by means of them.

The Cauchy formula for product domains was first obtained in the pioneering
work by Poincaré (1887). This has given rise to the theory of multidimensional
resudues in its classical shape as the integration of closed differential forms
over cycles. This formula has allowed to prove basic properties of holomorphic
functions in several dimensions, such as the series expansion and the uniqueness
of analytic continuation. Later, using the Cauchy formula, Hartogs in 1906
was able to prove that there exist certain domains in C?, d > 1 such that any
holomorphic function on these domains admits an analytic continuation to some
larger domain.

There are also other general integral representations that have played a sig-
nificant role in the development of complex analysis. The Bochner-Martinelli
formula (1938) has allowed to prove Hartogs’ theorem about removal of com-
pact singularities of holomorphic functions and its generalizations. By using the
more complicated Bergman-Weil formula the multidimensional Runge theorem
on polynomial approximation of holomorphic functions as well as solutions to



the Poincaré and Cousin problems have been obtained. The works of Leray
and Lelong have brought new ideas into multidimensional residue theory and
stimulated the investigation of residue currents.

1.1. The Bochner-Martinelli and Cauchy formulas

There is a good number of various formulas for integral representation of
holomorphic functions apart from the ones mentioned above. The Bochner-
Martinelli and the Cauchy formulas are standard among them, and many others
have been deduced from them.

Let us take a close look at them. At the first glance these formulas look
quite different. Indeed, provided a function f is holomorphic in the closure of a
bounded domain D in C¢ with piece-wise smooth boundary 9D, the Bochner-
Martinelli formula is

fz) =4

d—1)!
@iy /ap fOnem (¢ = 2),
where the form g, in the standard multi-index notation

IC—2P =[G —=z1P+ -+ |Ca — 2,

d¢ = d¢y A -+ AdCq, and d(p; denoting the same product as d¢ but with the
k-th differential omitted is
B S (=1)R (G, — 23) Ay A dC

UBM(C_Z)— |<*Z|2d ’

and represents values f(z) at every point z of D. The Cauchy formula looks
simpler

16) = G [ FOme(¢ = 2),  where
dG A A dCa

ne(C —z) 0o T
but applies only if the domain in question is a polydisc D = {z € C?: [} — 21| <
T1,---, [Ca — 24| < rq}. The integration set in this case is the distinguished
boundary of the polydisc I' = {z € C%: |¢; — 21| = 71, ..., |¢4 — 24| = ra}. What

do these formulas have in common that makes them very powerful and how one
can clarify the connection between them?

To answer this question, August Tsikh [15] proposed to consider the singular-
ities of kernels ngpr and ne from a new angle. In our examples, the singularity
of the Cauchy kernel centered at the origin consists of all coordinate hyperplanes
Zc = UZ:1{Z € C4: 2z, = 0}, while the singular set of the Bochner-Martinelli
kernel (also centered at the origin) is a single point Zpp = {0}. These two
set possess one common property, which we shall mark out, namely, they are
unions of linear subspaces of C%. But we can say more than this, namely, the
complements of Z¢ and Zp); are homotopy equivalent to oriented compact real
manifolds with the top non-trivial homology groups being generated by a single
element:

Zifk=d

CiI\Zg~ St x---x 8! and H,(C4\ Z¢, Z) = ’

\ Ze _X__/X and Hy(C\ Zc, Z) 0if k > d;
d times (1)

Zitk=2d—-1,

CI\ Zpar ~ S 1 and H,(CE\ Zpn, Z) =
\Zmu and He(© A 2500 ZY =4 04 g > 24— 1,



We shall consider this as a key property providing the link between the
Cauchy and the Bochner-Martinelli kernels, and a whole family of integral ker-
nels that we obtain in the present work. Let us give a definition

Definition 1.1 ([15]). A finite family {Z,},en of linear subspaces of C? is
said to be atomic if the top non trivial homology group Hy ((Cd \U, Zv, Z) 18
generated by a single element, in other words, such {Z,},en that there exists
an integer ko € N such that

Zif k=ko
H, | c? Z,,7 | = ’
’“( \LUJ ) {Oif k> ko.

A generator n of the dual de Rham cohomology class H*o ((Cd \U Zl,) is then

said to be a kernel for the atomic family {Z,}oen-

Given an atomic family Z in C?, the problem is to construct a C'> differential
form on C? with Z as its singular set and then to show that this form is a kernel
and produces some integral representation of holomorphic functions in C¢.

1.2. Outline of the thesis

This thesis presents a partial solution to the stated problem. More precisely,
we give the construction of kernels for a special but rather wide class of atomic
families and prove integral reresentation formulas for holomorphic functions in
special bounded domains of C¢.

Let us note that not every family of coordinate subspaces is atomic. For
example, the set of three lines

{Zl:ZQ:O}U{22:23:0}U{21:23:0}

in C3 is not atomic (see [16]). This raises the question of which families of
linear subspaces of C? are atomic. The answer to this general question is still
unknown. There is however a class of such families that are known to be atomic.
They appear in the theory of toric varieties.

In the Section 2 we give the definition of toric varieties according to [6] and
basic facts of toric geometry that will be used in the text. The construction
due to D. Cox is the most suitable for solving the problem because it represents
the varieties as quotient spaces of an affine space minus a family of coordinate
planes under the action of a group:

X =(C*\ 2)/G.

Provided that certain combinatorial conditions are fulfilled, the exceptional set
Z is atomic.

Given an atomic family Z coming from the representation of a toric variety,
to get a hint how to construct a kernel we turn to the basic example of the
Bochner-Martinelli kernel.

Example 1.1.
It is well-known that the differential form

dzy ANdzZy A -+ ANdzp A dZ,
T+l + -+ )




coincides up to a constant factor with the volume form on the projective space
P, written in local coordinates (it is called the Fubini-Study volume form). One
can easily verify that the form

le A le VARERIVAN dZn AN dzn dZnJrl

I+ zaP - F )" Zn

after the change of coordinates

G _ Cn 1

) Z’n-‘,—l =

zZ1 CnJrl yeeey Zm CnJrl
turns into (—1)1**"ngy. Notice now that this change of coordinates gives
the transition functions between two charts of P,,;; such that P,, turns to the
hyperplane at infinite of P,,;. So there is a clear geometric description of the
situation. The affine space C"*! is compactified to P,, 1 by gluing IP,, at infinity,
and the Bochner-Martinelli kernel on C"*! is the same form (up to the sign) as
the volume form on the hyperplane at infinity multiplied by the Cauchy kernel.

§n+1

We follow this example in our construction. Thanks to Theorem 4 proved
in [16] one can embedd an n-dimensional toric variety X = (C¢\ Z)/G into a
certain d-dimensional toric variety X as the ‘skeleton at infinity’. This theorem
is the direct analogue of the decomposition P, 1 = C"*! /P, and in Section
3 we show how to make a kernel 7 in C? with singularity along Z using the
volume form w on the‘skeleton at infinity’ X. More precisely, the following
theorem holds.

Theorem 5. The differential (d, n)-form

A1 d¢q
kL e U N
Cnr1 Ca

in C% is a kernel for the atomic family Z.

n=(=1)"w([¢) A

Here the volume form w is written in the homogeneous coordinates of X. We
call this kernel associated with the toric variety X.

Having obtained a kernel, we prove the formula of integral representation of
holomorphic functions in special bounded domains of C?.

Theorem 6. Let f be holomorphic in the closure of a polyhedron U, defined by
the system of r = d — n inequalities a;1|C1|? + -+ ajalCal®> < pj, j=1,..., 7
with all aj; non-negative and p € K C Ry, and vy be the distinguished boundary
of U, defined by equalities instead of inequalities in the system. Then for every
point z of a certain polyhedron D C U,

1
f(z)= m/f@ﬁ(( - 2).

The integral represent the values of the function in the subdomain D C U,
so we get an integral representation of the Bochner-Ono type [1]. Also, in the
proof a precise description for a canonical generating cycle of the top non-trivial
homology group of C¢\ Z is given.

Section 4 presents a class of natural volume forms for projective complete
simplicial toric varieties (Definition 4.1), followed by several examples of integral
kernels associated with them in Section 5. Moreover, we compute the volumes
of varieties with respect to these natural forms in terms of volume of polytopes
A in R™ associated with the varieties.



Proposition 4.1.
Vol(Xyg) = n"Vol(A).

For this particular choice of volume forms we reformulate Theorem 6.

Theorem 6’. Let f be holomorphic in the closure of the domain U, and v be
the domain’s distinguished boundary. Then for every z € D C U,

1
1) = vy | £(©nc =)

The preliminary results of the thesis have been published in [17] and [18].

I would like to thank my supervisors August Tsikh and Mikael Passare for
the inspiration and many fruitful discussions.

2. Toric varieties

Toric varieties are algebraic varieties and they are generalizations of both
affine and projective spaces. Additionally, the class of toric varieties includes
all their products and many other. They are almost as simple to study but
appear to be more convenient in many cases. It seems that the first definition
of a toric variety is due to M. Demazure and says that an n-dimensional toric
variety is a variety on which the action of the algebraic torus T™ = (C\ {0})"
on itself extends to an action on the whole variety. The algebraic torus, called
also the complex torus, acts on itself by the component-wise multiplication. A
toric variety then is a disjoint union of the ‘big’ torus T™ and something, which
is invariant under the extended action.

In the present work we use an equivalent definition of toric variety that is
suitable for our construction. Moreover, the statement that toric varieties are
generalizations of projective spaces becomes clearer.

2.1. The definition and construction

To start with, let us first recall the construction and basic facts of the pro-
jective spaces.

Example 2.2. The projective space.

Usually, the projective space CP,, is defined as the set of all lines passing
through the origin in C"*!. The same definition can be reformulated as follows.
Consider the equivalence relation ~ on the set of non-zero points C**1\ {0}
defined by

x~yiff y=(Azy,..., Axps) for A € C\ {0}.

Then the projective space is the set of all equivalence classes.

Every point = (21,..., &n4+1) # 0 determines an element of the projective
space, namely the line passing through the points = and 0. This line is the
equivalence class of all points proportional to x. As only the ratio of coordinates
is then of interest, the equivalence class is commonly denoted by the (n + 1)-
tuple of homogeneous coordinates (x1: ...: Tpy1). It is useful sometimes to
interprete homogeneous coordinates of a point in P,, as the Cartesian coordinates
of a point in C™*! (lying in the corresponding equivalence class).



Note that a subset of P,, defined by x; # 0 is homeomorphic to C™ via

X XTj_— XT; X
<x+>H<— N S *) 2)
X; i X; £

Therefore the projective space P, has a canonical covering U by (n + 1) open
sets U; = {z; # 0}. Introducing local coordinates in every U; according to (2),
we endow the projective space with the structure of complex manifold. Indeed,
the transition functions between the chart U; with local coordinates w and the
chart U; (i < j) with local coordinates v

U1 Vi—1 Vi4+1 1 Uj Un
ey, U1 = —, Uy = yeeey Uj—1 = —, Uj = —5.ovy, Ug = —

Vi Vi Vg Vg Vg Vi

Uy =

are analytic in U; NU;. But what is more important is that they are monomial.
It is this feature that allows to use algebraic methods while studying analytic
properties of projective spaces and vice versa. The class of toric varieties is
a generalization of projective spaces preserving the monomiality of transition
functions (see [7]).

There are several approaches to the notion of a toric variety and several
definitions ([9, 12, 6]). They give different constructions but all of them based
on the fact that all analytic or algebraic properties of toric varieties, thanks
to the monomiality of the transition functions, can be expressed in a purely
combinatorial way. The combinatorial object associated with a toric variety is
a so-called fan. We start with definitions.

A subset o of R™ is called a strongly convex rational polyhedral cone if there
exists a finite number of elements vq,..., vs in the lattice Z™ C R™ (integral
generators) such that o is generated by them, i.e.

o={av1 + -+ asvs: a; € R,a; > 0},

and o does not contain any line. We say that a subset 7 of ¢ given by some a;
being equal to zero is a proper face of o and write 7 < ¢. Faces of a cone are cones
also. The dimension of a cone o is, by definition, the dimension of a minimal
subspace of R™ containing o. A cone o is called simplicial if its generators can
be chosen to be linearly independent. An n-dimensional simplicial cone is said
to be primitive if its n generators form a basis of the lattice Z".

Definition 2.1. A (n-dimensional) fan in R™ is a non-empty collection ¥ of
strongly convex rational polyhedral cones in R™ satisfying the following condi-
tions:

1. Every face of any o in X is contained in 3.
2. For any o, o’ in X, the intersection o N’ is a face of both o and o’.

The set |3| = |J is called the support of 3.
oED

A fan is also called a rational polyhedral decomposition. The dimension of a
fan is the maximal dimension of its cones. An m-dimensional fan is simplicial
(primitive) if all its n-dimensional cones are simplicial (primitive). In the case
|¥| = R, the fan in RY is called complete.
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Figure 1: Examples of fans.

Example 2.3. Examples of fans in R? and R3.

The first fan on Fig. 1 in R? consists of one zero-dimensional cone, three
one-dimensional cones and one two-dimensional generated by O’él) and oél). It
is obviously not complete. The second fan consisting only of the origin can be
seen as a fan of any dimension and the corresponding variety depends on this
choice. The third fan comprises of two contiguous three-dimensional cones and
all their faces.

For any given n-dimensional fan 3 one can construct an n-dimensional toric
variety Xy. Let the cones of ¥ be generated by d integral generators vy, ..., vgq
(we may think of them as integral vectors). Assign a variable (; to each generator
v;. For every n-dimensional cone o € ¥, let (5 be the monomial

G= I ¢
je{l,...,d}
vj¢o
and Z(X) C C? be the zero set of the ideal generated by such monomials (s in
(C[Cl, ceey Cd], i.e.

Z(%) = {¢ € C¥: ¢ = 0 for all n-dimensional cones o in X}. (3)

Evidently, the set Z consists of coordinate planes, in general, of different dimen-
sions.

In the case ¥ is an n-dimensional complete simplicial fan, there is an equiva-
lent construction of the same set, due to V. Batyrev [3]. A subset of generators
P = {vi,..., v;, } is called a primitive collection if they do not generate any
cone of ¥ but so does every proper subset of them. Then Z(X) coincides with
the union of coordinate planes

Z(%) = U{Cil ==, =0},
P

where the union is taken over all primitive collections.

To define a group acting on C%\ Z, one considers a lattice of relations between
generators of one-dimensional cones of . In other words, one considers r = d—n
independent linear relations over Z between v, ..., vq:

........................ (4)

The group G is then an r-dimensional surface

G = {(\™ N3N €y )\ € T ¢ T (5)



and is therefore isomorphic to T”. The action of G on C?\ Z defines an equiv-
alence relation

Em CIFINET : E=G-C =AM Ay, A4 M99 ,).  (6)

Then it follows from [6], although many worked in this direction, that for a
simplicial fan ¥ the quotient space

Xz = (C\2) /g, ™

with Z and G constructed as above, is well-defined. We take this representation
as the definition of simplicial toric variety.

Definition 2.2. Let ¥ be a simplicial fan in R™. Then the simplicial toric
variety Xx. associated to the fan ¥ is the quotient space (7).

The d-dimensional torus T? acts by component-wise multiplication on C%\ Z.
This action descends to an action of

T~TG~T"

on Xy. The image of the subset T¢ C (C?\ Z) in Xy is homeomorphic to
T™. The torus T acts naturally on T" C Xy (‘big’ torus of Xy) and this
action extends to the action of T on the whole Xyx. The rest Xy \ T" is the
image of (C¢\ Z) \ T¢, which is invariant under the action of T?. Therefore,
the dimension of X5 \ T” is less than n and X5 \ T™ is T-invariant. So, this
definition is compatible with that given at the beginning.

Example 2.4. The projective space as a toric variety.

Figure 2: The fan of the projective plane.

The complete fan on the Fig. 2 is the polyhedral decomposition of R? into
three two-dimensional simplicial cones, three one-dimensional and one zero-
dimensional, the origin, and it corresponds to the projective plane.

In the general case, the fan corresponding to P, is formed by n + 1 cones of
the maximal dimension in R™. Let us describe this fan in detail. Fix first the
basis eq,..., e, of R". Then the one-dimensional generators of the cones are

U1 =€1,..., Un = €n, Uny1 = —€1 — "+ — €En.

There are n 4+ 1 simplicial n-dimensional cones o generated by {v1,..., vy}
that coincides with the positive orthant R and oy, 4 = 1,..., n with lists of
generators

{’Ul, cevy Ui—1y Un41y Uig4lye- ey ’Un}.

It is easy to see that these cones with all their faces form a complete fan.



According to (3), the exceptional set Z in the case of the projective space
is the common zero of the monomials (y,..., (441, which is the origin. The
integral generators are, of course, linearly dependent, but there is only one
identity of the kind (4), namely,

Vit g =0

Therefore the group G is the algebrac torus T acting on C"*!\ {0} by the
component-wise multiplication, and the representation (7) coincides with the
regular definition of the projective space.

This example shows that (; assigned to the one-dimensional generators of
the fan are nothing else but homogeneous coordinates, and this term has been
preserved for toric varieties. The meaning of these coordinates is exactly the
same as in the case of projective space, the homogeneous coordinates of a point
of Xy are the coordinates of a point in C? from the corresponding equivalence
class. The equivalence classes now are not lines passing the origin but the orbits
of the action of group G that are r-dimensional surfaces in C?. The exceptional
set becomes something larger than the origin also. To figure out what the lattice
of relations (4) means, let us turn to the projective space again.

Example 2.5. Monomial functions on the projective space.

As far as one has local coordinates in charts of the projective space, one
can define a monomial u® = uf" ... u%" in terms of local coordinates in one of
the charts. This monomial function extends to the whole space and one can
determine how it looks in other charts by means the transition functions. On
the other hand, one can rewrite the monomial in homogeneous coordinates to
get a globally defined function in C"*1. Of course, one has to use (2) to study
the function in different charts.

But not every globally defined monomial in C"*! gives a function on the
projective space, it is subject to the special condition. Indeed, consider a mono-
mial in homogeneous coordinates 2 = z{* ... 2%z, 71" To rewrite it in the

local coordinates of, say, U,,+1 we rearrange it and get

[e%) Qn
a _ L1 Ln ait-Fong1
% = ... T, .
Tn+1 Tn+1

It is clear that oy + - -+ 4+ ;1 must equal zero for this monomial to define a
function on the projective space.

So, the group G acting on C¢\ Z acts naturally on the homogeneous coor-

dinate ring C[(1, ..., 4] and the relations (4) define homogeneous monomials
(and the Laurent polynomials) that give rise to well-defined functions on the
variety Xs.

Note that the exceptional set Z involved in the definition is the union of
coordinate planes and most likely is an atomic family. However, one can assert
that only in the case of complete fans.

Theorem 1 ([16]). Let ¥ be a complete simplicial fan in R™. Then Z(X) is
an atomic family of coordinate planes.

Roughly speaking, the proof of the assertion follows from the fact that a toric
variety corresponding to a complete fan is compact and homotopy equivalent to
an oriented compact real manifold (compare with (1)).

Furthermore, complete fans have the following property that we use in the
construction.



Proposition 2.1. Let ¥ be a complete fan in R™ with d generators. Then all
coefficients a;; in the lattice of relations (4) can be chosen non-negative.

This fact seems to be well-known. Here we give a simple proof.

Proof. Let the coefficient a;i in the identity ajivi +-- -+ ajqvq = 0 be negative.
Consider then the vector —vy. For the fan is complete, this vector lies in some
cone generated by the vectors v;,, ..., v;,, and therefore can be represented as
linear combination of them —wi = b;,vi, + -+ + b, v;,, with all non-negative
coefficients. The identity we started with is equivalent then to ajjvi + --- +
a;qva +|aij| (Vg +bi vsy + -+ -+ s, v, ) = 0 with the coefficient at vy being equal
zero and containing no new negative coefficients. Proceeding in this way we get
all a;; being non-negative. o

2.2. Projective toric varieties

There are many reasons to consider compact projective simplicial toric va-
rieties, i.e., those that can be embedded into some projective space and the
construction of integral kernels given in the present work involves only them.
The criterion for a toric variety to be projective can, of course, be expressed in
terms of its fan or in terms of the polytope A dual to the fan.

Let X be a complete simplicial fan in R™. A real valued function h : |¥] — R
on the support of the fan ¥ is said to be a X-linear strictly convex support
function if

1. for each o € X, there exists m, € Z™ such that h(z) = (m,, x) for x € o;
2. (Mg, ) = (m,, x) whenever z € 7 < o;

3. h(z) + h(y) > h(z +y) for z,y € |X|;

4. my, # my for different n-dimensional cones of 3.

The convex set
A={meZ": (m,z) > h(z), Vo € R"}

is an n-dimensional (non-empty) polytope with integer vertices {m,}, for all
n-dimensional cones o.

Definition 2.3. The convez hull of a finite number of points in Z" is called a
simple integral polytope if it is n-dimensional, and each of its vertex is a point of
the lattice Z™ and belongs to exactly n edges. The simple polytope is absolutely
simple if, in addition, minimal integer vectors on n edges meeting at a vertex
generate the lattice 7" .

It turns out that for a fan ¥ to possess a dual polytope A is equivalent to
the condition that Xy can be embedded into the projective space as a closed
subvariety.

Theorem 2 ([8, 7, 12]). An n-dimensional compact simplicial toric variety
Xy is projective if and only if the simple polytope A dual to ¥ is n-dimensional
and my # My for different n-dimensional cones of 3.

10



Let A=ANZ"={a,..., an}, then the map
f:Xs—=Pno1 oz (2% o000 20Y) (8)

is a closed embedding.

Note that starting from a simple polytope A we can construct its normal
fan such that the condition of the theorem is satisfied and the corresponding
complete simplicial toric variety is projective.

Consider the case of smooth compact projective toric varieties in more details
because there is even more information one can recover from the fan. The fan
associated to such a variety is complete and primitive [12, Theorem 1.10] and
the dual integral polytope is, according to Theorem 2, absolutely simple. To
continue, we need some facts from symplectic geometry.

Let M be a smooth complex manifold endowed with a closed nondegenerated

2
differential form w € A T*M, which makes (M, w) into a symplectic manifold.
The canonical example is a complex plane C with the form w = —%d§ ANdC. If
M is equipped with a Hermitian metric H and the associated differential form
w = —Im(H) is closed then M is called Kdhler manifold and w Kdhler form.
Let G be a Lie group acting on (M, w) by diffeomorphisms g € G: { — ¢- (.
A group action is called symplectic if every diffeomorphism g € G preserves the
symplectic form w. For every ( € M, define a map

fe:G—M, fe(g)=g-C

such that the image of G under this mapping G - { is a flow or an orbit of the
group actions. Its differential map at the point 1 € G is a linear map

Tlf( g — T(M

associating a tangent vector Ty f¢(X) = X, € T¢M to every direction X €
g. When ( varies in M, we get a vector field X called the fundamental field
associated with X.

Definition 2.4. A vector field X on a symplectic manifold (M, w) is called
Hamiltonian if 1xw is exact and locally Hamiltonian if it is closed. One writes
H(M) and Hioe(M) for the spaces of Hamiltonian and locally Hamiltonian vec-
tor fields on M, respectively.

Obviously, there is an exact sequence
0 —— H(M) —— Hipe(M) —— HY(M; R)

As w is non-degenerate, every C'*°-function f defines a Hamiltonian vector field
Xy via1x, = df. If the group action is symplectic, then all fundamental vec-
tor fields are locally Hamiltonian [2, Prop. 3.1.1.]. Combining this with the
sequence, we get the following diagram

Ce(M) g
0 —_— H(M) — Hloc(M) E— Hl(M7 R)

Definition 2.5. A symplectic action of G on M is Hamiltonian if there exists
a linear map (morphism of Lie algebras) i : g — C°°(M) making the diagram
commaute.

11



By duality, there is an associated map p of dual spaces
p:(C*(M))" =M — g* = Hom(g, R)
defined by
B (X ix (0))
called the moment map.

d _
In our case, the setC?\ Z endowed with the form w = —5; 3 d(; A d(; is
j=1

a symplectic manifold. Consider the action of the maximal compact subgroup
Gr of the group G defined in (5)

Gr = {(\9" o \% NS Ay ) e ST T}

The action of Gr is clearly symplectic. The Lie algebra t of Gr is isomor-
phic to R" as well as its dual. Denoting the columns of coefficients in (4) by
a* = (a1k,..., ark), k =1,..., d, we can write down the fundamental field for

every X = (z1,..., z,) € R".

d ) a
= —9 k _—_7 _—
X = Z,;: (a", X) (Ckack Ckack>

1
The interior product of X with the symplectic form w is then

d

Z<ak, X) (CGedGr + Cedd)

k=1

IXW =

DN =

which is the full differential with respect to ¢ of the function

d r T
~ 1 1
px(Q) =3 DA eIl | = 3 > ag, <)y,
k=1 \j=1 j=1
where a; = (aj1,..., aja), j = 1,..., r are the rows of the coefficients and
112 = (|G1]%,. .., |¢4]?). So, for every ¢ € C?\ Z, the image u(¢) is a point
(p1,..., pr) in t* ~ R" with coordinates

a11|G1? + - + a1alCal® = p1,
........................... (9)
a7‘1|41|2 + -+ ard|Cd|2 = Pr-

For p € p(C4\ Z) C t*, the cycle u=1(p) is a smooth manifold, but the
restriction of the symplectic form w to u~1(p) will fail to be symplectic as it will
be degenerate. However, it is degenerate only along the orbits of action of Gy,
then the restriction of w descends to the quotient p=1(p)/Gr as a symplectic
form. This process is called symplectic reduction. In such a way we get the
representation of P, as the quotient S?"*1/S1. 1t turns out that u=1(p)/Gr is
another representation of Xy.

Theorem 3 ([5]). Let ¥ be a complete primitive fan in R™ with d integral
generators and p € u(C*\ Z). Then the map

1 (p)/Gr — (C*\ 2)/G = Xy,

is a diffeomorphism.
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Observe now that t* ~ H?(Xx; R) ~ R" [2, Prop. 4.3.2] and the set Ky =
pu(C\ Z) C t* is the Kdhler cone of Xy [5], i.e. the cone of cohomology classes
of Kéhler form on X, which is not empty [3, Theorem 4.5]. Therefore, we come
to the following conclusion: for every absolutely simple polytope A C R™ there
is a complete primitive fan ¥ in R™ and a strictly convex support function h
such that A is dual to the fan 3. Then Xy = (C%\ Z)/G is a smooth compact
projective simplicial toric variety, that means that the Kahler cone Ky is not
empty and for every p € K, there is a diffeomorphism p=!(p)/Gr — Xs.

There is a recipe for the description of the Kéhler cone of Xy (see [3]). Let
Pr = {vi,,..., v;, } be a primitive collections for the fan ¥. For the fan is
complete, the sum ), ; v; belongs to some cone of ¥ generated by {v;}, j € J,

SO
OUES St
iel jeJ
with all ¢; being positive rational numbers. Since the relations (4) are the basis
of all relations between generators, this relation can be rewritten as

Zvi — chvj = t{(auvl + -+ aqug) + -+ ti(aﬂvl + -+ arquq) (10)
il jeJ

Then the system I;(p) = t{p1 + -+ tLp, > 0 for all primitive collections of
defines the Kéahler cone of Xy in R".

REMARK. We have not used other properties of the generators except for the
lattice of relations (4) to obtain relations (10). Therefore they are valid for any
symbols satisfying the lattice of relations, including |(;|?.

Example 2.6. The case of the projective space.

Example 2.4 showes that the group G acting on C"*!\ {0} is the algebraic
torus T, so the dual Lie algebra is just R. The moment map has only one
component

P+ Gl =

There is only one primitive collection consisting of all integral generators of the
fan. Their sum is identically zero and is the only relation in the lattice (4).
Therefore, the Kéhler cone is defined by p > 0.

3. The formula of integral representation

Let A be an n-dimensional absolutely simple integral polytope in R™. The

dual fan X is then simplicial, complete, and primitive. Assume that it is gener-
ated by d integral generators. Then the toric variety Xy = (C?\ Z)/G, where
Z is atomic, is smooth, complete and projective. The last property enables us
to define the volume form w on Xy, and now we are at the same position as in
Example 1.1.
It turns out that Xy can be embedded into a larger compact toric variety
Xy almost in the same way as P,y compactifies C4+! to Py4+1 and becomes the
infinite hypersurface. The difference of the general toric case is that Xy does
not compactify C? but it is, however, the ‘skeleton of infinity’, i.e., the complete
intersection of some of toric hypersurfaces that compactify C% to Xy,. Moreover,
the homogeneous coordinates of X, being coordinates of points on orbits of the
group action, become naturally local coordinates in Xy. This fact is the content
of the main theorem of [16].

13



Theorem 4 ([16]). Let ¥ be a simplicial complete fan in R™ with d integral
generators and Z(X) the corresponding atomic family of coordinate planes in C2.
There is a d-dimensional simplicial and complete toric variety )?E together with
a proper map T: X5, — C? such that 7 realizes a blow-up of Z(X) C C?% into a
family of toric hypersurfaces X1, ..., Xq—n of)zz;, for which X1N---NXy_, ~ Xx.

Let ¢ be the local coordinates of )~(g such that the hypersurfaces X; are
defined by {(iyn = 0}, i« = 1,...,d — n. Write the volume form w in the
homogeneous coordinates of Xy and consider the differential form

A1 d¢q
Ao A2
Cnt1 Ca

Writing w(({), we mean that the volume form is written in the homogeneous
coordinates of Xy, but we think of them as local coordinates of Xs. If 2 = h(¢)
the local coordinates expressed in homogeneous, then w({) = h*(w(z)). In
particular, this means that w(({) is closed, and consequently so is 7.

We state that the following theorem holds.

n=(=1)"w(¢) A (11)

Theorem 5. The differential (d, n)-form n in C% is a kernel for the atomic
family Z(%).

Proof. According to Theorem 4 we regard X as a complete intersection of
toric hypersurfaces X1,..., Xq—n in Xx. The differential form (11) is a well-
defined form in C¢. Furthemore, it is a closed semimeromorphic form with polar
singularity of the first order along each of » = d — n hypersurfaces X;. This is
the only singularity of the form due to the smoothness of Xx. This means that
the assumptions of the Leray theorem (see e.g. [1]) are satisfied and it follows

that
[ 0=y [ Res )

bl Xs

The residue-form Res" () is precisely the volume form w on Xy multiplied by
(—1)™. Assuming that the volume of Xy is given by (%)n sz w, we obtain that
the right-hand side equals (27¢)"(2¢)"Vol(Xy).

The integration set ~ in the left-hand side is the Leray coboundary
of §"(X1 N--- N X,) that is a locally-trivial bundle with the base X3 N---N X,
and the fiber homeomorphic to S* x --- x S'. It can be constructed in the fol-
lowing way. For every point ¢ € X;:ez\fl N ---N X, choose an r-dimensional
surface transversal to Xy at ¢, and then choose a cycle in it separating the
hypersurfaces X;. This cycle is necessary homeomorphic to S* x --- x S1. One
can choose these cycles to get a real (2n + r)-dimensional smooth cycle .

One can even choose the orbits of the action of G on C?\ Z as those r-
dimensional surfaces, for they satisfy the transversality condition. The real
torus S' x --- x S' in the orbit of G is homeomorphic to the orbit of the action
of Gg on u=1(p) (see Theorem 3). Note that we use the smoothness of Xy here.

Thus, the cycle v is homeomorphic to the cycle u=1(p) for any choice of p
from the Kahler cone Ky. Finally, we get

n = (2i)%7"Vol(Xy).

w=(p)

14



Theorem 3 says also that C?\ Z is homotopy equivalent to u~!(p), p € Ky,
so this cycle generates the top non-trivial homology group of C?\ Z and 7 is
the dual differential form. Therefore, it is a kernel for the atomic family Z. 0O

Having constructed the kernel 7 for an atomic family, we can try to prove
that this differential form is a kernel of integral representation that we call
associated with the toric variety Xyx. The first step in this direction is the
following proposition.

Proposition 3.1. Let p € Kx and U, be the polyhedron

a11|Gl? + -+ + a1alCal? < p1,

ar1|§1|2 + o+ aTd|§d|2 < Pr,

with distinguished boundary v = w=Y(p). Then for every function f holomorphic
inU,

1
m A Fn(Q).

Proof. Let f admits a Taylor series expansion Zaggﬁ about the origin that
B

f(0) =

converges in a polydisc V. The cycle v is homologous to every cycle u~1(p) if p
is taken from the Kéhler cone Ky, and the form f({)n({) is closed. Therefore
the integration set can be replaced by a cycle v/ = u~!(p') € V. The series
converges then absolutely and uniformly on 7’ and one can integrate it term by
term. Let us show that

[0 =oits 2o

’

~

Notice that the following change of variables

Cl — ei(a11t1+“‘+ar1tT)<1
)

Cq — ei(aldt1+“‘+ardt7“)§d

with all ¢; being real, preserves the integration set and the kernel as the latter
is homogeneous with respect to this action (see (6)); but the integrand gets
a coefficient e!(@itit - tantr)fit..(aratit-+aratr)Ba)  The rank of the matrix
A = (ay;) is r, so the image of the linear mapping given by A is R". Therefore

for any 8 # 0 one can choose t = (t1, ...,t,) such that the coefficient is not
equal to 1, so the integral must equal 0.
The statement follows now from Theorem 5. o

Recall that the Kéahler cone of Xs; defined by the system of linear inequalities
I7(p) > 0 (see page 13). For a fixed p, define a domain D of C? by the system

[Gir -+ G [P < tipr + -+ trpn (12)

for all primitive collections Py of X.
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Proposition 3.2. The domain D is a subdomain of U,.

Proof. Note that the rational vectors t = (t{,..., tI) are the interior normal
vectors to the faces of the Kahler cone. Therefore they generate the dual cone
bitht 4+ -+« 4 bytls where b; € R", b; > 0. Since the Ké&hler cone is not empty
and contained in the positive orthant R’,, the dual cone is also non-empty and
contains the positive orthant. This means that every basis vector e; of R” can be
expressed as a linear combination of {#/} with non-negative rational coefficients.
So we can sum the inequalities (12) multiplied by these coefficients to get p; on
the right side and

an |G + -+ aialCal® + by ch|<j|2 +- A+ bs ch|<j|2

JjE€J1 JjE€Js

on the left with the same inequality sign. So, a;1]¢1]? + -+ + a:4|C4|® < pi and
the proposition is proved. O

Now we extend the representation of the function at the origin (Proposition
3.1) to the representation in a domain. The formula we shall obtain is of the
Bochner-Ono type [1] as it represents values of a function in a subdomain of a
domain where f is holomorphic.

Theorem 6. Let f be holomorphic in the closure of a domain U,, p € Kx with
distinguished boundary y. Then for every z € D C U,

1
f(z)= m/f@ﬁ(( - 2).

Proof. Let p be a point from the Kéhler cone of X5 and z € D. Consider the
homotopy I'(¢) of the cycle p=1(p) = v

a11|G —tz1]? + -+ + a1qlCa — tzq]* = Ru(t, 2, p),

an |G =tz + -+ aralCa — tzal* = Rut, 2, p).

Assume that one can choose a smooth curve R(t) = (R1(¢, 2, p),..., Rr(t, z, p))
in R” such that for all ¢ € [0, 1] the cycles I'(¢) lie in the domain U, and do not
intersect the set Z + z = {¢ € C?: ( — z € Z}. By the Stokes theorem

/f@mm—zw=/fﬂom<—w.
vy ra)

The change of variables ( — ¢ + z in the integral gives

/f@+@n@>

where the cycle 7/ is p~!(R(1)). Assuming that R(1) € Ky and applying
Proposition 3.1, we get the statement proved. It is left to show that it is always
possible to choose an appropriate curve R(t) with R(1) € K.

Note first that since all the coefficients a;; in (4) are non-negative, the ex-
pression a;1|¢1 — t21]? + -+ + a;a|Cq — tz4]? is the absolut value of the vector
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(./aﬂ(cl —t21)y .oy V@a(Ca — tzd)) being seen as a vector in R??. This vector

is the sum

(\/aﬂCz ceey \/aidCd) —t (\/aﬂzl, ey \/aidzd)
of two vectors in R2? and therefore is the subject to the triangle inequality in
the standard metric of R??. So,

a — E 1/2
( “Kl t21|2 "'+aid|<d tZd|2) / >

i 2 + + a; 2y\1/2 . 9 . W 1/2
> (a7,1|C1| (11d|Cd| ) —t(a11|z1| +"'+a/1d|zd| ) )

Denote the image p(z) by p. Then the inequality obtained means that

(@Gl + - + aialca®)? < V/Rilt) + ty/i for all ¢ € T(2).

Therefore, to satisfy the first condition for T'(¢) it is enough to require

0 < Ri(t) < (Vpi — tv/1mi)>. (13)

The singularity set of the form f({)7n(¢ — z) is the union

Z+Z:U{C11 :Zila"'aCik:Zik}

over all primitive collections I;, j = 1,..., s. For all { € I'(¢), we have
H(R(E) =D 1G =tz =D el — bz
iel jeJ

Substituting any point of Z + z into this identity, we get
=D ol — = (RE) — (1= [z
jeJ i€l

Therefore, the cycle I'(t) does not intersect the singularity set if the right-hand
side is greater than zero. Since by definition >, ; |z:|* < l;(p), the second
condition for the cycle is satisfied if

(R(t) > (1= )*11(p) (14)

One can show that conditions (13) and (14) define a connected set in
R”™ x [0, 1], so it is always possible to choose a smooth curve R(t). But we
can provide the exact construction.

Note that for t = 1 the conditions become

0<Ri()<(Vpi— V) i=1,...,r

I1(R(1)) > 0, for all primitive collections I.

The first series of conditions defines an r-dimensional parallelepiped in R’} with

faces parallel to the coordinate hyperplanes. The second defines the Kahler cone,

which as we know is non-empty. Therefore, their intersection is non-empty and

we can choose a point € from this intersection. Let us show that the homotopy

given by the curve R;(t) = p;(1 —t)? + ¢;t satisfy the conditions (13) and (14).
Indeed, R;(t) is obviously greater than 0 and

(VFi — t/ii)? — Ralt) = t(y/5i — V) (237 — t(/Bi + V7)) — tei >
> t(y/7i — Vi) (VB — H/Pi + Vi) — Ui — i) =
= t(1 — 1)(v/7i — V) (VP + Vi) 20,
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because \/p; — \/fti > 0 according to Proposition 3.2. As for the condition (14),
we have

L(R(D) = (1 - 02U (p) + thi(e) = (1 - 0)L1(p)

for e € K.
Thus, the curve R(t) defines a necessary homotopy. Moreover, its end
R(1) =€ lies in Ky, so ' = u~1(e).
O

4. The volume form of a toric variety

There is a natural construction for volume forms on projective toric varieties.
Let A be an n-dimensional simple integral polytope A C R™. Given A, there
is a complete simplicial toric variety Xy associated to the fan ¥ dual to A.
The variety Xy constructed in this way admits a closed embedding into the
projective space (Theorem 2). Let us modify the embedding (8) as follows.

Let P(z) = > ¢qaz® be a Laurent polynomial in the torus T™ with all
aEANZL™
non-negative coefficients ¢, such that its Newton polytope Np coincides with

A. Put elements of ANZ" in an order a; ..., ay and define an embedding of
a ’big’ torus f: T" — Py_1 by

(215 ey 2n) F— (Ve 2% ot fCan 2°N).

The closure f(T7) is then the image of Xy, which can have singularities, but
observe that the f(T") C f(Xx) is always smooth.

On the projective space Py _1, there is a globally defined Fubini-Study dif-
ferential form associated with the Fubini-Study metric on the projective space.
In the homogeneous coordinates £ the form can be written down as

i N N B N B N B
wrs = s | D_IGl? D dge AdE = &ds N &rdy | =
2|£| k=1 k=1 k=1 k=1

= 8510g|§|2

1
—dd°[¢[*;

here d = 9 + 0 and d° = (0 — 9).

The form wgg is closed (in every chart), what makes (Py_1, wrg) into a
Kahler manifold. The essential advantage of Kahler geometry is that the Kahler
form measures volumes of all complex subsets of arbitrary dimensions. More
precisely, if A C Py_1 is a complex subset of pure dimension k then the volume
of A with respect to the measure defined by the Kahler form is given by the
integral

1

We introduce a differential (n, n)-form w on the torus T™ as the pullback
image of the Fubini-Study volume form wjg:

Loy L 2 2))"
u}:ﬁf (WFS):H(ddclnPOZ” Yy |Zn| )) ’

The form w is well-defined since f is a finite covering of f(T™); it is positive
in the torus T C Xy as it inherits this property from wgg, but the form can
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vanish or be not defined in other points of the variety, however that does not
affect the value of the integral
[ o=]e
TTL

regXs

Definition 4.1. We call w = #f*(w%s) the volume form of a compact simpli-
cial projective toric variety Xs; and define the volume of the variety with respect

to this measure as m
Vol(Xy) = (%) /w. (15)

T

The following simple proposition gives the exact value of the volume.

Proposition 4.1.
Vol(Xyx) = n"Vol(A).

Proof. The obvious change of variables in the integral give the following

() Jom @) fremo=(2) ] o
Tn T» f(T™)

The formula for the value of the last integral the remarkable fact of projective
geometry as it relates two quantity of different nature, namely, the volume of
an algebraic subset is expressed in terms of degree of the mapping [11].

LY [ ooty

f(T™)

It is left to compute the degree of the embedding f. By definition, it is equal
to the number of intersection points of f(T™) with a generic plane of codimen-
sion n. Let such a plane be defined as a zero locus of n homogeneous linear
forms 1;(¢), j = 1,..., n. Then the degree of f equals the number of solutions

to the system [; (f)‘ F(T™) In general, the number of solutions to the system

of k algebraic equations having only isolated zeros in Py is given by the Bern-
stein theorem [4] and equal to n! multiplied by the normalized volume of the
Minkowski sum (see [14] for the definition) Ay + - -- + Ay of the Newton poly-
topes A; of all equations in the system. In our case, all equations have the same
Newton polytope A, so deg(f) = n!Vol(nA) = n!Vol(A). Throughout here,
Vol(A) denote the the volume of A in R™ normalized by the condition that the
standard n-dimensional simplex has the volume 2 O

nl*

Example 4.7. The volume form of P; x P;.

The product of two copies of the Riemann spheres is a toric variety and is
associated with the two-dimensional complete fan ¥ on Fig. 3(a). Let P be a
polynomial P(z1, 2z2) = 1+ 21 + 22 + az122 where the coefficient a is positive.
Its Newton polytope Np is a unit square in R? (Fig. 3(b)) and is obviously
dual to the fan 3. Following the construction, we define a differential form
on T? C Py x Py as the pull-back of w%g under the mapping f: (21, 22) —
(1: Z1. 29: \/621252)

L S alz1|? + alze|? + alz1|?|z2 ]
27 I (Lt [P o+ [22f? + afz1 P22 f?)?

w le A dfl A dZQ A dfg
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(a) (b)

Figure 3: (a) the fan; (b) the Newton polytope.

The volume of P; x P; with respect to this measure is equal to —472. Note
that the volume form does not coincide with the product of two volume forms
on copies of Py (it happens only if a = 1), although it gives the same volume.

In fact, in the polar coordinate system the differential form in (15) can be
easily integrated with respect to angular coordinates. Then the proposition
provides a new proof of the Passare formula, which represents the volume of a
polytope as an integral of a rational form over the positive orthant R’} [13].

For the volume forms constructed we rephrase Theorem 6 as follows.

Theorem 6’. Let f be holomorphic in the closure of the domain U, and v be
the domain’s distinguished boundary. Then for every z € D C U,

1
1) = vy | £(©nc =)

5. Examples

Example 5.1. Integral representations associated with projective spaces

Let A be the standard simplex in R™, which is an absolutely simple polytope.
Its dual fan ¥ with (n+ 1) generators is then the fan of the projective space P,,.
The volume form w defined on it coincides with the Fubini-Study volume form
Whg, P, is embedded into P, ; and the form 7 is the Bochner-Martinelli kernel
npym in C"t(see Example 1.1). The integration cycle is a sphere S?"*1 with
the radius \/p (see Example 2.6). Thus, the following corollary from Theorem
6" holds:

Let f be holomorphic in the closed ball B2"** with radius p and S$***! =
dB2"*2. Then for every z € BX"?

n

!
1) = gz [ HOma(c=2).

S2n—1

Afterwards, using analytic methods one proves this formula for any bounded
domain in C**! with appropriate boundary.

Example 5.2. Integral representations associated with P; x Py
Let A be a unit square in R? and P(z) =1+ 2z1 + 22 + az122 as in example
4.8. The volume form computed there produces an integral kernel

((3dCy — €1d(s) A (CodCa — Cud(2)
C112Ca|? + [G3[21Cal? + [C2l?(C3|* + alCi[?[¢]?)

=1 5 dCi N dGa A dCs N dGy
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with singularity along {z1 = 23 = 0} U {23 = z4 = 0}.

The domain U, in this case is the product of two balls B;‘;l X B;§2 in
C.,, 2 x C,,, .,. The Kéahler cone coincides with Ri so the integral represents
values of a holomorphic function at every point z of U),:

1
1) = e /8 GG

Example 5.3. Integral representation associated with the blow-up of Py x Py
at the origin

Let P(2) = 1+ 2% + 23 + 2229 + 2125 with the Newton polytope depicted on
Fig. 5(a). The dual fan ¥ has five integral generators and the corresponding

toric variety is the blow-up of the product P; x Py at the origin.
V2

L ]
[ ] UB
(%1

V4 Vs
(a) (b)

Figure 4: (a) the Newton polytope; (b) the fan.

Number the integral generators, and when all the calculations are done the
integral kernel is

where

u(¢, Q) = [GPIGIY G + 416 %Gl ¢ P 1Cal?I¢s 1! + 4161°1¢a ¢l P15 1P+
+ 1G4 GGl + 41¢*I¢21%1¢a ] 1Cal?[¢s 1> + 91 Cal* I¢s | I¢al*[¢5 ] *+
+161¢1 |16l 1Cal 1G5 1 + 161¢ P €2 1631 °1¢a |G|+
+16]C1[*1¢21?1¢31%1¢a P 1¢5 1 + 41¢21%1¢3 1% ¢al®I¢s 1%,

v(¢, €) = (1¢s*ICal®IGs* + Gl CalPI¢s ] + Gl I¢sl* 1Cal*+
+ 111G + G716l g ),
and
E(() = (3¢4C5d¢1dCe — (2¢3¢5d¢1dCs — (2(3¢adC1dCs+

C1€aC5dC2dCs + (1(3C5dC2dCs + C1Ca(5dC3d s+
€162€4dC3dCs + C1¢2¢3dC4dCs.

The lattice of relations between the integral generators is given by

’Ul+’l}3:0,
1)2+’U5:0,
v1 +v2 + vy = 0;
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and one can easily check that the primitive collections for ¥ are {1, 3}, {1, 4},
{2, 4}, {2, 5}, and {3, 5}. It follows that the domain U, is given by the inequal-
ities

G 4 1¢al? < p1,

|Cal?® 4 G517 < p2,

G + G2l + [Gl? < ps,

where p = (p1, p2, ps3) lies in the Kéhler cone being given by

p1 >0,

p3 —p2 >0,

p3 —p1 >0,

p2 >0,
p1+p2—p3>0.

Therefore the subdomain D consists of all points z that satisfy the system

l21]* 4 |23]* < pr,

|21] + |2a]® < p3 — p2,

|z2]? + |2a]® < p3 — p1,

|22 4 |25]* < po,

|23]* 4 |25]* < p1 + p2 — pa.

Example 5.4. Integral representation associated with a Hirzebruch surface

Let the polynomial P be equal 1+ 21 + 2122 +25. The dual fan to its Newton
polytope corresponds to one of the Hirzebruch surfaces.

V2
[ )
g ®
U1
[
V4

The volume form on this surface is

a4 2 Pleel'0 4 25] 20" + 25|29

dz1 Ndz1 Ndzo N dZ
(T4 |21]2 + |21]2|22]? + |22]10)3 21 ANdz1 N dzo A dZa,

and associated integral kernel is

n=g(¢ QOE) AdC

= _ [GI2IGI™ + 25[C2[*%1¢s [ Cal® + 251Ca[*ICs[*ICal™® + |G [*[Cal™
(IGs21Cal'? + [CP[Cal* + G2 1C2[? + G| 1¢s1%)°

and

E(¢) = (34 dCiAdCa—CaC3 dCi AdCa~+C1Ca dCaNd(3+4(1 (3 dCaAdCa+C1Co dlsNdCy.
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For functions that are holomorphic in

IC1]? + 1G] < pa,
4GP+ Gl + Gl < pe,

where p € {p1 > 0, p2 — 4p1 > 0}, the integral represents values at the points
from D given by

|G+ [Gs)* < p1,
G2l + [Gal? < p2 — 4p1.

Note that the polygon with the integral generators of the fan as vertices
in the case is not convex, but this is not an obstacle to construct a kernel.
What really matters is the existence of the dual polytope. Similiar formulas of
integral representations have been considered by A.A. Kytmanov [10] but his
construction is different and does not cover this case.
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