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mial rate of growth are considered for multivariate Markov price processes.
Convergence results are obtained for optimal reward functionals of American
type options for perturbed multivariate Markov processes. These results are
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exponential diffusion type price processes. Application to mean-reverse price
processes used to model stochastic dynamics of energy prices are presented.
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1 Introduction

An American option gives the holder the right to at any moment before some future
time 7T, to exercise the option to receive a payoff determined by a function g (¢, 5).
We study the model with payoff functions admitting power type upper bounds and
multivariate exponential Markov price processes S©(¢).

Optimal stopping problems for American type options have been also studied in
Jacka (1991), Kim (1990), Peskir and Shiryaev (2006), for models with stochastic
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volatility by Zhang and Lim (2006), for American barrier options in Gau, Huang
and Subrahmanyam (2000), and for generalized American knock out option in Lund-
gren (2007, 2010). Convergence of American option rewards have been studies in
Amin and Khanna (1994), Coquet and Toldo (2007), Dupuis and Wang (2005),
Jonsson (2001, 2005), Jonsson, Kukush and Silvestrov (2004, 2005), Kukush and
Silvestrov (2000, 2001, 2004), Prigent (2003), Silvestrov, Galochkin and Sibirtsev
(1999). For recent results concerning optimal stopping we refer to the works Dayanik
and Karatzas (2003), Ekstrom, Lindberg, Tysk and Wanntorp (2009), Henderson
and Hobson (2008).

We specially would like to mention the papers Silvestrov, Jonsson and Stenberg
(2006, 2007, 2009) on convergence of optimal reward functionals for American type
options for one-dimensional Markov price processes modulated by stochastic indices.

We consider the convergence of reward functionals for American type options
in a multi-asset setting. In the first part of the paper, we generalize the results
obtained in the papers mentioned above to the model of multivariate Markov price
processes. Despite the main steps for analysis in multivariate case are similar with
those in the univariate case, the multivariate aspects complicate the corresponding
proofs and do require a separate consideration.

In the second part of the paper, we apply the general convergence results to the
multivariate tree type approximation algorithms for American type options with gen-
eral payoff functions. We present the corresponding approximations for multivariate
geometric Brownian price processes and mean-reverse diffusion price processes.

The latter model was used in Schwartz (1997) for description of stochastic dy-
namics for energy prices. Similar model was also studied in Cortazar Gravet and
Urzua (2008), where American options where studied using Monte Carlo simulation.

Further applications presented in the paper relate to the approximation tree type
algorithms for the model of optimal reselling of European type options. We refer
to the recent paper Lundgren, Silvestrov and Kukush (2008), where one can find
additional details in analysis of the reselling problem.

The paper contains of 8 sections. In Section 2, we introduce the model of multi-
variate price processes and American type options with general payoff functions. In
Section 3, we present skeleton type approximations of reward functionals for con-
tinuous time price processes by a similar functionals for simpler imbedded discrete
time models. In Section 4, the results concerned conditions for convergence of re-
ward functionals in discrete time models are given. Section 5 presents general results
on convergence of reward functionals for American type options for continuous time
price processes. In Sections 6, we illustrate our general convergence results by apply-
ing them to multivariate exponential price processes with independent increments.
In Sections 7 and 8, we apply our general convergence results to approximation
tree type algorithms for American type options for exponential diffusion type price
processes mentioned above.



2 Reward functional for general American type
options

In this section we introduce reward functionals for American type options with gen-
eral payoff functions and formulate conditions which guarantee that the functionals
are well defined, i.e take finite values. The corresponding inequalities are also used
in following proofs of our convergence results.

For every £ > 0, let YO () = (Y;O(1),...,¥,F (1)), t > 0 be a cadlag Markov
process with the phase space R* and transition probabilities P©)(¢,,t + s, A). We
interpret Y (t) as a vector log-price process.

Now, we define a vector price process S© (t) = (5\9(t),...,59(t)), t > 0 with
the phase space R’_‘; =R, x -+ xR,, where R, = (0,00), by the relations
SO =e¥7® G =1,k t>0. (2.1)
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Due to the one-to-one mapping and continuity properties of exponential function,
SE)(t) is also a cadlag Markov process.

For every ¢ > 0, let g©)(t,5), (t,5) € [0,00) x RE be a payoff function. We
assume ¢'®) (¢, 5) to be a real-valued Borel measurable function. Note that we do not
assume payoff functions to be non-negative.

Let %) = o(Y©(s),s < t), t >0 be the natural filtration of o-fields, associated
with the vector log-price process }7(5)(t),t > 0. It is useful to note that this filtration
coincides with the natural filtration generated by the price process 5@© (t),t > 0.

We consider Markov moments 7() with respect to the filtration ]-'t(e),t >0. It
means that 7() is a random variable which takes values in [0, 00| and with the
property {w: 7@ (W) <t} € F .t > 0.

Let M) be the class of all Markov moments 7( < T, where T" > 0, and

max,T’
consider a class of Markov moments Mgf) - Mffl;ﬂ.

Below we impose conditions on price processes and payoff functions which guar-
antee that, for all € small enough,

sup  Elg(r®), 5 ()] < 0. (2.2)
r@eml)

max,T

The main object of our studies is the reward functional, that is, the maximal
expected payoff over different classes of Markov moments, /\/l(T6 ),

M) = sup EgO(r©, 5O (7)), (2.3)
r@em

We are interested in conditions of convergence for reward functionals for differ-
ent classes of stopping times. In particular, we formulate conditions implying the
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following convergence relation:

D(Minsr) = BM p) as e — 0. (2.4)
The first condition assumes the absolute continuity of payoff functions and im-
poses power type upper bounds on their partial derivatives:

A;: There exists g9 > 0 such that for every 0 < e < gq:

(a) function g'®(t, 5) is absolutely continuous in ¢ with respect to the Lebesgue
measure on [0,7] for every fixed § € R% and in § with respect to the
Lebesgue measure on R¥ for every fixed ¢ € [0 Ty,

(b) for every § € R%, the partial derivative |2 gj| < K + Ky Z] 155°
for almost all ¢ E [0 T with respect to the Lebesgue measure on [0, 77,

where 0 < K7, Ky < oo and 7y > 0;

(c) for every ¢ € [0, 7], the partial derivative |22 5‘)| < K3+ K,y Z] 155"

for almost all 5 € ]Rﬁ with respect to the Lebesgue measure on R , Where
0< K3, Ky<ooand vy,...,% >0, m=1,...,k.

(d) foreveryt € [0,T] and for § € R¥, the upper limit lim; 5 |g® (¢, 5)| < K,
where 0 < K5 < 0.

Note that condition Ay implies that the function ¢ (¢, 5) is continuous in (¢, 5) €
0,7] x R:.

Denote e/ = (¥, ..., e%). Then condition A; can be re-written in the equivalent
form in terms of the function g (¢, e%):

A’: There exists €g > 0 such that for every 0 < e < g¢:

(a) function ¢'®)(t, e¥) is absolutely continuous in ¢ with respect to the Lebesgue
measure on [0,T] for every fixed 7 € R¥ and in ¢ with respect to the
Lebesgue measure on R* for every fixed t € [0, T7;

(b) for every 4 € R¥, the partial derivative in ¢ is bounded as
‘%) <K+ K, Z§=1 e¥% for almost all ¢ € [0, 7] with respect to
the Lebesgue measure on [0, 7], where 0 < K7, Ky < oo and 79 > 0;

(c) for every t € [0, 7], the partial derivative in y,, is bounded as

’% (Ks+ Ky S =1 €7mY7)evm for almost all § € R* with respect
to the Lebesgue measure on R¥, where 0 < K3, K4 < oo and 71, ..., 7, >
0,m=1,... k.



(d) for every t € [0,T], the upper limit myﬁ_oovz‘:fk |9 (t,e¥)| < K5, where
0 f;]{5‘< Q.

We use the notations Egz; and Py, for expectation and probability calculated
under condition Y ©(t) = 7.

For B,¢,T > 0,i = 1,...,k, define the exponential moment modulus of com-
pactness for the cadlag process Yi(e) (t), t >0,

AV (), e, Ty = sup  sup Egy (e trw-YTml )
0<t<t4+u<t+c<T jeRFk

We use the following condition for exponential moment modulus of compactness
for log-price processes:

Ci: lim,_o lim._. Aﬁ(Y;(E)(-),c, T)=0,i=1,...,k for some 3 > =, where v =
max (Yo, 71 +1,...,7% + 1) and v9, 71, . ..,V are the parameters introduced in
condition Ay,

and also the following condition:

. (e) . . . .
Cy: lim._EefYi Ol < 00, i = 1,..., k, where 3 is the parameter introduced in
condition C;j.

The following lemmas gives upper bounds for moments of the maximum of price
processes which are asymptotically uniform, with respect to perturbation parameter.

Lemma 2.1. Let conditions Cy; and Co hold. Then, there exist 0 < e1 < g¢ and a

constant L < oo such that for everye < ey, andi=1,...,k,
Eexp{8 sup [, (u)|} < L. (2.5)
0<u<T

Proof. The following equality holds for each 0 <t <T andi=1,...,k,

557(0) = exp {8 swp [V W)} = sup exp{BY (w)]} (2:6)

0<u<t
Note also that, by the definition, the random variable,
557(0) = exp{3Y,7 (0)1}. (2.7)
Let us also introduce random variables,

WOl = sup exp{BIY,() =Y O(#)[}, 0 <t << T

' <t<t!



Define a partition II,, = {0 = o™ < ... < v = T} on the interval [0, 7] by
points o = nT/m,n =0,...,m. Usmg equality (2.6) we can get the following
inequalities forn =1,...mandi=1,... k,

GOy + sup exp{BY;(u)]} (2.8)

(m) <u<v(m)

58 (W) + exp{ BV () [}sW [, vl
)

(

< SO WM (W i), o]+ 1).

(2 n

S
2N
o
=
<)
IN
®
N

IN
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Condition C; implies that for any constant e < Ls < 1 one can choose ¢ =
¢(Ls) > 0 and then &1 = e1(c) < &g such that for e < ey, and i =1,... k,

Ap(Y ), e, T) + 1
5 < Ls. (2.9)

Moreover, condition Cy implies that €; can be chosen in such a way that, for
some constant Lg = Lg(e1) < 00, the following inequality holds for ¢ < e; and
1=1,...,k,

Eexp{|V;7(0)|} < L. (2.10)
We need to show that the following inequality holds for e < ey and i =1,...,k,
sup sup Ezp sW Ot "] < Ly, (2.11)
0<t/<t""<t'+c<T yeRk
where (e Y
e’(e” — 1)Ls
Ly=——— : 2.12
7 1= L < o0 ( )

Using condition Cs, relations (2.8), (2.10) — (2.12), and Markov property of the
process Y ©)(t) we get, fore < e, i=1,...,kand m = [T/c]+1,and n=1,...,m,

E(55 (™)) E@S%MEW 0™, 0™ + /YO (00™))

1

)

1
EsSE (0™ (Ly +1) < -+ < ES(0)(Lr + 1)"
Le(Ly + 1)

IAIA A

Finally, for e <e; and i = 1,..., k, the following inequality holds

EsS® (1) = Eexp{s3 sup_ Y9 ()|} < Le(Lr +1)™. (2.13)

0<u<

Relation (2.13) implies that inequality (2.5) holds, for € < &1, with the constant,

Ly = Lg(L7 + 1)™. (2.14)
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To show that relations (2.11) and (2.12) holds, we have from relation (2.9) that
forevery e <ejandi=1,...,k,

sup sup Py {|V, (") = ;O (1) > 1} (2.15)

0<t/<t<t""<t'+c<T FeRF

E* Y(E) t// _ Y(a) t
Y < e L i i e A1)
0<t/ <t<t/<t'+c<T jJeR* el
Ap(V(),0,T) + 1
< B
e

< Ls<1.

The process Y;(s) (t) is not a Markov process. Despite this, an analogue of Kol-
mogorov inequality can be obtained by slight modification of its standard proof for

Markov processes, see, for example Gikhman and Skorokhod (1971). We formulate
it in the form of a lemma.

Lemma 2.2. Let a,b > 0 and for the process ?(E)(t) assume that the following

condition hold supgcgs Pg;t{|Yi(5) (t") — Yi(e) (t) >a} <L <1t <t<t". Then, for
any vector ij € R,

Pio{ sup [V(t) =Y, (t)] > a+ b} (2.16)
t’StSt”
< P {1V, (") — YO ()| > b}.

1-L

We refer to the report Silvestrov, Jonsson and Stenberg (2006) for the proof.
To shorten notations denote the random variables

Wit = sup [V (1) = YO, Wi = YO - v @)

t/ StSt//

Note that
W = WO 1),

Using (2.15) and Lemma 2.2, we get for every e < ey, i=1,...,k, 0 <t/ <t" <
t'+c<T,j€RF and b >0,

Piu{W >1+0b} <

S . > . .
1 — L5 Py,t {VVZ - b} (2 17)
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Relations (2.9) and (2.17) imply that for every ¢ < e, i =1,...,k 0 <t <
t" <t +c¢<T and i€ Rk
Ewe Wi 14 B/ €ﬁbpg7t/{VVi+ > b}db
0
1 00
<148 / db + / PPy {W; > b}db
0 1
=P+ p / PP AW > 1+ b)db
Y0 e (2.18)
< 8, Pe o
< e+ € Pgt/{WZZb}db
]_ - L5 0 ’
B E.. Wi _1 8
_ 5, P Egue =% (..M
S R g, Eee™ o)
e’ e?(e? —1)Ls
< As(Y;E (), e, T) +1 - Ls) < ——— 25 — [,
—1_L5( 5(1 ()707 )+ 5)— 1—L5 7

Since inequality (2.18) holds for every e < g and 0 < ¢/ <t <t +¢ < T,
7 € R*, it imply relation (2.11). The proof is complete.

]

Lemma 2.3. Let conditions Ay, Cq1, and Co hold. Then, there exists a constant
Lo < 00 such that for every e < e,

Proof. Consider the vectors § = (s’l,...,sk),é” =

5 !/ !/ " =g I
truct the vectors §; = (51,...,sl,sl+1,.. ),sz(v) (sh,...,8_ 1,U,Sl+1,..
it =1,...,k. By the definition, §, = § and 50=45".
k.

Using condition Ay we get the following estimates, for € < ¢y and §

/ "o
s;Nsi,i=1,..

sup  E[g(r?, 59 (r)]
r©em®

max,T

<E( sup |9 (u, SO (w))))

0<u<lT

B
v < Lo.

!

k
7) —g® Z N, 5) — g (u, 521))|

8

(2.19)

(sf,...,s}) € R% and cons-

 51);

Define also s; = s,V s/, s; =

= k
, 8" € RE,



i=1 Y8 v
ko .t i1 k

< [ e KOS )+ Y (e
i=1 7% j=1 j=i+1

(2.20)

IA
—~
2
—~
»
©
|
VA
~
~—
+
IS
@
—~
»
+
~—
2
—~
V)
aES
|
»
~
N
~—
~—

(VAN
M-
=
_l_
=
)
V)
G
:2
=
<+
.

By letting § = § = (s1,...,5;) € RY and 57 1 0in (2.20) we get the following
inequality, for ¢ < gy and § € R’j,

k kook
|9(E)(U, 5)| < Ks+ K3 Z si + Ky Z Z(Sj)%si
i=1 i=1 j=1
k Eok
S K5 + Kg Z(l V Si)’y + K4ZZ(1 vV Sj \Y Si)v
i=1 i=1 j=1
; o (2.21)
SKs+ K3y (L4 (s)) + K> > (14 (s5) + (s:1))
i=1 i=1 j=1
k
= Lg + Ly Z(Si)’ya
i=1
where
Ly = K5 + kK3 + k*Ky, Lo = K3+ 2kK,.
Let us denote for the moment
S;= sup SOu), Y;= sup |[YOwu)|, i=1,...,k
0<u<T 0<u<T
Using inequality (2.21) we get
k
sup | (u, S (u))| < Lg + Lo Z S (2.22)

0<u<T T
=1



Using relation (2.6) from the proof of Lemma 2.1 and inequality (2.21) we get
8
Y

(sup |9 (u, SO (u))))

0<u<T

7 B

= Lo +L1125i5 < L10+L11266Yi7

i=1 =1

where ;
B_ 6_q 2
Lio=(k+1)7 1(L”+kL ), L= (k+1)"""Ly.

Thus, by taking expectation in (2.23) and using Lemma 2.1, we get for ¢ < e,

8
E( sup |9 (u, S (u))])"
0<u<T
k (2.24)
< L10 + Lll Z Eeﬁ < L10 + kLllLl L2 < Q.
=1
The proof is complete. O

Inequality (2.24) implies that for e < ey,

’®(M£2215L’,T>’ < sup E‘g(7(5)7 5*(5)(7(5)),
r©eme©
EM,ae T (225)

— i
<E sup [g9(u, 59 ()| < Lj < oo.
0<u<T

Thus, the reward functional CID(M( :) ) is well defined for € < ¢;.

mazx, T

3 Skeleton approximations for reward functionals

In this section we give explicit and uniform with respect to perturbation parameter
estimates in so-called skeleton approximations where reward functionals for continu-
ous time price processes are approximated by the corresponding reward functionals
for discrete time priced processes. These approximations plays the key role in the
proofs on the corresponding convergence results. They also have their own value.
For example, such approximations can be used for justification of Monte Carlo type
algorithms, where continuous type price processes should be approximated by the
corresponding discrete time processes.
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Let I ={0 =1ty <t <...ty =T} be a partition on the interval [0,7] and

d(H) = Inax (tz — ti—l)-

1<i<N

(e)

max, "

Consider the class /\;lﬁ)T of all Markov moments from M which only take

the values ty, 11, ...ty, and the class Ml(-f)T of all Markov moments 7() from M(ri)T
such that the event {w : 7)(w) = t;} € o(YO(Ly),...,YE(t;)) for j =0,... N. By
definition,

Mty € MPy € M) (3.1)

max,T""

Relations (3.1) imply that, under conditions of Lemma 2.2, for ¢ < &1,

—00 < PME)) < ML) < BME) 1) < 0. (3.2)

max,T’

The reward functionals @(Mg;X’T), (M ﬁ}T), and @(Mg}ﬂ correspond to Amer-
ican type option in continuous time, Bermudan type option in continuous time, and
American type option in discrete time, respectively.

In the first two cases, the underlying price process is a continuous time Markov
type price process, while in the third case the corresponding price process is a discrete
time Markov type process.

The random variables Y ©)(t,), Y@ (t,),...,Y©(ty) are connected in a discrete
time inhomogeneous Markov chain with the phase space R*, transition probabilities
PE)(t,, 4, tny1, A), and initial distribution P)(A). Note that we have slightly modi-
fied the standard definition of a discrete time Markov chain by considering moments
to,...,tx as the moments of jumps for the Markov chain Y© (t,) instead of the
moments 0, ..., N. This is done in order to synchronize the discrete and continuous
time models. Thus, the optimization problem (2.3) for the class My r is really a
problem of optimal expected reward for American type options in discrete time.

The following lemma establishes useful equality between reward functionals

O(M)) and (M)

Lemma 3.1. Let conditions Ay, C1 and Cy hold. Then, for any partition 11 = {0 =
to <t < ...<ty =T} on the interval [0,T] and e < &1 where &1 is defined in
(2.9) and (2.10),

P(Miir) = D(Miiy). (33)

Proof. A similar result was given in Kukush and Silvestrov (2000, 2004) and we
shortly present the modified version of the corresponding proof.

The optimization problem (2.3) for the class M%?T can be considered as a prob-
lem of optimal expected reward for American type options with discrete time. To
see this let us add to the random variables ﬁn additional components Ve =

11



{37(5) (t),tn—1 < t < t,} with the corresponding phase space Y’ endowed by the
corresponding o-field. As 170/(8) we can take an arbitrary point in Y. Consider the
extended Markov chain Y;® = (YO (t,), ?A(e)) with the phase space Y/ =Y x Y.
As above, we slightly modify the standard definition and count moments to, ..., tx
as moments of jumps for the this Markov chain instead of moments 0, ..., N. This
is done in order to synchronize the discrete and continuous time models.

Denote by /\;IS)T the class of all Markov moments 7 < ¢y for the discrete time

Markov chain Y,'® and consider the reward functional,

@(/\;l%i)T): sup Eg(g)(T(E),g(E)(T(E))). (3.4)

rEOem),

It is readily seen that the optimization problem (2.3) for the class /\;lﬁ)T is
equivalent to the optimization problem (3.4), i.e.,

OM),) = BME)). (3.5)

It is well known, (See, for example Peskir and Shiryaev (2006)) that the optimal
stopping moment 7 exists in any discrete time Markov model, and the optimal
decision {7®) =t,} depends only on the value Y,©) Moreover the optimal Markov
moment has a first hitting time structure, i.e., it is the first moment the process
enters some set D, that is 7(¥) = min(t, : Ve e D", where D) n =0,...,N
are some measurable subsets of the phase space Y”. The optimal stopping domains
are determined by the transition probabilities of the extended Markov chain }7,{/(6).

However, the extended Markov chain 57}7(5) has transition probabilities depend-
ing only on values of the first component Y@ (t,). As was shown in Kukush and
Silvestrov (2004), the optimal Markov moment has in this case the first hitting time
structure of the form 7 = min(t, : YO(¢,) € DS)), where D n = 0,..., N are
some measurable subsets of the phase space of the first component Y.

Therefore, for the optimal stopping moment 7(¢) the decision {7(®) = ¢,,} depends

only on the value Y (t,), and 7 € M%—?T. Hence,

®(Mng) > By (r, SO(r) = o(Mip)). (3.6)
Inequalities (3.2) and (3.6) imply the equality (3.3) and the proof is complete. [

The following theorem gives a skeleton approximation for the reward function-
als @(M(a) ) which is asymptotically uniform with respect to the perturbation

max,T’
parameter €.

Theorem 3.2. Let conditions Ay, Cq, and Cy hold. Let also € < &1 and d(II) < ¢,
where €1 and ¢ are defined in relations (2.9) and (2.10). Then there exist constants

12



L3, Ly < oo such that the following skeleton approximation inequality holds, for
€ S €1,

OME) 1) — DM,

max,T’

< Lyd(I) + Ly S Ap(YO (), d(11), T) 7. (3.7)

Proof. Let us assume that ¢ < ¢; and d(H) <e.

For any Markov moment 7(5) € /\/lmaXT and a partition Il = {0 = t; < t; <
. <ty =T} one can define the discretization of this moment,

7_(6)[1—[] :{ tka if tk*l ST(E) <tk, k= 1,...N,

T, if 7 =1
Let 756) be J-optimal Markov moment in the class MmaxT, ie.,
Eg") (1, 59(1)) = @(Mipr) 6. (3.8)

Such J-optimal Markov moment always exists for any 6 > 0, by the definition of
the reward functional @(MEHLX T)-
(e)

By the definition, the Markov moment 7, [II] € M%—?T. This fact and relation
(3.3) given in Lemma 3.1 implies that

B¢ (7,71, $) (7, 1)) 39)
< QM) = DMTy) < DML ;)
By the definition,
79 < 29Mm) < 7 + aq). (3.10)

Now inequalities (3.8) and (3.9) imply the following skeleton approximation in-
equality,

0<®Mﬁ;ﬁ—¢mﬁU
< 0+ ¢ (77, §9(77) — Bg (77 10, $ (757 1))
sa+E€w¥ﬂ“Ub>g“%ﬂmﬁ@@%m». (3.11)

Now, we need to improve relation (2.20). We use the same notations and let also
0<d,u" <Tand ut =v'Vu",u" =u Au".

13



Using condition A; we get the following estimates, for ¢ < gy and §',5" € R%,

0<d,u"<T,

|g ( / —1) —g(a)(u”,?’)\
S ’g(a) (u/’ §I) . g(a)(u//’ gl)’ + ’g(a)(u//’ §l> . g(a) (u//’ §”)’

k
<1970,5) = g0+ L1 5) - g )

u |8g (u, du +Z/ 89 (u” S())|dv

</

ut k
< [ Y
k s i—1 k
£ [ K e Y s
i=1 75 j=1 j=i+1
k
< (i + K S (sl — ]
7=1

//’

-3 K

=/ = . / 1 .
In the case, where vectors § =¢e¥,5" =¢¥ | ie., s, =e¥i, s/ =e¥i i=1,.

and, therefore, s = eyz‘i,i =1,...,k, where v =y Vvylys =y A y” 1=1,.

(3.12)

7k7
- ks

inequality (3.12) can be transformed, using inequality |e¥i - 1) < |yt —v; | =

|y — y/|, to the following form,

|g(5)(u’, eﬂ”) _ g(s) (u”, &Y )‘

k
< (K + K Y e ) — o
j=1
k

k
D (s + Ka @ ey — ).

i=1 j=1
To shorten notations denote the random variables
7= Tés) = Tég) [, v/ = Yi(s) ("), Y= Y;(E)(TH), i=1,... k.
and random vectors

YV = (Y., Y), Y=Y,

14
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Also define random variables Y;" =Y/ VY/ i =1,... k. Then,

Y <Yi= sup VW), i=1,... k (3.14)

0<u<T

Thus by substituting random variables introduced above in the inequality (3.13)
and then using (3.14) we readily get that the following estimate holds under condi-
tion Ay, for ¢ < g,

gE (") = gO (", "]

k
< (K + K, Z e'yol/f)<7_// —7)

i=1
k k
+ D (K + Ky Y @Y~y
p o (3.15)
k
< (K + Ky e (e —7)
=1
k k
+ Z(Ks + Ky Z e )Y, — Y|
i=1 j=1

Now, applying Holder inequality (with parameters p = and q= [3 2 and then
with parameters p = 771 and ¢ = 7) to the Correspondmg products of random
variables on the right hand side in (3.15) and by using inequality (2.5) given in
Lemma 2.1 and relation (3.10), we can write down the following estimate for the

expectation on the right hand side in (3.11), for & < e,

Elg© (r?, SO () — ¢ (1], SO (71711
— E’g(E)(T/’eY/> . g(E)(T/,€Y//)|

k k
< (Ky+ Ko B )d(I) + Ky S EY! — Y/

i=1 i=1
k k
+ K3y > Bty — Y (3.16)
i=1 j=1
k k
< (Ky+ Ky Y (B )R )d(I) + Ky S (EY! = Y![75) 7
i=1 i=1
k k
+ KD S (BT e R EY, - ) T
=1 j=1

15



k k
< (Ko + Ko Y (Ee™)R)d(Il) + Ky Y (EY, = Y/|77) %

=1 i=1
k k 1 o
FEG YD (BT ) B EN —1|7) T
=1 j=1
k ..
< (K1 + kEa(L)?)d(ID) + K3 Y (EY; —Y{'|7=5) 5"
=1
”‘422 L) 5 (L)) E)Y, — v |75) 5
=1 j 1
< (K + kKo(Ly)?)d(IT)
k
+(Kg+k;K4(L1)%)Z(Em_W|%)%W
=1

The last step in the proof is to show that, for e < ey andi=1,... k,

E|Y/ Y”’ < Ll?Aﬂ(Y ()>d(H>7T)7 (317)
where
B
Ly = vy 3.18
12—21igeﬁy_1<00- (3.18)

Indeed, in this case, (3.16) take the form

Elg© (77, SO (1)) — ¢© (7 (W], SO (71 10))))|

< Lad(Il) + Ly Z Aﬁ(}/;(g)(.)’ d(11), T)%, (3.19)

where ;

Ly = Ky + kKi(L1)7, Ly = (K3 4 kK4 (L1)?)(L12)7 7. (3.20)

Note that the quantity on the right hand side in (3.19) does not depend on §.
Thus, we can substitute it in (3.11) and then pass § to zero in this relation that will
result in inequality (3.7) given in Theorem 3.2.

To get inequality (3.17), we employ the method from Silvestrov (1974) for esti-
mation of moments for increments of stochastic processes stopped at Markov type
stopping moments.

Introduce the function fr(t) = tj41 —tfort; <t <tj11,7=0,...,N—1and
0 for ¢ =t N . The function fii(¢) is continuous from the right on the interval [0, 7]
and 0 < fi(t ) < d(I).

16



It follows from the definition of function fr(¢) that
™ =1"+ fu(r"),
and
Y9 = v )| = [0 - YO+ ful).
(m)

Use again partition IT,, of interval [0, 7] by points vy = nT/m, n =0,...,m,
and consider the random variables,

- (m) f (m) < 7! (m) =1 N
ML =4 Y 0 v ST <wv; 7, 7=1,. ,
7L { T, if 7 =T

Thus we have 7/ < 7/[II,,,] < 7/+T/m, and the random variables 7/[IL,,] == 7/ as
m — co. Since the Y © (t) is a vector of cadlag processes, we also get the following
relation, for each 1 =1...,k

QY. = [V (+'[,]) — YO (7' [(L] + ful(r'[TL,a))) |7

B

(3.21)
2% QF = YO (r) = YO + ful(r))|75 as m — .

Note also that Q,(i)z are non-negative random variables and the following estimate
holds for any m=1,...and ¢t =1,...,k,

QY. < (VO [Iu)] + [V (P [TLa] + fu(r' (L)) 7
< 275 (YO (F[[,)) |77 + VO (7 [[] + fu(7[T])]757)
<27 ( sup ¥ (u)))7 (3.22)
<255 Lyyexp{B sup |V (u)]}.

Inequality (2.5) given in Lemma 2.1, implies that the random variable on the
right hand side in (3.22) has a finite expectation, and relation (3.21), we get by
Lebesgue theorem that, for e <ej andi=1... k,

EQY), — EQ\ as m — oc. (3.23)

Let us now find an estimate of EQm . To reduce the notatlon let us denote for the
moment Yy | ; = v (v fﬁ:l) and Y, ;= Y9 (v n+1)+fn( n+1>> Since 7’ is a Markov

moment for the Markov process Y(E)( ), the random variables X(vq(1 <7< Ufz +)1)

s
and |,/ ;,—Y, ;|7 are conditionally independent with respect to random vector

17



)7(5)( ) Using this fact and inequality fn( ) < d(II), we get, for ¢ < &1, and
1=1..

* Y

EQL), = B[V, (#/[fL,]) — ¥\ (<[] + fnl [T

m—1
- m (m)
; ’ n+1,7 Y?“,L/-‘rl Z’g_WX(/U'r(L ) < T < Un+1) (324)
m—1
= ST E{@ < 7 < oTDE{IY Ly — Y YOl
n=0
m—1 5
<D sup By [V = Vi 7o P < 7 <o)
n=0 SIS
m—1
<> Lipsup Ej o exp{BIY,,y, — Y4y IPL0(™ < 7' < o1}
n=0 YERF S
m—1
< LAs(V (), d(I), T)P{ui™ < 7 < v}
n=0
LmAﬁ( ()7d<H>aT)
Relations (3.23) and (3.24) imply that, for e < ey andi=1...,k,
EQY = BV = YO + fulr))7 (3.25)
< LiAg(Y7(),d(1), 7).
This inequality is equivalent to inequality (3.19). The proof is complete. m

4 Convergence of rewards for discrete time price
processes

In this section we present convergence results for reward functionals for American
type options for discrete time price processes. These results have their own value
and are also essentially used in the proofs of the corresponding convergence results
for continuous time price processes.

Let us now formulate conditions of convergence for discrete time reward func-
tionals @(ME)T) for a given partition II = {0 =ty < t;... < ty = T} on the
interval [0,7]. In this case it is natural to use conditions based on the transition
probabilities between the sequential moments of this partition and values of the
payoff functions at the moments of this partition. Condition A; is replaced by a
simpler condition:

18



Ay There exists €5 > 0 such that, for every 0 < ¢ < &5, function |¢®(t,, )|
< K¢+ K5 Zle s/, forn=0,...,Nand 5§ € ]Rf‘; for some v > 1 and constants

K@, K7 < 00.

Condition A, can be re-written in terms of functions g(®) (¢, e¥):

Al There exists g5 > 0 such that, for every 0 < ¢ < &, function |g©)(¢,,eY)|
< K6+K7Zleewi, for n = 0,...,N and § € R* for some v > 1 and
constants Ky, K7 < oo.

We also need an assumption about convergence of the payoff function.

In discrete time case, the derivatives of the payoff functions are not involved.
In this case, the payoff functions can be discontinuous. This is compensated by a
stronger assumption concerned the convergence of the payoff functions.

We require local uniform convergence for the payoff function on some sets, which
later will be assumed to have the value 1 for the corresponding limit transition
probabilities and the limit initial distribution:

Aj: There exists a measurable set S; C R’i for every n = 0,..., N, such that
9@ (t,,59) — ¢gO(t,,3) as e — 0, for any 59 — €S, andn=0,...,N.

Condition Az can be re-written in terms of functions g (¢, e¥):

Aj: There exists measurable sets Y; C R¥, n = 0,...,N, such that the payoff

function ¢ (t,, vt

n=20,...,N.

) — ¢O(t,,e¥) as € — 0 for any & — 7 € Y}, and

The sets S; and Y, in conditions Ag and Aj are connected by the following
relation §; = {5'= ev e Y; },n=0,...,N.

Let us now formulate conditions assumed for the transition probabilities and
initial distributions of the process Y (©(¢).

The first condition assumes weak convergence (denoted by the symbol =) of the
transition probabilities that should be locally uniform with respect to initial states
from some sets, and also that the corresponding limit measures are concentrated on
these sets:

Bi: There exist measurable sets Y/ C R* n =0,...,N such that: (a)
P(a)(tnag(6)> thrla ) = P(0)<tn7g7 thrla ) as & — 07 for any ?7(6) - g € Y;/n as
e—0andn=0,....,N —1; (b) PO(t,, 7 t,1,Y NYy .,) =1 for every
yeY{ andn=0,...,N—1.

!/
tn+1
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A typical example is when the sets Y; and Y/ are at most finite or countable
sets. Then the assumption that the measures PO(t,, 7,1, A), A € Bge have no
atom implies that condition By (b) holds.

The second condition assumes weak convergence of the initial distributions to
some distribution that is assumed to be concentrated on the sets of convergence for
the corresponding transition probabilities:

By: (a) PO() = PO(.)as e — 0; (b) PO(Y,NYy) = 1, where Y, and Y/ are
the sets introduced in conditions Aj and Bj.

A typical example is when the sets Y’ and Y” are at most finite or countable
sets. Then the assumption that the measures P(O)(A) have no atom implies that
condition By (b) holds.

We also weaken condition C; by replacing it by a simpler condition, which is
implied by condition Cj:

- () (e) .
Cs: lim,._ SUPgcRrk Eﬁ,tn (e»@IYz (tn41)=Y; (tn)|_1) <oo,n=0,...., N=-1,i=1,... k,
for some 3 > ~, where ~ is the parameter introduced in condition As.

Condition Cy does not change and takes the following form:

Cy: lim._ EeflYi ¥ (o)l < 00,7 = 1,...,k, where 3 is the parameter introduced in
condition Cg.

Condition Cgz implies that there exists a constant Li3 < oo and e3 < g5 such that
form=0,..., N—1,e<e3,andi=1,...k,

() ©)
sup Eg, (P10 tnr) =Y )l 1) < 1. (4.1)
JERF
Condition C4 implies that £3 can be chosen in such a way that, for some constant
Ly4 < o0, the following inequality holds for e <egandi=1,... k,
EcSV OOl < 1. (4.2)

A discrete analogue to inequality (2.25) can be written as

|(I)(M§,)T)‘ < sup E|g(7-(5)7§(5) (T(s))‘

T(E) (e)
SMur (4.3)

:
< 5O < ef < oo
Eorg%w (i, SO(t:)] < ¢f < o0

The followmg theorem gives conditions of convergence for reward functionals
oM T) for a given partition II.
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Theorem 4.1. Let conditions A, Az, By, Ba, C3, and Cy4 hold. Then, the fol-
lowing asymptotic relation holds for the partition I = {0 =tqg < t;--- <ty =T}
on the interval [0,T7],

(M) — B(M)) as e — 0. (4.4)

Proof. Since £ > 0 in (4.4), we can assume that ¢ < 5. The reward functions are
defined by the following recursive relations,

and, forn =0,...,N — 1,
W (ty, ) = max(g® (£, €7), Ejpw® (tni1, YO (tn11)), 7€ RE.

As follows from general results on optimal stopping for discrete time Markov
processes, see Chow Robbins and Siegmund (1971), Shiryaev (1976), the reward
functional,

(M) = Ew® (o, YE(0)). (4.5)

Condition A, directly implies that the following power type upper bound for the
reward function w®)(¢y, %) holds, for € < &3 and § € RF,

k
W (tn, §)| < Ly + Lon Z el (4.6)
i=1
where
Ll,N = K67 L2,N = K; < o0. (47)

Also, according conditions Ajg, for an arbitrary 7© — 7 as e — 0, where
7O ey, Ny}

tN>?

w® (tn, 7)) = wO(ty, 7?) as € — 0. (4.8)

Let us prove that relations similar with (4.6), (4.7), and (4.8) hold for the reward
functions w'® (ty_1, ).
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We get using relation (4.6), for € < e3 and i € R¥,

@
Egin_ 19 (ta, € 0N < Ly y + LonEgiy_, Z@W\Y (t)]

=1
i ©
< Lin+ LonEjiy, Zev\yilev\Yi (tn)—vil
i=1
k
< Ly + Loy > MiEg, LA C R A O] (4.9)
i=1
k
< Lin+ Loy Z WilE;, AV ) =Y O (kv -)]
i=1
k
S Ll,N + LZ,N(L13 + 1) Z e”'y”.
i=1

Relation (4.9) implies that, for € < g3 and 7 € R¥,

[ (tn—1, §)| < max(|g (tx 1, )], Egy[w (tn, YO (tn)])

k
< Ko+ Ly + (K7 + Loy (Lis + 1)) Y el
£ (4.10)
k
=Lin-1+ Lan—1 Z evlyi|7
i=1
where
Ll,N—l = K(; + LI,N7 L27N_1 = K7 + L27N(L13 -+ 1) < Q. (411)
Let us introduce, for every n = 0,..., N —1 and i € R¥, a random vector 17”(5)((?])

such that P{Y,?(5) € A} = PO (10§, ta1, A), A € Bar.
Let us prove that, for any 7 — ¢ ¢ Y;N . NY{ ase — 0, the following
relation takes place,

w (ty, Y (7)) = wO(ty, YO (7)) as € — 0. (4.12)

Take an arbitrary sequence ¢, — g9 = 0 as 7 — oo. From condition B; we have
for an arbitrary 3¢ — =) €Y, N Y,  asr — oo,

tN—1
() = YV (5°0) as 1 — oo, (4.13)
and
PIYSO () €Y, nY) } = 1. (4.14)
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Now, according to Skorokhod representation theorem, one can construct random
variables

17]6?1) (7)), r = 0,1,... on some probability space (2, F,P) such that, for every
r=0,1,..., and A € By,

PIYY™) (7)) € A} = P{Y\ (7)) € A}, (4.15)
and
)71,(?1) (7)) 22 ?]lv(iof(gj(so)) as T — 00. (4.16)
Denote
Av 1 ={we: ?]Q(irf(g(sr),w) — ?ﬁiol)(g(go),uﬁ asr — oo}
and

By_1 = {w e Q: Y& (7 w) e Y, Ny ).
Relation (4.16) implies that P(Ay_;) = 1. Also relations (4.14) and (4.15) imply
that P(BNfl) = 1. ThU_S, P(AN,1 N BNfl) =1.
By relation (4.8) and the definition of the sets Ay_; and By_1, the sequence
wE) (ty, ?J(ﬁirf(g(sr),w)) — w0 (ty, )7]@(?01) (759, w)) as r — oo, for every w € Ay_1N
By_1, i.e., the random vectors

W) (1, VAN ()) 25 w0 (e, Y2 (50)) as 7 — oo, (4.17)
Relation (4.15) implies that, for every r =0,1,..., and A € Bgs,
PLo by, VY2 (7)) € A} = Pl (b, Vi () € 43 (418)
Relations (4.17) and (4.18) imply that the random variables
W (tn, Y (7)) = w0 (ty, YO (75)) as 7 — oo (4.19)

Since an arbitrary choice of a sequence ¢, — &, relation (4.19) implies relation
of weak convergence (4.12).

Using inequalities (4.1) and (4.10), and condition Cz we get for any sequence
79 - 79 ey N Y,  ase — 0, and for e <eg,

tN—1
E|w(e)(tN,}7]\(ffll(g(€)))|% — EgevtN—1|w(6)(tN,?(6)(1}]\[)”%
k
< Egor iy, (Liy + Loy 3 7005
- (4.20)

B
5

< (k+1)5 (o)

k
g (5) Y<5> tn)— (s)
+ (szN)’YEﬂ(E),tN,l E eﬁlyl |€B| O (tN) -y, ‘)

=1
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k
6 s s (©)
< (k417 ((Law)7 + (Lan) 7 (Lis +1) Y e
i=1
and, therefore,
T EJw® (1, Vi, (7)) < oo. (4.21)
Relations (4.12) and (4.21) imply that for any sequence . — 7y € YN(fNA NnY}F, |
as ¢ — 0,

Ejoon W (ty, YO (ty)) — E wO(ty, YO(ty)) as e — 0. (4.22)

Jo,tN—1

Relations (4.22), (2.1) and condition Az imply that for any sequence y. — 7y €

Y NYE ase—0,

tN-1

7(e) >
w® (tn-1, 7)) = gt (tn—1,€ ")V Eg(b-),thlw(a) (tn, YO (tn))

w1, 7O (4.23)
70 v
= g(O) (thla ey ’ ) \ Eg(o),tN—lw(O) (tNa Y(O) (tN)) as e — O

Relations (4.10), (4.11), and (4.23) are analogues of relations (4.6), (4.7), and
(4.8).

By repeating the recursive procedure described above, we finally get that, under
conditions Ay, Az, By, and Cg, for e <e35,n=0,1,...,N, and 7 € R”,

k
na_’ > Ln n g iy .
W (L, §)] < L + Loy Y €7 (4.24)

=1

where constants,

LLTH Lg’n < 00, (425)

and that, for an arbitrary ygf) — yﬁo) as € — 0, where yﬁo) € Y;n NYY , and for every

n=0,1,..., N,
wE (t,, 79) = wO(t,, 71V) as e — 0. (4.26)

Let us take an arbitrary sequence ¢, — ¢y = 0 as r — oo. By condition Bs, the
random vectors

YED(0) = YE(0) as r — oo, (4.27)

and )
P{Y)(0)eY, nY.} =1 (4.28)

According to Skorokhod representation theorem, one can construct random vari-
ables
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}7’(“)(0),7' = 0,1,... on some probability space (2, F,P) such that for every r =
0,1,..., and A € Bgs,

P{}_}/(ET)(O) c A} — P{}_/"(Er)(o) c A}’ (4.29)
and . .
Y/(s,«)m) LN Y’(Eo)(o) as r — o0. (4.30)

Let us denote
A={weQ:YE)(0,w) — Y (0,w) as r — oo}
and
B={0eQ:Y®™(0,w)eY, NY}}.

Relation (4.30) implies that P(A) = 1. Relations (4.28) and (4.29) imply that
P(B) =1. Thus, P(AN B) = 1.

By relation (4.26) and the definition of sets A and B, the non-random sequence
wE) (tg, Y (0, w)) — w0 (ty, Y€0)(0,w)) as j — oo, for every w € AN B, i.e.,
the random vectors

w) (to, Y (0)) L2 w0 (¢, Y0 (0)) as r — oo. (4.31)
Relation (4.29) implies that for every r =0,1,..., and A € By,
P{w) (ty, Y)(0)) € A} = P{w) (15, Y(0)) € A}, (4.32)
Relations (4.31) and (4.32) imply that the random vectors
wE) (ty, YE(0)) = w0 (ty, YE(0)) as r — oco. (4.33)
Since an arbitrary choice of a sequence &, — €g, relation (4.33) implies that
w® (to, §9(0)) = w(ty, S©(0)) ase — 0. (4.34)
Using inequalities (4.2) and (4.24), and condition C4 we get for € < g3,

B
5

k
Elwt® (to, VOO < E(Lyg+ Lo 3 7 O)
i=1
k
c 4.35
< (k+1)7 ((Lio) + (Lag) TE DS ™70 9
i=1

8
+ (L20) " L14),

B
5

< (k+ 1)2_1((1/1,0)
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and, therefore,
TmE[w® (t, YO(0))|7 < oc. (4.36)

e—0

Relations (4.34) and (4.36) imply that,
Ew® (to, Y (0)) — Ew® (¢, Y©(0)) as e — 0. (4.37)

Formula (4.5) and relation (4.37) imply relation (4.4) given in Theorem 4.1. [

5 Convergence of rewards for continuous time
price processes

We are now ready to formulate and to prove our main convergence result for rewards
of American type options for continuous time processes.

Now we formulate conditions of convergence for discrete time reward functionals
(ID(MEZBI&T) for continuous time model.

As was mentioned above, in the discrete time case, the payoff functions can be
discontinuous. In the continuous time case, the derivatives of the payoff functions
are involved in condition Aj. The corresponding assumptions imply continuity of
the payoff functions.

This give us possibility to weaken the assumption concerning the convergence of

the payoff functions and just to require their pointwise convergence:

Ay g9(t,5) — gO(t, 5) as e — 0, for every (¢,3) € [0,T] x R~
Condition A4 can be re-written in terms of function g€ (¢, e¥):

Al g9t e%) — gO(t,e¥) as e — 0, for every (¢,%) € [0,T] x RF.

Remark 1. See for example the paper Kukush and Silvestrov (2004) for an example
where a payoff function are approrimated by a perturbed discrete payoff function.

Let us now formulate conditions assumed for the transition probabilities and the
initial distributions of process Y (©(¢).

The first condition assumes weak convergence of the transition probabilities that
should be locally uniform with respect to initial states from some sets, and also that
the corresponding limit measures are concentrated on these sets:

Bs: There exist measurable sets Y; C R¥, ¢ € [0,7] such that:

(a) PO, 59, t+u,-) = POt 5t +u,-) as e — 0, for any §° — 7 € Y,
ase —0and 0 <t<t4+u<T;
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(b) PO, 4t +u,Yy,) =1forevery y€ Y, and 0 <t <t+u<T.

The second condition assumes weak convergence of the initial distributions to
some distribution that is assumed to be concentrated on the sets of convergence for
the corresponding transition probabilities:

By (a) PO() = PO()ase—0;
(b) PO(Yy) = 1, where Y is the set introduced in condition Bg.

The following theorem presents our main convergence result. It gives conditions

of convergence for reward functionals @(Mfﬁiﬂ).

Theorem 5.1. Let conditions Ay, Ay, Bz, By, Cq, and Cq hold. Then

oME Y- dMO ) ase— 0. (5.1)

max,T’ max,T’

Proof. Let Iy = {0 =1ty < t; < ...ty = T} be a sequence of partitions on the
interval [0, 7). Since we study the case when £ — 0, we can assume that d(II,,) < ¢
and € < &1 where ¢ and ¢, are defined in relations (2.9) and (2.10) this ensures that
the corresponding reward functionals are finite.

The following lemmas play the key role in the proof.

Lemma 5.2. Let conditions Ay, Cy, and Cy hold, the following relation holds for
any sequence of partitions Iy such that dIly) — 0 as N — oo,

lim Tm(®(M) ) — &M 1) = 0. (5.2)

N—00 e—0 max,T

Proof. This Lemma is a direct corollary of Theorem 3.2, which implies that, under
conditions A1, Cq, and Cs, there exist constants Ls, L4 < oo such that the following
skeleton approximation inequality holds for € < e; and N such that d(Ily) < ¢,

oM ) — M )
k (5.3)

e B—
< Lyd(Ty) + Lo As(V,7 (), d(Ty), 7)) 7
i=1
This estimate directly implies relation (5.2). O

Lemma 5.3. Let conditions Ay, A4, B3, By, Cq, and Cy hold. Then, conditions
of Theorem 4.1 hold for any partition lly = {0 = tg < t1--- < ty = T} on the
interval [0,T) and, therefore, the following asymptotic relation holds,

OM) 1) — BMY) 1) as e — 0. (5.4)

27



Proof. Take an arbitrary partition IIy = {0 =ty < t;--- <ty = T} on the interval
[0,77.

Inequality (2.21) given in the proof of Lemma 2.3, implies that, for every n =
0,...,N,5€ Rk and e < &,

k
199 (tn, 5)| < Ls + Lo Yy (5:)7, (5.5)
=1

where v = max(y9,71 + 1,...,7% + 1).

Thus condition Ag holds for partition Il with the constants K¢ = Lg, K7 = Lg
and the parameter v given above.

Also, inequality (2.20) given in the proof of Lemma 3, implies that for every
n=0,...,N, 5,5 Rt ande < e,

k k

19 (0, §) = 99 (1, ) <D (Ks+ Ka Y (s7))(s) = 57)- (5.6)
i=1 j=1

and, therefore, for any 0 < u; <wu <oo,i=1,...,k

sup |g(€)(tm 5') — 9(6) (tn, 3")| < Lusc, (5.7)
u;Ssg,s;’<u;’,|s§—s;’\§c,i:1,...,kz )
where
k k
Lis =Y (Ks+ Ky (ul)").
i=1 j=1

Condition A4 and inequalities (5.5) and (5.7) imply that for every n =0,..., N,
and 0 < u; <wu; <oo,i=1,...,k, the conditions of Ascoli-Arzeld theorem holds
for payoff functions ¢©)(¢,,5), u; <s; <wuj,i=1,...,k, for every n=0,1,..., N.
Thus, these functions converge uniformly, i.e.,

sup 199 (tn, §) — g (tn, 5)| — 0 as € — 0. (5.8)

uy <s;<uj i=1,...k

Relation (5.8) implies that condition of locally uniform convergence A4 holds for
partition IIy with the corresponding sets S; = R’j, forn=20,1,...,N.

It remain to show that condition C; implies that condition Cg holds. Condition
C; implies that for any constant L;s < oo one can choose ¢ = ¢(Ljg) > 0 and then
g4 = €4(c) < e such that for e <e4 and i =1,... k,

As(Y(),6,T) < Lyg. (5.9)

28



Take an arbitrary integer 0 < n < N and consider the uniform partition ¢, =

u(()m) < o< um = tne1 on the interval [t,,t,41] by points ugm) = W
Relation (5.9) and the Markov property of the processes Y ©)(¢) imply that for
e< ey m= [M}jtl (in this case W <c¢),yeRF j=1,...,m and
i=1,...k

©) (,, (M) _y- (&), (M)

Eg,tn(eﬁlyi (u; ™)=Y (ug )\_1)
< Ej,, MV @DV @AY @)Y O WDl g
= By, ((PV 7@ )Y @)Y @)

+ M@ YO W )

5.10
= E,, {(PT @YW (5:10)
mwuw@“)$W%'>w% DH
< E?J,tn(eﬁ MDY 1) (g + 1) + Lyg
Finally, we get, for e < e4, € RF, andi=1,...,k,
Ej o, (A7 tni) YOl _ 1)
()¢, (m) (), (m)
—Ey, (P OW
. (5.11)
S (L + )"+ L Y (Lin+ 1)) = 2(Ln + 1) = 1) < o0.
§=0

Thus condition Cgz holds with parameter [ given in condition A;. Finally,
condition Cg is equivalent to condition C4. The proof of Lemma 5.3 is complete. []

Lemmas 5.2 and 5.3 let us make the final fifth step in the proof of Theorem 5.1.
We employ the following inequality that can be written down for any partition Iy,

(M) 1) — BMEO )] < [BMEL ) — BM), 1)

max, T’

+ MO 1) = SM )|+ [BM) 1) — 2M) ). (5.12)

max,T’
Using this inequality and relation (5.4) given in Lemma 5.3 we get for any par-
tition IIy and for d(Ily) < ¢,

T [@(M5, 1) — (M, )|

max,T’ max,T’

< T [®(Miih 1) — BMi, ) + @M 1) = RMEL )] (5.13)

max, T’
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Finally, relation (5.2) given in Lemma 5.2 implies (note that relation ¢ — 0
admit also the case where ¢ = 0) that the expression on the right hand side in (5.13)
can be forced to take a value less then any € > 0 by choosing the partition IIy with
the diameter d(I1y) small enough.

This proves the asymptotic relation (5.1) and thus the proof of Theorem 5.1 is
complete. Il

In conclusion of this section, let us formulate some useful sufficient conditions
for an important condition of moment compactness Cy.

Let us introduce the modulus of J-compactness, for h,c > 0,1 =1,... k,
AYE () e T) =  sup sup P d |V (¢ +u) - YO (1)) = h).
0<t<t+u<t+e<T jeRk

The following condition of J-compactness plays the key role in functional limit
theorems for Markov type cadlag processes:

Cs: limeolim.o AY,P (), h,e,T) =0, h > 0,i=1,..., k.

Introduce also the quantity, which represents the maximum of moment generat-

ing functions for increments of the log-price processes Y;(a) (t),i=1,... k,
€ ) () -y
Zp(VO(),T) = sup  sup By IO g e Ry,
0<t<t+u<T ycRk

The following condition formulated in terms of these moment generating func-
tions can be effectively verified in many cases:

Ce: EHOEM,(Y}&)(-),T) < 00,i = 1,...,k, for some ' > (3, where 3 is the
parameter introduced in condition Cj.

Lemma 5.4. Conditions Cs and Cg imply condition Cy.

Proof. Using Holder inequality we get the following estimates, for every 0 < ¢ <
t+u<T,jyeRt andi=1,... k,
Ej e 0¥ 01 _
< (P — 1) 4 Byl YO0
XXVt +u) = YO @) > 1) (5.14)
< (P — 1) 4 (Eg e? V0¥ O 0l

x Py |V (t +u) — YO (1)) > h}.
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The following inequality, which connect the exponential moment modulus of
compactness with the modulus of J-compactness, follows from (5.14),

Bs(V7()e.T) < (¢ 1) (5.15)
+ (A (YO0, e, T) + 1) AYD (), hye, T). |

Also, the following estimate takes place, for every 0 <t <t+u <T, iy € R, and
1=1,...,k,

P A CENE AU
y7

= By 0O (YOt 4 u) 2 O 1)

/0y (€) (©) (e) (e) (5'16)
+ Egge” M OT OO (VI (4 u) < V(1))
< By 00O 0) | oA O -y @)
This estimate implies the following inequality,
Ap(V9(),e.T) +1 < Ep (VO (). T) + Ep (V7 (), 7). (5.17)
Relations (5.15) and (5.17) imply the statement of Lemma 5.4. O

6 Multivariate exponential price processes with
independent increments

In this section we show general convergence results for the important case of expo-
nential price processes with independent increments.

Let us consider the model where the log-price process Y (t),t > 0 is a cadlag
process with independent increments.

We also assume for simplicity that the initial state of process }7(5)(0) =g =
(yZ(E),z' =1,...,k) is a constant.

The process Y (t) is a cadlag Markov process with transition probabilities which
are connected with the distributions of increments for this process P®)(¢,t 4 u, A)
by the following relation,

PO(t,§,t+u, A) = POt t +u, A— )

=P{7+ YO (t+u) - Y (t) € A}. (6.)

Let us assume the following standard condition of weak convergence for distri-
butions of increments for log-price processes:
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D;: POt t+u,") = POt t+u,-)ase —»0,0<t<t+u<T.

Representation (6.1) implies in an obvious way that condition Bs holds with the
sets Y; = R¥ ¢t € [0,T], i.e., distributions of increments for the processes Y;(E) (1)
locally uniformly weakly converge, if condition Dy holds.

Thus, in the case of processes with independent increments, the condition Bg
with the sets Y, = RF is, in fact, equivalent to the standard condition of weak
convergence for such processes.

In this case the J-compactness modulus A(Yi(g)(-),h,c, T) takes the following
form:

NEYEOO).heT) = sup PVt ) = YO (0)] 2 b}
0<t<t+u<t+c<T

Thus, condition Csy is reduced to the standard J-compactness condition for the
log-price processes with independent increments:

Dy lim,_olime_o A(Y; (), h,e,T) =0, h > 0,i =1,..., k.

Note that conditions D; and Dy imply J-convergence of processes Ye© (t), t €
[0, 7] to process YO (t),t € [0,T] as e — 0 and stochastic continuity of the limit
process.

Also, the quantities EB(Yi(E)(-), T),i=1,...,k take a simplified form,

(YO, T) = sup ELOTGHYI0) g R
o 0<t<t+u<T

Therefore, condition Cg takes the following form:

Dj: ma_)gE’iﬂ,(Yi(g)(-),T) < 00,17 = 1,...,k, for some ' > (3, where 3 is the
parameter introduced in condition Cj.

According to Lemma 5.4, conditions D; and Dy imply condition Cj.
Condition By is reduced in this case to the following condition:

Dy: lim._o 7 = .

Note that 7y can be any vector with real-valued components since the set Y, =
RE,

Note that, condition D4 implies also condition Cy.

The following theorem summarizes the remarks above.

Theorem 6.1. Let condz’tion_g A1, Ay, and Dy — Dy hold for the exponential price
processes with independents S©)(t). Then

oM ) - d(MO ) <ooase— 0. (6.2)

max,T’ max,T’
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The skeleton approximations Y@ () = Y©O([t/e]), t > 0 for a stochastically
continuous cadlag log-price process Y© (), t > 0 with independent increments give
a good example of the model introduced above.

In this case, conditions Dy and Dy automatically hold.

Condition Dg is implied by the following condition:

Ds: EQ_LB,(Y;(O)(-),T) < o00,i=1,...,k, for some 3 > 3, where 3 is the parameter
introduced in condition Cj.

Thus, if we let conditions Ay, Ay, and Dy hold, then the statement of Theorem
6.1 holds for the exponential price processes S©(t) = ¥ /=) ¢ e [0, 7.

Note that, in this case, Theorem 3.2 yields a stronger result in the form of explicit
estimates for the accuracy of skeleton approximations for reward functions.

Note also that the optimal expected rewards for the skeleton price processes
SE(t) = 71/ can be estimated with the use of Monte Carlo simulation.

7 Binomial tree option reward approximations
for multivariate Brownian motion

In order to illustrate the results presented above, let us consider the model where
k = 2 and the bivariate geometric Brownian price process S© (t) = ey(o)(t),t >0,
where the log-price process Y (O (t) = (Yl(o) (1), YQ(O) (t)),t > 0 is a bivariate Brownian
motion with components Y7 (t) = y + it + o;Wi(t),t > 0,i = 1,2, which are
correlated, i.e., EWy(t)Wa(t) = pt,t > 0.

We approximate the process Y (©) (t),t > 0 with a bivariate binomial sum-process
¥ € 5 . € 0 e
é/(g? (t) 1:2(3/1( (1), Y39(t)), t > 0 with components Y, (¢) = y! )+Zlgk§[t/€] Yk(’i),t >
) Z = ) N

Here V,\©) = (Y(s) Y(Z)), n=1,2,... are, for every € > 0, i.i.d. random vectors

n,ly T n,
which have the following structure,

( £ £ £
(o, i) P
(+ul?, —uf) P,
v, v9) = with prob. (7.1)
(_uga)v _‘_uéf)) p(fzﬂ
| () e

Since we assumed that the initial state Y (0) = 7 = (y%o), yéo)) is a constant
which does not depend of ¢, conditions B4 and C4 automatically hold.

In order to fit the bivariate binomial sum-processes defined above to the limit
bivariate Brownian motion, we should fit expectations, variances, and covariance
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coefficients for summands (Yn(i), Y,fz)) to the corresponding quantities for the incre-

ments of the bivariate Brownian motion (u1e + o (Wi((n + 1)e) — Wi(ne)), pae +
o2 (Wa((n + 1)2) — Wa(ne)).
The following system of six equations with six unknowns should be solved:

Y7 = ul? 2%, + ) 1) — e,
Vari ] = () — (e)? o,

) EY,)] =l 20, + ) - 1) e, )
Var[Yl(;)] _ (uéa))2 . (N25)2 _ U%e’;‘, .
Cov[v{® V9] = u<1€>u§5)(p(f)++p% :rz;gl—pfl)—uluzaQ o

. Py +pE + p@r +p) =1.

This system has, for every ¢ > 0, the following unique solution,
(W9 = e o+ e,
uy) = VEVoF+ ik,

(&) 1 1 M1 K2 1_ poioatpipse
pyy, =141E +1
o Sat VA man t Vs Y i
{ pfl =14 %ﬁ(\/ pi o — 1 pnioate (7.3)
ag

ftute  o3tnuse ot tuier/o5tu3e’
(e) 1 1 1 ©2 1 PO102+ 11 o€
Py =g+ avel - —- 3
oo Voituie  Vo3rude) A \/otruiey/odtuze’
(e) 1 1 M1 12 1_ poiootpipge
pol =i+ Vel — — + 3 .
~ 17 Voitime | Veitme) T Aot ey /o ik

It is useful to note that the corresponding parameter have the following asymp-
totic expansions,

(WY = VEor+o(e),

W = Voo +ofe),
e R A I CEN N (CORE - S )RR CL

< pSf), =it —82)ve-1 %—%—% e+ o(e), (7.4)
PO =gt (- ) vE - d(te - g - S ek ole)

P =i e (8 B)VE (B - 5 - )+ oo

Relation (7.4) guarantees that probabilities in (7.3) take values in interval (0, 1)
for £ small enough in the most interesting non-degenerate case, where |p| < 1. Note
also that the sum of these probabilities is equal to 1, according to the last equation
in (7.2).

The problem can be however reduced to more simple case where drift coefficients
p1 = pi2 = 0 and the initial state (%) = (0, 0).
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7 (0)
Y V(1)

Let us consider processes S© (t) = ,t > 0, where the log-price process

v (t) = (171(0) (1), 372(0) (t)),t > 0 is a bivariate Brownian motion with components
171-(0)(25) =o;W;(t),t > 0,i = 1,2, which are correlated, i.e., EW;(t)Ws(t) = pt,t > 0.
vaiously, the natural filtration F;,¢ > 0 is the same for processes SO (t),t > 0 and
SO(t),t > 0.

Let g©)(t,5) = g©®(t, (s1, 52)) be payoff functions that satisfy conditions A; and
Ay

Let us now consider the transformed payoff functions

g(é)(t’ g‘) — g(E) (t, (€y§0)+u1t$17 6y§O)+u2t82))' (7‘5)
These functions also satisfy conditions A; and A4 with some constants K;,i =
1,...,5 and parameters vy = v = max(yo,71 + 1,72 + 1) and the same parameters
71 and 2.
It follows from the remarks above that the reward functional
0 — ~ pog
M) = sup Eg¥ (7,50 () = sup EGO(r, SO (7). (7.6)
TEMT TEMT

Now, we can approximate the bivariate Brownian processes Y (©) (t) by the cor-

responding bivariate sum-processes Y () () as it was described above. In this case
however the parameters p; and s will take the value 0 in systems of equations (7.3)
and (7.4). In this case, the solution to these systems will take the following simpler
form,

uga) = \/Egla

ug = Veo, (7.7)
=pSl =1+1p
R

The probabilities in (7.7) take non-negative values for any |p| < 1.

By applying convergence theorems for vector sum-processes with independent in-
crements given for example in Skorokhod (1964) it is easy to check that the processes
Y@ (t),¢ € [0,T] with parameters given in (7.3) weakly and moreover J-converge to
process YO (t), ¢ € [0,T] as € — 0.

These statements remain true also if parameters of the approximating processes
would be chosen equal to the corresponding sums of terms in the asymptotic expan-
sions (7.4) with omitted terms o(g).

Also the processes Y©)(t),t € [0,T] with parameters given in (7.7) weakly J-
converge to process YO (), t € [0,7T] as € — 0.

Thus, conditions D; and D hold for processes Y ©)(t) and v (1).
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Also, the moment generation functions Eexp{ﬁ(Yi(e) (t+u)— Yi(s)(t))} exist for
any J € R and have an explicit form, namely, for 0 <t <t4+u <T,i=1,2,

E exp{ﬁ(Y;(E) (t+u)— Y;(s) ()}

(M7p? e it e >,
B (7.8)

oy Bt .
efriut—s"— if =0,

where p{¥ = pgfl + pgf)_, ¢ = 10(_53r +p and p) = pgfl + p(_i, ¢ = pgf)_ +p

This makes it easy to check that condition D3 holds for processes Y (t) for any
B> p.

Summarizing the remarks above, one can conclude that the conditions and, there-
fore, the statement of Theorem 6.1 holds, for the bivariate exponential price pro-
cesses with independent increments S©(t) = exp{Y© ()}, ¢ € [0,T], if conditions
A1, A4 hold for the corresponding payoff functions, i.e.,

oMY ) — oMY ) ase— 0. (7.9)

max,T’ max,T’

Let assume for simplicity that ¢ = T'/N and consider the partition II. = {¢, =
O0<ti=e<---<ty_1=(N—1)e <ty=T} on the interval [0,T].

In this case the Markov chain (n,Y ) (ne)),n = 0,1,... is a bivariate binomial
tree model with the initial node (0,%”) and nodes of the form (n, §,4,.,), l1,l2 =
0,1,...,n, after n > 1 steps.

In the case of a non-reduced model with parameters of the approximating bivari-
ate Bernoulli random vectors Y, defined by relations (7.1) and (7.3), the vector
points Y1y, li,l2 =0,1,...,n,n=0,1,..., N should be defined by the formula

oarie = JO + (20 —n)Veyaf + pie, (2l —n)Vey o3 + p3e), (7.10)

while in the case of a reduced model with parameters of the approximating bivariate
Bernoulli random vectors (Yn(i), Yn(z)) defined by relations (7.1) and (7.7), the vector
points Y1, 15, l1,l2 = 0,1,...,n, n = 0,1,..., N should be defined by the simpler
formula

Unirto = (2l — n)veoy, (2l —n)y/eos). (7.11)

The corresponding tree has (n + 1) nodes after n steps. The number of nodes
is a quadratic function of n.

The standard backward procedure can be applied in order to find the optimal
expected reward at moment 0 for the discrete time exponential bivariate binomial
price process S© (tn) = ey(s)(t”), t, =ne,n=20,1,..., N. This optimal expected re-

ward coincides, in this case, with the reward functional (I)(M&)T) for the continuous

time bivariate exponential price processes S (t) = ey@(t), te|0,T].
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To estimate the difference ®(M) ) — @(M%E)T) we can use Theorem 1. In

max,T’

this case, d(Il.) = ¢ and for § € R and i = 1,2,
AV D (),e,T) = EMNT — 1 < fui” 1, (7.12)
Theorem 3.2 yields in this case the following relation,
O(Mipnr) = B(M) 1)

< Lae+ Ly((e® —1)F 4 (P4 — 1)) = 0ase —0.  (7.13)

As was pointed out in Section 3, the reward functional @(M%EE)T) is the option
optimal expected reward for American type options in discrete time that correspond
to the partition to the discrete time Markov log-price process Y ©)(t,),t, = ne,n =

0,1,..., N with parameter ¢ = T'/N. Introduce the corresponding reward functions,

€ — _ € v (r
w' )(tnaymh,b) = sup Etnagn,ll,lgg( )(7—’ e’ ))7
TEMn,, 1, tn <T<IN=T

where vector points ¥, 15, l1,l2 = 0,...,n,n=0,..., N were defined in (7.10), and,
in particular, 700 = 7.
Then, from relation (4.5),

M 1) = w (0, 7). (7.14)
The reward functions w() (tns Uniy1o) can be found using the following backward

recurrence relations, forn =N —1,...,0,

w(E) (tm gmhh) = 9(6) (tm egmllh) \ (w(e) (tn—i—h gn+1,ll+1,l2+1)p$)+

+ w(a) (tn-‘rh gn+1,l1+1,12 )p(f), + w(e) (tn+1> Q’n+1711712+1)p@r

© (7.15)
+ w(a) (tn+17 gn+1,l17l2 )p——)a
ll,lg = 07...,71,
with the boundary conditions
w(a)(t]v, y_’lelh) = g(a)(t]\[, egN’ll’ZQ), ll, lg = O, R ,N. (716)

It is also useful to note that the modification of the approximation algorithm
based on the reduced model described in (7.7) and (7.10) can be built and utilized
in a similar way.

The corresponding approximation result for the bivariate binomial tree algorithm
describe above can be summarized in the following theorem.
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Theorem 7.1. Let conditions Ay, Ay hold. Then

w®(0,79) = (M ;) — B(M ;) as e — 0. (7.17)

max,T’

As an other example of typical a payoff function, is a linear combination of payoff
functions for a portfolio of options g(t,5) = e " (ai[s1 — K1]T + as[ss — K3|1) can
be mentioned.

Let us also mention the model of exchange of assets with payoff function ¢(t, §) =
e "(s; — s3). Note that this is an example of payoff function which is not nonnega-
tive. The optimal stopping strategies for this model were recently studied in Mishura
and Shevchenko (2009).

In both cases, the payoff functions are continuous, do not depend on perturbation
parameter €, and have obviously a polynomial rate of growth. Thus, conditions A4
and A4 automatically hold.

Therefore, according to Theorem 7.1 the optimal expected reward functions for
the described above bivariate binomial exponential model converge to the corre-
sponding optimal expected reward functionals for the corresponding bivariate geo-
metric Brownian motion.

It is useful to note that the results concerning bivariate binomial models admit
an obvious generalization to the case of multivariate binomial models.

Let us give some numerical example for the model of exchange of assets with
payoff function g(t,§) = e "(s; — s3). We consider the case when the holder of the
option has the right to change asset 1 for asset 2. The option has maturity in 6
months. Asset 1 has initial price 10 with a drift estimated to be 0.02 and volatility
are estimated to 0.1 per year. Asset 2 has initial price 9.5 with a drift estimated to
be 0.08 and volatility are estimated to 0.35 per year. The correlation between the
to assets are assumed to be p = 0.3. The risk free interest rate are assumed to be
r = 0.04 for the time period of the contract.

Study show that tree size N = 100 is enough, the expected reward for a tree
with size N = 100 is 0.0850, this should be compared with the expected reward for
a tree with size N = 150 which is 0.0858. The calculation time for this tree size
is 5.11 seconds on an 1.73 GHz Intel® Pentium-M processor, 1GB internal memory
using Matlab®.

Figure 1 illustrate the reward for exchanging Asset 1 for Asset 2 when parameters
of the model are as above except the volatility vary on the interval [0.05, 1] for the
two different assets. It is worth to note that for some combinations of volatility
the reward will be negative and thus exchange is not profitable. This question does
however require an additional investigation.
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Figure 1: Rewards for exchange of Asset 1 for Asset 2, with volatilities 0.05 < o7 <1
and 0.05 < oy < 1.

8 Binomial tree approximations for mean reverse
price processes

Let us consider the model of price process introduced by Schwartz (1997) for mod-
eling energy prices. It has the following form

dInS(t) = —a(ln S(t) — In S(0))dt + vdW(t), t > 0, (8.1)

where o, v > 0, W(t) is a standard Brownian motion, and the initial state S(0) =
so > 0 is a constant.

We consider further the case when we want to price an American call option,
that is where a payoff function of the form g(¢, s) = e ™[s— K|, where r, K > 0. It
is easy to check that the payoff function satisfies conditions A; and A4 with some
constants K;,7 = 1,...,5 and parameters 7y = 1 and 7, = 0.

Thus our object of interest is in this case the reward functional

oMY )= sup Ee"[S(r) — K]*. (8.2)

max,T’
0<r<T
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The stochastic differential equation (8.1) has the following solution
S(t) = spere ™ Jye™dW(s) 4 >, (8.3)

The process S(t) is a diffusion process, which however can be represented as a
non-random transformation of a simpler exponential Gaussian process with inde-
pendent increments

S(O) (t) _ eye—aT fOt eade(S)’ t 2 0 (84)
It follows from (8.3) and (8.4) that

ec(T—1)

S(t) = 50 (SO(1)) , t>0. (8.5)
The processes S(t),t > 0 and S©(¢),t > 0 have the same natural filtration
Fi,t > 0 and therefore the class (I)(Mi?;x,ir) of all Markov moments 0 < 7 < T'is
also the same for these processes.
Let us now consider the transformed payoff function

§9(t,s) = e_”[sosea(T%>

— K]*. (8.6)
This function also satisfies conditions A; and A4 with some constants K}, i =
1,...,5 and parameters vy = e®T + 1, 4, = T — 1.
It follows from the remarks above that the reward functional

oMY ;)= sup Ee"7[S(r) — K]*
0<r<T

= sup Ee"[5050(7)
o<r<T

(8.7)

e(T—7)

~ Kt

The process SO (t) = ¥ ¢ > 0, where YO(t) = ve T [} e*dW (s), t > 0,
is a Gaussian process with independent increments.

We approximate the process Y (¢),¢ > 0 with a trinomial sum-process
Y(E)(t) = Zlgkg[t/a} Yf.),t > 0, where Yn(s), n = 1,2,... are, for every ¢ > 0,
independent random variables that have the following structure

u© Piks
YTE‘f) — 0 with prob. pgi'? <8‘8)

Let us assume that ¢ = T'/N.
In order to fit the trinomial sum-processes Y ©)(¢) to the limit process Y (?(t),

we should fit expectation and variance for the random variables V¥ and increment
of the limit process Y (ne) — Y©((n —1)e) forn=1,..., N.
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Simple calculations show that

EYO(ne) = YO((n —1)e)) = Eve T /”5 ve®*dW(s) =0 (8.9)

(n—1)e

and
o =Var(YO(ne) - YO((n - 1))

n,e

= Var Ve_O‘T/ e dW (s)
(

n—1)e

ne e2ans _ 62(:y(n71)£-:
_ V2€—2aT/ 62asd8 — V2€—2aT
(

n—1)e 20

1— 672a€
— V26—2aT€2oma ]

2c
The following system of 3N equations and 3N + 1 unknowns should be solved,

EYn(E)( | =u® (pﬁil(—) pif,)_()) =0,
VarY;® = (W (s + o) =0, (8.10)

n=1...,N.

The system above has the solution of the following form:

u® = K\/E,
(e _ _ Ohe
Pny = Pn,— T 2k2e) ) (8 11)
(e) =1— Tn,e ’
pn7‘ - K2e 0
n=1,...,N.
2
Let us consider the probability pS)Jr = 255, It is easy to show that v2e=20T
2
< % < v2e20Te2T — 12 for n = 1,... N. Thus, it is possible to choose x large
enough such that the values of probabilities 0 < % < pffl < % < % for
n=1,...,N. In fact one can take any x > v.

The defining relation (7.1) implies that for any § > 0 if € is small enough, namely,
if k\/e <0, then

> PV >y =0. (8.12)

n<[T/e]

Also, by the definition of processes Y©)(t), fore >0and 0 <t < T,

EY©(t) =0, (8.13)



and, for every 0 <t < T,
t/ele 2at/ele
VarY©(t) = p2e=20T /[ . T P e . T
0 2 (8.14)
eQat —1
— VarYO(t) = 1?27~ as 0 < e — 0,
2a

Since the functions in (8.14) are monotone, and the corresponding limit function
is continuous, this convergence is also uniform in interval [0, 7] and, therefore, con-
ditions of Ascoli-Arzeld theorem, in particular, condition of compactness in uniform
topology holds as € — 0.

The remarks above imply that conditions of convergence theorems for vector
sum-processes with independent increments, given, for example, in Skorokhod (1964),
hold for processes Y ©)(t),t € [0,T].

Thus, the processes Y ©)(t),¢ € [0,T] weakly and, moreover, J-converge to the
process YO (¢),t € [0,T] as e — 0.

Therefore, conditions Dy and D5 hold for step-sum processes with independent
increments Y () ().

Also, the moment generation function Eexp{(Y®) (¢t + s) — Y (t))} exists for
any # € R and has an explicit form, namely, for 0 <t <t + s < T,

Eexp{B(Y©(t +s5) — YO (1)}
L ePevepdy + e Pmvepls. +pil) it >0,

= (8.15)
e%ﬂ2y2e—2aT ftt+s e2av 4y, ]f e = 0

Using formula (8.15) it is possible to check that condition D3 holds for any
B > 3. Indeed, since v < x and 3 "‘5 = <gjforn=1,...,N, we get,

By (YE(),T)=  sup Eeiﬁ'(y(s’@ﬂ)—W)(t»
0<t<t+u<T
T 02 B’ ke —B'rvE
< H (1 + — 21%2 ( +e 2)) (816)
n=1

B’2n2T

1 / /
g(1—|—§(eﬁ”‘/g—|—e_ﬁ’“/g—2))T/5—>e 2 < ooase—0.

Therefore, all conditions of Theorem 6.1 hold for log-price processes Y (®)(¢) and,

therefore,
OME) ) — dMD ) ase — 0. (8.17)

max,T’

Let us now consider the partition Il, = {tp = 0 < t; = ¢ < -+» < ty_1 =
(N —1)e <ty =T} on the interval [0, T7.
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In this case, the Markov chain (n,Y®)(ne)),n = 0, 1,...is a trinomial tree model
with the initial node (0,0) and nodes of the form (n,y,,), l = 0,£1,..., £n, after
n > 1 steps.

In the case of model with parameters of the approximating trinomial random vari-
ables Y,®) defined by relations (8.8) and (8.11), the points y,,;, [ = 0, £1,...,£n, n =
0,1,..., N should be defined by the formula

Yni = [\/ER. (8.18)

The corresponding tree has 2n + 1 nodes after n steps. The number of nodes is
a linear function of n.

The standard backward procedure can be applied in order to find the optimal
expected reward at moment O for the discrete time exponential trinomial price pro-
cess SE(t,) = Y9 ¢ = men = 0,1,...,N. This optimal expected reward

coincides, in this case, with the reward functional @(MSE)T) for the continuous time

exponential price processes S©)(t) = YO ¢ ¢ [0, T7.
To estimate the difference ®(M ) — @(ME)T) we can use Theorem 3.2. In

max,T’

this case, d(Il;) = ¢ and and for € R,

Ag(YO(),e,T) = max (EP| - 1) < frvE 1, (8.19)

1<n<N
Theorem 3.2 yields in this case the following relation,

ME) ) — oM )

max,T’

< Lae + Ly(eP™F —1)F S 0ase — 0. (8.20)

As was pointed out in Section 3, the reward functional @(Mng) is the option

optimal expected reward for American type options in discrete time that correspond
to the partition to the discrete time Markov log-price process Y ©)(t,,), t, = ne, n =

0,1,..., N with parameter ¢ = T'/N. Let introduce the corresponding reward func-
tions,
w® (tn; yn,l) = sup Etmyn’lefr-r[SOeY(E)(T)e“(T—T) B K]+7
TeEMm, 7, tn <T<tn=T
where y; = l\/eu, | =0,%1,...,4n, n=0,..., N.
Then, (see for example relation (4.5)),
DM 1) = w(0,0). (8.21)
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The reward functions w®)(t,, ;) can be found using the following backward
recurrence relations, forn =N —1,...,0,

a(T—tn)

w(t,, Ynt) = € " [spemt K]"v (w(g) (tng1, yn+1,l+1)p7(f,)+

+ w0 (o, Yner)DE) + 0 (s, Yarra)PS) ), (8.22)
[=0,+1,... +n,

with the boundary conditions

w® (ty, yni) = e "V [spe? — K], 1=0,%1,...,£N. (8.23)
//r///\%\\‘\
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Figure 2: Reward of an American option a commodity assumed to follow the
Schwartz model, having parameters 0.1 < a < 2.5 and 0.04 <v < 1.

The corresponding convergence result of the Schwartz model can be summarized
in the following theorem.

Theorem 8.1. Let the price process corresponds to Schwartz model and consider
an American option that have the standard payoff function. Then

w®(0,0) = (MY 1) — M) 1) as e — 0. (8.24)

max,T’
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It is not out of picture to note that the standard payoff function g(¢,s) = e "[s—
K]* can be replaced by any payoff function depending on parameter ¢ and satisfying
conditions A; and A4 in the described above approximation tree algorithm as well
as in Theorem 8.1.

Let us now consider a numerical example when a standard American call option
written on a commodity that are assumed to follow the Schwartz model. The com-
modity are currently traded at 10 and has an estimated volatility of 0.25 and mean
reverting coefficient of & = 1. The option has a strike price K = 11 and maturity
T = 0.5 years. Finally, the risk free interest rate are r = 0.04.

Study show that tree size N = 50 is enough, the expected reward for a tree with
size N = 50 is 0.2802, this should be compared with the expected reward for a tree
with size N = 100 which is 0.2863. The calculation time for this tree size is 0.963
seconds on an 1.73 GHz Intel® Pentium-M processor, 1GB internal memory using
Matlab®.

For low values of the v parameter the option reward reaches its minimum, and
when the v value are high and the « value are low the option reward reaches its
maximum.

9 Reselling of European options

We consider the geometric Brownian motion as a price process given by the stochas-
tic differential equation

dIn S(t) = pdt + cdWy(t), t >0, (9.1)

where u € R,o0 > 0; Wi(t) is a standard Brownian motion, and the initial state
S(0) = s > 0 is a constant.

It is also assumed that the continuously compounded interest model with a
riskless interest rate r > 0 is used.

In this case, the price (at moment ¢ and under condition that S(t) = S) for a
European option, with the strike price K > 0 and maturity 7" > 0, is given by the
Black—Scholes formula,

C(t,S,0) = SN(dy) — Ke """ ON(d, — o/T — 1), (9.2)
where
In(S/K)+r(T'—t) oVl —t 1 /m 2/
dy = + , N(z) = — v 2dy.
t T g N = et

It is well known that the market price of European option deviates from the
theoretical price. One of the explanations is that an implied volatility o(t) is used
in formula (9.2) instead of o.
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We use a model given by the mean reverting Ornstein-Uhlenbeck process for
implied volatility,

d(lno(t) —Ino) = —a(lno(t) — Ino)dt + vdWs(t), t > 0, (9.3)

where a,v > 0, Wy(t) is also a standard Brownian motion, and the boundary
condition is 0(0) = o.

Finally, we assume that the process W (t) = (Wy(t), Wa(t)) is the bivariate Brow-
nian motion with correlated components, i.e.,

EW, (£)Wa(t) = pt, t >0, (9.4)

where p € [—1,1]. Note that the process (S(t),o(t)) is a diffusion process.

The use of the market price C(t, S(t),o(t)) actualises the problem for reselling
of European option. In this case it is assumed that an owner of the option can resell
the option at some stopping time from the class My which includes all stopping
times 0 < 7 < T that are Markov moments with respect to the filtration F; =
a((S(s),o(s)),s < t),t > 0 generated by the vector process (S(t),o(t)). It is
worth to note that the process o(t) is indirectly observable as an implied volatility
corresponding to the observable market price of an option.

It should also be noted that the problem are considered under the assumption
that the option are already bought, thus we are only interested into finding optimal
expected reward for reselling the option.

The object of our studies is the reward functional

O (Myg) = sup Ee "7C(1,S(7),0(T)). (9.5)

TEMT

Thus, the problem of reselling the European option is imbedded in the problem
of optimal execution of American type option with the payoff function e "*C'(¢, S, o)
for the two-dimensional process (S(t),o(t)).

In this model, there exists the unique solution to the system of stochastic differ-
ential equations (9.1) and (9.3) supplemented by the correlation relation (9.4). It is
a diffusion process given by the following explicit formulas,

{S@ = S(0)ert+oWi®) + >0 (9.6)

J(t) _ O_euefat f(f eanW2(8)7 t Z 07

where W (t) = (W;(t), Wa(t)),t > 0 is the bivariate Brownian motion defined in
(9.1), (9.3), and (9.4).

Therefore, our object is the reward functional ®(Mr) for American type option
with the payoff function e™"C'(t, S, o) for this bivariate diffusion process (S(t), o (t)).
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The problem can be however reduced to the simpler case of a bivariate process
with independent increments.
Let us consider processes

S () = MO, 120, S7 (1) = e TRy > 0, (97)

By the definition, S(t) = soe“tsp)(t),t >0 and o(t) = 0(5’50) )", t >0,
i.e., the process (S(t),0(t)) is a non-random transformation of the process
(Sf)) (1), Séo)(t)) given by the above formulas.

The vector process SO (t) = (Sfo) (t),SéO)(t)),t > 0 is a bivariate continuous
non-homogeneous exponential Gaussian process with independent increments.

In some sense, this process is simpler than the process (S(t),o(t)). It is more
suitable for construction of the corresponding tree approximations.

The filtration F; = o((S(s),0(s)),s < t), t > 0 generated by the vector process
(S(t),0(t)) coincides with the filiration 7, = o((S\”(s), SV(s)), s < t),¢t > 0
generated by the bivariate process SO (t). Thus, the class My, which includes all
stopping times 0 < 7 < T that are Markov moments with respect to the filtration
Fi,t > 0, does not depend on which bivariate process is taken as a generator of this
filtration, i.e., Mp = MESBWT.

Let us now define a payoff function,

g(t,5) = e O, spet sy, o557, (9.8)

Note that its derivatives have not more than polynomial rates of growth. More
precisely, condition A holds for this function with some constants K;,i =1,...,5
and the parameters 7y = 2+e2°T, v, = 0, and 7, = 2?7, and, therefore, v = 2+e2°7.

It follows from the remarks above that the reward functional,

O (Myg) = sup Ee7""C(1,S(1),0(T))
TEMT
= sup Eg(r,59(7)).
TEMm)

maz,T

(9.9)

Therefore, the reward functional ®(My) = @(Mfﬁlw) is the optimal expected
reward for American type option with the payoff function ¢(t, s) for this bivariate
exponential process with independent increments S ©O)(¢).

Consider the corresponding bivariate log-price process Y () () = (Yl(o) (1), YQ(O) (1)),
t > 0 with the components

t
YO) = oWi(t), t >0, VO%) = ve T / e dWy(s), t > 0. (9.10)
0

47



We approximate the process Y (© (t),t > 0 by a bivariate binomial-trinomial
sum-process Y ©)(t) = (Yl(a) (1), Y'Q(E)(t)),t > 0 with components
= > v9 >0 i=12 (9.11)

Ny o
1<n<[t/e]

Here, Y,© = (Yn(i), Yn(z)), n=1,2,... are, for every ¢ > 0, independent random
vectors which have the following structure,

[ (ruy, ) Pihs
(+ui,0) P
(+alc), D) .
(Yn(i)a Yn(az)) = 7 7 with prob. ’ (9.12)
(~upy, +)) Pt
(~tp1,0) P
( 516)17 _US)Q) pgf),,

Respectively, the process SO (t),t > 0is approximated by a bivariate exponential
binomial-trinomial process S (¢) = ¥ “® ¢ > 0.

Let assume for simplicity that e = T/N.

We shall try to fit the bivariate binomial-trinomial sum-process Y () () to the
bivariate process Y© (t) by fitting expectations, variances, and covariance between

components for random vectors Y to the corresponding quantities for the incre-

ments YO (ne) — YO ((n — 1)e), for every n =1,..., N.
The corresponding quantities are given by the following formulas

Eoc(Wi(ne) — Wi((n —1)e)) =0, Eve T /(":) e dWs(s) = 0. (9.13)

o’e = Var (o(Wy(ne) — Wi((n — 1)g))),

o> =Varve T /n8 e**dWs(s
n,e (n-1)e 2( ) (914)

T ne - 1— 672&6
— 1/267204 / eZast — 1/267204 eQans 7
(n—1)e 2a

and
ne

on. = Ea(Wi(ne) — Wi((n — 1)e)) - veoT /( )

(9.15)

—aT " as —aT _ane 1 —e™
= pove e*ds = opve” " M ——.
(n—1)e «Q
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The following system of 6N equations with 8 N unknowns should be solved,

(EYS)] =u e o+ ) - 1) =0,
VarlY, ] = (uff))? = o%,
EVS)] =0, +p - —p ) 0,
VarlY, )] = (o)) (0l +ps) D o)) =02, (9.16)
EV, YD = w8 - = p oy — ) = One,
P+ o o)+ ) =1,
n=1,...,N.

(., (€)
un71 - O’\/g,
€)
Uy, s = KV,
(‘5) (8) _ ggl,s On,e
Pnt+ =Pn— = 352 4oke
_ v2e 20T oqpel—e—20s + pve—T pOmE 1—e— ¢
- 2452 2ae 4k as
(‘5) _ (E) _ One On,e 9 17
Pp4— =Pn—+ = 1x2c  dore ( ’ )
. V2€—2aT 2ane 176_20‘5 _ pre aTeOé’VZE 1—e—Qc
4k2 ) 2a¢e 4K ac
e _ (@ S
Pn+. = Pn— T 27 2r%
. l _ V2672aT 2ame 1_672116
-2 2k2 20
. n=1,...,N

The probability components of this solution should also satisfy the obvious in-
equalities

Let us restrict consideration by the case, where the following condition of weak
correlation for noise terms in the reselling models holds:

Ei: |p| <e T,
This condition implies inequalities (9.18) to hold if to choose
v <k <vlp|te T (9.19)

As above, let assume that ¢ = T'/N and consider the partition II, = {tn = 0 <
tih=e<---<ty_1=(N—1)e <ty =T} on the interval [0, 7.

In this case the Markov chain (n, Y (ne)),n = 0,1,... is a bivariate binomial-
trinomial tree model with the initial node (0, (0,0)) and nodes of the form (n, ¥y, 1, ).
Iy =0,1,...,n,ls =0,£1,...,£n, after n steps.
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In the case of model with parameters of the approximating trinomial random
vectors YA? defined by relations (9.12) and (9.17), the vector points ¥, 1,011 =
0,1,...,n, I =0,£1,...,4n, n=0,1,..., N should be defined by the formula

:Jn,ll,b = (2l1 - n)a\/E, ZQ'%\/E) (920)

The corresponding tree has (n + 1)(2n + 1) nodes after n steps. The number of
nodes is a quadratic function of n.

The standard backward procedure can be applied in order to find the optimal
expected reward at moment 0 for the discrete time exponential trinomial price pro-
cess S (t,) = eV ) ¢ = ne, n=0,1,...,N. This optimal expected reward
coincides, in this case, Wlth the reward functlonal @(MH ) for the continuous time

exponential price processes S (¢) = ¥ 7 ® ¢ € [0, 7).

The reward functional CID(./\/I(H) ) is the optimal expected reward for American
type option in discrete time that corresponds to the discrete time Markov log-price
process Y ©) (tn),tn, = ne,n = 0,1,..., N with parameter ¢ = T'/N and the payoff
function g(t,e¥) = e " C(t, spetevt, oev*™ ) t € [0,1], 7 = (y1,12) € R? defined
according to relation (9.8).

Let us introduce the corresponding reward functions,

e — Y (r
w( )(tn) yn,ll,lg) = sup Etn,ﬂn’ll,lzg(Ta € ( ))7
TEMHE,T,tngTStN:T

where the vector points 4,4, 1,, 1 =0,1,...,n,lo =0,£1,...,£n,n =0,..., N are
defined as above, and, in particular, oo = (O (0,0)).
Then, by the definition,

(M7 7) = w9 (0,(0,0)). (9.21)

The reward functions w'®) (t,, 7,1, 1,) can be found using the following recurrence
relations, forn =0,1,..., N — 1,

W (b, Gty 1) = 9(tn, €712) V (w0 )(tn-‘rhgn+17l1+1,l2+1)p§i)++
+ ' (o1, gnﬂ,lﬁlJQpSL +w )(th, ?jn+1,11+1,12—1)p,(f,)+,
+ W (o1, Gt 1 1o+1) D E) 4w )(tnﬂ,gjnﬂlhb)pil (9.22)
+w (tpy, ?]n+1,l1,12—1)p,(f7),,),
LLh=0,1,...,n, l=0,%1,...,%n,
with the boundary conditions,

W (tn, Uiy i) = g(ty, eNaz) 1 =0,1,...,N, Iy =0,4+1,...,+N.  (9.23)
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The following theorem, which proof is analogous to the proof of Theorem 8.1
given in Section 8, presents the corresponding approximation result for the bivariate
binomial-trinomial tree algorithm describe above.

Theorem 9.1. Let condition Eq holds. Then the optimal reselling rewards,

w®(0,(0,0)) = DM ) — M) 1) = B(My) as e — 0. (9.24)

mazx,T

We refer to the recent paper Lundgren and Silvestrov (2010), where one can
find the detailed presentation of the proof of Theorem 9.1, comments concerned
modifications of the algorithm described above for the models, where condition E;
does not holds, as well as the corresponding numerical examples.
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