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Differential Operators on
Hyperplane Arrangements

Par Holm
March 11, 2002

Abstract

In this paper we show that if A4 is a hyperplane arrangement in k",
where k is a field of characteristic zero, and if A is the coordinate ring
of A, then the ring of k-linear differential operators, D(A), has a nice
decomposition, D(A) = @ D™ (A), as an A-module. We also show that
if A is generic, then D(A) is finitely generated as a k-algebra.

1 Introduction

Throughout this paper, we will let &k be a field of characteristic zero, n a positive
integer, and R = k[z1,... ,Zn].

Let A be a commutative k-algebra. We let D(A) denote the ring of k-linear
differential operators on A. Then D(A) is an A-module in an obvious way, with
Der(A), the derivations on A, as an A-submodule.

The differential operators, D(R), on R is the n-th Weyl algebra over k, i.e.,
the free associative algebra

k<a717" . 7xn5817" . aa’n>7
modulo the relations
TiZj — XTjLq = &-aj — (%61 =0 and &-xj — .’I?jai = (Sij,

where §;; is the Kronecker 6, and where we write 0; in place of %.

If T is an ideal in R and A = R/I, then
D(A) = D(I)/ID(R), (1)

where D(I) is the subring of D(R) of operators preserving I, and ID(R) is the
ideal of operators with polynomial coefficients in I. Thus each element in D(A)
may be written on the form

> a0,

where f, € R and f, denotes the image of f, in A.
The ring D(I) is an R-submodule of D(R), and Der(I), the derivations on
R preserving I, is an R-submodule of D(I).



An operator in D(R) of the form

> fad" (2)

lee|=m

will be said to be of homogeneous order m, as will the operator in D(A), induced
by (2).

Let D™ (I) and D) (R) be the R-submodules of D(I) and D(R), respec-
tively, of operators of homogeneous order m. Then the A-submodule of D(A)
of operators of homogeneous order m will be D™ (A) = D™)(1)/ID™) (R).

Suppose A = R/I is the coordinate ring of a hyperplane arrangement, .4, in
k™. The aim of this paper is to show that D(A) has a decomposition,

D(4) = P D™ (4),

m>0

as an A-module, and to find explicit, finitely many, k-algebra generators for
D(A), if A is a generic hyperplane arrangement.

This will be done by first giving the corresponding results for D(I). From
this, and (1), we immediately get our results for D(A).

Even more may be said about the structure of D(A). Namely, it follows from
a result by Mdsson, [2, Theorem 2.4], that D(A) is simple if and only if A4 only
consists of one hyperplane. In this case A is regular, and much is known about
the structure of D(A).

Let us now outline the contents of this paper.

In Section 2.1 we will define D(A) for an arbitrary commutative k-algebra
A, and state a few of its properties. Induced operators, and the isomorphism (1)
are discussed in Section 2.2.

In Section 3 we show some general results on differential operators preserving
ideals in R, which will be used later on. In particular we prove that

T

D((fr--- f)) = [ D({f)),

i=1
if f1,...,fr € R are nonconstant and pairwise relatively prime.

Hyperplane arrangements are introduced in Section 4. Our general reference
for hyperplane arrangements is [4]. An arrangement of hyperplanes passing
through the origin is called a central hyperplane arrangement. When we want
to emphasize that all hyperplanes in an arrangement 4 need not pass through
the origin, we call A an affine hyperplane arrangement.

A central hyperplane arrangement A in k™ is called generic if every inter-
section of less that n hyperplanes in A have codimension equal to the number
of hyperplanes in the intersection.

Section 5 deals with differential operators on hyperplane arrangements. The
first part, Section 5.1, deals with affine hyperplane arrangements. We prove
that if I C R defines an affine hyperplane arrangement, then

D(I) = D" (1), (3)

m>0



as an R-module. Hence we have

D(4) = P D™ (4),

m>0
as an A-module, if A is the coordinate ring of an affine hyperplane arrangement.

Section 5.2 deals only with central hyperplane arrangements. We introduce,
for each m > 0, an operator ¢,, € D(R) of homogeneous order m, which pre-
serves any homogeneous ideal in R. Then we show, in Section 5.2.1, how to
associate to an ideal I defining a generic hyperplane arrangement, a subset

D ={Pié1,...,Psds},

of Der(I), where each ¢; is a derivation with coefficients in &, and each P; € R.
With this set D at hand, we have

D) = Y (I:(I:P*)5"* + Rep, (4)

laj=m

as an R-module, for each m > 0.

The proof of this uses a method known as deletion and restriction. Given a
central hyperplane arrangement A, there is a deleted, A’, and a restricted, A",
hyperplane arrangement. If I, I’, and I” are the defining ideals for these hyper-
plane arrangements, there is (compare [4, Proposition 4.45]) an exact sequence
of the form

0 —— Der(I’) —— Der(I) —— Der(I"). (5)

This was used in [8], where a result (Corollary 3.2) which amounts to (4)
was given for the case m = 1, i.e., for Der(I), although without giving a finite
set of generators for Der(I).

We will generalize the sequence (5) to operators of higher homogeneous
order, and then follow the ideas used in [8] to prove (4)

Then we show that ¢,, is not needed as a generator if the number of hyper-
planes is less than or equal to n.
Combining this with (3) and (4) we reach the main result of this section:

If I defines a generic hyperplane arrangement, then

DI =P | Y. I:(I:P*)5"+ Rem |, (6)

m2>0 \ |a|l=m

as an R-module, where Rey C 3,2, (I © (I © P?))é%, if the number of
hyperplanes is less than or equal to n.

We end Section 5.2.1 with an example showing that (6) is not true in general
if the hyperplane arrangement defined by [ is not generic.

In Section 5.2.2 finally, we will use (6) to show that if I defines a generic
hyperplane arrangement, then D(I), and hence D(A) if A = R/I, is finitely
generated as a k-algebra. More precisely, for each multi-index «, the ideal
(I : (I : P%)) is principal. For each such ideal we choose a generator, P,
and then we show that only finitely many of the operators P,0%, together with
Z1,...,x, and € = €1 are needed to generate D(I) as a k-algebra.
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2 Differential Operators

We begin, in Section 2.1, with the definition of the ring of differential oper-
ators on a commutative k-algebra, and give some of its properties. Then, in
Section 2.2, we will see what the differential operators on a quotient of a poly-
nomial algebra looks like.

2.1 The Ring of Differential Operators

Let A be a commutative k-algebra. Every element a € A defines a k-linear
endomorphism 6, of A by 0,(b) = ab, for b € A. If ¢ € End(A), we will write
ay and a for 6,9 and pl,, respectively. With this notation, letting A operate
by left multiplication gives End(A) an A-module structure. As usual, [p, ]
denotes the commutator ¢ — Y.

Definition 2.1. Set
DY(A) = {0 € Endy(A) | [0,a] =0 for all a € A} = Enda(A) = A,
by identifying a € A with 0, € Endy(A). For m > 1, define
Di"(A) = {0 € Endy(A) | [0,a] € D (A) for all a € A}.
The ring of differential operators on A is now defined as
Dy(A) = U Dy (A).
m>0
The order of an element 8 € Dy(A) is the least m such that § € D (A).
This definition gives Dy (A) the structure of a filtered ring since, by induction,
D' (A)D},(A) € DP(A) and Dj*(A) € DY (A),

for all m and I. Each D}*(A), and thereby also Dy (A), is an A-submodule of
The derivations on A are defined as

Dery(A) = {0 € Endi(A) | 0(ab) = 0(a)b + ab(b) for all a,b € A}.
This too is an A-submodule of Endj(A).

Since there is no risk for confusion we will from now on suppress the reference
to the field k£ in the notation.

The k-subalgebra of End(A) generated by A and Der(A) will be denoted by
A(A). This too has the structure of a filtered ring, by letting A™(A) be the
A-submodule generated by all products of at most m derivations in Der(A).

The results in the following lemma can all be found in [3].



Lemma 2.2.
(i) D'(A) = A® Der(A).
(11) A(A) is a filtered subring of D(A).

(iii) If A is regular, then D(A) = A(A), and their filtrations coincide.
9
' Oxp J°
The converse of (iii), that A is regular if D(A) = A(A), in the case that A
is finitely generated as a k-algebra is a well known conjecture by Nakai. It has
been shown, in [6], that Nakai’s conjecture holds when A is the coordinate ring
of a reduced affine variety, all of whose irreducible components are nonsingular.

Part (#4) and (iv) in the lemma above shows that D(R) is the n-th Weyl
algebra over k. For more details on the Weyl algebra, we refer to [1].

Henceforth, we will write 9; for % We will also use multi-indices, i.e.,

i

: ~ )
(iv) Der(R) is a free R-module of rank n, generated by {a—ml, .

(63

=gt andaf}:351~~3ﬁ"
if
a=(ag,...,an) and = (B1,...,Bn)-

The multi-index with 1 in position ¢ and zeros elsewhere will be denoted by e;.
To further simplify notation, we will write

ol = a1+ ...+ ap,
and

al =oq! - ay!
An operator in D(R) of the form
0 = 229"
will be called a monomial.
We will let * denote the left D(A)-module operation on A.
The following proposition appears as Proposition 1.2 in chapter one of [1].

Proposition 2.3. Any operator 6 € D(R) may be uniquely written on the form

0= Z Corg@OP,

where co 5 € k. That is, the monomials {x*0"} is a basis for D(R) as a vector
space over k.

It is easy to see that an operator § € D(R) is completely determined by
its action on the monomials 2%, with |a| < order of . We formulate this as a
lemma, whose proof will be omitted.

Lemma 2.4. Let 6 and 1) be operators of order m in D(R). If
0 x x® = *x x®,

for all a with |a| < m, then 8 = 1.



2.2 Induced Operators

The results in this section may all be found in [3].

Let A = R/I, where I is an ideal in R. For f € R, we let f denote the image
of f in A under the canonical projection. B
An element 6 € End(R) induces a well defined element 6 € End(A) by

9(f)=0(f)
if and only if (1) C I. In this case, § = 0 if and only if §(R) C I.

Furthermore, if # € D(R) and @ + I C I, then # € D(A), and the order of §
is less than or equal to the order of 0. Let

D(I)={0eDR)|0xIC 1}
and

ID(R) = {Z fa0® € D(R) | fa € I for all fa} .

Then, if § € D(R), we have 8« R C I if and only if § € ID(R). It is clear
that ID(R) is a right ideal in D(R), but it is also true that D(I) is the largest
subring of D(R) in which ID(R) is a twosided ideal.

We may now formulate the following important result.

Theorem 2.5. Let A= R/I. Then
D(A) =D(I)/ID(R),
and this isomorphism preserves the filtrations.

Thus any element in D(A) may be written as
D fad",

where > f,0% € D(R), and where we mean that

(Zf_a8°‘> 7= YT

for all g € A.

3 General Results on Operators
Preserving Ideals in R

The results in this section will be used in Section 5.

Suppose that I = (f1,..., fr) is an ideal in R, and that 8 € D(R). Then 0
belongs to D(I) if and only if 0 xx*f; € I, for all ¢ and j =1,... 7.

With Lemma 2.4 in mind we would expect that § x z“f; € I for a finite
number of the z* should suffice to show that § € D(I). This is indeed so, but
to prove this we first need the following lemma.



Lemma 3.1. Let I = (f1,...,fr) be an ideal in R, and let § € D(R). Then
0 € D) if and only if

(i) 0,z;)« I C1I fori=1,... ,n, and
(it) O« f; €I forj=1,...,r.

Proof. This is Proposition 2.10 (3) and (i) in [5], from which we have taken the
proof.

It is obvious that (i) and (7)) holds if @ € D(I). To prove the converse, assume
6 € D(R) is such that (i) and (i) holds. We must show that § « 2 f; € I for

all @ and for j = 1,...,r. This is done by induction on |«|.
The case |a| = 0 is just assumption (i7) above, so assume that 0« 2 f; € I
for |a] = m, and let 8 = a + e, for some ¢ € {1,... ,n}. Then

0P f; = 0w f; = [0, 2] xaf; + 20 %2 f; €1,
since [0, x;]xx f; € I by (i), and z;0xx* f; € I by the induction hypothesis. O

Proposition 3.2. Let I = (f1,..., f.) be an ideal in R, and let € D(R) be
an operator of order m > 1. Then 0 € D(I) if and only if 0 x x*f; € I for
la|] <m—-1andj=1,...,r.

Proof. 1t is clear that 0 « z*f; € I if § € D(I), so it remains to prove that
0 e DI)if Oxz*f; € I for ja] <m—1and j=1,...,r. To do so, we first
observe that any element in R preserves the ideal I, so we may without loss
of generality assume that the order zero component of 6 is zero. We will now
proceed by induction on m. If m = 1, then 6 € Der(R) and the assumption is
that @« f; € I,j=1,...,r. Hence

Oxhf;=0*h)f; +h0=f;ecl,

for every he R, so 0«1 C I.

Now assume that the proposition is true for some m > 1 and that 6 € D(R)
is of order m + 1 and such that O xx®f; € I for |a] <m and j =1,...,7r. Then
a=0shows O« f; € I, j =1,...,r. For any § with |3] < m — 1 we have
IB+e| <m,i=1,...,n,s0

I30xaPTef; = 0xaal f; = [0, 23] % 2P f; + 20 % 2P f;,

which shows that [0, x;]x2?f; € [ fori=1,... ,n, |8 <m—1,andj=1,... 7.

But [0, z;] is an operator of order m, so [0,z;]«I C I, i = 1,...,n, by the
induction hypothesis. Thus 6 « I C I by lemma 3.1. |
Lemma 3.3. Let {I;};cs be any family of ideals in R, and let I = ﬂjeJIj'

Then
(D) € D).

jeJ

Proof. Suppose 6 € (\D(I;). For every j € J we have I C I;,s0 01 C I;. It
follows that @ « I C I. O

The converse of Lemma 3.3 is not true in general, as the following example
shows.



Example 3.4. Let I; = (x) and Iy = (2%, zy,y?) be ideals in k[z,y]. Then
I =1L NI = (2% zy). By Proposition 5.2, the operator 19,0, — 9, preserves
I, but

(xazay - ay) * y2 = _2y ¢ <.’L'2, $y7y2>7
so it does not belong to D(I) N D(I3).

There are cases in which the converse of Lemma 3.3 is valid, as the next
result shows. It concerns the ideal defining a union of (possibly nonreduced)
hypersurfaces. It is well known for the special case of derivations, see e.g.
Proposition 4.8 in [4].

Theorem 3.5. Suppose fi1,..., fr € R are nonconstant and pairwise relatively

prime. Then
T

D((fr---fr) = ﬂ D((fi))-

i=1

Proof. If r = 1 there is nothing to prove, so we may assume that r > 1. Since
the f;:s are pairwise relatively prime,

T

(Vi) = (fr-- o),

i=1
so Lemma 3.3 shows that (" D({f:)) S D({f1--- fr)).

To show the opposite inclusion, we observe that the polynomials

f=hfr-1 and g=F;

are also nonconstant and relatively prime, so the inclusion follows from induction
on r if we can prove it for two polynomials. Therefore assume that f, g € R are
nonconstant and relatively prime. We must show that

D({f9)) < D({f)) N D({9))- (7)

This will be done by induction on the order of § € D({fg)). If 0 is of order zero,
i.e., 8 € R, then 0 preserves any ideal in R.

Now assume that the inclusion (7) is true for operators of some order m > 0,
and let € D™T((fg)).

Then [0, g] € D™(R), and for every h € R we have

[0,9] xhfg=0+hfg* — g0 xhfg € (fg).
Thus [0, g] € D™({fg)), and it follows from the induction hypothesis that [0, g] €
D((f)). Thus, for any h € R,
(f) 210, 9]«hf=0xhfg—gbhf.

Since 0 « hfg € (fg) C (f), this implies that g « hf € (f). But f and g are
relatively prime, so we must have 6 x hf € (f). Repeating the same argument
with f and ¢ interchanged shows that we also have 6 € D((g)). O



4 Hyperplane Arrangements

Definition 4.1. We define a hyperplane, H, in k™ to be an affine subspace
of dimension (n — 1). A hyperplane arrangement, A, is a finite set of distinct
hyperplanes in k™.

Suppose A = |J H;. Each hyperplane H; € A is the zeroset of a polynomial
p; in R of degree one, defined up to a constant nonzero multiple. We make the
convention that whenever we say that polynomials pq,... ,p, define a hyper-
plane arrangement, we mean that they are pairwise relatively prime of degree
one, so that H; and Hj, the hyperplanes defined by p; and p;, are distinct if
D
Definition 4.2. The product

P=pPA) =[] »
H;cA
is called a defining polynomial for A. We agree that P = 1 is the defining
polynomial for the empty hyperplane arrangement. The ideal I = (P) in R will
be called the defining ideal for A.

Unless otherwise explicitly stated, all hyperplane arrangements will be as-
sumed to be nonempty.

Definition 4.3. We call A centerless if (e s H=0. If Nyes H # 0, we call
A centered. If A is centered, coordinates may be chosen so that each hyperplane
contains the origin. In this case we call A central. We agree that the empty
hyperplane arrangement is central.

From now on, we will simply use “arrangement” in place of “hyperplane
arrangement”. When we do not want to specify if the arrangement under con-
sideration is centerless or not, we will use the term “affine arrangement”.

The only (nonempty) central arrangement in k consists of the hyperplane
{0}. Therefore, unless otherwise explicitly stated, we will always assume that
n > 2.

Definition 4.4. Let A be a central arrangement in k™. The intersection lattice,
L(A), is the set of all intersections of elements of A. We agree that k™ € L(A),
considered as the intersection of the empty family. For X € L(A) we put Ax =
{H € A| X C H} and we denote by r(X) the codimension of X in k™. We say
that A is generic if for every X € L(A) with r(X) < n, we have |Ax| = r(X),
where |Ax| denotes the cardinality of the set Ax.

Example 4.5. For X € L(A), we have r(X) = 0 if and only if X = k™, and
r(X)=14fand only if X = H € A. Since |Agn| = |0] =0 and |Ag| = |{H}| =
1, it follows that

(i) The empty arrangement is generic for any n,
(i) Any central arrangement in the plane is generic.

(iii) In k3, any central arrangement of less than three planes is generic. A
central arrangement of three or more planes is generic if and only if any
subset of three planes only intersect at the origin.

Since being generic is only defined for central arrangements, we will use
“generic arrangement” in place of “generic central arrangement”.



5 Differential Operators on Hyperplane
Arrangements

We will begin our discussion of differential operators on arrangements with a
few results which are valid for affine arrangements. Then, in Section 5.2, we
will limit our discussion to central arrangements.

5.1 Affine Arrangements

We say that an operator in D(R) of the form
2 Ja0"
lal=m

is of homogeneous order m.
From Proposition 2.3 it follows that any § € D(R) may be uniquely written
as a sum,
0=0,+...+00,

of components of homogeneous order, i.e.,
(%
91' = E foza )
o] =i
fori=0,...,m.

Lemma 5.1. Suppose p € R is a polynomial of degree one, and that 6 € D(R).
Then
0 € D((p)) if and only if 6; € D((p)), fori=0,...,m,

where

0 =0+ ...+ 00,

is the decomposition of 0 into components of homogeneous order.

Proof. 1t is trivial that 8 € D((p)) if the same thing holds for each 6;. To prove
the other implication, we first observe that the homogeneous component 6, of
6 belongs to R, so it preserves any ideal. Thus 6, + ...+ 61 € D({p)). Then

(Om + ...+ 01) xp € (p),

but degp =1, so
(O +...+601)xp =101 xp e (p).

By Proposition 3.2, this means that 6; € D((p)). This in turn also means that
O + ...+ 02 € D({p)). In particular, we have

(0m++92)*13]p€ <p>7
for j=1,...,n. Now, degz;p =2, so
(O 4 ...+ 02) % x;p =02 xx;p € (p),

and again Proposition 3.2 shows that 65 € D((p)). Continuing like this we see
that each 0; € D({p)), which concludes the proof. O

10



Notation. If I is an ideal in R we will write D™ (R) and D) (I) respectively
to denote the operators in D(R) and D(I) of homogeneous order m. If A = R/I,
we say that an operator in D(A) is of homogeneous order m if it is induced by
an element in D) (I). Thus, writing D™ (A) for the operators in D(A) of
homogeneous order m, we have D™ (A) = D™)(1)/ID™)(R).

From Lemma 2.2 (i) we know that D!(R) = R & Der(R), which implies that
DYI) = R® Der(I) = D (1) & DY(1),
for any ideal I in R. For m > 1 though, we generally just have a strict inclusion
@ oY) ¢ D (D).
I<m
Example 5.2. Let I = (z") C k[z]. Then we have, e.g.,
x0? — (r —1)0 € D({z")),

but neither x0% nor 9 belong to D((x")) if r > 1, so

@ oY1) ¢ p*(1),

1<2
in this case.
This is what makes the following proposition important.
Proposition 5.3. If I = (py---p,) defines an affine arrangement, then
=& o™ 1)
m>0
as an R-module.

Proof. We need to show that D(I) € @ D) (I). To do so, assume that § =
Om + ...+ 0 € D(I), where 0; is the component of 8 of homogeneous order i.
We must show that each 6; also belongs to D(I).

By Theorem 3.5, 8 € D((p;)), for j = 1,...,r. Thus, by Lemma 5.1, it
follows that 0; € D((p;)), for each ¢ = 0,...,m, and 5 = 1,...,r. Hence, by
Theorem 3.5 again, 0; € D(I), for each i. O

Corollary 5.4. If A is the coordinate ring of an affine arrangement, then
D(A) = P p"™(4),
m>0
as an A-module.

In view of Proposition 5.3, to find R-module generators for D(I), where I
defines an affine arrangement, we may proceed by finding such generators for
D(™)(I), one m at a time.

It will be convenient to study the case of a single hyperplane in some detail,
before turning to more general arrangements.

11



Lemma 5.5. Let p € R be a polynomial of degree one. Then D™ ((p)) is
generated, as an R-module, by the homogeneous components of highest order of
products of m derivations in Der({p)), together with {p0® | |a| = m}.

Proof. In this case A = R/(p) is regular. Therefore, by Lemma 2.2 (i), D(A)
is generated, as a k-algebra, by A and Der(A), i.e. D™(A) is generated by
(Der(A))?, j < m, as an A-module.

By Theorem 2.5 the isomorphism D(A) = D({p))/{p)D(R) preserves the
order filtration on D(A), so

Der(A) = Der((p))/ (p) Der(R).

Hence D™ ((p)) is generated by (Der((p)))’ + (p)D™(R), j < m, as R-module.
Thus it follows from Proposition 5.3 that D™ ({p)) is generated by the homo-
geneous components of highest order of products of m derivations in Der((p)),
together with {p0* | |a| = m}. O

Let us now describe the R-module Der({p)). In the following general lemma
we do not require that the polynomial f is of degree one.

Lemma 5.6. Let f be any polynomial in R such that there is an element § €
Der(R) with § * f = af, for some a € k\ {0}. Let N be the R-module of

deriwations annihilating f. Then
Der({f)) = R6 + N

Proof. If 6 € Der(R), we know from Proposition 3.2 that 6 € Der({f)) if and
only if 8 % f € (f). Since this holds for § it follows immediately that R§ + N C
Der((f)). To show the opposite inclusion, assume § € Der((f)), say 0« f = gf,
g € R. Then

0xf=gf=26xf.
a
SO
(9—%) enN.
a
This shows that § € Ré + N. O

Suppose § = > g;0; is such that 6 x f = af, as in the lemma. Then

1 1
f=o0uf=23 g0 fe@ixf .. 0nxf)
Conversely, if f € (01 % f,... ,0n % f),say f = ¢:0; * f, then
af =a g0+ f =0+,

with § = @ ¢;0;. Hence a derivation as in the lemma exists if and only if
f € (O1xf,...,0nxf). Thisis obviously the caseif (1% f,... ,0n*f) = R, which
holds for any f of degree one, i.e., for any polynomial defining a hyperplane.

Recall that a polynomial f € R is called quasihomogeneous if there are
integers t1,... ,t, > 0, not all zero, such that f is homogeneous with respect to
degz® =ty + ...+ thay,. Wehave f € (01 f,..., 0, f) for any polynomial
f which, possibly after a translation, is quasihomogeneous.

When p is a polynomial of degree one, the module A in Lemma 5.6 is
particularly nice.

12



Definition 5.7. Let V be the k-vector space

and, if H is a hyperplane through the origin in k™, define Vi C V' to be the
(n — 1)-dimensional subspace

Vy = {Zbl& | (bl,... ,bn)EH}.
=1

If p is any polynomial of degree one, then p — p(0) is a nonzero linear form,
which is equal to p in case p is already homogeneous, so p — p(0) defines a
hyperplane through the origin.

Lemma 5.8. Let p be a polynomial of degree one, and let N be the module of
derivations annihilating p. Let H be the hyperplane through the origin defined
by p — p(0). Then

N = RVH

Proof. Suppose p = ag + > a;x;. A vector (by,...,b,) € k™ lies in H if and
only if >~ a;b; =0, i.e., if and only if (by1,...,b,) is a syzygy of (a1,...,a,). In
fact, the vectors in H generate the whole R-module of syzygies of (a1,... ,a,).

On the other hand, a derivation 6 = > f;0; € Der(R) lies in N if and only
if0=30+p=>" fia;, i.e., if and only if (f1,..., fn) is a syzygy of (a1,...,an).
Hence N = RVy. O

Thus, let p be a polynomial of degree one, and H the hyperplane defined
by p — p(0). If we choose a basis {d1,...,d,-1} for the vector space Vp in
Definition 5.7, we may extend this to a basis {01,... ,0,} for V.

Since d,, does not lie in the span of d1,...,0,_1 it cannot annihilate p.
Whence pd,, € Der(R) meets the requirements of Lemma 5.6, and it follows
that Der((p)) is generated by {d1,... ,0n—1,00,}.

We may now improve on Lemma 5.5:

Proposition 5.9. Suppose p € R is a polynomial of degree one. Let H be
the hyperplane through the origin defined by the polynomial p — p(0), and let
M = {61,...,0n} be a basis for V such that {61,...,0n—1} is a basis for the
subspace Vg from Definition 5.7. Then

DM((p)) = Y R*+ D Rps“,
pps o

as an R-module.

Proof. We know that Der((p)) is generated by {é1,...,0n—1,pdn}. Thus, by
Lemma 5.5, D) ((p)) is generated by the homogeneous components of highest
order of products of m of these derivations, together with {pd” | |3| = m}.
The homogeneous component of highest order of (pd,)! is p'd},. Since the
derivations 41, ... ,d, belong to V they all commute with each other and since
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0; xp = 0 for i = 1,... ,n— 1, it follows that §1,...,d0,—1 commute with
pdn. Thus the homogeneous component of highest order of a product of the
derivations d1,...,0nh_1,p0n is of the form p®"d“. Any such element is clearly
a multiple of one of the proposed generators.

Since {d1,...,6,} is a basis for V it follows that any 07 with |3| = m may
be expressed as a k-linear combination of {§¢ | |o| = m}, so any element of the
form pd®, |3| = m, is an R-linear combination of the proposed generators. [

We end this section with a few examples where we use the tools we have
developed so far to find the differential operators on some affine arrangements.

Example 5.10. Suppose that I = (p1---p,) defines an affine arrangement of
parallel hyperplanes. Then there is a nonzero linear form p such that

pi:p+aiai:17"'ara

where a; € k, and a; # a; if i # j.
Let H be the hyperplane through the origin defined by p, and let N; be the
R-module of derivations annihilating p;, fort=1,... ,r. Then, by Lemma 5.8,

Ny =...= N, = RVy,

so letting M = {61,... ,6,} be a basis for V such that {1,... ,0n—1} is a basis
for Vi, it follows from Proposition 5.9 that

D((p))= > R&“+ Y Rpid%,
o st

fori=1,...r.

The set {0% | |a] = m} is a basis, and the p;:s are pairwise relatively prime.

Thus, by Theorem 3.5,

D(]) = ﬂ DM ((pi) = Y R&“+ Y I~
o o, oy
Let A= R/I. Then Proposition 5.3 and Theorem 2.5 give that
D(A) = A[d1, ... ,0n-1],

where the §;:s commute with each other, but not with elements in the coefficient
ring A. In this case, D(A) is an Ore extension of A.

Remark. After a linear change of coordinates we could have assumed that p =
x1, so that P = p; - - - p, would be a polynomial of degree r in one variable, with r
distinct zeros in k. Therefore we could have reached the result in Example 5.10
by other, well known, methods. However, this example illustrates how our
results, in particular Theorem 3.5 and Proposition 5.3, may be used.

Example 5.11. Suppose that A is an affine arrangement of three lines in the
plane, defined by I = (p1paps) C k[z,y] = R, and let A= R/I. There are four
possibilities:

14



(1)

(i)

(iii)

Three parallel lines.
This case follows from Example 5.10.
Two parallel lines intersecting a third.

Suppose that the lines defined by p1 and ps are parallel to each other, but
not to the line defined by ps.

Let M = {61,02} be a basis for V = kO, + kO, such that
01 * D1 =0 * P2 =0 xp3 =0,

but 81 * p3, 02 * p1, and d2 * pa are all nonzero. Then

m—1

D™ ((p1p2)) = ROT' + > Rpipadisy 7,

=0

by Example 5.10, and

D ((ps)) = > Rpsdioy' ™ + ROy,

j=1

by Proposition 5.9. As in Example 5.10, the set {5{5?7]‘ |7=0,...,m}
is a basis, and p1p2 is relatively prime to ps, so from Theorem 3.5 it follows
that

D™(I) = D™ ((pypa)) N D™ ((ps))
m—1
= Rp3d7" + Rpip2dy" + Z 1616577,

J=1

for m > 1. Hence, again by Proposition 5.3 and Theorem 2.5,

D(A) = A+ P (Apsd7" + Apipady') -
m>1
Three nonparallel lines with no common point of intersection.

After a translation we may assume that two of the lines intersect at the
origin. Then, after a linear change of coordinates, we may assume that
the three lines are defined by the ideal I = (zxy(x —y + 1)).

With M = {0, 0y} it follows from Proposition 5.9, that

D™ ((z)) = > Rx0l0y" + RO},
j=1

and

m—1
D™ ({y)) = RO + Y Rydioy
j=0
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so, by Theorem 3.5, we have

m—1
DU ((wy)) = Rx0) + Y Raydloy ™ + Rydy".
j=1

From Proposition 5.9 it follows, with M = {0, + 0y, 05}, that

D ((z—y+1)) =R (0: +0,)" + Y _R(z —y+1)03(0x + 0,)"
j=1
=R(0:+0,)" + > _ R(z—y+1)0l0y .
j=1

Applying Theorem 3.5 again gives
D (1) =D ({zy)) N D" ((z — y +1))
=Rx(x —y+1)0;" + Ray(0, + 0,)™ + Ry(x —y +1)0,"

m—1
+ 1930,
j=1

for m > 1. Thus
D(A) =A
+P (A:z:(z: —y+ DO + ATY(D, + 0,)" + Ay(x —y + 1)3;7) .
m>1
(iv) Three lines intersecting in one point.

After a translation we may assume that the common point of intersection
is the origin. This case will follow from Corollary 5.31 in Section 5.2.1.

5.2 Central Arrangements

Let us now concentrate on central arrangements. In this case, if A is defined by
P1,...,Dr, each p; is a nonzero linear form, and the defining polynomial P(.A)
is a homogeneous polynomial whose degree is the cardinality of A.

There is a derivation preserving any homogeneous ideal, namely the Euler

derivation,
n
g = Z $iai.
i=1
This derivation is easily seen to have the property

exf=rf,

if f is homogeneous of degree r. In particular, € preserves any ideal defining a
central arrangement. By Lemma 5.5, we need to know what the component of
highest order of a power of the Euler derivation looks like.
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Let h =Y xiyi € k[x1,... ,Tn, Y1, .. ,Yn]. Mapping y; to J; gives e. For
m € N we have h™ = Z\a|:m %z”‘y”‘, and again mapping y; to 0; gives an

operator
|
m/!
em= 3 Dgepe,
a!

|a]=m

We see that g = 1 and €7 = ¢, but for m # 0, 1 we have of course that ¢, # ™.
However

Lemma 5.12.
(1) €mt+1 = em(e —m).
(ii) em=c(e —1)---(e—=m+1), if m>0.

(iii) € is the homogeneous component of highest order of e™.
(iv) If f € R is homogeneous of degree r, then

ek f = (T_T—in)!f ifm <,
" 0 ifm>r.

Proof. 1t is easily seen that (i) = (#) = (iéi). Condition (iv) is obvious for
m =0, and for m > 0 this too follows from (i¢), because

emxf=cele=1)---(e—=m+)xf=r@r—-1)---(r—m+1)f,

since e x f =rf.
It remains to show (7). This is clear if m = 0. If m > 0 we get

€ € = Z i %zaaaxi&- = Z i %zo‘ (xiao‘ + aiaafei) 0;

|a]=m 1=1 |a]=m 1=1
= 5SSt 503 Haanr
N ! al !
|a]=m 1=1 |a]=m i=1
n m! B8 ap m! " o aa
- Y Sl X (S e
|B|=m+1 i=1 la|=m =1
m! m!
= Z (m—f—l)ﬁxﬁaﬁ—i—m Z axaaa
|B]=m+1 la|=m
m+ 1)!
= Z ( 3! L 270" + mep, = emy1 +mem.
|Bl=m-+1 '

5.2.1 Module Generators

In this section we will find generators for D(I) as a module over R, when I defines
a generic arrangement. By Theorem 2.5, this will give A-module generators for
D(A), if A= R/I is the coordinate ring of the arrangement.

17



First suppose that » > 1 and that py,... ,p, define a central arrangement.
Let H; be the hyperplane defined by p;, fori =1,... ,r,and let V; = Vg, CV
be the subspace generating the module of derivations annihilating p;.

If {i1,...,is} C{1,...,7}, then an element § € V;; N...NV;, annihilates
Diy - Piy- Thus, if {isy1,... 0} ={1,...,7}\{é1,... , s}, then the derivation
Pi.., - Di, 0 preserves the ideal (p1---p,). We will show that if the arrange-
ment defined by (py ---p,) is generic, then D™ ((p; - --p,)) is generated by &,
together with elements of the form p;, ., ---p; 0, where 0 is a product of m
derivations in V;; N...NV;,.

To do so we should have a basis for each intersection of V;:s, including
the whole of V', considered as the intersection of the empty family. Therefore,
assume that p1, ... , p, define a generic arrangement. Since each V; is isomorphic
to H;, and since A = |J H; is generic, we know that

—s if
dim(Vi, N...AV) = dim(H;, n...nH)=4" "% "9s™
0 if s > n.
We will now show how to find a subset M of V' containing a basis for each
intersection of V;:s.

Lemma 5.13. Let py,...,p, be linear forms defining a generic arrangement.
Choose a subset M of V' as follows.

If 1 < n: choose a basis {6,41,...,0n} for (Ni_y Vi. Then, for each
i =1,...,r, choose an element &; so that {0;,6r11,...,0n} is a basis
for ;. Vi, and let M = {61,... 0.}

If r > n: choose a basis element for each intersection of n — 1 of the V;:s,

and let M = {61,...,0:} be the set of all of these.

A set M chosen in this way contains a basis for each intersection of Vj:s,
including the whole of V.

Proof. The case r > n follows from the case r = n. Any intersection V;, N...NV;,
with s > n is zero, and for an intersection V;, N...NV;, with s <n —1, choose
any Vi,_,,..., Vi, togive n Vi:s. The subset of n elements of M which are bases
for the intersections of n — 1 of these V;:s contains a basis for V;, N...NV;, by
the case r = n.

Now suppose that » < n. In this case M = {01,...,0,}, and an intersection

Vi,N...N Vi,

with 1 < s < r, has dimension n — s and contains 6;,_,,...,0;,.,0r41,...,0n,

so these form a basis if they are linearly independent. Hence we are done if we

can show that M is a basis for V, i.e., that d1,... ,d, are linearly independent.
To do so, assume Y a;5; = 0. We have numbered the d;:s so that

R P
0 if i # j.
Thus

0= (Z aiéi) *xpj = ajbj,
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foreach j =1,...,r,s0a; =0 for ¢ =1,...,r. This finishes the proof for the
case r = n. If r < n this shows that > . a;d; =0, but {§,41,...,0,} is a
basis, so we must have a; =0 fort =r+1,... ,n, too. |

Remark. When r = 1, this gives a set M as in Proposition 5.9, although with
a different numbering of the basis elements. As in Proposition 5.9, the set M
in Lemma 5.13 is not unique. However, we will use M to define certain R-
submodules of D(R), in Definition 5.15, and as we shall see in Lemma 5.17,
given p1, ... ,p-, any choice of basis elements will give the same module, as long
as they are chosen as in the lemma. Therefore we will feel justified to refer to
the set M from Lemma 5.13.

To find bases for intersections of Vj:s is easy. Because of the isomorphism
between Vi and H, finding a basis for V;, N...NV;, amounts to the same thing
as finding the solutions of the system

Py = ... =pi, = 0.

Let us now define a new subset of Der(R), associated to a generic arrange-
ment. Actually, this is a subset of Der([]), as we shall see in Proposition 5.18.

Definition 5.14. Suppose pi1,...,p, are linear forms defining a generic ar-
rangement. We define a subset D of Der(R) as

D:{Pl(sla-" ;Psas}a

where {61,...,0s} is the set M from Lemma 5.13, and where each P; is the
product of those p;:s which are not annthilated by d;. If all p;:s are annihilated
by 6;, we put P; = 1.

Remark. The set D depends on the set M from Lemma 5.13, so it is not
uniquely defined. However, to choose some other basis element ~; instead of §;
in M, will not change the coefficient P;, i.e., we will get P;~; instead of P;J; in
D, since §; and +y; annihilate the same p;:s. Just as for the set M, we will refer
to the set D from Definition 5.14.

For any ideals I, J in R, we define their ideal quotient as
(I:J)={feR|fJCI}
If J = (f) we will simply write (I : f) for (I : J).
We may now make the following definition.

Definition 5.15. Suppose I = (p1---p,) defines a generic arrangement, and
that
D = {Pid1,..., P}

is the set associated to I according to Definition 5.14. Then we define an R-
module ©™(I) by

O"(I)= > (I:(I:P*)5"+ Rep,

lal=m

for each m € N.
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Observe that, in the definition above, the multi-indices « belong to N°, where
s>nifr >n.

We also observe that (I : (I : P%)) is a principal ideal in R. More precisely,
if P*=1, then (I : (I: P*) =R, and if

P~ :p?ll ...p;,l:’
with all a; # 0, then

(L:(I:P%)=(pipi,)

This follows from unique factorization, since the p;:s are pairwise relatively
prime. The generator p;, - --p;, of (I : (I : P%)) is the product of those p;:s such
that some §; with o; # 0 does not annihilate p;.

For ease of notation, let us make the following

Definition 5.16. Suppose I = (p1---p,) defines a generic arrangement and
that {01,...,ds} is the set M associated to I according to Lemma 5.13.

For each oo € N°, define P, as the product of those pj:s such that some d;
with a; # 0 does not annihilate p;. If every 6; with o; # 0 annshilate all p;:s,
we define P, = 1.

Thus, for each o € N¥, we have
RP,=(I:(I:P%)),
SO
©"(I) = Y RP.0"+ Rep.
loe|=m

Finally we observe that, although the set {P,d* | |a| = m} U {en} of
generators for ©"(I) is finite, it is in general not minimal. A precise statement
for the case m = 1 may be found in [7].

All results from Lemma 5.17 to Lemma 5.27, inclusive, are obvious for m = 0,
so in the proofs of all of these results, we may without loss of generality assume
that m > 1.

Lemma 5.17. If [ = (p1---p,) defines a generic arrangement, then different
choices of basis elements in M in Lemma 5.13 give the same R-module ©™(I),
for each m.

Proof. This is obvious for r > n, since the elements in M are bases for one-
dimensional spaces in this case, so that they are unique up to nonzero constants.
Therefore we may assume that r < n. If

M5:{515"' 5571} and M. :{717"' 777’1}

are chosen as in Lemma 5.13, the sets D from Definition 5.14 will be

Ds = {P161,... ;Pn(sn} = {pl(sla--- apTéra(ST-‘rla--- ,(Sn}
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and

D’Y = {Plfyh"' ;Pn’)/n} = {pl’ylv"' yPrYrs Vr41, .- - a’Yn}

Let ©F'(I) and ©7'(I) be the modules given by Ds and D, according to
Definition 5.15. By symmetry, to see that ©§*(I) = ©1'(I), it is enough to show
that ©F'(I) € ©7'(I).

Since
{6T+17 s 5571} and {7T+17 s 777’1}

and, fori=1,...,r,

{572) 67‘-{-13 o ;671} and {’yi;’YT-‘rla o avn}7

respectively, are bases for the same vectorspaces, there are a;, a;; € k such that

n
O = aivi+ Y @y,

j=r+1
fori=1,...,r, and
n
§i= Y ai;v,
j=r+1
fori=r+1,...,n. Thus, if |a| =m,
0% = ay™ + Z agvﬁ,
|8l=m
where a,ag € k, and ag # 0 only if 7% is a product of Y,41,...,7n, and the

vi:s with o; # 0, i.e., such that P, is a multiple, fgPg, of Pg, where fgis 1, or
a product of p;:s. Hence

P,6% = aPy* + Z agPa'yﬁ
|Bl=m

=aP, " + Z agngg’yB € @;n(]),
[Bl=m

for all o with |a| = m. O
We will show that D) (I) = @™(I). To begin with we have

Proposition 5.18. Suppose that I = (p1 ---p,) defines a generic arrangement.
Then
e™(I1) € D"™(1),

as R-modules.
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Proof. From Lemma 5.12, (i), it follows that Re,, C D) (I). To see that

> RP.6* C D™(I), (8)

lee|=m

we observe that, if f € R and 6 is a derivation annihilating f, we have 0! x gf =
(0" % g)f, for any g € R. Thus §° preserves the ideal generated by the product
of those p;:s that all §; with a; # 0 annihilate. It follows that P,d“ preserves
(p1 -+ pr), ie., (8) holds. O

To show that D) (I) € ©™(I), we will use a method for doing induction
on the cardinality of an arrangement A, known as deletion and restriction. Let
us therefore make the following definition.

Definition 5.19. Let A be a central arrangement and let H € A be a fixed
hyperplane. Let A = A\{H} and let A” = {KNH | K € A'}. Then A" is
called a deleted arrangement and A" is called a restricted arrangement. We
call H the distinguished hyperplane.

Observe that if A is a generic arrangement, so are A’ and A”. For a fixed
hyperplane H € A, we may assume, after a linear change of coordinates, that
H is defined by the equation z; = 0.

Therefore, suppose A is defined by the ideal I = (z1p;---p,), and let the
distinguished hyperplane be the hyperplane defined by x1. Let I’ = (p1 - - - p,),
and let I = {(q1 - - qr) C k[z2,... ,2,], where

gi(z2, ... ,2n) =pi(0, 22, ... ,2p), e =1,... 7

Then I’ is the defining ideal for A’ and v/ I”, the radical of I”, is the defining
ideal for A”. If A is generic and n > 2, I" is radical, so it is the defining ideal
for A”.

Since I"” C k[xa,... ,2,], we will consider D™ (I") and, when applicable,
O™ (1") as k[xa, ... ,x,]-submodules of D(k[za, ... ,zy]).

Let j : D) (I') — D™)(I) be left multiplication by x1, and define 7 by

T ng(gcl,... ,xn)aﬁ — ng(o,mg,... ,xn)aﬁ.

It is clear that if # € D™ (R), then () is an operator of homogeneous order
m. In [4] it was shown that the sequence

0 —— Der(I’) —7, Der(I) —=— Der(v/I1"), (9)

is exact. We will show that the corresponding sequence for homogeneous opera-
tors of higher order is also exact. However, in our proof that D (™) (I) = @™(I),
we will need a slightly different sequence. This is because when n = 2, A" is
the arrangement {0} C k, but I"” = (z}), so I is not the defining ideal for A"
if r > 1.

Lemma 5.20. Suppose r > 1, and that I = (x1p1---pr) defines a central ar-
rangement. Then

= (D)(1)) < D7),
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and the sequence

0 —— DMy —L— D) (1) —Z— pm)(17), (10)
of k-vector spaces, is exact.

Proof. Suppose 6 € D) (I). Then 6 belongs to both D™ ({z;)) and D™ (I'),
by Theorem 3.5.

We know from Proposition 5.9 that D™ ((x1)) is generated as an R-module
by {07 | |3] = m and B = 0} together with {z,0° | |3| = m and 3; > 0}. Thus
any monomial in 6 containing 07 must also contain x. This shows that we may
write

0 = 2161 + 02,
where 0y = 7(0) € D™ (k[za, ... ,2,]).

Since § € D™ (I') too, it follows in particular that for any 27 with v; = 0
we have 0 x x7py---p, = fp1---pr, for some f € R. Each p; is of the form
p; = a;x1 + q;, for some a; € k, so

p1--pr = (w1 +q1) - (arr1 +¢) =219+ q1 -~ ¢,
for some g € R. Thus

Oxaxpr--pr=(x161 +62) %z"p1---pr
=z101%2"p1-pr+ Ok (T1g+q1--qr)

2101 *27p1 - pr + 2102 % g+ 02 x27q1 - - g,
and

foi-pr=a21fg+ far - qr.

We may write f = x1 f1 + f2, where no monomial in f; is divisible by x;, so

I pr=w1fg+o1fiqi @ + foqr - qr
Hence
w1(fg+ fiqr- @ —brxa"prpr = Oy xx7g) = Oy 27qu g — foq1 - G,
where the right hand side is divisible by 1 only if it is zero, so
O2x27qr - qr = faqr - qr.
We conclude that 7(0) € D™ (I") whenever § € D) (I).

To see that the sequence (10) is exact, we begin by concluding that if 16 = 0,
then 6§ = 0, so j is an injection. It is clear that Im j C ker w. To show the reverse
inclusion, take § € kerw. Then, by the above, § = z,6;, and § € D"™)(I').
Hence, for any f € R,

2101 % fpr---pr=gp1-- - pr
for some g € R. Since x1 does not divide p; - - - p,, it must divide g. Thus
01 % fpr-- pr=hp1--pr,
where x1h = g. Tt follows that §; € D) (I'), so 6 € ;D™ (I') = Im j. O
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Again, the defining ideal for A" is v/ I, which may differ from /. However,
as a corollary to the preceding lemma we have

Corollary 5.21. Ifr > 1, and I = (x1p1 - p,) defines a central arrangement,
then, also,

= (D) (1)) € DI(VT7),
so the generalization
0 — D) —L— Dm)([) —T— D) (/T7),
of the sequence (9), is exact for each m > 0.

Proof. 1t is enough to show that 7 (D(™)(I)) € D™ (\/I”). The only way in
which I” may differ from /I is that = maps different p;:s onto (nonconstant
multiples of) the same ¢;. Thus, after a renumbering, we may assume that
qi,. .. ,q:, t <r,are pairwise relatively prime, and that I = (qll1 e qi’), where
w(pi) = g, for i =1,...,t,each ; > 1, and [y +... + 1, = r. Write J =
(z1p1---p¢) and J” = (q1 ---q;) = VI". Then

D(1) = DU (1) N D™ ((prgr -+ pr)) € DT (J),
by Theorem 3.5, and 7 (D™ (J)) C D™ (J"), by Lemma 5.20. O
If the arrangement defined by I is not generic, ™ need not be onto.

Example 5.22. Let R = k[z,y, z] and let A be the arrangement in k3 defined
by I = {xyz(x +y)(x + 2)) C R. Then A is not generic, by Example 4.5 (iii).
Here I" = (y22?), so I = (yz). Let S = k[y, z]. Using Proposition 3.2, we
see that

Der(I") = Der(VI") = Syd, + Sz0..

On the other hand, by [4, Theorem 4.23], Der(I) is generated by €, y(x + y)0y,
and z(xz + 2)0,, as an R-module, so

m(Der(I)) = S(yd, + 20.) + Sy?d, + 5220, C Der(I") = Der(VI").
Thus w is not onto if m = 1.

The fact that 7 : D™ (I) — D™ (I") is onto whenever the arrangement
defined by I is generic, is the content of Corollary 5.26.

We will now see what D) (I"") is when n = 2.

Lemma 5.23. Ifr > 1, and I = (x1p;1 - - - p) defines a central arrangement in
k2, then I" = (x%) and

DO (I) = k[wy]a ™t o,

Proof. Any element in D™ (k[z5]) is of the form fO4*, where f € k[zs]. By
Proposition 3.2, f03* preserves (z%) if and only if

_Dt g ri-m ;
(5) 5 fog watt = | T T Em <r g,
0 ifm>r+y,

for every j < m — 1. From this, the lemma follows easily. [l
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Lemma 5.24. If r > 1, and I = (x1p1---p,) defines a generic arrangement,
then the restriction of m to ©™(I) is a surjection onto ©™(I") when n > 2, and
a surjection onto D™ (I") when n = 2. In both cases the restriction of j to
O™ (I') is an injection into O™ (I).

Thus, when n > 2, the sequence

0 —— (') —— om(I) —— emI") —— 0

; (11)
is exact, except possibly at ©™(I), and when n = 2, the same thing holds for
the sequence

0 —— om(I') —— em(I) —— D"’y —— 0.
As in Lemma 5.20, these are sequences of k-vector spaces.

Proof. Let M = {é1,...,d5} be the set associated to z1,p1, ... ,p, according to
Lemma 5.13. Then M contains a basis for each intersection of V;:s; in partic-
ular for each intersection of V;:s corresponding to pi,...,p,. Thus the set M’
associated to pi,...,p, according to Lemma 5.13 may be taken as a subset of
M. From this it follows that

oI = Z RP!5* + Re,p,

where the sum ranges over those « such that a; # 0 only if §; belongs to M’,
and the factors in P/, are chosen among p1, ... ,p,. It follows that

J(O™(I') = z:0™(I") € O™(I).

Now assume n > 2. Number the V;:s so that V|, corresponds to x1, and
V; corresponds to p;, for ¢ = 1,...,r. Note that since the derivations in Vj
annihilate x1, they all have 0;-coefficient equal to zero. Let W = 2?22 k9;, and
let W; be the subspace of W generating the module of derivations annihilating
qi,t=1,...,r. Then

Wi, n..nW;, =VonV,n...0V;, CW,

by the isomorphism between Vg and H. Let M"” be the subset of M consisting
of the 9;:s with 0j-coefficient equal to zero. From the above, it follows that

M" is the set associated to qi, ..., according to Lemma 5.13. Thus, letting
Quo(za, ... ,xn) = Py(0,29,... ,2,), we see that the generators for @™ (") as
klxa, ..., x,]-module are

{Qad® | laf =m} U {em},

where the d0;:s with «; # 0 are chosen from M”, and €, = 7(&,,) is the operator
corresponding to €., in D(k[xa,...,x,]). Thus any element in ©™(I") is the
image, under 7, of some operator in ©"(I).

On the other hand, for any R-module generator P,6% of ©™(I), in which
some §; with a; # 0 does not belong to M”, x1 must be a factor in P,, so
7(2# P,5%) = 0, for any monomial z° € R. Whence m maps ©™(I) onto ©™(I").

When n = 2, the set M from Lemma 5.13 will consist of r+1 derivations, each
one annihilating precisely one of x1,p1,...,p,. Thus all R-module generators
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of ®™(I) of the form P,d%, except for py - - p,.03", will have 27 as a factor in
P,. Hence the image of ©™(I) under 7 is generated, as a k[zz]-module, by

m(em) = 25" 05"
and
m(p1- - pr0y') = axy 03",
where a is some nonzero constant. This means that
m(O7(1)) = KlaaJay ™" oy
which, by Lemma 5.23, finishes the proof. O

We can now show

Proposition 5.25. Suppose that I = (py ---p,) defines a generic arrangement.
Then
D™(1) = e™(1),

as R-modules.

Proof. By Proposition 5.18 it is enough to show that
DO (1) € ©™(1), (12)

as k-vector spaces. To do so we proceed by double induction, on the number
r > 1 of hyperplanes, and on the dimension n > 2 of the ambient space of the
arrangement.

The case r = 1 follows from Proposition 5.9. The case n = 2 will be dealt
with in a while.

Thus suppose that » > 1 and n > 2, and that the inclusion (12) is true for
r and n, and for r and n + 1, respectively. Suppose that p1,...,p,4+1 are linear
forms in k[z1, ... ,x,41] defining a generic arrangement. We may assume, after
a linear change of coordinates, that p,; = x;. Thus, letting I = (z1p1 -+ pr),
it follows from Lemmas 5.20 and 5.24 that the rows in the commutative diagram

0 —— om(I) —— oemI) ——— emI") —— 0

.| TR

J T

of k-vector spaces are exact, except possibly at ©™(I). Here 4,41, and i5 are
inclusions, by Proposition 5.18.

By the induction hypothesis, i; and iy are actually identity maps. Thus
assume that § € D™ (I). Then 7(f) € D" (I") = 7 (©™(I)). Hence there
exists 1) € @™ (I) C D™)(I) such that 7(¢)) = (). Then

0 — 1 € kerr =Imj = 2, D"™(I') = 2,0™(I') C O™(I).

This implies that § € ©™(I), which shows that D) (I) C ©™(I).
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To show the proposition for n = 2, we use induction on the number of
hyperplanes. Proceeding as above we get the commutative diagram

0—— om(I) —L— emI) —Z— DIy — 0

3l i H

0 —— DI(I) —— D) —— D),

7 T

where 41, by the induction hypothesis, is the identity map. The same diagram
chase as above concludes the proof. [l

Corollary 5.26. Ifr > 1, and I = (x1p1 - - - pr) defines a generic arrangement,
then the sequence of k-vector spaces

0 —— D) —L (1) —T D (") — 0
is exact for each m > 0.

In Proposition 5.9 we did not need ¢,, as a generator for D™ (I). This
remains true for all r < n.

Lemma 5.27. If r <n and p1,...,p, define a generic arrangement, then

amez (I : P*))8°.

lee|=

Proof. 1t is enough to show how € may be expressed as a linear combination of
P;4;, since the homogeneous component of highest order of a power of such an
expression must be a linear combination of the P,d%, |a| =

If » = n, not only is M = {01,...,d,} from Lemma 5.13 a basis for V, but
{p1,... ,pn} is a basis for > kx;. Thus

T = E QiiPj,
J

for some a;; € k, and by the proposition above, Der((p1 - - py)) is generated by
p101, - .- ,Pndn together with e.
Let

0= Z 5D € Der({p1 - - pn))-

Then

9*:51(26*%)* 2wy Z“”pfsé*z)pj > ayp; =,
j ;

forl=1,...,n,s0 60 =¢, by Lemma 2.4.

If » < n there are linear forms p,1,...,p, € R such that d; annihilates all
pj:s, except p;, for i = r 4+ 1,...,n, and such that {p1,...,p,} is a basis for
> kax;. Then the same result as above holds. O

We are now ready to formulate the main result of this section.
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Theorem 5.28. Suppose I = (p1---p,) defines a generic arrangement. Let
D = {Pib1,..., P}

be the set associated to I according to Definition 5.14. Then

D)= | D (I:(I:P))5" +Rep |,

m>0 \ |a|=m
as an R-module, where Rey C 37, (I : (I : P*))6%, if r < n.

Proof. This follows immediately from Proposition 5.3, Proposition 5.25, and
from Lemma 5.27, together. (|

Let us write &, for -, _,, %!!x_a[?”‘, the operator in D(R/I) induced by €,
as in Section 2.2. Then, by Theorem 2.5 we get

Corollary 5.29. Suppose A is the coordinate ring of a generic arrangement,
and let
D ={Piéy1,...,Psds}

be the set associated to the defining ideal I = (py---p,), according to Defini-
tion 5.14. Then

DA =P | D T:(I:P))5" + Az, |,

m>0 \ |a|=m
as an A-module, where Az C© 37, _,,, (I : (I : P*))6%, if r <n.

Remark. It is clear that (I : (I : P*)) # 0 if and only if P* ¢ I. This is the
case if and only if there is some p; with d; * p; = 0 for all j with a; # 0, i.e., if
and only if §% € Vi‘al, for some i.

The case n = 2 is special, since by Example 4.5 (i), any central arrangement
in the plane is generic. We therefore state this case explicitly in the following
corollary to Theorem 5.28.

Corollary 5.30. Suppose that I = (p1---p,) C k[z,y] = R defines a central
arrangement. Let

P’L :pl...ﬁ\i...p’r,
with PL=11ifr=1, and
5 — Oy if pi = ax,a € k\ {0},
’ az + aiay prz = a(y - aix)aa € k \ {0}7
fori=1,... r. Then

D(I) =R+ P (RPSY + ...+ RP,6" + Rey,) + ID(R),

m>1

as an R-module.
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Proof. If r > 1, the set D associated to I according to Definition 5.14 will be
D ={P,...,P9,},

with P; and J; as above. If r = 1, let P; and 6; be as above. Let P, = p; and
let d2 be any derivation in k9, + k0,, which is not a multiple of 4;. Then

D= {P151,P262}.
Finally, for a product, 6%, of distinct J;:s, we have P, = py - p. O

Corollary 5.31. Suppose that A is the coordinate ring of a central arrangement
in the plane, defined by I = (p1---pr) C klz,y]. Then, with notation as in
Corollary 5.30,

D(A) = A+ P (AP + ... + AP0 + Azyy)
m>1
as an A-module.

Observe that, if k is algebraically closed, the result in Corollaries 5.30
and 5.31 are true for any principal ideal which is homogeneous and radical.

We have only defined ©™ () for the case when I defines a generic arrange-
ment. It is of course possible to do the same for any ideal defining a central
arrangement:

Suppose I = {py --- p,) defines a central arrangement.

Let M = {6;1,...,0s} be a subset of V' containing a basis for each inter-
section of Vj:s.

Let D = {P161,...,Ps0s}, where P; is the product of the p;:s which are
not annihilated by d;.

Define ©™(I) = 32, =, (L : (I : P¥))6% + Repp.
Then, as in Proposition 5.18, and with the same proof, we have
e™(I) c P™(I).

We will end this section with an example showing that the opposite in-
clusion need not hold if the arrangement defined by I is not generic. Hence
Theorem 5.28 is not true for nongeneric arrangements.

Example 5.32. Let I = (zy(z — y)) C k[z,y,2] = R. Let A be the central
arrangement of three planes in k3, defined by I. Then A is nongeneric, by
Example 4.5 (iii).
We have that ,0,, and z0% all preserve I, so
(20 + y9,)d. = €0, — 202 € DD(I).
To find ©*(I), let x = p1, y = p2, and v —y = p3. Then

invanVs=VinVa,=vViNnVs=VenNVs =k0,.
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Ezxtending this to bases for the V;:s, we may choose

Vi = kO, + k0.,
Vs = k(0p + 0y) + kO..

Thus M = {04,0, + 0y, 0y, 0.} has the property of containing a basis for
each intersection of V;:s, as well as for V, so

D = {x(x — y)Ou, 2y(0s + 0y), y(x — y)0y, D, }.
Hence, after removing unnecessary generators,

0*(I) =Rx(x — y)02 + Raxy(0; + 0,)* + Ry(x — y)@j

+ Rx(x — y)0,0, + Ray(0y + 9y)0; + Ry(x — y)9y0,
+ RO? + Res.

All the polynomial coefficients in these generators, except for 02, have degree
two, but the polynomial coefficients in the element (0, +y0y)0: of DA)(I), only
have degree one, so it cannot possibly belong to ©*(I). Whence

e%(1) ¢ D(1),

i this case.

5.2.2 Algebra Generators

As pointed out earlier, Nakai’s conjecture holds for the coordinate ring of an
affine arrangement. Thus, in particular, if A is the coordinate ring of a generic
arrangement of more than one hyperplane, then D(A) # A(A). We will use
Theorem 5.28 to find finitely many k-algebra generators for D(I). Then, by
Theorem 2.5, it follows that, although not generated by A and derivations,
D(A) is still finitely generated as a k-algebra.

Lemma 5.33. Let p1,...,p:, t > 1, be polynomials in R of degree one and let
d € Der(R) be a derivation with coefficients in k. Then

t

Z(fl)i <t> 52t+17ip1 .. .pt(gi — (5 *pl) . (5 *pt)t!5t+1.

- 1
=0
Proof. We will prove this by induction on t. If ¢t =1, then

1
(1 . .
S0 (})0% ' = 8 = 2016 = 2001 19
=0
=0%(0*p1) = (6 xp1)d°.

Now assume that the lemma is true for some ¢ > 1. Agreeing that (til) =
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t
t
= ( )62t+3 % pt+16 _ Z(_l) ( )62t+2 lp 161-1-1
:0 1=0 t
t = .
B ()62t+2 l pt+16+26*pJ PP | 6
:0 j=1

_Z(_l) (1)52742 L pryad

=0

e il .
(1) G s et

j=1

t
e . R .
L (Z(W (D)artpueeege -pmaz)

I
P IM-
)

=0

<.
I |

(by the induction hypothesis)

~
+
—

(65 p;)0(5 % p1) -+ (3% py) - -+ (5 % praa)t1otH!

|
.

+ |
=

((5 *pl) s (5 *pt+1)t!6t+2

Il
—

§xp1) - (8% pryr)(t+ 1)16"2

—~ .

O

Lemma 5.34. Let py1,...,p:, t > 1, be polynomials in R of degree one and
let 0 € Der(R) be a derivation with coefficients in k such that 6 x p; # 0, for
j =1,...,t. Then, for any m > 0, we may write p1 ---p:d™ as a k-linear
combination of products of p1 ---p6t with 1 <1 <2t + 1.

Proof. If m < 2t+1 there is nothing to prove, so assume that m > 2¢t+1. Then,
by Lemma 5.33, we have

t
(—Uiépr~mﬂhk%r~mﬁ““
VA
) ¢ Lt . _
s (s (o) o

1=0
=p1-- .pt5m—2t—2(§ *p1) - (5 * pt)t!5t+15t+1
= (6xp1) - (0 xp)tlpy---ped™,
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i.e.
t
prepe™ = aipr-ped™ T ipy e pdt T (13)
i=0

where a; € k\{0}, fori =0,...,t. We observe that in each term in the sum (13)
we have
1<m-1—-i<m and 1<t4+1+4+:<2t+1.

Hence the lemma follows, by induction on m. O

Example 5.11 (continued from page 16). Finding generators for D(A) as
a k-algebra, where A is the coordinate ring of three distinct lines in the plane,
we have, using the same notation as before,

(i) Three parallel lines.

By Ezample 5.10, D(A) is generated by A and a derivation &, with coef-
ficients in k, which annihilates all of p1,p2, and ps.

In cases (ii), (iii), and (iv) it is clear that, as in the proof of Corollary 5.30,
any product of two generators of the form pd;, with different i:s, equals zero.
Thus, using Lemma 5.34, we get:

(1) Two parallel lines intersecting a third.
In this case D(A) is generated by A and
{p307" | m =1,2,3} U{p1p205" | m = 1,2,3,4,5}.
(iii) Three nonparallel lines with no common point of intersection.
Here D(A) is generated by
{z(z —y+1)07",77(0: + 0y)™, y(x —y +1)9," | m = 1,2,3,4,5},
together with A.
(iv) Three lines intersecting in one point.
This case follows from Proposition 5.38.

Theorem 5.35. Suppose that I = (py---p,) defines a generic arrangement.
Then D(I) is finitely generated as a k-algebra. More precisely:

If r < n, then D(I) is generated by
{xla o axnaér-‘rla o 3671} ) {plé‘lapzéfapl&? | 1= 17 ... 77"},
where {p101, ... ,pr0r,0r41,...,0n} is the set D from Definition 5.14.

If r > n, then D(I) is generated by
{21, . ,2n, e U{Pyd" | a; <2(r—n)+3 fori=1,...,s},

with P, as in Definition 5.16 for each o € N°.
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Proof. First suppose that r < n. Then every R-module generator of D(I) of
order > 1 is of the form P,0%, as defined in 5.16. However, the elements in
D commute with each other, so it is enough to show that for ¢ = 1,... ,r we
may write p;6;" as a sum of products of operators of lower order, if m is large
enough. It follows from Lemma 5.34 that this is possible if m > 3.

Hence {x1,...,%n, 0ps1y--- ,0n} U {pidi, pid2, pidy | i = 1,...,r} generate
D(I) as a k-algebra.

Now suppose that » > n. The R-module generators ¢, are k-linear com-
binations of powers of €, so it remains to show that each R-module generator
of the form P,d% may be expressed using lower order operators, if || is large
enough. In fact, we will show that any operator of the form P,d“ may be writ-
ten as a k-linear combination of products of operators of the form Pﬁéﬂ with
Bi <2(r—n)+3,fori=1,...,s, and such that 8, = 0 if a; = 0.

Therefore assume that P,0% is an R-module generator of D(I) with a; >
2(r — n) + 3 for some i.

The derivations d1, ... , ds all commute with ea/c\h other, so any product §* =
o7t -+ 6% may be rearranged as §% = 67707 -+ - 857 - 85 = 876X,

Furthermore, P, = P'P;, where P’ is the product of those p;:s in P, which
are annihilated by ¢;, or P/ =1 if no p; in P, is annihilated by d;.

Since the arrangement defined by pi,...,p, is generic, each §; annihilates
precisely n—1 of the p;:s. Thus, foreveryi =1,...,s, we havedeg P; = r—n+1.
Lemma 5.34 shows that we may write Pod* = P'P;67" 6% as a sum in which
each term is of the form

aP’Pi(S;nl L. Pi(gzmz(goz—aiei,

where a € k\ {0} and 1 <m; <2(r—n)+3,forj=1,...,L
Since ¢; annihilates all factors in P’, it annihilates P’. Whence P’ and §;
commute, SO

aP' P50 80T = P - PS) T PT RS YT e
— AP0 o PO T Pyt 5T 50
=aP,5" --- P, P60,
where v = (a1, ... ,Qi—1, My, Qit1,... ,05), and P, = P, since m; > 1.

We may now do the same thing with P,d", if some v; > 2(r — n) + 3,
and continuing like this, we will eventually end up with a k-linear combination
of products of operators of the form Pgé” with 3; < 2(r — n) + 3, for each
i=1,...,s, and such that §; # 0 only if «; # 0.

Hence {z1,... ,Zn, e} U{Pad® | o; <2(r —n)+3fori=1,...,s} generate
D(I) as a k-algebra. O

By applying Theorem 2.5 we get

Corollary 5.36. Let A be the coordinate ring of a generic arrangement, defined
by the ideal (p1---pr) C R. Then D(A) is finitely generated as a k-algebra.
With notation as in Theorem 5.35:

If r < n, then D(A) is generated by

{TT, ... T, Oty o oo 00y U {0305, 5302, 7302 | i =1,... ,7}.
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If r > n, then D(A) is generated by
{Z1,. . T, B} U{Pad® | a; <2(r—m)+3 fori=1,..., s},
where € =Y T;0;
Remark. As we remarked after Corollary 5.29, P, # 0 if and only if 6% € Vila‘,
for some 3.

Again, the case n = 2 takes a special position. Before stating our next
proposition we will need a definition to facilitate its proof.

Definition 5.37. For a monomial x*0° € D(R), we define its total degree,
as totdeg(x*0%) = |a| — |B]. A nonzero operator 0 is of homogeneous total
degree t, if all monomials occuring in 6 have total degree t. In this case we
write t = totdeg(h).

It is clear that if # and v are operators of homogeneous total degree, then
so is 01, and

totdeg(6v) = totdeg(1)0) = totdeg(d) + totdeg(v)).

Proposition 5.38. Suppose p1,...,p. C k[z,y] define a central arrangement.
Let P; and §; be as in Corollary 5.30, and let A be the coordinate ring of the
arrangement. Then D(A) is generated, as a k-algebra, by

{yvél} or {fay}u{p_l(slnap_ﬂs;n | m = 17273}7
if r is one or two, respectively, and by

{Z,7,2Y U{P6" |i=1,...,rand m=1,...,2r — 1},

if r > 3. Thus D(A) is generated by operators of order < 2r — 1. Moreover,
D(A) cannot be generated by operators of lower order than this.

Proof. The first part of the proposition follows from Corollary 5.36 together
with the subsequent remark.

To show the second part, let I be the defining ideal for the arrangement
under consideration. By Corollary 5.30, any product of k-algebra generators of
D(I) is a k-linear combination of products of z, y, £, and operators of the form
P;o7" for some m, together with operators with polynomial coefficients in 7. All
operators of the form P;0]", as well as €, have homogeneous total degree. Since
totdeg(z) = totdeg(y) = 1 and totdeg(e) = 0, if 0 is any product of k-algebra
generators for D(I), not inducing the zero operator in D(A), it must be a sum
of operators 1 of homogeneous total degree, such that

totdeg (1)) > totdeg(P;o;"* --- Pio;™) = t(r — 1) Zml,
for some 7. Assuming that m; < 2r — 1 for each [ we get
t
totdeg(P;0M - Po™) = t(r — 1) Z (r—1)—2t(r —1)

=t(l—r)>-r= otdeg(Pjéf-T_l),

for each j. Hence no Eé?“l can be expressed using lower order operators in
D(A). O
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