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1 Introduction

The theory of D-modules in positive characteristics has recently received
attention, in several contexts. There is for example, in commutative alge-
bra, the result by Hunecke-Sharp [11], which says that local cohomology
modules, Hj(R), where I C R is an ideal in a regular ring over a field
of characteristic p, have finite Bass numbers. The proof makes essential,
though implicit, use of the fact that these modules are D-modules. This
result was later generalized by Lyubeznik [13, 14], to on the one hand, a
proof of the finiteness of Bass numbers for local cohomology modules in
characteristic zero, by ordinary characteristic zero D-module theory, and on
the other hand to the nice concept of F-finite modules, of which more below.
Other examples are the applications to the theory of tight closure due to
K.Smith [16], and the proof by K.Smith and van der Berg [17] of the fact
that the ring of differential operators of an invariant ring S(V)¢ is a simple
ring, in positive characteristics(where G is a linearly reductive group, with
a finite dimensional representation V', and S(V') the symmetric algebra on
V). The corresponding result is still unknown in characteristic zero. So
D-modules are very useful objects, even in positive characteristics.

Let X be a smooth variety over a field k of positive characteristic p. and
Dx the ring of (Grothendieck) differential operators on X. In this paper we
will define and study a certain nice category of Dx-modules, called filtration
holonomic modules. These were introduced (in a stronger version) in [3].
There they were used to prove that local cohomology modules H%(Ox),



Z a subvariety of X, have finite decomposition series as Dx-modules, and
to study the socle of these modules, inspired by corresponding results in
characteristic zero. By the adjective nice, is meant in particular that they
form a Serre subcategory of the category of all Dx-modules. In addition all
modules in it have finite decomposition series, and it includes several classes
of important modules, like the local cohomology modules of the structure
sheaf.

To motivate the concept, consider what happens for an affine smooth va-
riety X = specR over a field k of characteristic zero. The ring of differential
operators on X may be filtered by the degree of a differential operator, and
the associated graded ring is a finitely generated commutative ring. Using
the Hilbert polynomial, this makes it possible and easy to develop a theory
of ”growth” of D-modules. The modules with minimal growth are called
holonomic modules. The growth of them turns out to be precisely equal to
the growth of the D-module R. These modules play an important part in
D-module theory([2, 4]). In positive characteristic p the ring of differential
operators of a smooth variety is however non-Noetherian, and hence the
tools of Noetherian commutative rings are unavailable here. However it is
possible to use the idea of growth in a different way. We will sketch the
idea. Suppose for simplicity that R = k[z1,...,x,], where k is a field of
characteristic p. The idea is then to use the well known Morita type charac-
terization of a module M over the ring of differential operators Dg. It says
that such modules are precisely those modules for which there is a series of
k[zP"]-modules M) and (compatible) isomorphisms

Op : F*" M) = klz] @pppor) M = M, 7 >0,

where F' is the Frobenius map. Let V,. be the vectorspace of monomials
of degree strictly less than p” in each variable. Then k[z] & V, ®, k[zP],
and F*" M) =V, @, M), Then the archetype of a filtration holonomic
module is a module that may be generated by a sequence of finite di-
mensional subspaces 4, ¢ M), i. e. such that M = U0, (V: ® 4,)),
where the dimensions of A, has a common upper bound. For example, if
M = k], then 6, : F*"M = M is just the ordinary canonical isomorphism
k(2] @ppgrn) k[xzP"] = k[z], and letting the 1-dimensional vectorspaces A, be
defined as A, = k C k[z?"] = M) we have 6,(V, ® k) = V, C k[z], and
M = Ur>oV,. So k[z] is (unsurprisingly) a filtration holonomic module.
However the definition above, given in [3], should be modified. This is be-
cause it seems impossible to so prove that extensions of filtration holonomic
modules in this sense also are filtration holonomic. Instead of demanding



that the dimensions of the vector spaces A; in the definition above should
have a common bound, the modification consists of the weaker condition
that a certain weighted dimension ¢(A;) associated to each vector subspace
A; of a Dx-module should be finite (Definition 3.2). We redo and develope
several results from [3] , using this more general concept. (A motivating
example for the modified definition is given at the end of section 3.1.)

Our main result is the following, whose first part is immediate from the
local version Theorem 4.2, and whose proof is contained in sections 2-4.

Theorem 1.1. If X is a smooth variety of finite type over a field k of char-
acterisic p, then the category of filtration holonomic modules is closed under
Dx-module extensions, submodules and quotient modules. Fvery filtration
holonomic module has a finite decomposition series.

We also prove that the property is preserved under the usual functors:

Theorem 1.2. If X is a smooth variety of finite type over a field k of
characterisic p, then the category of filtration holonomic modules preserved
by direct and inverse images, and local cohomology.

A different finiteness condition for Dx-modules —F-finite modules —has
recently been introduced by Lyubeznik [14], building on the work by Huneke
and Sharp [11]. It has similar properties: e.g. F-finite modules also have
finite decomposition series, as Dx-modules, and local cohomology modules
of the structure sheaf are F-finite. We analyze to some extent in this paper
the relation between these two concepts and show in particular that F-
finite modules are filtration holonomic (for a smooth variety of finite type
over a perfect field), but that the converse does not hold, in general. This
difference is mainly due to the fact that built into the concept of a F-finite
module M, is that the module is a so-called F-module, i.e. that as R-
modules F*M = M. As was described above this is equivalent (by iteration
and Morita-equivalence) to the fact that M is a Dx-module, with the extra
condition that M = M), r =1,2,.... This is rather restrictive, and has for
example the consequence that a Dx-module extension of F-finite modules
is not necessarily F-finite. It should however be noted that F-finite modules
may be used in a more general situation, e.g. complete regular rings, while
the concept of filtration holonomic modules is bound to the condition that
the variety is of finite type.

Finally we give several examples of filtration holonomic modules. First,
each étale algebra F over R = k[z1,...,x,], considered as a Dg-module has
this property. The proof is rather involved, but constructive, meaning that



it is possible to get bounds on the length of a finite decomposition series
of R. This example was already described in [3], but the proof given there
was deficient(as kindly pointed out by M.Kaneda). Other examples are in
the class of Ox-coherent Dx-modules. It is trivial to prove that modules
in this class have a finite decomposition series but unlike the situation in
characteristic zero, complicated to prove that they are filtration holonomic,
and in fact we only succeed for modules which correspond to étale sheaves,
though we conjecture it to be true in general. An example is given which
supports this conjecture.

I would like to thank Torsten Ekedahl and Gennady Lyubeznik for sev-
eral discussions on these topics; Masaharu Kaneda for carefully puncturing
several attempts at proofs, in particular the proof of the filtration holo-
nomicity of the étale extensions. Thanks are also due to the referee for very
useful comments.

2 Preliminaries

2.1 The Frobenius morphism

If X is a scheme of positive characteristic p > 0 (as will be assumed in
the whole paper), the absolute Frobenius map Fx : X — X is defined as
the identity on the underlying topological space and the p-th power map on
Ox. If X — spec k is a scheme over a field k of characteristic p > 0, a
relative or geometric Frobenius map Fx/gpec 1 may also be defined, through
the commutative diagram :
FX/iec k X(l) N X
! |

Fipec &
speck 5" speck

X

In this diagram the lower horizontal map is just Fipec , i. €. the p-th power
map on k, the square is a pullback diagram, and the composition of the
upper horizontal maps is F'x. Note that if k is perfect then Fi,e. 1 is an
isomorphism, and this implies that X = X®), though not as k-schemes. If
this isomorphism holds we will mostly identify X with X (). The morphism
Fx /speck Will usually be denoted by F'. By iterating this construction, maps

F": X — X are obtained.



2.2 The sheaf of differential operators D

Let Dx denote Grothendieck’s sheaf of k-linear differential operators on the
structure sheaf Ox ([EGA IV.16.8]). If X = specR we will sometimes denote
this sheaf by Dg. Denote by Dgg) the subsheaf of those k-linear differential
operators who commute with multiplication by p"-th powers of functions:
5(fP"g) = fP"4(g), f,g € Oy, & € Dy, where U C X is an open subset.
Alternatively Dg?) may be characterized as the Ox-subalgebra of Dx locally
generated by the differential operators of order strictly less than p”. Dy is
not Noetherian in positive characteristics. However, it is clearly the union

Dx = |J DY,

r>0

and each Dg?) is Noetherian and has a nice description, given in the next
proposition. A proof may be found in [19, 1.4]. Compare also [5, 12]

Proposition 2.1. Suppose that X is a scheme over k and that the relative
Frobenius F := Fx/specr, s finite. Then there are isomorphisms

Frp\y) = Home_ (FIOx, FOx).

If X is locally of finite type over k, the condition of the proposition is
clearly satisfied. We will mostly study this case(there are however many
others, like X = speck[[z]], in which the proposition obtains).

2.3 Describing D-modules by Morita equivalence

Since by the previous proposition ’Dg) is an endomorphism ring, it is by

Morita’s theory easy to describe Dgp—modules, given that F]Ox is locally
a projective generator. This condition is true if X is smooth. The following
proposition is wellknown, and has its origin partly in a result of Cartier (see
[12, thm 5.1], and also [5, 7]). We give some indications of the proof, mostly
to be careful with the assumptions on the base field. Since F' is affine we
will in the sequel supress F, whenever the relevant module structure is clear
from the context.

Proposition 2.2. (c¢f. [5] and [12, thm 5.1]) Let X be a smooth variety
over the field k of characteristic p > 0, such that the relative Frobenius
F = Fx/speck 15 finite. Then there is a Morita-equivalence between the

categories of Ox ) -modules and Dg?)-modules, given by M) — F*M M) =



Ox QO () M) This is the Morita context induced by the Dg? — Oy -
bimodule Ox . An inverse functor is given by

M = Homo ., (Ox,0x)) @pe M

Proof. The preceding proposition is applicable, and hence the O y(-)-module
Ox induces a Morita context, giving the functors in the proposition. (6,
Thm 4.5]) Since both the functors and the natural transformations involved
are locally defined, it suffices to check that they are equivalences when X =
specR is affine. In this case the Morita context induces an equivalence, if
Ox 1is a finitely generated projective generator as an Oy (-module. The
projectivity follows from [5, Lemma 3.2.]; hence the well-known fact that a
finitely generated projective module is free over a local ring, implies that
Ox is locally a finitely generated generator as an Oy -module. O

The natural map Oy — Ox, induces a map

DY) = Homo _ (Ox,0x) = Homo_ (Ox,Ox) = Ox,

where the last map is just evaluation at 1 € Oy ). The kernel J )({) of this
)

map is a left ideal in Dg; . (For a description in local coordinates see next
subsection.) The following (wellknown) proposition gives a more practical
form of the Morita-correspondent.

Proposition 2.3. Let X be a smooth variety over the field k of character-
istic p > 0, such that the relative Frobenius F' := Fx gpecr, s finite. Given a

Dg)—module M define M) ¢ M as M) = Annj)((r)- Then

M® =~ Hom

Homy,o) (Ox, M) = Homo _,,(Ox, Oxm) @pe M,

is (canonically isomorphic to) the Morita-correspondent of M, and will be
called the sheaf of horizontal sections (for Dg;).)

Proof. This follows from [6, Theorem 4.5, 3.2 (2) and proposition 3.1.]. O

It should be emphasized that the preceding two propositions show con-
cretely how to calculate the action of Dgg) on M if M) ¢ M is known. Since

the inclusion M) C M induces a canonical isomorphism i : Ox Q0 (r)

M® — M, defined by a ® m — am, the action of Dg?) is given by
d(m) =X 0(fi)mi, if i1 (m) = X fims.

The inverse system MY — Af0) o p=prr+D) - > () with rather
obvious compatibility conditions, completely describes the Dx-module M
as noted in [5, 18, 8]. This description will be used later.



2.4 Description of Dy in an étale neighbourhood

If R is a k-algebra let R := k ®; R denote the pullback of the p-th
power map k — k.(Note the possible conflict in this accepted terminology:
R®) = Oy, if X = specR). It is isomorphic to the k—algebra generated
by all pth powers in R. If R is an étale algebra over k[z], then R®) is an étale
algebra over k ® k[x] = k[zP] C k[z], and R = k[z]R?) = k[z] D[] R®)(see
[EGA 0 21.1.7].) Hence

Homp (R, R) = RW) @y, Homyps (2], k[z])

> (RY) @y () k[2]) @k Homppe) (k[z], k[z]) = R @y Hompp (k[z], k[z]).
By proposition 2.1, this can be interpreted as saying that

DY) = R @y, DL,

if X := specR and A™ = speck[x]. Taking higher powers of the Frobenius
we obtain
that
Dx = R Qy[y) Dan

(cf.[EGA IV.16.11.2,17.12.4]). This is an algebra isomorphism, if the action

of Dar on R is taken into account (according to Cartier’s lemma, 2.2. this

action is described by the isomorphism R = k[z] ®j(ye) RW). Hence, if

M is a Dx-module, it is also in a natural way a Dar-module. Also it is

easy to check that j)({) = R Qg jf(&), under this isomorphism, and that

hence, M| is the same whether we consider M as an Dx-module or as a
D ar-module.

The ring of differential operators Dan is generated as a k[x]-module by

the differential operators A

i pI=n Y

D' =T DY,

where ¢ = (i1,...,4,) is a multi-index in N™. The differential operator Dj»

. m .
acts on k[z] by Dix" = 0 ( i )xznl This action is, as seen above, liftable

to an action on the étale cover R. It may be thought of as induced by the
differential operator on Q[z] given by Dij /it (where D, is just ordinary
derivation with respect to the variable z;), and which actually preserves
Z[z], and hence induces a differential operator on Z/pZ[x], which may be
extended to D;- acting on k[z]. This makes it easy to describe the additional
relations which occur in Dan, see [EGA IV.16.11.2].



Let AXZL denote the k-algebra generated, as a finite-dimensional k-vector
space, by D’ for all multi-indices i = (iy,...,i,) with i <p/, k=1,...,n.
These algebras consist of differential operators (of order less than or equal to
j) on A", which are invariant under the group action of A™ by translations
on itself. In fact any differential operator invariant under translations will be
contained in some AE@([Q]), so the union of these algebras are precisely the
algebra of all invariant differential operators. Observe that they generate the

whole algebra of differential operators: DXZL = k[m]Agl It is easily seen that

\715;2 is the left ideal generated by the differential operators D;-j ,j=1,...,n
with 0 <i; <p".

The following simple summary of the above discussion will be our start-
ing point.

Proposition 2.4. Suppose that R is an étale algebra over k[zy, ..., zy].
Let V. be the k-vectorsubspace of k[z] generated by all monomials o ... xin,

where i; < p", for all j =1,...,n. Then any Dg)—module is a DEQL -module

and satisfies M = k[z] @ppor) M® = V. @, M), Also V. is a AXBL-

submodule of M, and if m => vym; € M =V, Q M) and § € AXZL then
om =Y 6(v;)m;.

Proof. This is clear, by proposition 2.2-3, and the above remarks, since V.
is precisely the k-linear span of a basis of k[x] as a k[zP"]-module, and since
M = k[z] ®ppem) M) considered as a DXEL—module. O

2.5 Assumptions and notational conventions

To summarize we will always assume that X is an integral, separated and
smooth scheme of finite type over a field k of positive characteristic p. Even
though it may perhaps be avoided we will assume that the base-field is
separable so that the p-th power induces an isomorphism k& — k. If M is
a module over the k-algebra R, and V' C R and A C M are two k-vector
subspaces, VA will denote the k-vectorspace {> v;a;, v; € V,a; € A}.

3 Filtrations on vector subspaces of D-modules

3.1 The idea

Assume that X = A" = speck[zy,...,z,]. Since X is affine there is no need
to work with sheaves. Let, as in 2.4, V; be the k-vector subspace of k[x]
generated by all monomials x}' ...z where 1 < pforallj=1,...,n.



To start the analysis of the growth of a Dx-module, note that Cartier’s
lemma, in the form of Proposition 2.4 gives the following way of character-
izing a submodule of a Dx-module.

Proposition 3.1. Suppose that M is a Dx-module and that the klz]-
module N' C M is a union

N =] VA (1)

720

where A; C N and that furthermore an arbitrary element in N is con-
tained in all except a finite number of the vector spaces V;A;. Then N is a
Dx -submodule.

Conversely every Dx -module with a countable number of generators, e.
g. a submodule of a finitely generated Dx -module M, may be described as a
union (1), for some sequence of finite-dimensional vectorspaces A;, j > 0.

Proof. Recall that (2.4) Dgg) = OXAE{ZL. Since A is an Ox-module, note
that it suffices to show that N is a Agi—module, for all j > 0. Assume

that § € Agl. Clearly (see 2.4), VjyAj, is a AX?L)—submodule of N and, by
hypothesis, there is to each f € N a jo > j such that f € Vj,A;,. Hence
6(f) € VJ'OAJ'O'

Conversely, every Dx-module M with a countable number of generators,
has countable dimension as a vector space over k, and so contains finite-
dimensional vectorspaces Bj, j > 0 such that B; C Bjq and Uj»oBj = M.
Then, by Proposition 2.4, there are finite-dimensional vectorspaces A; C
MU) such that Bj C V;A;. Since any element in M is contained in almost
all Bj, this is also true of almost all V;A;. O

It should be emphasized that M) is always thought of as a submodule
of the module M, and that the inclusion is not Ox-linear but really an
inclusion M) ¢ F, M.

The idea of the finiteness condition introduced in [3], described in the
introduction, and there called filtration holonomic modules, is then that
minimal “growth” of a module is obtained when the vector space dimension
of the sequence A;, for a filtration of type (1) for the module, is bounded.
This definition will be modified below, so as to make it easier to handle, but
unfortunately necessitating more technical details.

We will give an example to motivate the increase in technical difficulty.
Recall the description of the idea behind filtration holonomic modules, given
in the introduction. The problem with this definition arises when one tries to



prove that there is some finiteness condition on an extension of two filtration
holonomic module. We will describe a Dyj,-module M which is a Dy,
module extension of k[z] with itself. Let M be a free k[z]—module on 2
generators s, s, and similarily let M@ i > 0 be a free k[z(")]—module on
2 generators sgi), sg). Define

0; : MUY - MO

by @i(sgiﬂ)) (1) and ©;(s (Hl)) (1)—|—glsg) where g; € k[2?'] is arbitrary.
This is an inclusmn, and we may think of all M® as contained in M. In
© sgo) and

particular s;

(0) Z Gm)$ (0).

(0)

This inverse system gives a Dy[,j-module structure on M. It contains klx]s

(0)

which is isomorphic to k[z|, and it projects to k[x]s; ’, also isomorphic to
k[z]. If all g; = 0 then M is the direct sum of these two Dy,-modules. To
estimate the growth it suffices to note that, in this case, the union of all
Vi(ksgi) + k:s(l)) V(ksgo) + k:s( )) equals M. But suppose now that the
degree of Gj —09m grows very quickly; for example that degG;/p*
goes to mﬁmty Then the union of V(ksgl) + ks( )) will not equal M, and
it is not difficult to prove that there are no sequence of finite-dimensional
vector spaces A4; C M such that the union of all V;A; is M. This means
that M is not filtration holonomic according to the naive definition in the
introduction and [3]. However clearly

Vi(ks'” + ksy) C By i= Viypags (kst”) + Vi(ksy)),

where d(7) is chosen so that G; € V +d(i)- In some sense then, the extension
M still has a “growth” as a Dyp,-module that is the same as k[z], and is
with respect to this “generated ” by a sequence of two-dimensional vector
spaces. This intuition will be worked out in the rest of the section.

3.2  Vector subspaces of the type V;A

The following lemma on how to handle elementary vector space operations
of vector subspaces of the type V;A where A ¢ M, is an immediate
consequence of the flatness of the Frobenius, see Proposition 2.4.

10



Lemma 3.2.1. Suppose that M is a Dx-module and that the vector spaces
A and B are contained in M. Then the canonical map

Vior A— VA (2)

is an isomorphism. Also

VANVB = Vi(AN B) 3)
and

ViA+V;B =V;(A+ B). (4)
Furthermore if

ViACV;B,
then
ACB.

It follows also, in particular, from (2) and (3), that V;A = V;B implies that
A= B.

The following obvious lemma is also included here for handy reference.
If the vector subspace A C k[z], denote by APl the image of k @, A —
k®yk[x] — k[z], where the second map is rth iterate of the relative Frobenius
F, jspeck- For example, Vl[p "l is the vector subspace of k[z]| generated by all
monomials z°, where i; = p"k;, and 0 < k; < p, for j = 1,...,n. A
calculation of degrees then gives

Lemma 3.2.2. Vi, = Vk(Vl)[pk], if k > 0, or more generally

i

Vi = Vi(Vj—)P,
if j > .
3.3 A canonical filtration

In this subsection we will study certain filtrations which are defined for
arbitrary vector subspaces of D-modules, and which will be used to express
the finiteness condition for D-modules given below, in definition 4.0.1.
Suppose that A is an arbitrary vector sub space of M. An immediate
consequence of (4) of Lemma 3.2.1 is that there is, for each i, an unique
maximal vector subspace 7¢(A) C A, containing all vector spaces of the form
V;B, where B ¢ M®. Furthermore, by the same lemma, 7/(A) = V;®(A),
where ®*(A) € M® is uniquely determined. By Lemma 3.2.2, 7+1(A) =

11



Vi1 01(A) = V[P lei+1(A) © 7(A), since VP171(4) ¢ M. Hence

there is a canonical filtration
A=7%A) > (A) ..., (5)

which is finite if A is finite dimensional.
We now want to introduce a measure t(A) of how complicated this fil-
tration is. The desired result is given in Definition 3.2 below. Note that
A D 7(A) = V1®@!(A), and that, as above, 7/(A4) = V;®'(4) D 771 (A) =
Vi 1@ (A) = Vy(V)Pldi1(A4), by lemma 3.2.2. Hence by lemma 3.2.1,
Di(A) D (V1)P1e*1(A). Suppose now that 7F+t1(A) = 0 and define then
HA) s = AT A+ RN A)/(Vi)Ple*(A)] + ... (6)
1R A/ (AT RR ()] + B (4), (7)

where |A| denotes the dimension of the vector space A. Since |V;| = p'
have

, We

7 (A)] = V@' (A)| = p"|@i(A)],
and hence
D7(A)| = p~ |7 (A)], and |(V))PI@HL(A)| = p~i |71 (A))]

so that

[@4(4)/ (V)P 1o (4)] = p=" (17 (A)] = |7 (A)]) = p~ 7 (A) /7 (A)).
Thus t(A) may also be described as
tHA) = D p " (A)/TH(A)] =
i>0
= A=Y= p I (A,
i>0
since TFT1(A) = 0.

This type of measure actually makes some sense for any filtration F" of
A, which is contained in the 7-filtration.

Definition and Lemma 3.2. Let A= F° D F' > ... D FFl =0 bea
filtration of the finite-dimensional vector space A, such that F' C 1'(A).
Define

tF(A) — prm'|Fi/Fi+1|‘

i>0

12



Then also
tr(A) = |FO =3 p D —p)|Fl. (8)
i>1
If F- C G, are two such filtrations, then tp(A) > tg(A), with equality if
and only if the two filtrations coincide. Furthermore, if F- has the property
that F' = V;®'(F), for some vectorspace ® (F) € MY, then

tr(4) = [A/F (A)] + 00 /()P + . 40D /(13 6B 4 [@®)).

Proof. The equality of the three expressions for t(A) is clear by the argu-
ment preceding the lemma, while the inequality is immediate from the alter-
nate expression (7) of t(A), noting that |Fy| = |Go| = |A| and |F;| < |G,
since F; C G; by assumption. O

Hence t(A) may also be characterized as the minimal value of tz(A), for
all filtrations " C 77 (A). . ’ ’

M s a D (yiy-module where X®) = speck[zP']. Since k[zP'] = k[z],
we may do the preceding for A C M@ and obtain a canonical filtration
ete, denoted by 77 (A) = (Vj)lP'l®l (A), where ®1(A) ¢ MU*9), and corre-
sponding to this a measure ¢;(A). Note then the following property of t(A),
which follows from Lemma 3.2.2.

Lemma 3.3.1. If A ¢ MW, then VZTZ](A) = 7HI(V;A), if j > 0, and
*(V;A) =0, if k <1, hence t(V;A) = t;(A).

There is also another characterization of t(A), which gives the reason
why we are interested in it . It says that t(A) is a measure on the mini-
mal dimension of a vector space needed to “generate” in the special sense
described in i) below.

Proposition 3.3. For a finite-dimensional vector subspace A of M and
an integer K the following statements are equivalent:
i) There are vector subspaces B; C M@ i >0 such that

A=>"V;Bjand Y |Bij| <K.
i>0 i>0

i) t(A) < K.
Proof. Assume condition (i), and define a filtration

Fi = EjZiVYij’ 1> 0.

13



Then clearly ' , '

F' = Vi(S52:(Vi-)"1B)) € 7'(A),
and so by the preceding lemma tg(A) > t(A). But, letting ®/(F) :=
%5:(V;—)P'IB; so that F' = V;®!(F), we have

F'/FH = (Vo' (F)) /()P le ™ (F) = Ve (S VP IB/ S viPlB))
Jj>i Jj=i+1

= Vo (Bi/(Bin( Y- V/IB))
j>i+1
and hence |®/(F)/(V4)P1oi+1(F)| < |B;|, and so t(A) < tp(A) < %4|B;| <
K.

Conversely, assume that 7°t1(A) = 0 and choose by descending recur-
sion, for each i such that 0 < i < k, starting with By, := ®*(A), a vector
subspace B; of <I>i(A) which is mapped isomorphically by the quotient map
onto ®%(A)/(V1)P'1@*+1(A), Then, by induction on the length k of the fil-
tration, A = 3,5 ViB; and by definition K > t(A) = >",5¢ |Bil. O

3.4 The behaviour of the canonical filtration with respect to
submodules and quotient modules

The measure ¢(A) defined above does not behave well with respect to vector
subspaces. For example ¢(V1) = 1, but ¢(B) = |B| for any proper vector
subspace B C V;. However, the situation is better when intersecting with a
D x-submodule.

Proposition 3.4. Suppose that A C M is a finite-dimensional vector sub-
space of the Dx-module M, and that N C M is a Dx-submodule. Then the
filtration T of the preceding section satisfies

NNTH(A) =T (ANN),

and

tnV(ANN) <t(A)

(By TAr is meant the canonical filtration with respect to vector subspaces of
N.) Equality holds in the last inequality if and only if ANN = A.

Proof. Since the subspace T (ANN) = V;®4(ANN), where ®4,(ANN) C
NGO < MO it is by definition contained in 7i(A). To prove the opposite
inclusion, note that A" = V;N'® and hence by Lemma 3.2.1.,

N N7HA) = VND N Ve A) = VN N @A) C Th(ANN).

14



This proves the first part of the lemma. (Note that it follows from the proof
that 4 (ANN) =N NdI(A) = N Ndi(A).)

Denote the graded module associated to the 7-filtration by gr.. Then
the preceding result implies that gr. (AN N) C gr;(A), and hence

P (A (AN N) T AN N)| < p~™ 7' (A) /7 (A)],

and then summing over i > 0 gives that ¢(A NN) < t(A). Equality clearly
implies that gr; (AN N) = gr;(A) and this, by a general result on graded
modules associated to finite filtrations, implies that ANN = A. O

Quotient modules are slightly worse.

Proposition 3.5. Suppose that A C M is a finite-dimensional vector sub-
space of the Dx-module M, and that N C M is a Dx-submodule. Then the
filtration T above satisfies

Ti(A)—FNCT/iVI/N-(A—FN), 9)
and
tmn(A+N) <t(A) (10)
with equality implying (but not being implied by) ANN = 0.
There is not equality in (8) in general. An example: k has characteristic
2, A = ke@k(ze+ f) is a vector subspace of the module M := k[z]e ® k[z] f,
which is generated by the two horizontal sections e, f, and N := k[z]f. Then
Vi = k@ kx and 7!(A) = 0, so that 7'(A4) + N = N but T,/l\A/N(A+N) =
A+ N.

Proof. The inclusion (1) is clear, since
THA) + N = V@' (A) + N = Vy(9'(A) + N),
and ' ‘
DA+ N C (M/N)@,
(By the Morita-eqiuvalence (M/N)® = M® /N Then using Lemma 3.3.1
on the filtration F* := 7/(A)+N of M /N gives that tp(A+N) >t/ (A+
N). But the obvious map 6 : gr (A) — grp(A+N) is surjective and hence
t(A) =Y p "grr(A)| = > pMgrp(A+ N)| = tr(A+N).
i>0 >0

(By definition 3.3.1.) This gives the inequality. The argument also shows
that equality holds in (9), if and only if both the condition that 6 is an

isomorphism and the condition that t p(A+N) = t y/n (A+N) are fulfilled.
However, the first of this conditions holds if and only if ANN = 0. O
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There is an exact sequence of graded modules
0—gr(ANN) —gr(A) — grp(A4+N) —0

associated to the filtration 73, = 7(A) "N of ANN, the filtration 7 (A) of
A and the filtration F- = 7 (A) + N of A+ N. Note that, by Proposition
3.4, Ty = 7 (A) NN. The sequence is exact in each degree, so that

[The/ TR + [ F = [

Multiply this by p~™, and add for all i > 0. Then by the definition of ¢,
(Definition 3.3.1) it is clear that

t(A) =ty (ANN) +trp(A+N).

This together with the inequality tr(A+N) > tyn(A+N) (Lemma 3.3.1),
proves the following corollary.

Corollary 3.5.1.

t(A) >ty (ANN) +tpyn(A+N).

4  Filtration holonomic modules in the affine case

4.1 Definition

Definition 4.0.1. Let X = A" = speck[z]. A Dx-module M is called
filtration holonomic if there is a sequence A;,i = 0,1... of finite-dimensional
vector subspaces of M such that each element in M is contained in all but
a finite number of A;, and there is an integer K such that t(A;) < K for all
1> 0.

Note that in particular U;>9A; = M.

The following proposition gives some equivalent characterizations of this
concept.They are rather similar. In particular, it is technically convenient
not to demand in the definition that A; C A;11. However, it is shown in
the proposition that it is always possible for a filtration holonomic module
to find a sequence which satisfies this stricter condition.

Proposition 4.1. Let X = A™ = speck[z]. For a Dx-module M the
following conditions are equivalent.
i)M is filtration holonomic.
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i1) There exist vector subspaces A; = V;B;, i > 0, where B; C /\/l(i), such
that A; C Aij41 and Ui>0A; = M. Furthermore, for this sequence, there is
an integer K, such that t(4;) < K.

iii) There exist vector subspaces B;j C MU < 7, 7 =1,2..., and an in-
teger K, such that for alli > 0, ¥;|By;| < K, and such that A; =37, V;B;; C
A/L'Jrl = Zj V}'Aprlj and U;A; = UZ'JVYJ‘BZ‘J‘ = M.

Sequences A;, i > 0 of the types used in the definition or the proposition
will be called generating sequences, and the minimal value possible of the
integer K will be called the multiplicity e(M) of the module. (Theorem 4.3
motivates the use of this last term.)

Proof. The equivalence between ii) and iii) is immediate. Assume iii) and
define Bz = Zj VJ@BU C M(Z) Then t(V;BZ) == tl(Bl) é E_]|BZ]| by
Lemma 3.3.1 and Proposition 3.3. Thus the sequence B; satisfies all the
conditions in ii). The converse implication follows from applying Proposition
3.3. in the converse direction.

To continue, clearly ii) trivially implies i). It thus remains to prove
that i) implies ii). Assume then the existence of A; and K as in the def-
inition of a filtration holonomic module. We claim that, for a fixed j, the
sequence 7/(Ag), k > 0, also constitutes a generating sequence. Given
an element m € M there is a finite-dimensional vector space ® ¢ MU,
such that m € V;® (by Proposition 2.4), and since each element of a
fixed basis of V;® is contained in almost all the A;, V;® C A for all k&
large enough, and hence also, for these k, m € 77/(A). This shows that
each element in M is contained in almost all 7/(Ay), k > 0. Also, for
a finite-dimensional vector space A, 7F(r7(A)) = 7791k} (A) and hence
HA) = Yy p 7 (A) [T (A)] = Ty o |7 (A) /71 (A)] = 1(75(A)
(Definition 3.2) and in particular, for all k& > 0, we have t(77(4)) < K.
Thus the claim is proved. Note that since any element in M is contained
in almost all the vector spaces of a generating sequence, it is clear that any
finite-dimensional vector subspace of M is also contained in almost all el-
ements of the generating sequence. This applies then in particular to the
sequence 77(Ay), k > 0, for any fixed j > 0. Now consider the double
sequence 77(Ay), k,7 > 0. Each of these vector spaces has t < K. Choose
recursively a diagonal subsequence C; = V;B;, i > 0, where B; ¢ M@ in
the following way. First set Cy := Ag. If C; = V;B;, where B; ¢ M®
has been chosen for i < ip, then consider the sequence 70t1(4;), k > 0,
and choose as Cj,11 any one of these spaces which contains both C;, and
Ai,+1 (This is possible by the preceding argument). Each vector space in
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the sequence 7071(A), k> 0 is of the form Vj 1B, for some vector space
B ¢ M(0tD) by Lemma 3.2.1. Hence C; = V;B;, i > 0, where B; ¢ M.
From the fact A; C C; for all ¢ > 0, we see that the union of C; is M. Also
we just saw that ¢(C;) < K., for all i > 0, and C; C Cjy1, by construction
and hence B;, satisfies all the properties of ii). ]

Examples are given in section 5.

4.2 Fundamental properties in the case X = A"

Theorem 4.2. Submodules,quotient and extensions of filtration holonomic
modules are filtration holonomic, and every filtration holonomic module has
a finite decomposition series. The number of simple quotients in a decom-
position series is bounded by e(M).

Proof. Let M be a filtration holonomic Dx-module, with A4;, ¢ > 0 as
a generating sequence with ¢(A4;) < K, for all ¢ > 0 as in the definition.
Suppose first that N is a submodule of M. Then an immediate consequence
of tar(A;NN) < t(A;) (Proposition 3.4) is that A;NAN, i > 0 is a generating
sequence of N; the other requirement, that every element in A is contained
in all except a finite number of these subspaces is obvious since this was true
in M. Hence N is a filtration holonomic module. A similar argument using
Proposition 3.5 gives the assertion on quotient modules.

We next prove that M has a finite decomposition series. Assume that
there are K + 1 Dx-submodules

NK+1C...CM+1 CMC...CN1=M.

Let ¢(A; N A;) denote the measure of A; NN; as a subspace of N;. Then
for each fixed j, by Proposition 3.4, K > t(A; NN7) > t(A; N N2) > ...,
and hence, for each j, there are (at least) two consecutive indices i;,7; +1 €
{1,..., K + 1} such that t(A; N N;;) = t(A; N Nj,41). Hence by the same
proposition A; NN, = Aj N Nj, 1. Now vary j. Since there are only a
finite number of possible pairs, some pair of indices 7,7 + 1 will occur for an
infinite number of different j. So the equality A; N NG, = A; NN 41 is true
for an infinite set J of indices j. But UjejA; = M and hence

Mo = UjeJAj ﬂMo = UjeJAj m-/\[ioJrl = M0+1'

Thus, any chain of Dx-submodules of M contains at most e(M) different
modules.
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Next consider an extension
N—M-—=K

of filtration holonomic Dx-modules. Let A; = V;®;, i = 0,1, 2... where &; C
N be a generating sequence of N with t(A;) < e(N), as in Proposition
4.1 11). Let also the sequence B; = > ; V;¥;;,i = 0,1,2..., where ¥;; C
MU 4 < 4, 7 =1,2..., be a generating sequence of the type in Proposition
4.1 iii), such that for all i > 0, t(B;) < ;|| < e(K). Note that, as
before, each finite-dimensional vector space in A is contained in all except
a finite number of A;, and similarily for the other generating sequence.
There is induced a canonical short exact sequence N — MO — @
(Proposition 2.3) and this makes it possible to lift each W;; to a vector
subspace ¥;; € MU such that |W;;| = |¥;;|. Define B; = =2 V;U;;. By
construction, t(B ) < t(Bi) < e(K). We have by assumption that B; C Bj1.
Hence B - BZ+1 + N and there is some j;11 such that B C BZ+1 + Ajyy
Since j;+1 may be taken to be any large enough integer,we might clearly

inductively assume that also A;, C Aj,,, and j; < jiy1, so that finally

C; —B +A CCH—I —BZ+1+A

Ji+1°

Hence U;>(C; is a vector space that contains N' = Ui>04;, and projects onto
K = U;>0B;, and it has hence to be M. Furthermore ¢(C;, ) < e(N) + e(K),
by the Lemma below and hence we have constructed a generating sequence
for the extension M. Note that this implies that e(M) < e(N) +e(K). O

Lemma 4.2.1. Let A and B be finite-dimensional vector subspaces of M.
Then
t(A+ B) <t(A) +t(B).

Proof. Consider the filtration of A + B defined by F* := 7¢(A) + 74(B).
Clearly, F* C 7(A + B), and hence, by Lemma 3.2,

tr(A+ B) > t(A+ B) (11)
However, there is, for arbitrary finite-dimensional vector spaces
AD A, BD By,
contained in a common vector space, an inequality

[(A+ B)/(A1 + B1)| < |A/Ai| + |B/ B,
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(Divide all vector spaces by A; N By; this reduces to the case that |41+ By| =
|A1] + |B1l, and the inequality is trivial.) Hence, |F'/F'Tl| = |(7%(A) +
Fi(B))/(7 1 (A) + 7L (B))| < [r(A)/T (A + [7(B)/7(B)], and so,
by considering the definition, tp(A + B) < t(A) +t(B). By (1) the proof of
the lemma is finished. O

Theorem 4.3. If N — M — K = M/N is a short exact sequence of
filtration holonomic Dx-modules, then e(M) = e(N) + e(K).

Proof. The inequality e(M) < e(N) + e(K) was proven as part of the proof
of Theorem 4.2. Tt thus remains to check the reverse inequality e(M) >
e(N) + e(K). However, if A;, i > 0, is a generating sequence for M with
t(4;) < e(M), i >0, it was proved in the proof of the first part of Theorem
4.2, that A; NN, ¢ >0 and A; + N, i > 0, are generating sequences for N'
and K, respectively. We now need the following simple observation. Suppose
that A;, ¢ > 0, is a generating sequence for a filtration holonomic module
M. Then K = liminf;_, t(A;) exists, and, by considering the subsequence
A;,, k>0, containing all A; such that t(A;) = K, which clearly is another
generating sequence of M, we find that
liminf¢(A4;) > e(M).

11— 00

Returning to the proof, it is clear that Corollary 3.5.1. implies that

e(M) = liminf t(A;) > liminf ty (A; NN) + liirgiogftM/N(Ai +N).

1—00 1—00
However the observation just made, shows that

lim inf tzr(A; N N) + liminf ¢/ 0 (Ai +N) > e(N) +e(K),

1— 00

and hence the proof of the theorem is finished. O

It follows from the fact that a filtration holonomic module has a finite
decomposition series that such a module is finitely generated. Indeed, it is
in fact, cyclic. This is clear by Staffords theorem [2, Theorem 8.18] which
says that if A is a simple ring, which has infinite length as a left module
over itself, then an A-module with finite decomposition series is cyclic. That
Dx is simple is proved in e.g.[9], and the statement of infinite length is an
excercise. (It follows also immediately from [loc.cit. 1.3.5.].) Another result
that is proven precisely as in characteristic zero is that a simple module
has, considered as a module over the structure ring k[z], just one associated
prime. (A proof is given in [2, 3.15-17]; if M is a D-module and ¢ € k[z]
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is a prime ideal, just consider the subspace consisting of elements which are
annihilated by some power of ¢. It is a D-module, and from this the proof
is immediate). We have thus the following proposition.

Proposition 4.4. A filtration holonomic module is cyclic. A simple D-
module has, considered as a module over the structure ring k[x|, just one
associated prime.

5 Examples

5.1 Localisations k[z]; and local cohomology

First consider k[zx| = k[x1,...,x,] itself, and take A; := V;. Then, clearly,
UiA; = klz] and t(A4;) = 1. Hence k] is a filtration holonomic Dx-module,
and, since e(k[z]) = 1 it follows that it is simple. (This, by the way, gives
an alternate proof of this simple fact.)

~Next, form the localisation, k[z]1+4,, and take 4; := V;(k+ k‘:z:zfi)(l/(l +

7

z)). Then  A;  contains  all  rational  functions
p(x)/(1 + 2%"), where degy;p(x) < p', if 2 < j < n, and deg,,p(z) <
2p'. However any rational function p(z)/(1 + x1)" is contained in A; for
p' > maz{deg,, (p(z)),r} large enough, since p(z)/(1 + z1)" = p(x)(1 +
)P "/ (1 4 21)P", if p* > 7, and

dege, (p(x)(1 + 21)P' ") = degy, (p(x)) + p' — r < 2P,

if p' > deg,, (p()). Hence k[x]144, is a filtration holonomic Dx-module, and
the mutiplicity is less than 2, since ¢(4;) = 2. It is not simple (it contains
k[x]), so the multiplicity has to be exactly two.

Then generalize this example to a localization k[z]s, by taking A; =
ViM;/ fp_l, where M; =", kaP'® is the vector space generated by all mono-
mials zP'®, with the multi-index « satisfying a; < deg,, f. The vector space
dimension of M;/fP" is precisely t(4;) = [;deg., f, and a calculation of
degrees similar to the one made above, gives that, every rational function
p/f" =pfP'~"/fP is contained in A;, for i large enough. Namely, 4; clearly
contains all ¢/ 7" for which deg,, (q) < p'(dega, (f) + 1) and

degs, (pf?" ") < dega, (p) + (' — r)degs, (f) < p'(degs, (f) + 1),

if p* > maz{r, dege;(p)}. Note that the estimate of the multiplicity, gives an
estimate of the number of simple modules in a decomposition series. It is also
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interesting to note that the generating series A; = V;®; (as in Proposition
4.1 ii)) has the property that ®; = q>[1p I, This is not always the case.

Note in addition that, since local cohomology modules are subquotients
of localizations of the type k[z]f, it is a consequence of Theorem 4.2 that
this type of modules are further examples of filtration holonomic. This
result was the motivation for the present work. Even though this result will
be contained in the results in later sections, we state it here for clearness,
since these later results have much messier proofs, which tend to obscure

the simple idea. It was first proved in [3].

Proposition 5.1. A localization k[x]; is filtration holonomic as a Dx-
module, with e(k[z]f) < Tjdeg,, f. All local cohomology modules Hy(k[x]),
where I € k[x] is an ideal are filtration holonomic modules.

5.2 Etale algebras over a localisation k[z];

Suppose that R is an étale ring extension of some localisation k[z]f :=
E[z1,...,2;]r. Then by section 2.4 R is a Dx-module, with X = speck[z].
We now want to show that R is in fact an filtration holonomic Dx-module.
This is a generalization of the previous section, and the proof is similar, but
rather more complicated. First we show that R may be assumed to have a
special form.

5.2.1 Reduction to a special case

Suppose that U;c7U; is an arbitrary finite covering of specR. Then R is a
submodule of ®;crRy,, and to conclude that R is th (we will use this as
shorthand for “filtration holonomic intermittently from now on), it suffices,
by Theorem 4.2, to prove that each Ry, is fh. Now we may use the fact that
locally each étale morphism is standard (e.g.[15, Theorem 1.3.14] to find a
cover U;, 1 € I such that each Ry, is a standard étale algebra over some
k[z)s,, fi € k[z], and hence it is enough to prove that R of the following
form are fh:

(a) R := (k[z]¢[Y]/P)n, h € k[z][Y], is an extension of k[z]f, f € k[z],

and P € k[z]¢[Y] is monic and furthermore the derivative P’ (with respect
to Y) is a unit in R. (This is precisely the definition of standard étale
extension of k[z].)

Denote the map k[z]¢[Y]toR by 6. We may use that the characteristic
is positive to assume, in addition(after possibly further localizing), that the
following condition is also satisfied:
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(b)  O(Kk[z]¢[Y]) C Ris a free k[z]-module with a basis Ty = 1,...,T,, =

Y™, such that also for all i > 0 T ,... TP form a basis of O(klz]f[Y]) C R.

This follows, for example, from the following argument. That P is monic
in a) implies the first part of b). Clearly 0(k[x][Y?]) C 0(k[z]f[Y]) C R
are both finitely generated k[z]s-modules. They actually must have the
same rank or k(z)[Y]/(P) = k(x)[YP?]/((P) N k(x)[YP]), as follows from
e. g. surjectivity of the relative Frobenius for an étale extension([15,
VI.Lemma 13.2] ). A direct argument for this is also easy to give: Let
k(z) be the algebraic closure of k(x). Then k(z)[Y]/(P) is also an étale
k(x)-algebra ([15, Proposition 3.3c]) and this is equivalent to the fact that
P =TI!IZ(Y — «;) has no multiple roots «; € k(x) ([15, Prop.3.1, ex.3.4]).
Hence k(z)[Y]/(P) is isomorphic as an algebra to k(z)  and the opera-
tion of taking p-th powers is surjective since it is surjective on k(x). Thus
k(z)[Y]/(P) is generated as a k(x)-algebra by Y? and it follows immediately
that also k(z)[Y]/(P) is generated as a k(x)-algebra by Y. This means that
O(k[z]¢[YP]) C O(k[z]¢[Y]) C R have the same rank and there is then an el-
ement fi € k[z] such that the two finitely generated modules coincide, after
inverting fi. Since k[z] is a domain and R is flat over k[z]|, we have that
R C Ry, (also as Dx-modules ) and again by Theorem 4.2, it suffices to
prove that Ry, is fh. Hence we may assume that 0(k[x]¢[Y?]) = 0(k[x]f[Y])
and this implies that condition b) holds for i = 1. However it then also
holds for all i > 0: If Y = Q(Y?) € R where @ is a polynomial with coeffi-
cients in k[x]s then, by raising this to p-th powers, Y? = Ql(Yp2) where 1
has coefficients in k[z]; and hence Y = QQL(YP)) e H(k[:c]f[ng]). This
proves that 6(k[z] f[YPQ]) = f(k[x]¢[YP]) holds, implying the case i = 2 in
b), and the argument may then be repeated to show that we are reduced to
assuming a) and b).

5.2.2 Preliminaries

If a is a positive integer, let M, be the vector space of all polynomials in
k[x] which have degree less than or equal to a in each variable z1, ..., ;.
Use DEG(f) to denote the least integer a such that f € M,. The following
lemma, which will be used throughout the example, should be obvious upon
inspection.

Lemma 5.2.1. If a and b are two positive integers then

MaMb = Ma+b
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and also

M

pj—l(Ma)[pJ} = M(a—l)pj—l D) ija-

Using that M,;_, 1is the vector space previously called Vj, this says in par-
ticular

Vi (V)P = V.
5.2.3 First estimates of degrees.

Denote by T' the vector space generated by the basis 11, ...,7,,. There are
nonnegative integers a and r such that

TT C M, f™"T, (12)
and hence by induction,
™ M(n_l)af—(n—l)rT

and finally _ _ _
TP TV € My f I (13)
I want to invert this formula, while keeping track of the degrees. Let
m
TP = guf "D, i =1, ,m,
k=1

where then g;x C M(,_1),. Let the determinant of the matrix G = (g;1.) be
g € Mpy(p—1)q- It is non-zero by assumption b), in fact it must be invertible

in klx]s. Let GP’l denote the matrix which has elements gf,i, and if U,V are
two bases of k[x]¢[Y], denote the base change matrix by B(U,V), so that
B(TP,T) = f~=DrG (by abuse of notation letting T also mean the basis
{T;, i=1,...,m} etc.). By Cramers formula,

B(T, TW) = g~y Ur g,
for some matrix H = (h;) with hyj € M(y,_1)(p—1)a- Now
B(T,T[Pj}) = B(T, TPy . ... B(T[pj*]’T[pﬂ)’

and B(TWP 1, TV = B(T, TPHP’ ™' 50 that

BT, TW)) = g~ @0 =D ),
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where H(j) = HHP . HP ™ is a matrix with entries in M —1) (i —1)a-
Hence the matrix f7® ~VH(j) has its elements in M., , where a; is the
least integer such that a; > rDEG(f) + (m — 1)a so that pla; > (p’ —
Dr(DEG(f)) + (m — 1)(p’ — 1)a. The important thing to note here is that
obviously ap is independent of j.
In terms of bases this means that there is a positive integer as such that,
for all j > 1,
TcCa JMp]agT[p ] (14)
since, if ag = DEG(g) + a1,
T c g @ Ay ] gfpjgpjf(pj*1+~--+1)ija1T[pj] (15)

play

C 97" My, TP, (16)

5.2.4 More degree calculations

In a similar way we present h~": There is a description of

h=> quf Tk,

k=1

where ¢, € My and b and t are positive integers. Hence
qu f (nt+(n— 1)7“)

for some elements g (1) € M;,_1)q+nps (Using (11) in the previous subsection,
in which 7 and a are defined.) Assume now that n < p?. Then

h—n:h—pﬂ'hpi—n _ h—pJ Z —n f ((p? =n)t+(p? —n— 1)r)Tk)
- hfpfffp"(tJrr Z fntJr(nJrl)rT)

and hence
et M

plas

T, (17)

ifag:=a+b+t(DEG(f))+2r(DEG(f)) is chosen to ensure the following
inequality
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DEG (Qk(p] _ n)fnt—i-(n—i—l)r

(DEG(qe(p’ — n))) + ('t + (p + 1)r)(DEG(f))
(P’ —Da+p'b+ (Pt + (p + 1)r)(DEG(f))

P (a+b+t(DEG(f)) + 2r(DEG(f))) = p’as.

VARRVANNVAN

In a similar way there is some positive integer ag, for example ag :=

DEG(f) such that if j > 1 and p/ > k

fR=prp e 'y

plae*

(18)

Finally I need to present 7T in this way: By the assumption made in
the first calculations ((11) in the preceding subsection),

TT C f"M,T C f7 f""M,T C f7 My,,T, (19)

jay
where p/ is supposed to be so large that it is bigger than the fix integers
r and a and ay = (DEG(f)) + 1 is such that p/ay > p/(DEG(f)) + a >
(DEG(f7'7")) + a.

5.2.5 Combining the calculations to prove the result

Now consider the general element of R as an element of M,h~"f~*T (c, k
and n are positive integers).
Using (12)-(17), the following is obtained:

M= f7RT © Mo(f77 My ) (F5F7h) P M,

plas
- (hft—l—r-i—l)—pj ij(a3+a6+1)(f_pj ija4T)

C (hft+r+2)—pJ Mp(a3+a5+a4+1)g_p] ija2T[pJ}
TIP1

= (ghf =)' M

plas

T)T

under the hypothesis that p/ > max{n, k,a,r,c}, and where a5 = as + a3 +
ag +ag + 1 (the +1 comes from My; D M.) and by =t +r + 2. Both as
and by are independent of j. Consider the sequence of vectorspaces (with
bounded dimension)

@ = (gt ™)V (Mag) T,
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Note that ®; = <I>[1pj] I finally claim that A; = V;®; form a generating se-

quence for R: R is the union of the vectorspaces M.h~" f~*T for all different
positive integers ¢,k and n. Now assume that p/ > maz{n, k,a,r,c}. Then
by Lemma 5.2.1, in the preliminaries of this example, ij,l(Mas)[pq D
M and so

plas

My 1 ®; D (ghf ") 7 M, T®) > M~ f*T. (20)

P plas

Thus every element of R is contained in almost all of the vector spaces
Aj:= My;_1®;. Hence it is clear that they form a generating sequence, and
this ends the proof. Note that it is possible to estimate t(A4;) = [®1]. We

state this result, as a proposition.

Proposition 5.2. Let X := speck[z]. An étale k[z]s-algebra R is filtration
holonomic as a Dx-module. In fact, there is a generating sequence A; =

Vi ®;, such that ®; = q)[fﬂ, and |®;| < K, for some positive integer K.

Note this proposition was stated in [3], but the proof given there, while
using the same ideas, is deficient, since it assumes that the extension may
be restricted to a too special case. However the theorem stated there is still
true, by the above proof, since a module with a generating sequence such
that ®; = q)[lm will be filtration holonomic in the sense of [3].

We will need the following statement on the growth of a generating
sequence relative to the growth of the sequence W7, for a vector subspace

W e R.

Lemma 5.2.2. Let R be an étale k[x]-algebra which thus, according to the
preceding proposition, is a filtration holonomic Dx-module. There is then a
generating sequence A; = V;®;, j > 0, with the following property. To any
finite-dimensional vector space W, there is a positive integer r (depending
on W ) such that, for all integers j >0, W/ C Ay(jy4r, where I(j) is the least
integer larger than or equal to logp(j).

Proof. Remember that V, = Mj,r_;. According to 5.2.1 there is f € k[z]
such that R C Ry = (k[z]f[Y]/(P)), and Ry satisfies conditions a) and
b) of that subsection, so that according to (18) above there is a generating
sequence <i>j, j > 0of Ry with M. f~*h="T C ij_lfij, if p? > maz{c,k,n}
and j > jo is large enough. There are clearly some c, k,n such that W C
M.f~*h™"T. Let p" be the least p-th power such that p" > maz{c, k,n}.
Then W C M,.f~*h"T C M, _1®, and

W7 C Myef 7*h™7" C My @)
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But note that ®; := i)j N RY | is a generating sequence for the Dx-
submodule R, according to the proof of Theorem 4.2. Hence intersecting
with R = Vl(j)+TRl(J)+T gives that W7 C RN ‘/l(j)+TAl(j)+r = W(j)+rAl(j)+ra
according to Lemma 3.2.1 (3). O

5.2.6 Invariance under étale pullback

The following lemma, to be generalized shortly, says that the étale pullback
of a filtration holonomic module is filtration holonomic.

Lemma 5.2.3. Let X := specR — specS — A" = speck[z] be étale maps
of affine varieties, and assume that M is filtration holonomic as a Dg-
module. Then R ®g M is filtration holonomic as a Dgr-module.

Proof. Since R @y, M — R ®g M, we may, in view of Theorem 3.2.1,
assume that S = k[z]. Let ®;; C MU j>i>0, be a generating sequence
for M of the type in Proposition 4.1 iii) , so that U;;V;®;; = M, and
>, |®ij| < L, for some fix integer L, and all i > 0. By Proposition 5.2, there
is also a generating sequence ¥, for R = U;V;¥;, and an integer K such that
W) < K, j > 0. Then 6 := VP10, 0 ®;; ¢ RO @ M) = (R@y, M),
satisfies 3°, |0, < KL|Vi| and furthermore

Vi3 = Ui (V) @ @5 5 D Vi @ VP
J

(We have used that Vjvl[M D V;V;, see Lemma 5.2.1.) If now m =3 ;c; 7 ®
m; € R ®pu M , and {r,l € I} C V;¥; for j > jo and {my,l € A} C
Zj V;®;; for i > ig, then clearly m € V;W¥; ® V;®;; if i > max(ig, jo), since
the fact that A;; = 0, if j < i implies that all the V;B; occurring in the sum
will contain {r;,l € I}. Hence every element in R ®j,) M is contained in
almost all the vector spaces }_; V;C;j, and these vector spaces thus satisfy
the conditions of Proposition 4.1 iii). O

6 Filtration holonomicity for smooth varieties

If X is a integral and smooth scheme of finite type over k there is a covering
of X by open affine sets U;, i = 1, ..., r, with étale maps u; : U; — A™. Such a
map is called a system of local coordinates, and the whole system is called an
atlas. It is natural to globalize the definition of filtration holonomic modules
in the following way.

28



Definition 6.0.1. Let X be an integral and smooth scheme of finite type
over k. If there is a covering of X by open affine sets U;,i = 1,...,r, and
étale maps v; : U; — A", such that ui Ny, is a filtration holonomic DY -
module, then the Dx-module N| is called filtration holonomic, in the given
atlas. If this is true in one atlas, it is true in all.

We will now prove the stated independence of the atlas. The following
lemma contains the main ingredient.

Lemma 6.0.4. Assume that u,v : specR — A"™ = speck|zy,...,z,] are
étale maps of rings. Suppose that N is a Dr-module which, considered as a
Dan-module us(N), using the map w, is filtration holonomic. Then v, N is
also filtration holonomic.

Proof. The ring homomorphisms, corresponding to the maps w,v in the
lemma, will also be denoted by u, v : k[z1,...,2,] — R. The homomorphism
v will be identified with an inclusion k[zr] C R. Since this inclusion is
étale, R is filtration holonomic as a Dgn-module by Proposition 5.2. Let
As = Vi@, s >0 be a generating sequence for R constructed so as to have
the properties in lemma 5.2.3. We can take W := u(M;) in this lemma and
then obtain that there is a fixed r such that for all s > 0 we have

u(Vs) = u(Mps—1) C U(M{)S_l) = u(zwl)ps_1 C Astr = VsprPsr.

(Note that I(p® — 1) = s.) Let furthermore L = e(R) > [®s], s > 0.
Since w4\ is filtration holonomic there exist, according to Prop 4.1, vector
subspaces B;; C NG 0 < i < j, and an integer K, such that for all
i >0, 3,5 |Bij| < K, and 3,5, u(V;)Bij C 3;5; u(Vj)Bit1; and such that
U; j>o0u(Vj)Bij = uxN. Define now

Cij = V;,[pj](I)j_i_rBij.

Since, for all i > 0, N@) is an RY)-module, and Vr[pj}CI)jH c RY . it is clear
that C;; C N, Let |
Jj=i
Clearly, by definition, ¢(V;C;;) = |®j4.||Bij| < L|B;j| and hence
t(ViCi) < Y _t(V;Cy) < KL
Jj=i
is uniformly bounded for all 7. Now

ViCij = ViVIP1@,1. Byj S Vi @540 Bij © u(V)) By
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and this shows that V;C; = U;>;V;Cy; D Uj>u(V;)B;; and so each element
in u* is contained in almost all of the vector spaces V;C;. (We have above
repeatedly used the formula V,(V;)?") = Vj s, of Lemma 3.2.2.) Hence V;C;
is a generating sequence and so the lemma is proved. U

With the lemma it is easy to prove the independence of the atlas used in
the definition of filtration holonomic . Assume that N is filtration holonomic
in the atlas u; : U; — A", i € I, and that v; : V; — A", j € J is another
étale atlas, not necessarily affine nor covering . There is a finite covering of
each V;NU; by open affine subsets, Uy, WZ]; = V;NU;, and with induced étale
affine maps u;, v; : VVZIE — A" i€ l, j € J. By Lemma 5.2.3 we know
that ;. (A | W[) is filtration holonomic as a D-module. Observe, by the
way, that this shows in particular, that taking the second atlas to consist
of just the inclusion of an arbitrary open subset v : V C X, we see that if
N is a filtration holonomic Dx-module then N | V is filtration holonomic .
Returning to the general case, and assuming that the second atlas is affine
and covering, the lemma above shows that then v, (N | WZ’;) is filtration

holonomic as a Dar-module, and since
V(N | V) C (N | W),

the submodule part of Theorem 4.2 gives that v« (N | V) is a filtration
holonomic Dar-module, and hence N is fh in both atlases, as was to be
shown. In particular the new definition coincides with the old one for X =
A™

In a similar way the following proposition is proved. It contains of course
the earlier results in 5.1 and 5.2.6.

Proposition 6.1. Let u: X — Y be an étale map .

i) If N is a filtration holonomic Dx-module then u.(N') is a filtration
holonomic Dy -module.

it) If M is a filtration holonomic Dy -module then u*(M) is a filtration
holonomic Dx -module.

Proof. For i), note first that, by the observation in the preceding paragraph,
if A is a filtration holonomic Dx-module and V C X is an arbitrary open
subset then N | V is filtration holonomic. Hence i) is local in Y, so we may
assume that ¥ = A". Let V; C X,j € J be a covering of X by affine open
subsets. Clearly, by the lemma above, u.(N | V;) is filtration holonomic ,
and hence u(N) C @;ju.(N | V) is holonomic.

For ii), it suffices to note that the statement is local in both X and Y,
and hence is just a version of Lemma 5.2.6. U
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Finally, note that, once given the definition of filtration holonomic for
arbitrary X, Theorem 4.2., on finite decomposition series etc. of filtration
holonomic modules, still remains true, substituting X for A", by a trivial
argument. This is Theorem 1 of the introduction.

7 Functoriality

Haastert [8] has defined inverse and direct images of Dx-modules in positive
characteristics, and we will prove in this section that these functors preserve
filtration holonomicity. He has also proven the precise analogue of Kashi-
wara’s theorem on D-modules with support on a closed, smooth subvariety,
and we prove that this correspondence also preserves filtration holonomicity.
Though the theory in [8] is stated for smooth varieties over an algebraically
closed field, it is clear from the definitions (given below), that they work for
an arbitrary field.

7.1 Maps

Suppose then that f : X — Y is a map between two smooth varieties X and
Y. Then f may be factored into a closed immersion I'y : X — X xY ([EGA
1.5.2.4]), using that the schemes are separated, followed by the projection
X xY — Y. For a closed immersion of a smooth subvariety in a smooth
variety, there is the following very nice description ([SGA 1:11.4.9-10]).

Lemma 7.1.1. Let X be a smooth k-scheme, with a closed subscheme Y,
and let x be a point in X. If Y is smooth, then there is an open neighbourhood
x € X1 C X and an étale morphism

g: X1 — Xo = speckl[ty, ..., t,],

such that the closed subset Y1 = Y N X; C X, is the inverse image by g
of the closed subscheme Yo = speck[t,i1,...,t,], for some suitable r. In
particular the restricted map g : Y7 — Ys, is étale.

7.2 Inverse images

If f: X — Y is a map between two smooth varieties X and Y, the in-
verse image of a Dy-module M is, as an Ox-module simply f*M, i.e.the
ordinary pullback as a quasi-coherent Ox-module([8, 2.1]). To explicit the
differential structure, assume that the inverse system belonging to M is
M) 5 M+ where r > 0. The corresponding inverse system for f*M
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is given by fM* M) where () : X — Y () ig the induced map. The
injection fOTD* MO+ o £ M) s the composition

Oxrr1) DO, (1) MY Ox ®o, M Ox R0, () M)

r+1)

where the first map is the tensor product over of the canonical injections
Oxe+1) C Oxm, and MU+ = M) and the second map is the canonical
surjection. Recall also that if s : X — Y is an étale map then the direct
image s.(M) of the Dx-module M considered as a quasi-coherent module
is a Dy-module.

Proposition 7.1. Let f : X — Y be a morphism, and M a filtration
holonomic Dy -module. Then the inverse image f*M is filtration holonomic.

Proof. The statement is local in both X and Y, and it is thus enough to
prove the proposition when f is a morphism of affine schemes. According
to 7.1, it may be assumed to be either a closed immersion or a projection.
Assume first that the map f is a closed immersion X — Y and use the
lemma in 6.1, to obtain a diagram

x Ly
! !
fi
X1 = 1,
where the vertical arrows 8 : Y — Y; = speck[ty,...,t,] and a : X —

X1 = specklty41,...,t,] are étale maps, and I = (t1,...,t,) is the ideal
which defines X; C Y;. We have, according to the definition, to show that
a, f*(M) is a filtration holonomic Dy, -module. But clearly

a fH (M) = f{B.(M) = B.(M) /IS (M),

since both the vertical arrows are étale, and it is enough to prove that
this last module is filtration holonomic. But this is almost immediate: By
assumption, ((M) is filtration holonomic ; let A; C A;y1, © > 0 be a
generating sequence, so that (M) = U;>0A;. Then ,(M)/IB, (M) =
Uizozi, where A; := A; + IM. Also A; C A;; 1. Thus, it suffices to check
that, t(4;) < t(A;). But if 4; =3, ijl ®;;, where ijl is the monomials of
degree less than p' — 1 in the variables ti,..., t,, then 4; = > VjX1§ij,
where VjX1 = ViXImOdI , is the monomials of degree less than p’ — 1 in the
variables t,11,..., t,, and where ®;; C (B.(M)/IB.(M))D. If &;; have
been chosen so that 3, [®;;| = t(A;), it follows from Proposition 4.1. that
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t(A;) < X |®y] < t(A;). We have thus proved that B.(M)/IB.(M) is
filtration holonomic, and this concludes the proof of the proposition in the
case of an immersion.

The argument in the case of a projection is entirely similar; by suit-
able étale maps it is possible to assume that f is the projection X =
speck[x] Xgspeck speck[y] — Y = speck[y]. Then f*M = k[z] ®, M (with
the obvious action of the differential operators). Let V;y( Vi, Vj,) be the
monomials of degree less than p’ — 1 in the y( z, x and y)-variables, re-
spectively. If A; = 37, ij<1>l-j, is a generating sequence for M, for which
A € A" then clearly

f*M = k:[a:] QM = k[.’L‘] Rk (UiZOAi) = UiZOVfAi.

Since
VEPAi =) VEVI®y C A=) ViEVI®i; = Vidy;
J J J
and obviously t(4;) < >0 |®ij| = t(A;) (by assumption), clearly A;, i >0,
is a generating sequence for f* M, which thus is filtration holonomic. This
finishes the proof. It may be noted that it follows clearly from the proof
that the multiplicity does not increase. O

7.3 Direct images

We will now consider direct images. Given a morphism f : X — Y, there
is a left Dx — f~'Dy-bimodule Dy._x and the direct image ff./\/( of a
Dx-module M is defined as f.(Dy_x ®p, M). It is a left exact functor
and the derived functors are just R'f.(Dy. x ®@py M), i > 0. The def-
inition of Dy . x involves the canonical bundle w over X and Y, due to
the fact that one has to make a detour over right Dx-modules, and w is the
archetypical right Dx-module. A right Dx-module A/ may be described as a
direct system of O y(y-modules N/ ") >0, with © v (r+1) -homomorphisms
N — N+ such that the induced homomorphism

N(T) — 'Homoxm (Ox,N(T+1))7

is an isomorphism. The left Dy -module structure of Ox induces a right
D x(-module structure on Homox(r) ((’)X,./\/'(T“)), and this transports by
the isomorphism to a right Dy )-module structure on N ("), Given a right
Dx-module N~ we have N (") = A ®D Ox, and conversely N' may be
reconstructed as

./\/ = Homoxw (Ox,./\f(r)).
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All this follows by Morita equivalence.

That wx is a right Dx-module, may then be seen through the theory of
local duality for finite and smooth morphisms([10, 11.6.4, 8.4]), which gives
isomorphisms

Homo ) (Ox,wxm) = (F) oy = wx.

This is a variant of the Cartier operator, and it may locally, for a global
system of local coordinates, X = speck[zy,...,x,], be described explicitly
in the following way. The volume form n = Adzx;, gives an isomorphism
k[x] = wx, a — an, and k[2P"] = wyw, a — a(n)? . Define the k[zP"]-
linear map C': wy ) — wy) § > 1, by

C(xa(n)p’") = 6p5—T71,a(77)p )a

where Kronecker’s symbol d,s—r_1 , = 1,if o = (p*7"=1,p*7"=1,...,p

S

S—r __

1), and vanishes otherwise. This map induces as above a right D (M-
structure on wx. It is actually determined by

(an)g = (—1) (ga)y ifg = DY), (21)
and by (an)g = (ga)n if g € Ox, as in characteristic zero. (For all this see

[8, 4-5].)

Now return to the general situation of a morphism f: X — Y and define
DYHX = rll}l’{.lo Homf,l(oy(r))(ffl(wy), CL}X)

This is clearly a Dy (") — f~1 (Dx (T))— bimodule. Since, by Morita equivalence,
M= 0Ox ®0, () M) and Wx(r) =wWx Op, () Ox, it is easy to check that

(A)X(r) ®OX(T> M(T) = WX ®DX(1") M,

and hence
/f/\/l = fi(Dy—x ®f-11pyy M) (22)
= lim f*(Homf_l(O@)(f_l(wY),wx(r) ©0,( M) (23)

The maps

f*(HOmf,%Ogr))(fil(wY%WX(T) ®OX(T> M(r)))

- f*(Homffl(Ong))(fil(wY)yWX(T-H) ®Ox(r+1) j\/l(7"+1)))
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between the modules in this direct limit, are induced by

~ +1
W (r) ®(9X(T> M) W (r) ®(’)X(T) Ox ) ®Ox(r+1) M+

~ r+1) C®Id r+1
= (A)X(r) ®OX(7‘+1) M( ) ? U-)X(r+1) ®OX(T+1) M( )

Here C' is the Cartier operator, defined above.
Dy . x is a flat right Dx-module, so [ ¥ is left exact and has hence higher
direct images

It should also be noted that in the case of an étale affine morphism, it follows
from f*(wy) = wx, that the direct image

/f M= f.(Dy_x @p, M) = fuM

is just the direct image of M as an Ox-module.
We can now prove the following

Proposition 7.2. Let f : X — Y be a morphism, and M a fh Dx-module.
Then the direct images f}./\/l, i > 0, are filtration holonomic.

Proof. The proposition is local in Y, and it may thus be assumed that Y
is affine. Since X may be covered by a finite number Uy,...,Us of affine
open subsets we may use Cech cohomology to calculate R'f,. In particular
R f.(Dy_x ®p, M) is a subquotient of [[:=5 f.((Dy_x|U;) @p, M|U;),
and hence by Theorem 4.2. it is enough to consider the case when X = U;
also is affine. Since f may be factored into a closed immersion followed by
a projection, it is enough to prove the proposition for these two types of
morphisms. Assume first that f is as is described by the diagram in the
proof of proposition 7.1. (This is clearly possible by shrinking each U;, in
the Cech complex above, if necessary.) Then by definition / 7 M is filtration
holonomic iff [ [, M = [; [, M is filtration holonomic. Since [, M = a, M
is filtration holonomic if M is, it clearly is enough to consider a special type
of smooth subvariety, of the form

f: X Zspeck[xy,...,z,] — Y1 Especk[xy, ..., Tpim] =X X Z,

where Zy = speck[x, 41, ..., Tnim] 6. f is the inclusion of the linear smooth
subvariety, defined by the equations z; =0, i=n+1,...,m+n.
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Suppose first, slightly more generally, that f = f1 X fo : X X X3 — X xY5.
Then it is easy to deduce from the description above that [, = [ X [f,.
In our case ff/\/l = IdM Qp fo (k), where fy is the inclusion of a point
Xy = speck in Ys. By definition

k= lim Homffl((’)y(r))(fl_l(wy2)’OX2)'
2

foo T

Since wy, = k[y*"]V,n (remember that V¥ are the monomials of degree
less than p” — 1 in each variable), Homfl_l(oy(r))(ffl(wYQ)’ Ox,) = (V¥n)*.
2

Consider the element ¢, € (V¥n)* : ¢r(y*) = 0ps—1,o (where o is a multi-
index, and ¢ as in the discussion of Cartier’s operator). Then if v € VY,
(Dg)(ﬁr)(vn) = (—l)j(br(Dg(/Z)vn) =0, so ¢, € [;, k is a horizontal section
for ’DYQ(T). Clearly also (VYn)* = VY¢,, and hence these vector spaces are a
generating sequence of (f1).(k). If A; U; V®;j, is a generating sequence for
M, as in Proposition 4.1. iii), then (f1)«(k) x M = U;;V/$,Vi®;; shows
that the direct image is filtration holonomic, with a generating sequence
A; = U;V/ ¢, Vi®;;. Note also that the argument gives that e(f; M) <
e(M). This proves the proposition in the case of a smooth subvariety.
Suppose next that

f: X xY Zspeck[z1,...,Tn, Y1, .-, Ym] — X = speck[xy,...,z,]
corresponds to the natural projection x x y — z.Then f may be decomposed
f =1Idx x f1, where fi is the projection to speck and

Dxxxy = lim Hom ;1o m)((Idx X 1) Hwx),wx ®pwy) =

= lim (Homk(k,wy) Rk Homom ((,UX,(,UX) = rlirgowy R Dg?) =wy Q Dx.
X —

r—00

Then

foM = Jim (0 @1 DY) @0 pin M) =l (@ @) M).

But wy ®D_ () M= M/I" M, where I" = @kDZ(,Z.), the sum taken for 1 =
1...m, 1 <j<p")since, as is easily seen wy = Dy (r)/I" Dy ) (This follows
from the trivial identity Oy = Dy /Dy 1", in view of the description (1)
of the right Dy (-)-module structure of wy given above). Now the proposition
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is easy to prove : Suppose that M = UV*VY®;, is a generating sequence,
showing that M is filtration holonomic.(Here we have decomposed V; =
V=V, into z-variables and y-variables.)

Clearly VY /I"V}¥ is one-dimensional over k, generated by the class of y?~*
(multiindex), and hence VEVY®; = VZyr—1®, C M/I" M. Since y?~1®; C
(M/ITM)® | this implies that the direct image is fh, and that e(ff M) <
e(M). O

7.4 Kashiwara’s equivalence

Suppose that X — Y is the immersion of a smooth subvariety. Kashiwara’s
theorem gives an equivalence between the category of Dx-modules and the
category of Dy-modules with support on f(X). It is proved in characteristic
p in [8] (it is easily checked that the proof works without the hypothesis of
algebraically closed ground field, since the crucial point is smoothness in the
form of Lemma 7.1.1). The equivalence preserves the filtration holonomic

property:

Proposition 7.3. Let f : X — Y be the immersion of a smooth subvariety.
Define the functor f+ :, which takes Dy -modules to Dx-modules, by

f+(M) = [ (Homo, (f.(0x), M)).

Then f* : and ff/\/l gives an equivalence between the category of Dx-
modules and the category of Dy-modules with support on f(X)([8]). The
equivalence preserves the property of being fh.

Proof. By the previous section it is enough to consider the functor f*. In
terms of the description of D-modules as inverse systems

FrM)) = f(_l)(Hom@Ym (f*((’)g?)’_/\/l(r))).

The functor f* and the statement of the proposition is local in Y, and so
it may be assumed that there is a pullback diagram of affine schemes as in
Lemma 7.1.1. Now

£ (BeM) = Homoy, (f1:0x,, BM) = a’Homo, (f:Ox, M) = (s f T M),

since « and [ are affine and the ideal of X in Y is generated by the ideal
of X7 in Y. Hence we are reduced to the case of f; and the filtration
holonomic module 3, M. Let Z = (t1,...,t,) be the ideal which defines
f1(X) as a closed subset of Y. Then f;"3,M = (T : 3. M). Denote the
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monomials of multi-degree less than p’ — 1 in each variable t,...,t,, by
V;(I), and denote the monomials of multi-degree less than p* — 1 in each
variable t,11,...,t,, by Vi(X). Then V; = V;(X)V;(I). Note that (Z :
E[t] D v MDY = a(i)V;(X)(T : M™), where a(i) = H;thg?l_l.

Suppose that A- is a generating sequence for N' := [, M, such that
A; C Aiy1, UA; = N and tar(4;) < e, for some fixed e. Then, by the lemma
below, (Z : A;) C (T : Aip1),U(Z = A;) = (Z : N), and t(z.n((Z : A)) <
e(N). So (Z : A;) is a generating sequence, and also e(Z : N) <e(N). O

It remains to provethe following lemma.

Lemma 7.4.1. Asssume that N is a Dy-module, and that A is a finite-
dimensional vector subspace of N'. Then tz.an(Z : A) < tar(A).

Proof. First if B ¢ A C N are two finite-dimensional vector spaces con-
tained in a Dy -module, then (Z : A)/(Z : B) maps injectively to A/B,
since (Z: A)NB = (Z:B). Hence |(Z: A)/(Z : B)| <|A/B|.

Let then F be any filtration of A C N such that F' C 74,(A), as in
Proposition 3.2. Then I claim that G' := (Z : F?) C T(iI:N) (Z : A). This is
clear since F' = V;(Y)®® implies that (Z : F') = V;(X)a(i)(IP : ®®) |
and a(i)(Ilp'] : @) ¢ (T : M) = a(i) (1P : NO).

Hence it follows from the definition of ¢ in 3.2, and the first paragraph
of the proof that tg(Z : A) = Y p~™ |G /G| < tp(A) = X p ™|F!/FiTl.
Since tq((Z : A)) > t(z.a)(Z = A) (by 3.2.), it follows, by choosing I so that
tr(A) =ty (A), that tap(A) > tz.m(Z 2 A). ]

8 F-modules.

Remember that k£ is a perfect field. Then the p-th power is an isomor-
phism of fields and hence induces an isomorphism of Z-schemes X (M) =~ X
This is not,in general, an isomorphism of k-schemes. Hence the following
(wellknown) definition is reasonable.

Definition 8.0.1. Let k be a perfect field. The Dx-module M is called an
F-module if M = MM,

This thus means precisely that the modules in the inverse system be-
longing to the Dx-module M are the same. From the description of the
functors, in terms of inverse systems, in the preceding section, most of the
following proposition is immediate.
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Proposition 8.1. F'modules are preserved by direct and inverse images,
as well as by Kashiwara’s functor (defined in 7.4).

Proof. Suppose that f: X — Y is a morphism. We only need to check the
direct image, so let M be an F-module and use wy = Homoy(l) (Oy,wyq))
and the definition

. -1
/fM: = rll,r&Homf—l(ogf))(f (Homoy(l)(OY,WY(I))),W)((T) RO () M(r))
= Ox ®o,, 1<131300Homffl(O@)(fil(wY“))’WX(” 20, MT).

(The last isomorphism is an elementary calculation). Hence clearly the
direct image of an F-module is an F-module, and the proof of the proposition
is finished. U

8.1 A submodule of an F-module is an F-module

Lemma 8.1.1. Any simple subquotient N of a filtration holonomic F-module
is a filtration holonomic F-module, possibly for a higher power of the Frobe-
nius, i.e there is some i > 1 such that N' = N®.

Proof. Assume that 6 : F* M = M and denote the composite isomorphism
§oF*0 : F*? M = F*M = M by 6y and so on. The precise result will
be that to each simple subquotient £ there is some 6; which induces an
isomorphism F*L = L. Let socM be the D-module socle of M. It is
a semi-simple module and the same is true of 6(F*socM) C M, since by
Cartiers lemma F*S is simple iff S is. Hence §(F*socM) C socM, and
since these two modules have the same rank , it follows that they coincide.
(If N = &L where £;, i = 1,...,r are distinct simple modules, the rank
of Nis ny + ... +n,). Thus socM and, as a consequence, M /socM are
F-modules as well as filtration holonomic modules. By induction on the
rank it then suffices to assume that M is semi-simple. Another application
of Cartier’s lemma, gives that F™* takes distinct simple modules to distinct
simple modules and hence permutes the isotypic components L of M.
Since the number of these are finite there is a j such that F*2; =2 £, O

8.2 Examples of modules that are coherent Ox-modules and
filtration holonomic, but not F-modules.

In this section we will consider the D 41-modules M, which correspond to
the differential equation (zD)y — ay = 0 with the solution y = z% .
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These modules turn out to be defined for all a@ € Z,that are coherent
as k[z]-modules, but only in very special cases F-modules. They will be the
They are however always filtration holonomic.

Let o = (v, a1, ...) be a sequence of elements in the prime field Z/pZ,
and think of them as defining the element o = ag + a1p + aop? + ... in the
p-adic completion of Z. Using this element, define the cyclic Da1-module
M., by taking Da1 = k[z, D, D), D(pQ), ...] and dividing by the relations:
oo = xD,aq = 2PD®P ... Call the generator v. This Da1-module has
rank 1 as a k[z]-module, since by localizing at z, we have in it the relation
Dv = agz v, DP)y = (a1)z~Pv, etc. This also shows that (My), = M, if
« is not a natural number, since then there are a; # 0, for arbitrarily large j,
and hence 2P’ v will be contained in M,. Now consider the ”solution set”
of My in kfz], Homp,, (Ma, k[z]). Since M, is a quotient of D1, clearly
Homp,, (Ma, k[z]) C Homp,, (Da1, k[z]) = k[z], and in fact the solution
set is a) at most 1-dimensional and b) represents functions f € k[x] solving
the set of equations ay f = 2D f etc. Let us construct such functions. There
is a change of variables involved, to y = z—1. First of all if « is a real number

AN
then there is a formal Taylor series expansion (1+y)* = 37,5 <z>yl For a a

p-adic integer the right hand side still has meaning, considered as an element
in the completion Zy[[y]], if the binomial coefficients involved are defined by

«
z) =a(a—1)...(;+1)/il. These binomial coefficients lie a priori in Q,,

but it is not difficult to show that they will actually be contained in Z,. By
reduction to Z/pZ we get elements xa := (14y)® in Z/pZ[[y]]. Now they will
plausibly satisfy all properties that depends only on the binomial coefficients,

and in particular they satisfy D®z® = D?/il(2®) = (z’)xal (Using that

d/dx = d/dy). One has (%) = «; € k by a standard identity [9, 5.1
Identity]. Hence the element za satisfies xDz® = «y, 2PDWPlp> = oy ...
Now using k[z] C k[[y]] we get

HomDA1 (Ma, k[z]) C HomDAl (Ma, k[[y]])

since we know that this last submodule is a 1-dimensional vector space (over
k), it must be = kx®. If there is a horisontal section of M,, then the module
Homp(M,, k[z]) is also 1-dimensional. Hence there are horizontal sections
of M, iff 2% is in k[z] iff « € N.
n
An isomorphism M= Mg occurs precisely when oo = +n. Proof: local-

ize to (./\/la)w&(./\/lg)x considered as k[z],-modules. Then n(v) = r(z)v, r €
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k[x],, which, by considering the solution set,implies that r(z)z® = 2%, or
r(x) =2a", n € Z and o = § + n. The converse is clear.

When is M, an F"-module? Clearly F*M, = M,r,, so if this is true
then p"a = a+n, for some n € Z. This implies that o« =n/p"—1 € QNZ,.
Conversely, if « € QNZ,, then o = n/p” — 1 for some r > 1, and M, is an
F"-module. This means that M, is rarely an F"-module.

My, is however always filtration holonomic, as may be seen in the fol-
lowing way. There is an isomorphism k[[y]] ®y; Ma = k[[y]], 1 ® v
% A horizontal section in k[[y]] @iy Mo is 27 @ v. Let (—a); =
ag+ap+ ...+ dj,lpj_l € Z, be the j-th truncation of the p-adic ex-
pansion of —a. Then s; = Y @o = D pi=i>0 (%) Y Qv C M, is a

Dgl-horizontal section. Assume that « is not a natural integer (the other

case is trivial). Then p/ — (—a);, j = 1,2,... considered as a p-adic se-
quence will converge to «, and hence as a sequence of natural numbers
limj o p’ — (—a); = oo. Similarily, as a sequence of natural numbers,

lim;_,o0(—a); = c0. Now consider 4; = Vjs;/aP = Vg P+ Clearly
z"v € Ajif (—a); —1 >n > —p’ + (—a);, and since (Mgy), = My = klz],,
this implies that M,) = UjA;. Note that the multiplicity is 1, and hence
the module is simple, as a Dx-module, though not finitely generated as a
k[x]-module. However it is, of course, finitely generated as a k[z],-module,
so these examples give some evidence towards the conjecture that all Ox-
coherent Dx-module are filtration holonomic , especially in conjunction with
the proposition in the next subsection.

8.3 Ox-coherent Dy-modules M that are F-modules are fil-
tration holonomic

The following gives an alternative description of the F-module property for
Ox-coherent Dx-modules; it seems to be wellknown, and is not difficult to
prove.

Proposition 8.2. An Ox-coherent Dx-module M is an F"-module iff
there is an étale covering f :' Y — X such that, as Dy-modules, f*M =
®O0y, a finite direct sum.

Proof. Suppose that the pullback to an étale covering is a finite direct sum
of the structure sheaf, f*M = ®0Oy. Then M — f,f*M = &f,0Oy, and
f+Oy is an F-module, since, for example, trivially F*Oy = Oy (see 5.2.1),
and direct images preserve F-modules. Hence the proposition follows from
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Lemma 8.1.1. Conversely, it is proved in [1, 2.17] that an Ox-coherent Dx-
module M is locally generated by its vector space of horizontal sections F,
over a completion R,®p at any point # € X. Hence in particular M is
locally free. Assume that X = specR and that M = R®, F is an F'-
module, with an isomorphism, © : F"™*M — M and let ey, ..., e, be a basis
of £, and f; =37 fije; be a basis of the horizontal sections F' of R, Qp M.
Oe; = >, gije; It is clear that ©(F) C F', and since I and ©(F') have the
same dimension as k-vector spaces, it is clear that each element in F' is a
k-linear combination of the elements O(f;) = 3, g@(ej) =2k fggjkek.
If fj =3 2;0(f), then fi =3y ajifﬁrglk. Now consider the extension

S = R[T3,]/(Tje = > 0ji T} qur)-
l

This is, after possibly further localization of R, an étale extension, by the
Jacobian criterion ([15][ex.3.4]). There is a map S — Ry, defined by T;;
fij, and the image S is an unramified extension of R, and hence, after
possibly further localization of R, an étale extension of R. Hence S ®r M C
R, ®r M, and there are in S ®z M the horisontal sections fi= Zj T;je;.
Hence S ®p M = @S, as was to be shown. Thus we have constructed étale
morphisms i, : X, = specS — X such that i* M = @Oy, By doing this at
all x € X, and using the quasi-compactness of X to get an étale covering

Y =11X, — X. U
Corollary 8.2.1. An Ox-coherent F"-module M is filtration holonomic.
Proof. This follows from Proposition 5.2, and Theorem 4.2. O

9 Comparison with F-finite modules

In this section the class of filtration holonomic modules is related with the
class of F-finite modules, introduced recently by G.Lyubeznik [14]. We will
prove that an F-finite module is filtration holonomic .

First we will give the definition of F-finiteness. Suppose there is a finitely
generated Ox-module N and a homomorphism 6 : N' — F,N. Here we have
identified Ox with O ) This homomorphism induces a direct system:

N — ENSPNEI RSN

The direct limit M of this system is an Ox-module and F-finite modules
are precisely Ox-modules that can be constructed in this way, starting with

N and 6.
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Since the module automatically satisfies ... FZ*M = F*M = M it is
automatically a Dx-module (recall that this is equivalent to the condition
that there are modules M) such that ... FZ*M® = M0 = M, see
section 1), in fact it is an F-module (see section 8).

For ease of notation we assume that X = specR is affine. The definition
of F-finite modules works for any noetherian ring R, not necessarily of finite
type, but we here consider only this case.

Proposition 9.1. FEvery F-finite F-module is filtration holonomic .

Proof. There should be a direct proof of this; the following suffices anyhow,
but it uses most of the theory. Assume that the F-finite module M is
simple — this is allowable since these modules have a finite decomposition-
series by [14, Theorem 3.2], and in view of theorem 4.2. A simple module
has a unique associated prime ideal P(loc.cit). There is f € R such that
(R/P)y is non-zero regular, and hence smooth over k since k is perfect (SGA
1 II prop.5.4). By simplicity M C My, and it suffices to prove that M;
is filtration holonomic (Theorem 4.2). But then we may use Kashiwaras
theorem, in two different forms, to pull back the module to an F-module on
(R/P)y. The pullback is filtration holonomic iff if M is filtration holonomic
by proposition 7.2 and 7.3, and it is F-finite by [14, Proposition 3.1]. This
means that it suffices to study the case P = 0. However, there is then
f1 € R such that M C My, and My, is finitely generated as an Ry -module
(by definition), and also an F- module. These modules have however been
proved to be filtration holonomic in section 8. U

We will now give a partial converse. We first give a definition. If the
R-module € is an F-module, there is an R®)-linear map v : £ — & which
is given by v(m) = (1 ® m). We will formulate a condition on generating
system which means that they are invariant with respect to this Frobenius
map. If the generating system V; A;, with

Vid; C Vigi A, t(A) <K (24)

(where K is an positive integer) and A; C v'€ = & C &, satisfies the
property that
U(Az) = Ai+17 1 > 1, (25)

it will be called an F-invariant generating system. By substituting ' in the
above definition,instead of F', we get of course F9-invariant systems. Note
that then we assume that the generating system has the form V;,A4;,, where
Aiq C £%. Modules with such generating systems are F-finite:
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Proposition 9.2. Let the R-module £ be an F1-module o( F9)*E = £, which
is filtration holonomic with an Fi-invariant generating system. Then & is
Fi-finite.

Proof. We will prove this for ¢ = 1. Assume that £ is a filtration holonomic
F-module with an isomorphism « : F*& 22 &, satisfying the condition on
the generating system V; A; above. Denote the isomorphisms (F*)"E = € by
o). There are, by (20) above, natural inclusions M := RA; C RA; C ... &,
and & is clearly the direct limit of this direct system or more mundanely
expressed £ = U;>1RA;. Clearly M is finitely generated; the number of
generators is less tham K. We have to check that this direct system is
formed in the way used for F-finite modules. The isomorphism o : F*€ = £
induces an isomorphism ¢; : F*M = F*RA; = Rv(A4;) = RAx(by (21)),
and hence the inclusion i; : RA; C RAs, induces a map 61 : M — F*M. It
is easy to see that more generally ol”) : (F*)"Econg€ induces t,. : (F*)"M =
F™RA; = Rv"(A;) = RA,41, and hence the inclusion i, : RA, C RA, 11,
gives maps 0, : (F*)"M — (F*)"t1M. It remains only to note that 6, =
(F*)"0, and that hence £ is the F-finite module belonging to M and 6. O

9.1 Some examples of filtration holonomic modules that are
not F-modules.

We will close with some examples of Dx-modules that illustrates further
that the concept of filtration holonomic modules is independent of the F-
module property F*M = M. There were another in 8.2.(Though note that
geometrical examples like local cohomology modules and their subquotients
are F"-modules, for some ).

The module will be constructed as a direct limit M of modules A;,7 > 0,
each isomorphic to k[z|, and k[x]-module maps 6; : A; — A;;1 — which are
just multiplication by 6;(1) € k[z]. The direct limit is thus an F-finite
module if 6;(1)? = 6;41(1) but not necessarily otherwise. M becomes a
Dy, p-module, if one uses the usual Dy ,-module structure on A; to define the

action of Dlil[?ﬂ] in the following way. Let x € M and f € Dlil[?p]; there is then
some j > ¢ such that x € A; and we define fx using the D,(;[L ]—module action
on A;. A condition making this definition well-defined is that 6;(1) € k[z?'].
There is no need of other conditions relating the 6;(1). Assume that M
has been defined in this manner. Considered as a Dj,-module M will be
isomorphic to a submodule of the field of rational functions k(z), namely
the module consisting of all rational functions p/q where ¢ is a product of a
finite number of #;(1), each ocurring with multiplicity at most 1. Thus it will
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not be possible to localise by f € M to a finitely generated module if there
are an infinite number of different prime divisors of the 6;(1). We take, for
simplicity, 6;(1) = (z — a;)P", where a;,i = 0,1,... are all different elements
of the ground field £ (assuming that £ is infinite). In this case M is not an
F-module, since F'* M, is isomorphic to the submodule of k(z), consisting
of all rational functions p/q where ¢ is a product of a finite number of 6;(1),
each ocurring with multiplicity at most p. Any isomorphism nF* M = M,
will be multiplication by a rational function, and there can clearly be no
such isomorphism under the assumption on the 6;(1).

However the module is always filtration holonomic, if say degree 6;(1) =
p'. This is proved by the following argument. Let s; be the generator of A;.
Then s; = 92111(1)82‘,1, and a generating sequence may be taken to be Vjks;.
This vector space contains Vj_jks;_1, since p* — p*~! > p'~!. Hence these
spaces form a generating sequence, and clearly, by definition, e(M) =1, so
M is a simple module, by the way.
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