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Ø�®3¯C®h­h¶�¥�£�©�¯/�+óO¥C�h«ºØ�©��h«h©J±+©ª«�­�¥C¶�ó ²h©ª¯+¡jÊN­h©�±%¥%¶ª¡j�h¢�¡%§ç¦r¡�¡�¼{¯/�M¡
ü�¥%´G®h¶�¡O£�°h¡�¦5®3¡j¢�©ª¥C¶3©ª¦r¦5­h¡�¯/�U²h©�¯(¥�±�¥C©ª¶��
¥C²h©�¶ª©�£�¤��%²�©�¯+¡�ÊN­h©J±%¥C¶�¡j�h¢�¡6©ª���C¯/­h�5�h¥C¶3¯C¼��?©�¯/®h°�¥C�r´U¥%¢�¡�­ç£�©ª¢�¥C¶®}+£�¥%£�©�¦r£�©�¢�¦j§��?°h¯�½ Ç~�#Ó/Ó��/ÉA·=ÌE°�¡�¸=ÄEÆ
�5¡j¢�¯/´�´�¡��h«�¦"£5¡�¦r£5©ª�h¨'¼{¯/�=Ø�®3¯/®h­�¶�¥%£5©ª¯C�çóE�5¡j¦5®3¡j¢j£�©J±/¡6Ø�©��h«h©J±+©ª«�­�¥C¶�ó ²h©ª¯+¡jÊ+­�©�±%¥%¶ª¡���¢�¡�²(¤G­�¦5©ª��¨D¦5©��h¨/¶ª¡
¢��r©�£5¡��5©�¯/�h¦�£�°�¥�£D¢j¯/�N£�¥C©ª�Ö²3¯C£5°_´�¡#¥C�h¦-¥C�h«Ö±%¥%�5©�¥%�h¢�¡j¦-¯C¼ £5°h¡G´G¡�¥C¦5­��5¡�´�¡��(£#·�ÌE°�¥%£D©ª¦'«�¯/�h¡�¼{¯/�
©ª��«h©�±+©ª«�­�¥C¶�®h°�¥%�5´G¥C¢�¯Cû+©��h¡j£5©ª¢.®h¥C��¥C´�¡
£�¡��r¦E¯/�h¡'¥�£6¥æ£�©ª´�¡C·
	_¡.Î��h«¬©�£E©��N£�¡j�5¡j¦r£�©��h¨æ£�¯º´G¥CûC¡u¥B¦5©­�
´æ­h¶J£�¥C�h¡j¯/­h¦M£�¡j¦r£ £�°�¥�£ ©ª�h¢j¶ª­h«h¡j¦?�5¡�¦R£��r©ª¢j£5©ª¯/��¦?¯/�Q²3¯C£�°Q´G¡�¥C�h¦ ¥C�h«Q±�¥C�5©ª¥C²h©�¶�©J£�¤B¼{¯/� ¥%¶ª¶3©ª�(£�¡j�5¡j¦r£�©��h¨
´�¡#¥C¦r­h�5¡j´G¡j�N£5¦�·�	_¥C�h¨õÜ
ÙOÞCñJò=Ç~�#Ó/Ó/Ó(ÉE«�©ª«³£5°�¥%£�¼{¯/�6�5¡j¢j£�¥%�h¨/­h¶ª¥C�6²h©ª¯+¡jÊ+­�©�±%¥%¶ª¡���¢�¡-�5¡j¦r£5�5©ª¢
£�©�¯/�h¦6¯/�
£�°�¡�´G¡�¥C�h¦�·�	Ö¡6Î��5¦R£?¨/¡���¡���¥%¶ª©�Ð�¡O£5°h©ª¦L¼{¯/�L¯C£�°h¡j�"�r¡�¦r£5�5©�¢j£�©�¯/�h¦M¯C�G£�°�¡�´G¡�¥C�h¦�·=ÌE°h¡j�U½?¡�¦5°h¯�½Å°h¯�½
£�¯º¢j¯/�h¦R£��5­�¢j£�¥B¦5©ªÐj¡

α
£�¡j¦r£O¼{¯/�?£�¡j¦r£�©��h¨º¡�ÊN­�¥%¶ª©�£�¤U¯C¼>½O©J£�°h©���¦5­h²�
r¡�¢
£6±%¥%�5©�¥%²h©ª¶�©�£�¤U¥C�h«¬¥C¶ª¦r¯º°�¯P½Í£�¯

¢�¯C´æ²h©ª�h¡M£�°h©�¦�£�¯�¥�£�¡j¦r£ô¢j¯/�h¢j¡��5��©ª�h¨�²3¯%£�°B´�¡#¥%�h¦=¥C�h«æ±�¥C�5©ª¥C�h¢�¡j¦@¼{¯/�@¥C¶ª¶+¡Aü�¥C´G©��h¡�«æ¢�°�¥C�5¥C¢j£5¡��r©ª¦r£5©ª¢j¦
¦5©�´æ­h¶�£�¥C�h¡j¯/­h¦r¶�¤C·
ÌE°h¡�¯C­�£�¶�©ª�h¡U¯%¼6£5°h©ª¦æ�5¡j®3¯/�r£B©ª¦B¥C¦æ¼{¯C¶ª¶�¯�½O¦�·�	Ö¡�«�¡�¦5¢j�5©�²3¡�£�°h¡�´æ­h¶J£�©J±�¥C�5©ª¥�£�¡G¦r£�¥%£�©�¦r£�©�¢#¥C¶"´�¯+«h¡j¶X§
¥C¦r¦5­h´�®�£�©�¯/�h¦ô¥C�h«º��¯C£�¥%£5©ª¯/��¦=©��B¦5¡�¢
£�©�¯/� ��� |��º¦r¡�¢j£5©ª¯/���I½?¡E¦5°h¯�½ °h¯P½µ£�¯.£�¡j¦r£ô¼{¯/�=²h©�¯+¡�ÊN­h©�±�¥C¶ª¡j�h¢�¡
½O©�£5°³�r¡�¦r®�¡j¢j£�£�¯ºÎ�üç¡�«³£��r¡#¥%£5´G¡j�N£6¡jÏ�¡�¢
£�¦6¼{¯/�O¨/¡j�h¡��5¥C¶F¡�ÊN­h©J±%¥C¶�¡��h¢j¡-�5¡j¨/©ª¯C�h¦�·�	Ö¡D¥%¶ª¦5¯º¦5°h¯�½ £�°�¥%£
£�°�¡Ö¢j¯/��Î�«�¡��h¢j¡_©ª�N£5¡��R±%¥C¶u¥C®h®��5¯(¥C¢�° ¥C�h«×£5°h¡õ©ª�N£5¡��r¦5¡�¢
£�©�¯/�ê�2­h�h©ª¯C�Í¥%®h®h�5¯/¥C¢�° ¥%�5¡õ¡jÊ+­�©�±%¥%¶ª¡��(£³©J¼
£�°�¡-¢�¯/�çÎ�«h¡���¢�¡æ¶�¡j±/¡j¶>©��¬£�°h¡'¢�¯/��Îh«h¡��h¢j¡æ¦r¡j£I©ª¦6¢�°h¯C¦5¡��Â¥%®h®h�5¯C®h�5©ª¥%£�¡j¶�¤ � |�� }ç¡j¢j£5©ª¯/����½?¡'£�¡j¦r£�¼{¯/�
¡�ÊN­�¥%¶ª©J£�¤'©ª�D±%¥%�5©�¥%²h©ª¶�©�£�¤/·�|��æ£�°h¡ ­h��©�±%¥%�5©�¥�£�¡"¢#¥%¦5¡C§/½?¡ ¦5°h¯�½�°h¯P½ £�¯.¢�¯C�h¦r£��r­h¢j£L¥C�B¡
ü�¥C¢
£L¦r©ªÐ�¡

α
£5¡�¦r£

½O©�£5°h¯/­�£=«h©�¦r£5�5©ª²�­�£�©�¯/��¥%¶ç¥C¦r¦5­h´�®�£5©ª¯/�æ´G¥C«h¡ ¥C²3¯/­�£@£�°h¡ ²3¡j£�½?¡j¡���¦5­h²�
r¡j¢j£ô±%¥C�5©ª¥C²h©�¶�©J£�¤C·�¸W­��r£�°�¡��=¯/�<§
½?¡.¦5°h¯�½×£�°h¥%£ ©ª�(£�¡��r¦5¡j¢j£�©�¯/�ê�2­h�h©ª¯C�G£�¡j¦r£�¦ ¢#¥C��²3¡.­h¦r¡�«�£�¯æ¢j¯/�h¦r£5�5­h¢
£6¥D¦5©�Ð�¡

α
£5¡�¦R£E¼{¯C�?¡�ÊN­�¥C¶�©�£�¤�©ª�

±%¥%�5©�¥%²h©ª¶�©�£�¤'¼{¯/�ô¥%¶ª¶ç´G¡�¥C¦5­��5¡�«º¢�°�¥C��¥%¢j£�¡j�5©�¦r£�©�¢�¦=¦5©ª´æ­h¶J£�¥%�h¡�¯C­h¦5¶J¤/·�¸@©ª�h¥C¶ª¶�¤-©��B¦5¡j¢j£�©�¯/���ç§C½?¡O¢j¯/´æ²h©��h¡
£�°�¡æ�r¡�¦r­h¶�£5¦I©ª�»¦5¡j¢j£5©ª¯/� �U¥C�h«¿¦r¡�¢j£5©ª¯/���U¡���«h©ª�h¨U­h®¿©ª�¿¥�£�¡j¦r£I¼{¯/��²h©ª¯+¡jÊN­h©�±�¥C¶ª¡j�h¢�¡'£�°�¥�£.©��h¢�¶�­h«h¡j¦
�5¡j¦r£5�5©ª¢
£�©�¯/�h¦E¯/�¬²3¯%£�°¬«h©��5¡j¢j£E£��5¡�¥%£�´�¡��(£�¦O¡
Ï�¡�¢j£5¦�¥C�h«�½O©�£5°h©ª��¦5­h²�
r¡j¢j£6±%¥C�r©�¥C²�©ª¶�©�£�¤C·

� �����
����������
����_� �������]�  �� �����F�P� �����(�Ç ��

|��Ã¥õ£�½?¯»�2¦5¡�ÊN­h¡j�h¢�¡C§O£�½?¯»�2®3¡��5©�¯+« ¢j�5¯/¦r¦5¯�±/¡��Q«h¡j¦5©�¨/� ½O©J£�° ´æ­h¶J£�©J±%¥%�5©ª¥�£�¡��5¡j¦5®3¯/�h¦r¡�¦�§O½"¡Â¥%¦5¦5­�´G¡
£�°h¥%£

p
¢�°�¥C��¥%¢j£�¡j�5©�¦r£�©�¢�¦I¥C�r¡-´G¡�¥C¦5­h�r¡�«Â¥�¼Û£�¡��6¡#¥C¢�°¿¯C¼=£�°�¡-£�½?¯G£��5¡�¥%£�´�¡��(£�¦

A
¥C�h«

B
·6ÌE°h¡D¢�°�¥C���

¥C¢
£�¡��r©ª¦R£�©ª¢j¦"¢#¥C�U¼{¯/�M¡
ü�¥C´�®h¶ª¡�²3¡I®h°�¥%�5´G¥C¢�¯/ûN©��h¡j£5©ª¢6®�¥%��¥C´�¡j£5¡��5¦"¦5­h¢�°�¥C¦
AUC

�
Cmax

� ¥C��«
Tmax

§
¡j£5¢C§ ²h­�£G¢#¥%�¹¥C¶ª¦r¯õ²3¡³�5¡j®3¡#¥%£5¡�«¹´�¡#¥%¦5­h�r¡�´�¡��N£5¦G¯C¼I£5°h¡³¢j¯/�h¢�¡j�N£5��¥%£5©ª¯/��¯C¼I£5°h¡»¥C¢
£�©J±/¡¬«h�5­h¨_¥%£
Î�üç¡�«³£5©ª´�¡u®3¯C©ª�(£�¦�§

t1, t2, . . . , tp
¥%¼Û£5¡��O«h�5­�¨U¥C«h´�©ª�h©�¦R£���¥�£�©�¯C��·MÑ�¯�½?¡j±/¡j��§�¡�¥C¢�°»¦5­�²�
r¡j¢j£I¨/©J±/¡�¦6�r©ª¦5¡

£�¯Â£�½?¯ø´æ­h¶�£5©J±%¥C�r©ª¥%£5¡U�5¡�¦r®3¯/�h¦r¡�¦�§?¯/�h¡�©ª�À¡#¥C¢�°µ®3¡��r©ª¯+«�·��Ë¡
£
Yij1

¥C��«
Yij2

«h¡j�h¯C£�¡�£5°h¡
p × 1�5¡j¦5®3¯/��¦5¡�±/¡�¢
£�¯/�r¦�¯%¼6£�°h¡

i
£�° ¦r­h²�
r¡�¢j£�©ª�S£�°�¡

j
£�° ¦r¡�ÊN­h¡���¢�¡³¨/�5¯C­h® ©ª�À®3¡��r©ª¯+«

1
¥C�h« ®3¡��r©ª¯+«

2�5¡j¦5®3¡j¢j£�©J±/¡�¶J¤/§
i = 1, 2, . . . , nj

¥C�h«
j = 1, 2

·Q}ç¡jÊN­h¡��h¢j¡¿¨C�5¯/­h®\�¬¢�¯/�r�5¡�¦r®3¯/�h«h¦�£�¯ø£5�5¡#¥�£�´�¡��N£
¦5¡jÊN­h¡��h¢�¡'Æ��¹½O°h¡j�5¡#¥%¦6¦r¡�ÊN­h¡j�h¢�¡'¨/�5¯/­�® � ¢�¯C�5�5¡j¦5®3¯/��«h¦E£�¯æ£��r¡#¥%£5´G¡j�N£E¦5¡jÊN­h¡���¢�¡��"ÆD·�ÌE°h¡

p× 2

�



´G¥%£��r©Jü�§
(Yij1,Yij2)

¢#¥C�¬²3¡u«h¡�¦r¢��r©ª²3¡�«³²(¤Q£�°h¡�¼{¯/¶�¶�¯P½O©��h¨æ¦r£�¥%£�©�¦r£5©ª¢#¥%¶<´G¯+«h¡j¶

(Yij1,Yij2) = (µj1,µj2) + (ξij + εij1, ξij + εij2),
Ç~�PÉ

½O°h¡j�5¡
µj1

¥C��«
µj2

¥C�5¡u�h¯C�h��¥C��«h¯/´ ±/¡�¢
£�¯/�r¦��r¡���¡j¢j£�©��h¨ºÎ�üç¡�«»¡
Ï<¡j¢j£�¦6¦5­h¢�°¿¥C¦O«h©��5¡�¢
£O£��r¡#¥%£5´G¡j�N£
¡jÏ�¡�¢
£�¦Q¥C�h« ®3¡��r©ª¯+« ¡
Ï<¡j¢j£5¦ �

ξij
©ª¦º£�°�¡»��¥%�h«h¯/´ ¡jÏ�¡�¢
£Q±C¡�¢j£5¯/�U¯C¼.£5°h¡

i
£�° ¦5­h²�
r¡�¢
£�©��µ£�°h¡

j
£�°

¦5¡jÊN­h¡��h¢�¡ � ¥C��«
εij1

¥%�h«
εij2

¥%�5¡º£�°h¡º±/¡�¢
£�¯/�r¦D¯C¼?½O©J£�°h©��ê��¦r­h²�
r¡�¢j£'��¥C�h«�¯/´ ¡��r�5¯/�r¦-©��Ö¯/²h¦r¡��R±ç©��h¨
Yij1

�r¡�¦5®3¡j¢j£5©�±/¡
Yij2

·
nj ≥ 2

«h¡j�h¯C£�¡j¦B£5°h¡Q�+­h´æ²3¡j�æ¯C¼6¦5­�²�
r¡j¢j£5¦º��¥C�h«�¯/´�©ªÐ�¡j«S©ª�(£�¯¿¦r¡�ÊN­h¡���¢#¡
¨/�r¯/­h®

j
§
j = 1, 2

·��¬¯/�5¡j¯P±/¡��j§W¶�¡j£

n = n1 + n2

«h¡j�h¯C£�¡�£�°h¡�£5¯C£�¥%¶��+­h´æ²3¡j�O¯C¼�¦5­h²�
r¡�¢
£�¦�©���£�°h¡u¦R£�­h«�¤C·
	Ö¡æ¥C¦5¦r­h´�¡-£�°�¥�£�£�°h¡-«h©ª�r¡�¢
£I£5�5¡�¥%£�´�¡��(£I¡jÏ�¡�¢
£�¦�¥%�h«»£5°h¡D®3¡��r©ª¯+«»¡
Ï<¡j¢j£5¦�¥C�5¡'Î�üç¡j«ø¥C�h«¿¥C«h«h©J£�©�±C¡
¥C�h«õ£�°�¥�£'£�°h¡j�5¡U¥C�r¡��h¯³¢#¥C�r�r¤���¯�±/¡��-¡
Ï<¡j¢j£5¦�·�ÌE°h¡j¦5¡Q¥C¦r¦5­h´�®�£�©�¯/�h¦'©�´G®�¶J¤¿£5°�¥%£'£5°h¡�Îçü�¡j«S¡jÏ�¡�¢
£�¦
µj1

¥C��«
µj2

©ª��´�¯+«h¡j¶MÇ��PÉ?¦�¥%£5©ª¦R¼Û¤

µj1 − µj2 =

{
π + τ ,

©J¼
j = 1

π − τ ,
©J¼
j = 2

,
Ç � É

½O°h¡j�5¡
π
©�¦u£�°�¡G¢�¯/��¦r£�¥%�N£-±/¡�¢
£�¯/�-¡jÊ+­h¥C¶ª©��h¨�£�°h¡¿Ç{®3¡��5©�¯+«_���I®3¡��r©ª¯+« � É�«h©JÏ�¡��5¡j�h¢�¡G¯C¼?£5°h¡�Î�üç¡�«

®3¡��r©ª¯+«ø¡jÏ�¡�¢j£5¦D¥%�h«
τ
©ª¦.£�°h¡º¢�¯C�h¦r£�¥C�N£u±/¡�¢j£5¯/�'¡jÊ+­h¥C¶ª©��h¨�£�°�¡�«h©��5¡�¢
£UÇÛ£��5¡�¥%£�´�¡��(£'Æ`�O£��r¡#¥%£5´G¡j�N£

�EÉ"Î�üç¡�«³¡jÏ�¡�¢
£�¦�§
τ = (τ1, τ2, . . . , τp)

′

ÌE°h¡»¯/�h¶J¤ «h©ª¦R£��5©�²h­�£5©ª¯C��¥C¶O¥%¦5¦5­�´G®�£5©ª¯/��´U¥%«h¡³©���£5°h©ª¦��5¡�®3¯C�r£U¢�¯C�h¢�¡j�5�h¦U£�°�¡
n
½O©�£5°h©ª���5¥C�h«h¯/´

±/¡�¢
£�¯C�5¦
εi1k

¥%�h«
εi2k

©��¬´�¯+«h¡j¶MÇ��PÉ
·LÌE°h¡
¤³¥C�r¡'¥C¦5¦r­h´G¡j«¬£�¯�²3¡u´B­ç£�­�¥C¶�¶J¤U©��h«h¡�®3¡j�h«h¡j�N£I¥C�h«¬©ª�ê�
«h¡j®3¡��h«h¡j�N£@¯C¼�£5°h¡

n
²3¡
£�½"¡�¡j�æ��¥C��«h¯/´ ±/¡�¢
£�¯/�r¦

ξij
· �³¯/�r¡�¯�±/¡��j§%£�°�¡j¤'¥C�5¡M¥C¦r¦5­h´�¡�«'£�¯6²3¡M�h¯/�r´U¥%¶ª¶J¤

«h©�¦r£��r©ª²h­ç£�¡�«�½O©�£�°³¡Aüç®3¡�¢j£�¥%£�©�¯/�»Ðj¡��5¯Q¥%�h«»¢j¯P±%¥%�5©�¥%�h¢�¡'´G¥%£��r©ª¢�¡j¦6«�¡�®3¡���«h©ª��¨Q¯C�³£5°h¡'£��r¡#¥%£5´G¡j�N£6©ª�
£�°�¡æ¢�¯/�r�5¡j¦5®3¯/�h«�©ª�h¨�®3¡j�5©�¯+«�·�ÌE°N­h¦�§<½O©�£5°

=d

«h¡j�h¯C£�©��h¨Q¡jÊ+­h¥C¶ª©J£�¤¬©ª�»«h©ª¦R£��5©�²h­�£5©ª¯C��§3©�£I©ª¦.¥%¦5¦5­�´G¡j«
£�°h¥%£O¼{¯C�

i = 1, 2, . . . , nj

§

(εij1, εij2) =d

{
(εA, εB),

©�¼
j = 1

(εB, εA),
©�¼
j = 2

Ç��(É

½O°h¡j�5¡
εA

¥C�h«
εB

¥C�5¡ ©��h«h¡j®3¡��h«h¡j�N£L´æ­h¶�£5©J±%¥C�r©ª¥%£5¡"�h¯/�r´U¥%¶ç«h©�¦r£5�5©ª²�­�£�¡j«B¦r£5¯+¢A°h¥C¦r£5©ª¢?±%¥C�r©�¥C²�¶ª¡�¦>½O©�£�°
Ð�¡j�5¯u´�¡#¥%�h¦ô¥C�h«B¢�¯�±%¥C�r©�¥C�h¢j¡ ´U¥%£5�5©�¢�¡j¦

ΛA

�r¡�¦r®�¡j¢j£5©�±/¡
ΛB

§C½?¡ ½O�r©�£�¡
εA ∼ Np(0,ΛA)

�5¡�¦r®3¡�¢
£�©�±/¡
εB ∼ Np(0,ΛB)

·.ÌE°h¡æ©ª�h«h¡Aüç¡�¦
A
¥%�h«

B
©ª�h«h©�¢#¥�£�¡�¦6£��5¡�¥%£�´�¡j�N£�¦j·��6¯C£�¡-£�°�¥�£.�h¯�¥%¦5¦5­h´�®�£5©ª¯/�»©ª¦

´G¥C«h¡D¥C²3¯/­�£I£5°h¡�
r¯C©ª�(£I«h©�¦r£��r©ª²h­ç£�©ª¯C�³¯C¼ô£5°h¡
n
²3¡j£�½?¡j¡��ø¦5­h²�
r¡j¢j£���¥C�h«�¯/´ ±/¡j¢j£�¯C�5¦�§

ξij
©ª�»´�¯+«h¡�¶

Ç~��É
·g|��¬®�¥C�r£5©ª¢j­h¶�¥%��§+£�°h¡
¤��h¡j¡�«³�h¡j©�£5°h¡��E²�¡u©��h«h¡�®3¡j�h«h¡j�N£��h¯C�O©ª«�¡��(£�©ª¢�¥C¶ª¶�¤U«�©ª¦r£5�5©�²h­�£�¡j«�·
�Ë¡j£

Y+ij
¥C�h«

Y−ij
§
i = 1, 2, . . . , nj

«h¡��h¯%£�¡E£5°h¡O¢j¯/¶ª­�´G�æ±/¡j¢j£5¯/�5¦L¢�¯/�(£�¥C©��h©ª��¨.½O©J£�°h©��ê��¦r­h²�
r¡�¢
£L¦5­h´�¦
¥C�h«_Ç{Æ¥�!�EÉ²�2«h©�Ï�¡��r¡��h¢j¡�¦j§�©X·�¡C·

Y+ij = Yij1 +Yij2

Ç"�NÉ
�



Y−ij =

{
Yij1 −Yij2,

©�¼
j = 1

Yij2 −Yij1,
©�¼
j = 2

Ç£�/É

}+£�¥%£�©�¦r£�©�¢#¥C¶?©ª�ç¼{¡��5¡j�h¢�¡³¥%²3¯/­�£º£�°h¡�Î�üç¡�«ÈÇ{£5�5¡�¥%£�´�¡��(£�Æ¥�u£��5¡�¥%£�´�¡��(£#�EÉæ¡jÏ�¡�¢
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(Y−ij − Ȳ−j )(Y−ij − Ȳ−j )′.
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(n− 2)Σ̂−− ∼ Wp(n− 2,Σ−−).

<-=ih j k^P0R�PWV�B�lmFHVXCiA�PWVXC$BQSUJOVn[�C$JoP0p6]TC!q�B^l$P0R�FHP

	_¥C�h¨õÜ
ÙEÞCñJò=Ç~�#Ó/Ó/Ó(É ¦5°h¯�½?¡j«Â°h¯�½È£�¯�£�¡�¦R£I¼{¯/�6²h©�¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡-¦5©�´æ­h¶�£�¥C��¡�¯/­h¦r¶�¤C§�½O°h¡j�Â²�©ª¯+¡�ÊN­h©J±��
¥C¶�¡��h¢j¡æ©�¦I¢�¶ª¥C©ª´�¡j«»©�¼L¥C¶�¶>¡�¶ª¡j´G¡j�N£5¦.©��»£�°�¡D±/¡�¢
£�¯/�.¯C¼ô£�°h¡DÎçü�¡j«ø«h©��5¡�¢
£I£��5¡�¥%£�´�¡��(£.¡jÏ�¡�¢
£�¦j§

τ
§�¶�©ª¡j¦

©ª��¦5©ª«�¡»¥Ö¢�­h²3¡%· Æ�¦5¦r­h´G¡³£�°�¥�£
∆
©�¦�£�°h¡»¢j­�£0�2¯CÏÍ�N­h´æ²3¡��G¦5®3¡�¢j©�¼Û¤+©ª��¨S²h©�¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡C·ÍÌE°h¡j��§

£�¡j¦r£5©ª�h¨B¼{¯/�E²h©�¯+¡�ÊN­h©�±�¥C¶ª¡j�h¢�¡�©ª¦ £5¯º£5¡�¦r£

H0 : max
1≤k≤p

|τk| ≥ ∆
±/¡��r¦5­h¦

HA : max
1≤k≤p

|τk| < ∆.
Ç9Ô/É

¸�¯/�-£5°h¡�¯C�h¡(�2«h©ª´�¡���¦5©ª¯C��¥C¶M¢�¥C¦5¡õÇ
p = 1

ÉA§ }ç¢A°N­h©��5´G¥C�h�ÅÇ~��Ó/Ôê�PÉ'®��5¯/®3¯/¦r¡�«À½O°�¥�£º°�¥%¦B²3¡j¢�¯/´�¡�¥
¦r£�¥C�h«�¥%�5«Q£�¡j¦r£E¯C¼?ÇlÔ(É
·�|2£E©�¦ ¢�¥C¶ª¶�¡�«G£�°h¡6Ø2£�½"¯B¯/��¡(�2¦5©ª«�¡�«Q£�¡j¦r£5¦RóºÇlÌ6þ�}çÌ6É?¥C�h«�©�¦ ¡jÊN­h©�±�¥C¶ª¡j�N£?£�¯D£�°h¡
¦r¤+´�´G¡
£��r©ª¢�¢j¯/��Î�«h¡j�h¢j¡�©��N£�¡j�r±�¥C¶"¥%®h®h�5¯/¥C¢A°_®h�r¯/®3¯/¦r¡�«S²N¤�	Ö¡�¦R£�¶�¥%ûC¡ÂÇ~�#Ó/Ô��PÉA·�Ì>¯³£�¡j¦r£�ÇlÔ(É.½O°h¡��
p > 1

§Y	_¥C�h¨_Ü
Ù6ÞCñJòLÇ~��ÓCÓ/Ó(É6®h�r¯/®3¯/¦r¡�«õ¥U£�¡j¦r£u²�¥C¦r¡�«ø¯/�¿£�°h¡æ©ª�(£�¡��r¦5¡j¢j£�©�¯/�ê�2­h�h©�¯/�¿´�¡j£5°h¯+«�·'ÌE°�©ª¦
£�¡j¦r£6°�¥C¦O�5¡!
r¡�¢
£�©�¯/�¬�r¡�¨/©�¯/�

RI =
p⋂

k=1

{
|Dk| < ∆− tn−2(α)

√
(Σ̂D)kk

}
,

½O°h©�¢A°�«h¡jÎh�h¡�¦6¥æ¦r©ªÐj¡(�
α
£5¡�¦r£ ¼{¯/��Ç9Ô(ÉA· 	_¥C�h¨»Ü
Ù"ÞCñJòFÇ���Ó/ÓCÓ(É"¥C¶�¦5¯æ¢�¯C�h¢�¶�­h«h¡I£�°�¥%£?£�°h©�¦ ©��N£�¡j�5¦r¡�¢j£5©ª¯/�ð�

­h�h©�¯/�³£5¡�¦R£.©ª¦�¡jÊN­h©�±�¥C¶ª¡j�N£�£�¯G£5°h¡D¶�©ªûC¡j¶ª©�°�¯+¯+«¬��¥%£5©ª¯�£5¡�¦R£�¥C¦�½"¡�¶�¶�¥C¦�£5°h¡D¢j¯/��Î�«�¡��h¢j¡B¦r¡j£�¥C®h®h�r¯(¥C¢�°
¼{¯/� £5¡�¦r£5©ª�h¨³Ç9Ô/É
·

�



	Ö¡-¦5°h¯�½ù°h¯�½ £�¯G¨/¡j�h¡��5¥C¶ª©�Ð�¡�£�°h¡j¦5¡D�r¡�¦r­h¶�£5¦6¼{¯/��¥�´�¯/�5¡u¨/¡j�h¡��5¥C¶>²h©�¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡'¢��5©J£�¡j�5©�¥B¯/�¬£�°h¡
«h©��5¡�¢
£�Î�üç¡j«¬Ç{£5�5¡�¥%£�´�¡��(£@Æ	�<£5�5¡#¥�£�´�¡��(£ �EÉF¡
Ï<¡j¢j£5¦�§

τ
·�Æ�¢j�5©�£5¡��5©ª¥O«h¡jÎh�h¡�«B²(¤-®�­�£5£5©ª�h¨��5¡j¦r£5�5©ª¢
£�©�¯/�h¦

¯/�³¥B�+­�´B²3¡j�O¯C¼�¶ª©��h¡#¥C�?¢�¯/´æ²h©���¥%£5©ª¯C�h¦ ¯C¼
τ
·LÌE°�¥�£�©�¦O¥B£5¡�¦r£6¯C¼

H0 : max
1≤k≤q

|a′kτ | ≥ ∆
±/¡��r¦5­h¦

HA : max
1≤k≤q

|a′kτ | < ∆,
Ç9Ó/É

½O°h¡j�5¡u£�°h¡
a′k
ú�¦6¥C�r¡u�5¯�½Í±/¡�¢
£�¯/�r¦�¯%¼@­h��©�£O¶�¡��h¨C£5°�§h©X·�¡C·

ak · ak = 1
§
k = 1, 2, . . . , q

·
|2¼
ak
©ª¦E£�°h¡

k
£�°³¢j¯+¯/�5«h©���¥%£5¡�±/¡�¢
£�¯/�j§

k = 1, 2, . . . , p
§�£�°�¡��¬£�°h¡'�5¡j¨/©�¯/�¬¯C¼@¡�ÊN­h©J±%¥C¶�¡��h¢j¡-©�¦O¦5©ª´�®h¶J¤

£�°�¡�¯/�5©�¨/©���¥C¶@¯/��¡�«h¡�¦r¢��r©ª²3¡�«_²(¤r	_¥C�h¨ÀÜ
Ù.ÞCñJò"Ç~��Ó/ÓCÓ(É
§F©9·�¡%·�½"¡�£5¡�¦r£QÇlÔ(É
·s	_¡�¢�¥C�Ö¦5®3¡j¢�©J¼Û¤ø¯C£�°h¡j�
¡�ÊN­h©J±%¥C¶�¡��h¢j¡�¢j�5©�£5¡��r©�¥-²(¤Q­�¦5©ª��¨B¯C£5°h¡�� ¶�©ª�h¡�¥C�"¢j¯/´æ²h©ª�h¥%£�©�¯C�h¦�·@ÌE°h¡.¼{¯/¶�¶�¯P½O©��h¨D¥C�r¡.¡
ü�¥C´�®h¶�¡�¦ ©��U£�°h¡
� �2«h©ª´�¡j�h¦5©�¯/��¥C¶�¢�¥C¦5¡%§W©X·�¡C·=½O°�¡��¬£�½"¯�¢A°h¥C��¥C¢
£�¡j�5©ª¦R£�©�¢�¦6¥%�5¡u´�¡#¥%¦5­h�r¡�«�·

�/·
a1 = (1, 0)

′ ¥C�h«
a2 = (0, 1)

′ ¨/©�±/¡j¦E£�°�¡'ÊN­�¥%«h��¥%£5©ª¢��5¡j¨/©ª¯C��¯C¼�¡�ÊN­h©�±�¥C¶ª¡j�h¢�¡%§W¦r¡�¡-¸�©ª¨/­h�r¡y�C·
� ·
a1 = (1, 0)

′ §
a2 = (0, 1)

′ §
a3 = (1/

√
2, 1/

√
2)

′ ¥C��«
a4 = (−1/

√
2, 1/

√
2)

′ ¨/©�±/¡j¦-£�°h¡
�r¡�¨/©�¯/��©��¬¸@©ª¨C­h�5¡ � ·

��·	|��h¢j¶ª­�«h©ª�h¨õ¥C¶ª¶"±/¡�¢j£5¯/�5¦�¯C¼I­h�h©�£º¶ª¡j�h¨C£�° Ç{©�¼�®3¯/¦r¦5©ª²�¶ª¡�ÉA§"¨/©J±/¡�¦G¥ø¢j©ª�5¢j¶ª¡Q½O©�£5°µ��¥C«h©�­h¦
∆
§?¦r¡�¡

¸�©ª¨/­h�r¡ �ç·

6

-

τ2

τ1

∆

∆−∆

−∆

¸�©ª¨/­h�r¡Å�CÕ

@
@

¡
¡

¡
¡

@
@

6

-

τ2

τ1

∆

∆−∆

−∆

¸�©ª¨/­��5¡ � Õ

6

-t ttttt ttttt tttt tt tt t tt t tt t tt tt t t
t t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t t
t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t tt t t t t t t t t t t t t t t

t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t tt t t t t t t t t t t t t t tt t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t t t t t t t t t t t t t t t tt t tt tt t tt t tt tt t ttttt tttt ttttt ttttttttttttttttttt tttttttttttttttt ttttttttttttttttt ttttttttttttttttt tttttttttttttttt ttttttttttttttt ttttttttttttttt tttttttttttttttt ttttttttttttttttt ttttttttttttttttt tttttttttttttttt tttttttttttttttt�tttttttttttttttt tttttttttttttttt ttttttttttttttttt ttttttttttttttttt tttttttttttttttt ttttttttttttttt
ttttttttttttttt tttttttttttttttt
ttttttttttttttttt ttttttttttttttttt
tttttttttttttttt tttttttttttttttt

τ2

τ1

∆

∆−∆

−∆

¸@©ª¨C­h�5¡
��Õ

|2¼ô½"¡æ¶�¡j£
A
«�¡��h¯C£5¡-£�°h¡

q × p
´G¥%£��r©Jü�½O©�£5°»�5¯�½È±/¡�¢
£�¯/�r¦

a′k
§
k = 1, 2, . . . , q

§3£�°h¡j�¿½"¡æ¢�¥C�¿­h¦r¡
£�°�¡O£���¥%�h¦r¼{¯/�r´G¡j«º±%¥C�r©�¥C²h¶�¡�¦j§

AYij1

¥C�h«
AYij2

©ª�h¦R£�¡#¥%«G¯C¼�£�°h¡O¯/�5©�¨/©���¥C¶�¯/��¡�¦L£�¯u£�¡j¦r£.Ç9Ó(ÉA·=Ì °h¡
D¦r£�¥%£�©�¦r£5©ª¢�¼{¯C�?£5°h¡.£5��¥C�h¦R¼{¯/�5´�¡�«U±%¥C�r©�¥C²�¶ª¡�¦?¡jÊN­�¥C¶�¦

AD
¥%�h«�©�¦E¥%��¯/²h¦5¡j�r±%¥�£�©�¯/�Q¼{�5¯/´ £�°�¡

q
�2±�¥C�5©ª¥%£�¡

�h¯/�r´U¥%¶�«�©ª¦r£5�5©�²h­�£�©�¯/�U½O©�£�°�´�¡#¥C�
Aτ

¥C��«³¢j¯P±�¥C�5©ª¥C�h¢j¡u´U¥�£��5©�ü
AΣDA

′
§h©X·�¡C·

AD ∼ Nq

(
Aτ ,AΣDA

′
)
.

��¯%£�¡�£5°�¥%£E£�°h¡u¢j¯P±%¥%�5©�¥%�h¢�¡u´G¥%£5�5©Jü�§
AΣDA

′ §�©�¦E¦5©ª��¨/­h¶�¥%� ©�¼
q > p

·

�



	Ö¡'¢#¥C�³­h¦r¡'£�°h¡'©��N£5¡��5¦r¡�¢
£�©ª¯C�ê��­h��©ª¯/��£5¡�¦r£6£�¯º£�¡j¦r£6£�°h¡'°(¤+®�¯%£�°h¡j¦5©�¦æÇ9Ó(É ­h��«h¡��6´G¯+«h¡j¶MÇ~�PÉA·7�Ë¡j£�­h¦
¢�¯C�h¦5©�«h¡��E£5°h¡uÊQ¦5¡
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|a′kD| < ∆− tn−2(α)(a

′
kΣ̂Dak)

1/2 §h¼{¯/�O¥%¶ª¶<û } Ç~� � É

«h¡
Î��h¡�¦�¥º¶�¡j±/¡j¶��
α
£�¡�¦R£6¼{¯C�-ÇlÓ(É
·

u�v�wyx{z|w�} ~W�"�{�
��Ú�ÜuäÛß�Ù�Ü
Ý�ð�ÜAå
ÙläXâ�ß���é+ß�äXâ�ß»Ù�Ü�ð
ÙÛ÷

RI
τ
÷Wî#â�Ý�Ù�Ü�ð
ÙläÛß+ê��$���ºé+ß3à+Ü
ÝuìUâ�à+Ü
ñO�$���æÚ�Þ�ð.ð
ä���Ü

α
ò

� z|xWx{��� ÆI¦æ��¯C£�¡j«À²3¡j¼{¯/�r¡C§ô¡�¥C¢�°
Rk

«h¡jÎh�h¡�¦º¥»Ì6þ�}çÌ ¯C¼O¦5©�Ð�¡
α
·¿ÌE°h¡U£�°h¡j¯/�5¡j´ ¼{¯/¶�¶ª¯�½O¦'¼{�r¯/´

£�°�¡�¯/�r¡�´ � ©ª���?¡��r¨/¡���¥%�h«»Ñ6¦5­SÇ~��Ó/ÓW�(É
§�½O°h©�¢A°³©�¦6¥C®h®�¶ª©ª¢�¥C²h¶�¡.°h¡��r¡-²3¡j¢#¥C­�¦5¡'£�°h¡j�5¡'©ª¦6¥º¦5¡jÊN­h¡��h¢�¡
¯C¼�®�¥C�5¥C´G¡
£�¡j�E®3¯/©ª�(£�¦�§

θ1,θ2,...
§h©ª��£�°�¡u®�¥C��¥%´G¡
£�¡��E¦r®�¥C¢j¡'¯C¼�£5°h¡'¥C¶�£5¡��r��¥%£�©J±/¡C§

HAk′

¦r­h¢A°¬£5°�¥%£

lim
l→∞

Pθl
(Y ∈ Rk′) = α

Ç����(É

¥C�h«<§h¼{¯/�E¡
±/¡��r¤
k = 1, 2, . . . , q

§
k 6= k′

§

lim
l→∞

Pθl
(Y ∈ Rk) = 1.

Ç����NÉ

�Ë¡j£
θl = (τ l = ∆ak′ ,Σ

l
D
= δlΣ

′
D
)
²3¡-¥º¦r¡�ÊN­h¡j�h¢�¡D¯C¼�®�¥C�5¥C´G¡
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
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C21 = Fp,n−1−p(α)((n− 2)p)/(n− 1− p),
Ç � �NÉ

½O°h¡j�5¡
Fp,n−1−p(α)

©�¦=£5°h¡O­�®h®3¡��
α
ÊN­�¥C�N£5©ª¶�¡ ¯C¼3£5°h¡6¸¿«h©ª¦R£��5©�²h­�£5©ª¯C�D½O©�£�°

p
¥C�h«

n−1−p «h¡j¨/�5¡j¡�¦¯C¼=¼{�5¡j¡�«h¯/´¬·��ô­�£5£5©ª�h¨G£5°h¡-£�¡�¦R£�Ç ��� ÉE£5¯/¨/¡
£�°h¡j��½O©�£5°»£5°h¡D¢�¯/�çÎ�«h¡���¢�¡B¦5¡
£�Ç � �(ÉE¤+©�¡�¶ª«�¦.¥�£�¡j¦r£I½O©�£�°
�5¡!
r¡�¢
£�©ª¯C�¬�5¡j¨/©�¯/�

|a′kD| < ∆− C1(a
′
kΣ̂Dak)

1/2, k = 1, 2, ..., q
Ç � �/É

ÌE°�¥%£�©ª¦æ£�°h¡�©ª�(£�¡��r¦5¡�¢
£�©�¯/�ê�2­h�h©ª¯C�À£�¡j¦r£¿Ç��È�/É
§M«h¡j¦5®h©J£�¡�£5°�¥%£º£�°�¡�£0�2®3¡��r¢�¡��(£�©�¶ª¡C§
tn−2(α)

°�¥C¦º²3¡�¡��
�5¡j®h¶�¥%¢�¡j«¬½O©J£�°

C1
·

u�v�wyx{z|w�} ~W��~0�
��Ú�ÜuÙ�Ü�ð
Ù ï�Þ�ð�Ü5à�â�ß¿ÙÛÚ�ÜBå�â�ß��"à+Ü
ß<å�Ü�äÛß�Ù�Ü
Ý
è�ÞCñFÞ
ë(ë3Ý�â�Þ+å�Ú¬à+Ü�ð�å
Ý
älï
Ü5àUÞ(ï
â�èCÜ.Ú�Þ�ð.ð
ä���Ü

α∗ = P (Tn−2 < −C1),
Ç � �(É

ã@Ú�Ü
Ý�Ü
Tn−2

à+Ü
ß<â�Ù�Ü�ð'Þºð
Ù�â�å�Ú�Þ�ð
Ù9äXå�è�ÞCÝAälÞ(ï�ñªÜ.Ù{Ú�ÞCÙLäªðuÙ"�RàCäªð
Ù9ÝAälï�é+Ù�Ü5à�ãôäÛÙ{Ú
n− 2

à+ÜXêCÝ�Ü�Ü�ðDâ�î@îAÝ�Ü�Ü5à+â�ì
ÞCß3à

C1
äªð'ÙÛÚ�ÜEë�â�ð
äÛÙläÛèCÜ.ð�ö�é�ÞCÝ�ÜuÝ�â�â�ÙOâ�îs�i ¢¡��Cò

� z|xWx{��� �?¡j¢#¥C­�¦5¡Q£�°h¡U¢�¯/��Îh«h¡��h¢j¡�©��N£�¡j�r±�¥C¶?¥C®h®��5¯(¥C¢�°À¡j�h«h¦B­�®À©ª�_£5°h¡Q©��N£�¡j�5¦r¡�¢j£5©ª¯/�ð��­h�h©�¯/�Ö£5¡�¦r£
½O©�£5°ø�5¡!
r¡�¢
£�©ª¯C�õ�r¡�¨/©�¯/�µÇ � �CÉ
§�½O°h©�¢�°õ«h¡�¦r®h©�£5¡º¯C¼

C1
©�¦.£5°h¡º¦5¥C´G¡º¥%¦�£�°�¡º©ª�(£�¡j�5¦5¡j¢j£5©ª¯/�ê�2­h�h©�¯/�¿£5¡�¦r£

Ç~���/É
§Ë£�°h¡�¦5©�Ð�¡
α∗

¡jÊN­�¥C¶ª¦u£5°h¡�¦5©ªÐj¡�¯C¼?£5°h¡�©ª�h«h©J±+©ª«h­�¥%¶@£�¡j¦r£5¦D¥C¦'©�£u©ª¦�¼{¯/��£�°h¡�©��N£�¡j�5¦r¡�¢j£5©ª¯/�ð��­h�h©�¯/�
£�¡j¦r£�Ç��È�/ÉA·UÌE°+­�¦�§�½?¡G¨/¡
£'£�°h¡�¦5©�Ð�¡

α∗
¼{�r¯/´ Ç��È�/ÉI½O°h¡j�

∆ak
′ak′ = ∆

¥C��«
l → ∞ ·UÌE°h¡G¦r©ªÐ�¡

¡�ÊN­�¥%¶ª¦

α∗ = P
(
(a′kD−∆)/(a′kΣ̂Dak)

1/2 < −C1
)
=

Ç � �/É
= P (Tn−2 < −C1),

½O°h¡j�5¡
Tn−2

©ª¦ £0�2«h©ª¦R£��r©ª²h­�£5¡�«Q½O©�£5°
n− 2

«h¡�¨C�5¡�¡j¦�¯%¼�¼{�r¡�¡�«�¯/´³·

Á�¦r©ª�h¨�£�°h¡O¦R¤ç´�´�¡j£��R¤B¯C¼3£�°h¡E£0�2«h©ª¦R£��5©�²h­�£5©�¯/�æ½"¡6¦5¡j¡O£�°�¥%£ô£�°h¡O®h�r¯/²�¥C²�©ª¶ª©�£�¤-©ª�³Ç � �/É@¢#¥C��²3¡E½O�5©�£r£�¡j�
¥C¦

P
(
(a′kD−∆)2/(a′kΣ̂Dak) > C21

)
/2.

ÌE°+­�¦�§+¥C�h¯C£5°h¡��@½ ¥#¤D£�¯�¡Aü�®��5¡�¦r¦L£�°h¡O¥%¢j£�­h¥C¶�¦5©ªÐj¡E¯C¼W£�°�¡E¢�¯/�çÎ�«h¡���¢�¡6¦r¡j£M¥C®h®��5¯(¥C¢�°º©�¦@£�°h¥%£ô¯C¼{	S¥C��¨
Ü
Ù?ÞCñJò�Ç~�#Ó/Ó/Ó(ÉA§h©9·�¡%·

α∗ = P
(
χ21/χ

2
n−2 > C21

)
/2,
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½O°h¡j�5¡
χ21

¥C�h«
χ2n−2

«�¡��h¯C£5¡�¦æ©ª��«h¡�®3¡j�h«h¡��(£B¢A°�©���¦rÊN­�¥C�5¡j«À�5¥C�h«h¯/´ ±%¥%�5©�¥%²h¶ª¡j¦'½O©�£5°
1
�5¡�¦r®3¡�¢
£�©�±/¡

n− 2
«h¡�¨/�r¡�¡j¦�¯%¼�¼{�5¡j¡�«�¯/´³·ôÌE°�¥�£6©ª¦

α∗ = P
(
F1,n−2 > (n− 2)C21

)
/2,

½O°h¡j�5¡
F1,n−2

«h¡���¯C£�¡j¦O¥B¸���«h©�¦r£��r©ª²�­�£�¡j«Q¦R£�¯+¢�°�¥C¦r£5©ª¢I±�¥C�5©ª¥C²h¶�¡6½O©�£�°
1
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£�©J±/¡

n− 2
«h¡�¨C�5¡�¡j¦E¯C¼

¼{�5¡j¡�«h¯C´³·
ÌE°h¡'¥C¢
£�­�¥C¶�¦r©ªÐj¡u«h¡j¢��r¡#¥C¦r¡�¦6¼l¥C¦R£E½O©�£5°�£�°h¡��+­h´æ²3¡��E¯C¼�®h¥C��¥C´�¡
£�¡��r¦E²h­�£O«h¯+¡�¦O�h¯%£6«�¡�®3¡���«³¯/��£�°h¡
�+­�´æ²�¡j�"¯C¼Ë�r¡�¦r£5�5©�¢j£�©�¯/�h¦j·=Ì�¥C²h¶�¡ �I¦5°�¯P½O¦"£�°h¡I¥C¢
£�­�¥C¶W¦5©ªÐj¡6¼{¯/�L£�°h¡�¢�¯/�çÎ�«h¡���¢�¡.¦5¡
£E¥C®h®h�r¯(¥C¢�°G½O°h¡��
½?¡.�5¡!
r¡�¢
£

H0
©�¼F¥C�h«Q¯/�h¶J¤G©J¼Ë£5°h¡.¦r¤+´�´�¡j£��r©ª¢

95%
¢�¯/�çÎ�«h¡���¢�¡�¦5¡j£E¶�©ª¡�¦M½O©J£�°h©��

HA

·Mþ.�U£�°h¡I¯C£�°h¡j�
°�¥C��«�§hÌ@¥%²h¶ª¡ � ¦r°h¯P½O¦E£�°�¡'¥%®h®h�5¯C®h�5©ª¥%£�¡I¶ª¡
±/¡�¶�¯/�Q£�°h¡�¢�¯C��Î�«h¡j�h¢�¡'¦r¡j£O¦5¯B£�°�¥�£E£5°h¡�¢�¯/�r�5¡�¦r®3¯/�h«h©��h¨
£�¡j¦r£6°�¥C¦O¦5©�Ð�¡��ç·����+·

Ì�¥C²h¶�¡¥�/Õ£��Ú�Ü Þ+å
ÙléhÞCñ(ð
ä���Ü
α∗

â�î"ÙÛÚ�Ü?Ù�Ü�ð
ÙFï�Þ�ð�Ü5à-â�ß�ÙÛÚ�Ü6åAâ�ß��"à+Ü
ß<å�ÜMäÛß�Ù�Ü
ÝAè�ÞCñ�Þ
ë(ë3Ý�â�Þ+å�Ú
à+Ü
ÝAäÛèCÜ5àIîAÝ�â�ìÒÞ(�E¤X¥ å�â�ß��"à+Ü
ß<å�Ü�ð�Ü
Ù��

α = 0.05
äÛßn�i ¢¡��U��÷"Ù{Ú�ÜDß�é+ì�ï
Ü
Ýºâ�î�ð
éhï�¦#Ü�å
ÙÛð

n
Þ�ð'ã?Ü
ñÛñFÞ�ðuÙ{Ú�Üuß�éçì�ï
Ü
ÝDâ�îæå�Ú�ÞCÝrÞ+å
Ù�Ü
ÝAäªð
ÙläXå�ð

p
è�ÞCÝAäXÜ�ð�ò

� ®{§$� ®{§ � ®{§
� ®{§�� ®{§�� ®{§$���
� � ��·�� � � �ç·�� ×10−3 � ·«� ×10−3 ��·�� ×10−4 �C·|Ó ×10−4 �/·¨� ×10−7�W� ��·�� � � �ç·�� ×10−3 � · � ×10−3 �ç·«� ×10−4 � ·�� ×10−4 �/·�� ×10−6�»� ��·�� � � �ç·|Ó ×10−3 � ·¨� ×10−3 Ô�·�� ×10−4 �ç·�� ×10−4 ��· � ×10−6
∞ ��·�� � � �ç· � ×10−3 � ·«� ×10−3 �/·«� ×10−3 ��·©� ×10−4 Ó�·¨� ×10−6

��¯%£�¡º£5°�¥%£u£�°h¡G¥C¢
£�­�¥%¶L¦5©�Ð�¡º«h¯+¡�¦'�h¯C£'«h¡�®3¡j�h«S¯/�ø£�°h¡��N­h´æ²3¡��'¯%¼ ¦5­�²�
r¡j¢j£5¦-¼{¯/�
p = 1

½O°h¡j�5¡#¥%¦
©�£I«h¯+¡j¦.¼{¯C�

p > 1
·�ÌE°h¡æ¶�¥C¦R£.�5¯�½ Ç

n = ∞ É
§<©ª¦I¢�¥C¶ª¢j­h¶�¥�£�¡�«»­h¦5©��h¨U£�°�¥%£ Tn−2 ∼ N(0, 1)
©ª�ÀÇ � �(É

¥C�h«
C21 → χp(α)

©��ÖÇ � �(É"½O°h¡j�
n→∞ ·ôÌ>¯�­h¦5¡�£�°h¡u¢j¯/��Î�«h¡j�h¢�¡'¦5¡j£�¥C®�®h�5¯(¥%¢A°�£5¯º´U¥CûC¡u¥æ£�¡�¦R£

£�°h¥%£6°�¥C¦�¥C�³¥C¢j£5­�¥C¶Ë¦5©ªÐj¡
α∗
½?¡'°�¥�±/¡u£�¯�¢�°h¯+¯/¦5¡

α > α∗
©ª�_Ç � �NÉA·"Ì>¯G¨/¡
£�¦r©ªÐ�¡

α∗
½?¡'°�¥#±/¡'¼{�r¯/´

ÌE°h¡j¯/�5¡j´Ó��·«�Q£�°h¥%£
C1

°h¥C¦�£�¯�²3¡º¡jÊN­�¥C¶=£�¯�£5°h¡º­�®h®3¡��
α∗

ÊN­�¥C�N£5©ª¶�¡B¯%¼M£�°h¡æ£0��«�©ª¦r£5�5©ª²�­�£�©�¯C�»½O©�£�°
n − 2

«h¡�¨C�5¡�¡j¦æ¯C¼E¼{�r¡�¡j«h¯/´¬§
tn−2(α

∗)
·F}ç¯/¶J±+©ª�h¨¬¼{¯C�

α
©ª�_¡jÊN­�¥%£�©�¯/�ÃÇ � �NÉ.½O°h¡��

C1 = tn−2(α
∗)¨/©J±/¡�¦

α = P
(
Fp,n−1−p > t2n−2(α

∗)(n− p− 1)/(p(n− 2))
)
,

Ç � Ô(É
½O°h¡j�5¡

Fp,n−1−p

¦R£�¥C��«_¼{¯/�-¥»¸×«h©ª¦R£��5©�²h­�£5¡�«Ö¦r£�¯+¢�°�¥C¦R£�©�¢G±�¥C�5©ª¥C²h¶�¡º½O©J£�°
p
�5¡�¦r®3¡�¢
£�©�±/¡

n − 1 − p«h¡j¨/�5¡j¡�¦6¯C¼�¼{�r¡�¡j«h¯/´¬·g|��¬£5°h¡u¶ª©�´�©J£E¥C¦
n→∞ §�½?¡u°�¥�±/¡�£�°�¥%£

α = P
(
χ2p > z2(α∗)

)
,

½O°h¡j�5¡
χ2p

«h¡���¯C£�¡j¦B¥¬¢�°h©��2¦5ÊN­�¥C�r¡�«S�5¥C�h«h¯C´ ±�¥C�5©ª¥C²h¶ª¡B½O©J£�°
p
«h¡j¨/�5¡j¡�¦D¯C¼ ¼{�r¡�¡�«�¯/´ ¥C�h«

z(α∗)
©ª¦

£�°�¡'­�®h®3¡��
α∗
ÊN­�¥C�(£�©�¶ª¡�©���£�°h¡u¦R£�¥C��«�¥C�5«¬�h¯/�r´U¥%¶�«�©ª¦r£5�5©�²h­�£�©�¯/��·
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Ì�¥C²h¶ª¡ � Õs��Ú�ÜBå�â�ß��"à+Ü
ß<å�Ü�ñªÜ
èCÜ
ñ
(1− α)

â�ßÂÙ{Ú�ÜBå�â�ß��"à+Ü
ß<å�ÜIð�Ü
ÙLð�â�Ù{Ú�ÞCÙ
Ù{Ú�Ü.Þ+å
Ù9é�ÞCñ�ð
ä���ÜuÜ5ö�é�ÞCñ|ð�ªCò"ª�¤(ò

α
äªð'å5ÞCñªå
é+ñJÞCÙ�Ü5à?îAÝ�â%ì«�i y¬��-ã@Ú�Ü
ß

α∗
äªðOð�Ü
Ù

Ù�â9ªCò"ª�¤�÷.ÙÛÚ�ÜUß�éçì�ï
Ü
Ý�â�î�å�Ú�ÞCÝ5Þ+å
Ù�Ü
ÝAäªð
Ù9äXå�ð
p
Þ�ðUã?Ü
ñÛñ"Þ�ðUÙÛÚ�ÜUß�é+ì�ï
Ü
Ý�â�î

ð
éhï�¦#Ü�å
ÙÛð
n
è�ÞCÝAäXÜ�ð�ò
� ®{§$� ®{§ � ®{§
� ®{§�� ®{§�� ®{§$���
� � ��·�ÓV� ��·��W� ��·��W� ��·��V� �ç· � � ��·�� ×10−3�V� ��·�ÓV� ��·��W� ��·��­� ��·��V� �ç· ��� �ç·|Ó ×10−3�W� ��·�ÓV� ��·��­� ��·��V� ��·��CÔ �ç· � � Ô�·�� ×10−3
∞ ��·�ÓV� ��·��­� ��·��W� ��·��CÓ ��· � � �/· � ×10−2

® & �	���¯)���% �-,G�������(�*) �� "
�
%^����*P�����(�*)

ÌE°h©�¦.¦5¡�¢
£�©�¯/�Â¦r£�¥%�r£�¦I½O©�£5°ø¥Q«�¡�¦5¢j�5©�®�£�©�¯/�Â¯C�Â°h¯P½ £5¯Q£5¡�¦r£.¼{¯/�I¡�ÊN­h©J±%¥C¶�¡��h¢j¡B©ª�»±%¥%�5©�¥%²h©ª¶�©�£�¤¬²N¤»­h¦��
©ª��¨�£�°h¡�«h©ª¦R£��r©ª²h­�£5©ª¯C��¥C¶@�5¡�¦r­h¶�£5¦-¯%¼-°u­�©ª¶�²�¥C­h«�Ç~�#Ó/ÓV�(ÉA·QÑ6¯P½"¡j±/¡��j§@£5°h¡�Ì6þ�}+Ì]¯/��£�°h¡�¡�ÊN­h©J±%¥C¶�¡��(£
¢�¯C��Î�«h¡j�h¢�¡º©��N£�¡j�r±�¥C¶@¥C®h®h�r¯(¥C¢�°ø¨C¡��h¡j��¥%£5¡º¥G±/¡��r¤»¢�¯/�h¦r¡��R±%¥%£5©�±/¡æ£�¡j¦r£#·�|��Â¼l¥%¢j£�§<£�°�¡��5¡B¥C�5¡D�h¯�®3¯/¦��
¦5©�²h©ª¶�©J£�¤Q¥�£�¥C¶�¶<£�¯º¦5°h¯�½È¡jÊN­h©�±%¥%¶ª¡j�h¢�¡'­h��«h¡��6´�¯/¦r£O¢j¯/´G´�¯/��®h��¥C¢
£�©�¢#¥C¶�¦r©�£�­h¥%£�©�¯/�h¦�· 	Ö¡'¦r°h¯P½ °h¯�½
£�¯º´�¯+«h©�¼Û¤�£�°h¡�£5¡�¦r£6¦5­�¢A°¬£�°h¥%£6¥º«h¡j¦5©ª�r¡�«¬¦5©�Ð�¡u¯C¼>£�°h¡�£5¡�¦R£�©�¦O¯C²�£�¥%©ª�h¡j«�·L¸�­h�r£5°h¡��E¯/��§�½?¡'­�¦5¡u£5°h©ª¦
´�¯+«h©�Î�¡j«Q£5¡�¦R£O£5¯/¨/¡
£�°h¡j� ½O©�£5°�¥C��©��N£�¡j�5¦r¡�¢
£�©ª¯C�ê��­h��©ª¯/�U£5¡�¦r£E£5¯æ£�¡�¦R£E¼{¯/� ¡�ÊN­�¥%¶ª©�£�¤G©ª�Q±�¥C�5©ª¥C²h©�¶�©J£�¤º¼{¯/�
¨/¡j�h¡��5¥C¶Ë²h©�¯+¡�ÊN­h©�±�¥C¶ª¡j�h¢�¡��5¡j¦r£��r©ª¢
£�©ª¯C�h¦E¢�¯C�h¢�¡j�5�h©��h¨º£�°h¡�±�¥C�5©ª¥C²h©ª¶J©J£�¤/·

± =?> ���TP�J^R�P²_TC?KMP0RTD�C$J^R�B^l³FYB^D�P

|2¼E½?¡Q¯/�h¶J¤õ´�¡#¥C¦r­h�5¡U¯/�h¡U¢�°�¥C��¥%¢j£�¡j�5©�¦r£�©�¢C§
Yij1

¥%�h«
Yij2

¥C��« ¥%¶ª¶M¯%£�°h¡j�æ¡j¶ª¡j´G¡j�N£5¦D©ª�_´G¯+«�¡�¶IÇ~�PÉ
¥C�r¡�¯/�h¡#��«h©�´G¡j�h¦5©�¯/��¥C¶l·T|��µ®�¥C�r£5©ª¢j­h¶�¥%��§

εA
¥C�h«

εB
©ª�ÍÇ��/ÉB¥%�5¡�­h�h©J±%¥C�r©�¥%£5¡Q�h¯/�5´G¥C¶?«h©ª¦R£��r©ª²h­�£5¡�«

¦r£5¯+¢A°h¥C¦r£5©ª¢-±%¥C�5©ª¥C²h¶�¡�¦6½O©�£5°¿Ð�¡j�5¯�´�¡#¥C��¦�¥%�h«¿±�¥C�5©ª¥C�h¢�¡j¦I£5°�¥%£I½?¡æ«h¡j�h¯C£5¡
σ2A

�5¡j¦5®3¡j¢j£�©J±/¡
σ2B
·�	_¡

½ ¥%�N£O£�¯B£�¡j¦r£6©�¼>£5°h¡�¦r¡u±%¥C�r©�¥C�h¢j¡�¦6¥C�r¡u¡jÊ+­h¥C¶X·�°u­h©�¶ª²h¥C­h«õÇ���Ó/ÓV�/É?«h¡
Î��h¡j«

γ = (σ2A − σ2B)/(σ
2
A + σ2B)

¥C¦G¥õ´G¡�¥C¦5­��5¡¬¯C¼I£�°h¡¬«h©�Ï�¡��r¡��h¢j¡³²3¡j£�½?¡j¡��¹£5°h¡¬£�½?¯õ±%¥C�r©�¥C��¢�¡�¦j·´�?¡j¢#¥C­�¦5¡
γ
©�¦G¥%� ¯C�h¡¬£5¯Ö¯/�h¡

¼{­h�h¢
£�©�¯/�Ö¯C¼
σ2A/σ

2
B

§@´G¥CûN©ª��¨³¦R£�¥%£5©ª¦R£�©ª¢�¥C¶ô©���¼{¡��r¡��h¢j¡Q¥%²�¯C­�£
γ
©�¦'¡�ÊN­h©J±%¥C¶�¡��(£-£�¯³´G¥CûC¡�¦r£�¥�£�©ª¦R£�©�¢#¥C¶

©ª�ç¼{¡��5¡j�h¢�¡Â¥C²3¯/­ç£Q£�°h¡¿�5¡j¶�¥�£�©�±/¡¬±%¥C�r©�¥C²h©�¶�©�£�¤C§
σ2A/σ

2
B

·µ°u­�©ª¶�²�¥C­h«ÈÇ���Ó/Ó/Ó(Éº¦5°h¯�½?¡j«×°h¯�½ý£�¯S´U¥CûC¡
±%¥%�5©ª¯C­h¦E¡
ü�¥C¢j£6¦r£�¥�£�©ª¦R£�©�¢#¥C¶<©���¼{¡��r¡��h¢j¡-¥%²3¯/­�£

γ
­�¦5©ª��¨º£�°h¥%£E£�°h¡�£�¡j¦r£6¦r£�¥%£�©�¦r£�©�¢�«�¡jÎ��h¡j«»²(¤

T (c) = (γ∗ − c)/s∗,
Ç � Ó(É

¼{¯/¶�¶ª¯�½O¦'¥¬£0�2«h©ª¦R£��5©�²h­�£5©�¯/�ø½O©J£�°
n − 3

«h¡j¨/�5¡j¡�¦æ¯%¼ ¼{�5¡j¡�«h¯C´ ¼{¯C�
c = γ

·¬Ñ�¡j�5¡C§
γ∗
©ª¦-¥C�_¡Aüh¥%¢j£�¶J¤

´�¡�«h©ª¥C��­��+²h©ª¥C¦5¡j«³¡j¦r£�©�´G¥%£�¯/�?¯C¼
γ
«h¡
Î��h¡j«»²(¤

γ∗ = S−+/S−−,

���



½O°h¡j�5¡
S−+

¥C�h«
S−−

¥C�5¡»£�°h¡¿®3¯+¯/¶ª¡j«¹½O©�£�°�©ª�¹¨/�5¯C­h®Å¢j¯/�5�r¡�¢
£�¡�«×¦r­h´�¦�¯C¼'¦5ÊN­�¥C�r¡�¦¬¥C�h«Å¢j�5¯/¦r¦
®h�r¯+«h­h¢j£5¦L¢�¯/�r�5¡�¦r®3¯/�h«h©��h¨�£�¯�£5°h¡E½O©J£�°h©��B¦5­h²�
r¡�¢
£"¦r­h´�¦M¥C��«�¢j�5¯/¦r¦5¯P±C¡��IÇÛ£��5¡�¥%£�´�¡��(£LÆ8�Ë£��r¡#¥%£5´G¡j�N£
�EÉ?«h©�Ï�¡��r¡��h¢j¡�¦�§�©X·�¡C·

S−+ =
2∑

j=1

nj∑

i=1

(Y −ij − Ȳ −)(Y +ij − Ȳ +)

S−−
¥C�h«

S++
¥C�5¡U«h¡
Î��h¡�« ©��_£5°h¡Q¦r©ª´�©ª¶�¥C��½ ¥�¤C·ÂÌE°h¡Q¦r£�¥C�h«�¥%�5«À¡j�5�r¯/�D¯C¼E£�°�¡Q¡�¦R£�©�´U¥%£5¯/�

γ∗
©ª¦

«h¡j�h¯C£�¡j«³²N¤
s∗
¥C�h«¬©�¦E¨/©�±/¡j�¬²N¤

s2∗ =
(
S++/S−− − (γ∗)2

)
/(n− 3).

Ç��V�(É
|2£�´U¥#¤»¯+¢j¢�­h�.£5°�¥%£

γ∗
«h¯+¡�¦��h¯C£�²3¡j¶ª¯/�h¨U£�¯Q£�°h¡æ©ª�N£5¡��R±%¥C¶

(−1, 1) ·�|2£u´G¥�¤»¥C¶ª¦r¯�¯+¢j¢�­h�.£5°�¥%£.£�°�¡¢�¯C��Î�«h¡j�h¢�¡��r¡�¨/©�¯/�¿¼{¯C�
γ
©ª¦.�h¯C£�©ª��¢�¶ª­�«h¡�«¿½O©�£5°h©ª�

(−1, 1) ·-ÌE°h©ª¦�©�¦.®3¯/©ª�(£�¡j«ø¯/­ç£'¥C��«ø«h©ª¦r¢�­h¦r¦5¡�«°h¯�½ £�¯³°h¥C�h«h¶�¡�©ª�¶°�­h©ª¶�²�¥C­�« Ç���Ó/Ó/Ó/É
·UÑ�¯P½"¡j±/¡j��§�½O°h¡��Ö£�¡�¦R£�©��h¨¬¼{¯/�u²h©ª¯+¡jÊN­h©�±�¥C¶ª¡j�h¢�¡%§>£�°�©ª¦u©ª¦u�h¯
®h�r¯/²h¶ª¡j´ ²3¡j¢#¥C­h¦r¡.£5°h¡I©��N£5¡��5¡j¦r£�©��h¨-®�¥C�r£?©�¦M½O°h¡��

γ∗
©�¦"¢�¶�¯/¦5¡6£�¯DÐj¡��r¯B¥C�h«U½O°�¡��Q£�°�¡�½O©ª«�£5°U¯C¼�£�°h¡

¢�¯C��Î�«h¡j�h¢�¡-©��N£5¡��r±�¥C¶�©ª¦E¦5´G¥C¶�¶X·
	Ö¡�¢�¥C�À­h¦5¡QÌ6þ�}çÌ ¥C¦D½?¡�¶�¶ ¥%¦D£�°h¡Q¦r¤+´�´�¡j£��r©ª¢U¢j¯/��Îh«h¡��h¢j¡�©ª�(£�¡j�r±%¥C¶?¥C®�®h�5¯(¥%¢A°S£5¯/¨/¡j£5°h¡��-½O©�£�°
Ç � Ó(É"£�¯B£�¡j¦r£O¼{¯/�E¡�ÊN­h©J±%¥C¶�¡��h¢j¡'©���±%¥C�r©�¥C²h©�¶�©�£�¤C§�©X·�¡C·=£5¡�¦R£

H0 : |γ| ≥ ∆γ

±/¡j�5¦5­�¦
HA : |γ| < ∆γ,½O°h¡j�5¡

∆γ

©�¦ £5°h¡�®h�5¡j«h¡jÎ���¡�«³¢�­�£~��¯CÏ¿�+­h´æ²3¡j� ¼{¯/�
γ
·ôÌE°h¡u¢j¯/��Î�«�¡��h¢j¡-©��N£5¡��r±�¥C¶Ë¥%®h®h�5¯/¥C¢�°¬�5¡!
r¡�¢
£�¦

H0
©ª�¬¼l¥�±/¯C��¯C¼

HA

©�¼�£�°h¡'£�°h¡-¡j�N£�©��5¡
1 − 2α

¢j¯/��Î�«�¡��h¢j¡B©��N£5¡��R±%¥C¶Ë¼{¯/�
γ
¶�©ª¡j¦O½O©J£�°h©��

HA

·6Á�¦r©ª�h¨
£�°�¡'¡Aü�¥C¢j£6«h©ª¦R£��5©�²h­�£5©ª¯/�Q©ª�ÖÇ � Ó(É
§h¥º¦R¤ç´�´�¡j£��r©ª¢

1− 2α
¢j¯/��Î�«�¡��h¢j¡-©ª�(£�¡��R±%¥C¶<¼{¯/�

γ
©�¦

Cγ =
(
γ∗ − tα(n− 3)s∗, γ

∗ + tα(n− 3)s∗
)
.

Ç¡���PÉ
ÌE°�¥%£6©�¦ £�°h¡u¦5¥C´G¡u¥C¦E£5°h¡uÌ6þ�}çÌ�§�½O°h©�¢A°¬�r¡$
r¡j¢j£�¦

H0
©ª��¼l¥#±/¯/�E¯C¼

HA

©J¼@¥C�h«¬¯/��¶�¤Q©J¼

|γ∗| < ∆γ − tα(n− 3)s∗.
Ç¡� � É

ÌE°h©�¦6£�¡�¦R£.©�¦�¥G¶ª¡
±/¡�¶
α
£�¡j¦r£#§3©X·�¡C· £�°h¡-®h�r¯/²�¥C²h©�¶ª©J£�¤Q�5¡$
r¡j¢j£5©ª�h¨

H0
¡j�5�5¯C�h¡�¯/­�¦5¶�¤¬©�¦�¥%£I´�¯/¦R£

α
·OÌE°h¡

¦5©�Ð�¡u©�¦

α∗ = sup
θ∈H0

Pθ

(
|γ∗| < ∆γ − tα(n− 3)s∗

)
.

Ç¡�V�(É
��¯%£�¡Q£5°�¥%£

s∗
«h¡�®3¡j�h«h¦�¯/�S£�°h¡�¡j¦r£�©�´G¥%£�¡

γ∗
§ô£�°N­h¦æ£�°h¡Q±%¥%�5©ª¥C�h¢�¡Q¯C¼O£�°h¡�¡j¦r£5©ª´G¥%£�¡U¢#¥C� �h¯%£º²3¡

´G¥C«h¡O¥C�r²h©�£5��¥C�R¤D¦5´G¥C¶�¶ç¼{¯/�L¥%�N¤B®h¥C��¥C´�¡j£5¡��ô¦r¡�ÊN­h¡j�h¢�¡�©ª�
H0

¥C¦ô©�£ô¢#¥C�º¼{¯C�ô¡�¦R£�©ª´G¥%£5¡�¦ô¯C¼3£�°�¡O´G¡�¥C��·
ÌE°h©�¦O©ª´�®h¶�©�¡j¦?£�°�¥%£E£�°h¡u¦r©ªÐj¡u©ª¦E¶ª¡j¦5¦E£�°h¥C�

α
§�©9·�¡%·=£�°h¡�£5¡�¦r£6©ª¦E¢j¯/�h¦r¡��r±�¥%£�©J±/¡C·

ÌE°h¡6´G¥�üç©�´æ­h´ ©��³Ç��V�/É@©ª¦=£�¥CûC¡���¯/�º£5°h¡O¡�«h¨/¡E£5¯
H0
§N©9·�¡%·�¼{¯/�

γ = ∆γ

· �?¡�¢�¥C­h¦r¡6£5°h¡O¡
üç®3¡�¢
£�¥%£5©ª¯/�
¯C¼
S++

¡�ÊN­�¥%¶ª¦
(n− 2)(σ2A + σ2B +4 · ¥C� (ξij)) ¥C��« E[ξij] = 0

§ç©�£"©ª¦"´�¯/�5¡�¶�©ªûC¡j¶�¤B£5°�¥%£
s2∗
©ª¦"¦r´U¥C¶�¶

½O°h¡j�º£�°h¡j�5¡O¥C�r¡E�h¯�²3¡j£�½?¡j¡��G¦r­h²�
r¡�¢
£L±%¥C�r©�¥C²�©ª¶�©�£�¤'®h�r¡�¦r¡��N£�·ôÌE°N­h¦�§(£�°�¡E¦5©�Ð�¡E©�¦=¨/©J±/¡��æ½O°h¡j�
γ = ∆γ¥C�h«

ξij = 0, i = 1, 2, . . . , nj, j = 1, 2
·�Ñ�¯�½?¡j±/¡j��§<©�£�©ª¦6°�¥C�r« Çl©�´G®3¯C¦5¦5©�²h¶�¡¢¸PÉU£�¯U«h¡j�5©J±/¡-£�°h¡

α
©ª�

Ç�� � É"£5°�¥%£O¨/©J±/¡�¦O¦r©ªÐj¡
α∗
¥C��¥C¶J¤N£�©ª¢�¥C¶�¶J¤C·�|��h¦R£�¡�¥C«�§h½?¡�Î��5¦r£6«�¡��5©J±/¡

α
�r¯/­h¨/°�¶�¤/§ç£�°h¡j�¬­h¦5¡�£�°h©�¦E�5¯/­h¨C°

α
¥C¦.¦r£�¥C�r£5©ª�h¨U®3¯/©ª�(£.©��Â¥Q�5¡j®3¡#¥%£5¡�«ø¦5©�´æ­h¶�¥�£�©J¯/�³®h�5¯+¢j¡�«h­h�r¡æ£�¯UÎ��h«õ¥U²3¡j£r£�¡��.¡�¦R£�©�´U¥%£5¡D¯C¼ô£�°h¡

α£�°h¥%£6¨C©�±/¡j¦E£�°h¡u«h¡j¦5©��5¡�«¬¦5©�Ð�¡%·

���



¹ �"�{�"� º»z¼xH½�¾;vÀ¿�Á�Â"¿E½
ÂÃÁ�Ä¼ÅÆxHÇgÄ¢xÈ¾{wyÄ#¿EÂÃxHÉ�w�zsÄ¢xÈÄ¼v�w�Ê�w�ÉËÅ"z¼w�ÊÌÉ�ÅÃÍEw

|2¼�½?¡u¦5¡
£

s2∗ = s̃2∗ = (1− (γ∗)2)/(n− 3)

©ª� Ç¡�V�(ÉA§"£5°h¡���©�£º©ª¦º®3¯/¦r¦5©ª²�¶ª¡�£�¯õ¢#¥C¶�¢�­h¶ª¥%£�¡
α∗
·8��¯C£5¡�£�°�¥%£�§?©J¼�£�°h¡j�5¡³¥C�5¡��h¯Ö²3¡j£�½?¡j¡��¹¦5­�²�
r¡j¢j£

±%¥%�5©�¥�£�©ª¯C��§h£5°h¡��
S−−

¥C�h«
S++

°�¥#±/¡'£�°h¡-¦5¥C´G¡'«�©ª¦r£5�5©�²h­�£�©�¯/��·"ÌE°h©�¦�´�¯C£�©J±%¥%£5¡�¦E£�°�¥�£6½?¡D¢�¥C�»­h¦r¡
s̃2∗
©ª�h¦R£�¡#¥%«¬¯C¼

s2∗
©ª��¯C�5«h¡j�E£�¯º¢#¥C¶�¢�­�¶�¥%£5¡u¥B�5¯/­h¨C°¬¡j¦r£�©�´U¥�£�¡�¯%¼�£�°�¡-¥%¢j£5­�¥C¶Ë¦r©ªÐj¡C·

Á�¦r©ª�h¨u£5°�¥%£L£5°h¡6®h�r¯/²�¥C²h©�¶ª©�£�¤D¯C¼<�r¡$
r¡�¢
£�©��h¨
H0

©ª¦L´G¥�üç©�´G©JÐ�¡j«º½O°�¡��G£�°�¡��5¡�¥%�5¡O�h¯'²�¡
£�½?¡�¡j�Q¦5­�²�
r¡j¢j£
±%¥%�5©�¥%²h©ª¶�©�£�¤Q¥C��«�½O°h¡��

γ = ∆γ

½"¡'°�¥#±/¡u£5°�¥%£E£�°h¡u�r¯/­h¨/°�¦5©ªÐj¡
α̃∗
¡jÊN­�¥C¶ª¦

α̃∗ = P∆γ

(
|γ∗| < ∆γ − tα

√
(1− (γ∗)2)/(n− 3)

)
,

Ç¡���NÉ

½O°h¡j�5¡M½?¡"°�¥#±/¡M½O�5©J£5£�¡j�
tα
©ª�h¦R£�¡�¥C«-¯C¼

tα(n−3)
·�ÌE°+­h¦j§C½"¡M½O©ª¶�¶/Î���«

α
¦r­h¢�°D£�°h¥%£>£5°h©ª¦F®h�5¯/²h¥C²h©ª¶�©J£�¤

¡�ÊN­�¥%¶ª¦
α̃∗
·Ç|2£�©ª¦.¢j¶ª¡#¥%�I£�°�¥�£

α ≥ α̃∗
¥C�h«Â£5°�¥%£.£�°h¡B¢�°h¯/©�¢�¡B«�¡�®3¡j�h«h¦'¯/�

∆γ

¥C�h«
n
·BþI¼M¢�¯/­��5¦5¡%§

£�°�¡�½O©�«�£�°À¯C¼6£�°�¡�¢j¯/��Î�«�¡��h¢j¡¬©ª�N£5¡��R±%¥C¶?°�¥C¦æ£�¯Â²3¡�¦r´U¥%¶ª¶�¡��-£5°�¥C�
2∆γ

©�¼O£5°h¡��r¡�¦5°�¯/­h¶ª«À²�¡�¥C�(¤
®3¯/¦r¦5©ª²�©ª¶ª©J£�¤�£�¯º�5¡!
r¡�¢j£

H0
¥%£6¥C¶ª¶9·@ÌE°h©ª¦E¤+©ª¡j¶ª«�¦E£5°h¡u�5¡�¦R£��r©ª¢j£5©ª¯/�

tα(n− 3) < ∆γ

√
n− 3.

ÌE°+­�¦�§�½?¡u¦5¡�¥C�5¢�°¬¼{¯/�
α
£�°�¥�£6¦5¥%£�©�¦rÎ�¡j¦

P
(
Tn−3 > ∆γ

√
n− 3

)
< α < 0.5,

Ç����/É
½O°h¡j�5¡

Tn−3

©ª¦ £0�2«h©ª¦R£��r©ª²h­�£5¡�«Q½O©�£5°
n− 3

«h¡�¨C�5¡�¡j¦�¯%¼�¼{�r¡�¡�«�¯/´³·
ÿ=±/¡��³£�°h¯C­h¨/°

s̃∗
£�¥Cû%¡�¦�©J£�¦O´G¥�üç©ª´æ­h´ ©ª�

γ∗ = 0
¥C�h«¬«h¡�¢j�5¡#¥%¦5¡�¦�½O©J£�°�£�°h¡'«h©�¦r£�¥C�h¢�¡u²�¡
£�½?¡�¡j�

γ∗¥C�h«¬Ðj¡��r¯h§h½?¡u°�¥�±/¡�£�°�¥�£

max{|γ∗ − tαs̃∗|, |γ∗ + tαs̃∗|} =
{
|γ∗ − tαs̃∗|,

©�¼
γ∗ ≤ 0

|γ∗ + tαs̃∗|,
©�¼
γ∗ > 0

Ç��W�(É

£�¥%ûC¡�¦ô©�£�¦@´G©��h©�´æ­�´ù¼{¯C�
γ∗ = 0

·
	Ö¡O¥C¶�¦5¯�°h¥�±/¡ £�°�¥�£L²3¯%£�°
γ∗−tαs̃∗

¥C�h«
γ∗+tαs̃∗

¥C�5¡ ´G¯C�h¯C£�¯C�h¡
©ª��¢��5¡�¥C¦5©��h¨B¼{­h��¢j£�©�¯/�h¦E¯C¼

γ∗
©ª��£5°h¡u©ª�(£�¡��R±%¥C¶

(
−(1 + t2α/(n− 3))−1, (1 + t2α/(n− 3))−1

)
,

©X·�¡C·ô©���£�°�¡u©ª�(£�¡��r¡�¦r£5©ª�h¨B®�¥C�R£�¥%�5¯/­h��«¬Ð�¡j�5¯h·LÌE°h¡u´G¯C�h¯C£�¯C�h©ª¢j©J£�¤G£5¯/¨/¡j£5°h¡�� ½O©�£5°_Ç¡�V�(É?¨C©�±/¡�¦ £�°�¥�£6©J¼
½?¡u�5¡!
r¡�¢j£

H0
¼{¯/�

γ∗ = c
£5°h¡���½?¡'¥C¶ª¦r¯º�5¡!
r¡�¢
£

H0
¼{¯/�

γ∗ ≤ |c| ·
ÆI¦ ´�¡��(£�©ª¯C�h¡�«Q¡�¥C�5¶�©ª¡j��§N£�°h¡.Ì6þ�}çÌ×¯C�?£5°h¡.¡�ÊN­h©J±%¥C¶�¡��(£E¢�¯C��Î�«h¡j�h¢�¡u©��N£5¡��r±�¥C¶<¥C®h®h�r¯(¥C¢�°Q¼{¯/�"£5¡�¦r£5©ª�h¨
Ç"���NÉ�©ª¦Ë¥E¶ª¡j±/¡j¶

α
£5¡�¦r£�·��?­�£F©�£Ë©�¦Ë¢j¯/�h¦r¡��r±�¥%£�©J±/¡C§%©���¼l¥%¢j£F©J£Ë©ª¦�¢�¯C´G´�¯/�.£5°�¥%£F©J£Ë©ª¦�©ª´�®3¯/¦r¦5©ª²�¶ª¡�£5¯O�5¡!
r¡�¢
£

�È�



H0
·L¸�¯/�?¡
ü�¥%´G®h¶�¡C§ç­h¦5©��h¨

α = 0.05
©ª��¥D¦r£�­�«�¤Q¢j¯/�N£�¥C©ª�h©��h¨

n = 25
¦5­h²�
r¡j¢j£�¦j·?þ.²h¦5¡j�r±+©ª�h¨

γ∗ = 0¥C�h«B­h¦5©��h¨
s̃∗
©ª��¦r£�¡�¥C«º¯C¼

s∗
©ª�¬Ç��ê�PÉ�¨/©J±/¡�¦=£5°h¡E�5¯C­h¨/°º¢j¯/��Î�«�¡��h¢j¡6©ª�(£�¡��R±%¥C¶

(−0.37, 0.37) ·=ÌE°N­h¦�§N©�£©ª¦E®3¯/¦r¦5©�²h¶ª¡.£�¯º�5¡!
r¡�¢
£
H0

¯/�h¶J¤Q©�¼
∆γ > 0.37

·^�?­�£
∆γ > 0.37

¥C¶ª¶�¯P½O¦ ¯/�h¡u¯%¼�£�°�¡u½O©J£�°h©���¦r­h²�
r¡�¢j£
±%¥%�5©�¥%�h¢�¡j¦.£5¯�²3¡æ´�¯/�5¡-£5°�¥C�¿£�½O©�¢�¡B¥C¦.²�©ª¨�¥%¦I£�°h¡æ¯C£5°h¡��.¯C�h¡C§�©9·�¡%·

∆γ = 0.37 ⇒ σ2A/σ
2
B = 2.2

·
ÌE°h©�¦E©ª¦E¥D¼l¥C�?£�¯æ½O©ª«h¡.²h©ª¯+¡jÊ+­�©�±%¥%¶ª¡���¢�¡.�5¡�¨C©ª¯/�U¼{¯/� ´G¯C¦r£E¡
üç®3¡j�5©ª´�¡��(£�¦j·LÆÈ´�¯/�5¡.�r¡#¥C¦r¯/��¥C²�¶ª¡.¶ª©ª´º©J£
©ª¦
σ2A/σ

2
B = 1.2

§3½O°h©�¢A°»¢�¯/�r�5¡�¦r®3¯/�h«h¦I£5¯
∆γ = 0.091

·�	Ö¡D�h¯�½ ¦r°h¯�½ °h¯�½ù£5¯U¢�¯/��¦r£��r­h¢j£�¥�£�¡�¦R£
¥%£O¦5©�Ð�¡

α̃∗
¼{¯/�O¥C¶�¶�¢j­�£0�2¯CÏÂ¶ª©�´�©�£�¦ ²(¤�¢A°�¯+¯/¦5©��h¨

α
©��ÖÇ����(É ¥C®h®h�r¯/®h�5©ª¥%£5¡�¶�¤C·

	Ö¡'°h¥�±/¡�¼{�5¯/´ Ç¡���NÉ"£5°�¥%£E£�°h¡u�5¯C­h¨/°�¦5©ªÐj¡
α̃∗
¢�¥C�¬²3¡u½O�r©�£r£�¡��¬¥C¦

P∆γ


 γ∗ −∆γ√

(1− (γ∗)2)/(n− 3)
< −tα


− P∆γ


 γ∗ +∆γ√

(1− (γ∗)2)/(n− 3)
< tα


 =

Ç¡���/É

= α− P∆γ


 γ∗ +∆γ√

(1− (γ∗)2)/(n− 3)
< tα




ÎO¡j½O�5©J£�©��h¨Ö£�°�¡¿©ª�h¡jÊN­�¥C¶�©�£�¤µ©�� £�°�¡¿¶ª¡
¼Û£Q®��5¯/²�¥%²h©ª¶�©J£�¤ ©ª�ùÇ¡���/É�¥C¦
γ∗ < f(∆γ, tα, n)

¥C�h«Ã­�¦5©ª��¨
£�°h¥%£O£�°h©�¦O®h�5¯C²�¥C²h©�¶ª©J£�¤U¡�ÊN­�¥%¶ª¦

α
§h½?¡'¢#¥%�³¢#¥C¶�¢�­h¶ª¥%£�¡.£5°h¡'«h©�¦r£5�5©ª²�­�£�©�¯/�Q¼{­h�h¢j£5©ª¯/��¯C¼

γ∗
Ç{­h�h«h¡j�O£�°h¡

¢�¯C�h«h©�£5©ª¯C�h¦ £5°�¥%£
E[γ∗] = ∆γ

¥C�h«��h¯�²3¡j£�½?¡j¡��»¦5­�²�
r¡j¢j£6±%¥%�5©�¥%²h©ª¶�©�£�¤hÉA·�	Ö¡u°�¥�±/¡

P∆γ


γ∗ <

(n− 3)∆γ −
√
(n− 3)t2α + t4α − (n− 3)∆2γt

2
α

n− 3 + t2α


 = α.
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γ∗ < g(∆γ, tα, n)
§�©9·�¡%·

P∆γ


γ∗ <

−(n− 3)∆ +
√
(n− 3)t2α + t4α − (n− 3)∆2γt

2
α

n− 3 + t2α


 .
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· ÌE°h¡
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���V� ��·«�V��� ��·���ÓW� ��·����V�
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γ
·
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m
� £�°h¡"¦r£5¡�®æ¶ª¡j�h¨C£5°

d
·O�?°�¯+¯/¦5¡

¥%¶ª¦5¯'¥%�G¥C®h®h�r¯/®h�5©ª¥%£5¡E¢�­�£~��¯CÏ�¶�©ª´�©�£
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·�	Ö¡O¢A°�¯/¦5¡

α̃
¼{�5¯/´ Ì�¥C²h¶�¡¥� �
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�
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�
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d = 0.01
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¦R£�­h«�©ª¡�¦O¼{�5¯/´ £�°h¡'­h�h©J±%¥C�r©�¥%£5¡u¢�¥C¦5¡QÇ

p = 1
ÉE¯C¼@´G¯+«h¡j¶MÇ~�PÉ?½O°h¡j�

γ = ∆γ

¥C�h«
��¯�²3¡j£�½?¡�¡j�»¦5­h²�
r¡j¢j£6±%¥C�r©�¥C²�©ª¶�©�£�¤C§

ξij = 0
§
i = 1, 2, . . . , nj

§
j = 1, 2

·
��·T� ¥%¶ª¢�­�¶�¥%£5¡D£5°h¡B�+­�´B²3¡j��¯C¼M¦r£5­h«h©�¡�¦�Ç

X
ÉI¯C­�£�¯C¼M£5°h¡

m
¦5©�´æ­h¶�¥�£�¡�«<§�£�°�¥�£u�r¡$
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£5°h¡u£5¡�¦R£æÇ�� � É
·
X ∼ Bin(m, p)

§h½O°�¡��5¡
p =

£5°h¡'¦r©ªÐ�¡u¢j¯/�5�r¡�¦5®3¯C�h«h©ª��¨�£5¯
α̃
·7� ¥C¶�¢�­h¶ª¥%£�¡I£�°h¡

¦R¤ç´�´�¡j£5�5©ª¢.Ó/ÓEÕ ¥C®�®h�5¯#ü�©�´U¥�£�©J±/¡I¢�¯/�çÎ�«h¡���¢�¡'©ª�(£�¡j�r±%¥%¶LÇ{¢C·�©X·|ÉD¼{¯/�
p
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´G¥%£5©ª¯/�<·
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(0.05− δ, 0.05 + δ)
£�°h¡j�

• }+£�¯C®�£�°h¡u©J£�¡��5¥%£�©�¯/�h¦ �

�È�



• α̂ = α̃
�

ÿô¶�¦5¡u©�¼

• ��·«���æ©ª¦E©ª��¢�¶�­h«h¡�«�½O©�£5°h©ª�Q£�°h¡u¢%·�©9·=£�°h¡j�
Ö ©ª��¢��5¡�¥C¦5¡

m
Ç
m = 3m

ÉE¥%�h«¬«h¡�¢j�5¡�¥C¦5¡u£�°h¡u¦r£5¡�®³¶�¡��h¨%£�°�«_Ç
d = d/2

ÉA·
• ��·«���æ¶ª©�¡�¦ ²�¡j¶ª¯�½Í£�°�¡'¢%·�©9·=£�°h¡j�

Ö α̃ = α̃− d
·

• ��·«���æ¶ª©�¡�¦ ¯P±/¡��E£5°h¡u¢C·�©X·=£5°h¡��
Ö α̃ = α̃ + d

·
°�¯C£�¯B¦r£5¡�® � ·
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α
©ª��Ç¡�V�(ÉË£5°�¥%£@¢�¯C�5�5¡j¦5®3¯/��«h¦

£�¯�¦5©�Ð�¡	�ç·����.¥C��«º©ª¦=¦5¯'¥C¢j¢�­���¥%£5¡E£�°h¥%£ô£5°h¡E©ª�(£�¡j�r±%¥C¶
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ÝrÞCÙ9äÛèCÜ¬ð
äÛìBéçñJÞCÙläXâ�ßÀë3Ý�â�å�Ü�àCé+Ý�Üõå�â�ÝAÝ�Ü�ð�ë�â�ß3à��

äÛß+ê³Ù�â¬Ù�Ü�ð
Ù{ðUÞCÙEð
ä���Ü5ªCò"ª�¤(ò���Ú�Üºß�é+ì�ï
Ü
ÝQâ�îDð
éhï�¦#Ü�å
ÙÛð
n
Þ�ð�ã?Ü
ñÛñLÞ�ðºÙ{Ú�Ü

ï�äXâ�Ü5ö�éçäÛè�ÞCñªÜ
ß<å�Ü.ñ�äÛìBäÛÙ
∆γ

è�ÞCÝAäXÜ�ð�ò
�

∆γ

§
��·«���
∆γ

§��ç·i���
∆γ

§
��·��È�
� � ��·¨����� ��·«���V� ��· � �%Ô
�V� ��·¨� � � ��·«� � � ��· � � �
�W� ��·«�/ÓW� ��· � �W� ��·��È� �
���V� ��·«�V�W� ��·���ÔV� ��·«�/ÓCÔ
∞ ��·«��� ��·��V� ��·«���

ÌE°h¡'¶ª¥C¦r£E�5¯�½ ©���Ì�¥C²h¶ª¡£�º¡�ÊN­�¥C¶�¦¥��·��V�B²3¡j¢#¥%­h¦5¡
s∗ → 0

¥C¦
n→∞ ·

± =ih Ùc]�liA�C$q
BOV�CGB A�PIPYd6A�P0R�D�CGJ^R
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Yij1, a
′

Yij2) = (a
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′
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′
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′
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′
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εij2),
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εij1
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a′εA ∼ N(0, a′ΛAa)
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a′εB ∼ N(0, a′ΛBa)
·æÌE°N­h¦�§Ë½?¡º¢#¥%�õ´G¥CûC¡B¡
ü�¥C¢
£'¦r£�¥�£�©ª¦R£�©�¢#¥C¶�©ª��¼{¡j�5¡j�h¢�¡º¥C²3¯/­�£

a
′
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′
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′
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′
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′
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′

(ΛA −ΛB)a)/(a
′
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ÇÃ� � É

©ª�Q£�°h¡�¦�¥C´�¡.½ ¥#¤�¥%¦O«h¡j¦5¢��r©ª²3¡j«³©ª��¦5¡j¢j£�©�¯/�(�h·i�C·^�?¡�¢�¥C­h¦r¡
ΛA

¥C�h«
ΛB

¥C�r¡u¢j¯P±�¥C�5©ª¥C�h¢j¡u´G¥%£��r©ª¢j¡�¦j§
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ΛA = ΛB
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s∗(a)
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s2∗(a) =
(
a′S++a/a

′S−−a− γ∗(a)2
)
/(n− 3).
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H0 : |γ(a)| ≥ ∆γ

±/¡j�5¦5­�¦
HA : |γ(a)| < ∆γ,
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H0
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(−∆γ,∆γ)
·LÑ�¡j�5¡C§

Cγ(a) =
(
γ∗(a)− tα′(n− 3)s∗(a), γ

∗(a) + tα′(n− 3)s∗(a)
)
.
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Rγ(a) =
{
|γ∗(a)| < ∆γ − tα′(n− 3)s∗(a)

}
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H0 : max
1≤k≤q

|γ(ak)| ≥ ∆γ

±/¡j�5¦5­�¦
HA : max

1≤k≤q
|γ(ak)| < ∆γ,
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H0k : |γ(ak)| ≥ ∆γ

±/¡j�5¦5­�¦
HAk

: |γ(ak)| < ∆γ,
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⋃q
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⋂q
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γ =

q⋂
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k=1

{
|γ∗(ak)| < ∆γ − tα′(n− 3)s∗(ak)
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k
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r¡�¢
£G±�¥C�5©ª¥C²h©�¶�©J£�¤ �

γ(a1) = ∆γ
� ¥C��«

γ(ak) = δl
½O°h¡j�5¡

δl → 0
¥C¦
l →∞ ¼{¯C�

k 6= 1
·"¸��r¯/´ £�°h¡u�5¡�¦r­h¶�£5¦6©��¬¦r¡�¢
£�©ª¯C�

�h·��u½"¡'°�¥#±/¡u£5°�¥%£

lim
l→∞

Pθl(Y ∈ R1) = α.

¸�¯/�
k 6= 1

½?¡'°h¥�±/¡�£�°�¥%£
γ∗(ak)→ 0

½O©J£�°�®h�5¯/²h¥C²h©�¶ª©J£�¤
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¥C¦
l →∞ ·LÌE°h©�¦O©ª´�®h¶�©�¡j¦?£�°�¥%£

lim
l→∞

Pθl(Y ∈ Rk) = 1,

½O°h©�¢A°¬¢j¯/´G®�¶ª¡
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þI¼L¢�¯/­��5¦5¡%§<£�°h¡D�+­h´æ²3¡��I¯C¼ô±/¡j¢j£5¯/�5¦
q
°�¥C¦�£�¯Q²3¡æ¶�¡�¦r¦I£�°�¡��Â¯/�I¡jÊN­�¥C¶�£5¯U£�°h¡D�+­h´æ²3¡��I¯C¼L¢�°�¥%��¥C¢#�

£�¡j�5©�¦r£�©�¢�¦
p
·

â & �	�����!�� P
Y�������� 5' %^�	���'%&��
 �����Ç �� �  *A����� � �	�� �� �� ¬� "
�
%&�Uã
��*������(�*)

	Ö¡��h¯�½Í¢�¯/´æ²h©��h¡�£�°h¡��r¡�¦r­h¶�£5¦ ¼{�5¯C´ ¦r¡�¢j£5©ª¯/��¦	�B¥C�h«(��·ôÌE°+­�¦�§h½?¡.£5¡�¦r£E¼{¯C� ²h©�¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡I½O°h¡��
£�°�¡'²�©ª¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡u�r¡�¨/©�¯/��¢j¯/�N£�¥C©ª��¦O�r¡�¦R£��5©�¢j£�©�¯/�h¦E¯C�¬²3¯C£�°¬´�¡�¥C�h¦6¥C��«�±%¥C�r©�¥C�h¢j¡�¦j·M¸@©ª�r¦r£ ½?¡'­h¦r¡
¥C�À©ª�(£�¡��r¦5¡j¢j£�©�¯/�ê�2­h�h©ª¯C�_£�¡j¦r£B£�¯¿£�¡j¦r£B¼{¯/�D²h©ª¯+¡jÊ+­�©�±%¥%¶ª¡���¢�¡U¼{¯/�B¥¿¨/¡j�h¡��5¥C¶ ²�©ª¯+¡�ÊN­h©J±%¥C¶�¡��h¢j¡Q�5¡�¨C©ª¯/�<·
ÌE°h¡j�×½?¡ø¦5°h¯�½ °h¯�½¾£�¯ ¢�¯/�(£��r¯/¶I£�°h¡Â¦5©ªÐj¡ø¯C¼'£5°h©ª¦Q£5¡�¦r£¬©��Ã£�°�¡ø¦5®3¡j¢�©ª¥C¶�¢�¥C¦5¡Â½O°h¡��Å£�°h¡ø¦5¥C´G¡
¯/�R£�°h¯/¨C¯/��¥C¶<�5¡j¦r£��r©ª¢
£�©ª¯C�h¦O¥C�5¡�´U¥%«h¡.¼{¯/�E²3¯C£5°¬´G¡�¥C�h¦6¥%�h«�±%¥C�r©�¥C²�©ª¶�©�£�¤C·

ä6=?> åÀP0R�PWV�B^lmA�P0DEA

ÌE°h¡u¼{¯C¶ª¶�¯�½O©��h¨æ£5¡�¦R£�©��h¢�¶�­h«h¡�¦E�5¡j¦r£��r©ª¢
£�©ª¯C�h¦E¯/�¬²3¯C£5°¬´�¡#¥C�h¦O¥C�h«�±%¥%�5©ª¥C²h¶ª©J£�¤C·

H0 : max
1≤k≤q

|a′kτ | ≥ ∆
¥%�h«{�%¯C�

max
1≤k′≤q′

|γ(bk′)| ≥ ∆γ

±/¡j�5¦r­h¦ Ç"�/Ô(É
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1≤k≤q

|a′kτ | ≤ ∆
¥C�h«
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{
|a′kτ | ≥ ∆

}
∪
{
|γ(ak)| ≥ ∆γ

} ±+¦
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:
{
|a′kτ | ≤ ∆

}
∩
{
|γ(ak)| ≤ ∆γ

}
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T (∆γ) = (γ∗(ak) −
∆γ)/s∗(ak)
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Pθ(Y ∈ RI
k) = Pθ(Y ∈ Rk)Pθ(Y ∈ Rγ(a)).
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