The Grothendieck construction and
models for dependent types

Erik Palmgren
Notes, March 8, 2013; minor editing May 28, 2016

We show here that presheaves and the Grothendieck construction gives a natural
model for dependent types, in the form of a contextual category. This is a variant of Hof-
mann’s presheaf models. The difference is briefly that in Hofmann’s models the category
of contexts is the presheaf category PSh(C), whereas in the model here presented, the
context objects are iterated Grothendieck constructions [(--- [([(C, ), P2),..., P,)
and the context morphisms are functors with some restriction. !

1 Iterated Grothendieck constructions

Let C be a small category. Let P be a presheaf on C. The category of elements of P,
denoted
X(C, P),

consists of objects (a,z) where a is an object in C and z is an element of P(a). A
morphism « : (a,x) — (b,y) is a C-morphism « : a —b, such that P(a)(y) = z.
¥(C, P) is the well-known Grothendieck construction [3] and is usually denoted

/P or perhaps /(C,P).
C

This category is again small. There is a projection functor 7p = 7 : (C, P) —C
defined by 7(a,z) = a and 7(«) = a, for a : (a,z) — (b, y).
It is well-known that the Grothendieck construction gives the following equivalence

PSh(C)/P ~ PSh(3(C, P)).

'Henrik Forssell observed after seeing the first version of these notes (dated February 28, 2013) that
these restrictions amount to imposing a fibration condition, so that new iterated presheaf category is
actually equivalent to the standard presheaf category. See Section 3.



Thus objects @ over P can be regarded as presheaves over X(C, P). This suggests a
relation to semantics of dependent types [2]. One can iterate the Grothendieck con-
struction as follows. Write

(C)=cC

(C,P,Py,...,P,) =X(X%(C, P, P, ..., P,1), P).
Here Py.; € PSh(X(C, Py, ..., P)) for each k =0,...,n — 1. Note that
7Tpk+1 . Z(Z(C,Pl,PQ,...,Pk),Pk+1)4>E(C,P1,P27‘..,Pk).
Using these projections, define the iterated first projection functor

P, :def’irplo’/TPQO"'Oan2E(C,P1,P2,...,Pn)4>c.

-----

We explicate these constructions to see the connection to contexts of type theory.
The objects of the category 3(C, Py, P, ..., P,) have the form (--- ((a,z1),x2),...,2y,)
but we shall write them as (a,z,...,2,). Thus a € C, 21 € Pi(a), xo € Py(a,z1),
x3 € P3(a,z1,x9), ..., T € Pyla,xq, ..., 2, 1).

Proposition 1.1. A morphism
a:(a,z1,...,x,) —= (b,y1, ..., Yn)

in X(C, P, Py, ..., P,) is given by a morphism o : a—="b in C such that

Pi(a)(y) =z, Po(a)(y2) = @2, Pa(@)(yn) = Tn.

Proof. Induction on n. For n = 0, this is trivial, since the condition is void. Suppose
it holds for n. A morphism « : (a,z1,...,2,11) —= (b,y1,. .., Yny1) is by definition a
morphism « : (a,xy,...,2,) — (b,y1,...,ys) such that P, 1(a)(yps1) = Tpe1. By the
induction hypothesis « is a morphism a — b such that

Pi(a)(y1) = 21, Pa(a)(y2) = 29, ..., Pul@)(yn) = T
Hence also
P1(Oé)(y1) = T, PQ(a)(y2) =2, Pn<04)(yn) = Tn, Pn-i—l(yn-i-l) = Tp+1

as required. 0



2 A category with attributes

Let C be a small category. We first define the category of contexts. Define a category
MPSh(C) = M to have as objects finite sequences P = [Py,..., P,], n > 0, such that
Py € PSh(X(C, Py,..., P)) for each k =0,...,n — 1. (In commutative diagrams we
omit the rectangular brackets for typographical reasons.) We write %(C, P), or %(P)
when C is clear from the situation, for ¥(C, P,,..., P,). Define the set of morphisms

Homy, (P, Q) as a subset of the functors from %(P) to X(Q), as follows:
Hom(P,Q) = {f € D@ : myo f = np}. (1)

Notice that since 7%(@ = 3 and 75(a) = « for all arrows 8 in %(Q), and « in ¥(P),

it holds for f € Homy (P, Q),

fla) =a.
To see that M is category we need only to check that it has all identity morphisms and
is closed under composition. If f € Homy,(P, Q) and g € Homy,(Q, R), then

* Lk %
ﬂﬁogof_ﬂaof_ﬂ'ﬁ.
Thus closure under composition is clear. Further,

*

P

*

) 1d2(ﬁ) == 7TP

s0 idy,p) € Homy (P, P). Note that Hom(P,[]) consists only of the functor 7% since
if f € Homy,(P,[]), then mjo f = 7. But 7 is the identity functor on C, so f = 7%. It
seems reasonable to call MPSh(C) the multivariable presheaves over C.  We conclude

from this

Theorem 2.1. MPSh(C) is a category with terminal object [], whenever C is a small
category. [

The objects form a tree structure via the immediate extension relation: P<qQif
and only if @) = [P, S] for some S € PSh(P).
The following is immediate in view of the definition (1):

Lemma 2.2. Let M = MPSh(C). The hom-set Hom (P, [Qy, .. . , Qm1]) consists of
those functors f : X(P)—=X(Q1, . .., Q@m+1) such thatmg, . of € Hompy (P, [Q1,...,Qm]).
[

The restriction in the hom-sets of MPSh(C) yields the following characterization.
Lemma 2.3. For P, € PSh(C) there is a bijection

Homypsn(c)([P], [Q]) = Hompsn(c) (P, Q).



Proof. For f € Homwpsn(c)([P], [@]) we have by the restriction mj, o f = 7}, that

fla,x) = (a, fa(z)) and f(a) = . Thus if z € P(a), then (a,z) € %(C, P), so
fa(z) € Q(a). This gives a family of maps f, : P(a) — Q(a), a € C. We check that
they form a natural transformation 7 : P—=@Q. Suppose y € P(b) and « : a—=b. Then

(a, P(a)(y)) € ¥(C, P) and a : (a, P(a)(y))—=(b,y), so f(a) : f(a, P(a)(y))—=f(by).

This means R
a: (a, fa(P(@)(y)) — (b, fu(y)).
(a

Hence Q()(fo(y)) = fu(P()(y)), which verifies the naturally condition. Write f for
the natural transformation constructed from f.
Conversely, suppose that 7 : P— () is a natural transformation. Define a functor

f:2(C, P)—X%(C,Q) by

fla,x) = (a,7a(x))  fla) =«

Note that if + € P(a), then 7,(x) € Q(a), so it is well-defined on objects. If « :
(a, x)—=(b,y) then P(a)(y) = x. Now we need to check that f(a) = a : (a, 7.(z))—=(b, 7(y)),
i.e. that Q(a)(m(y)) = Ta(z). Inserting x = P(«)(y), this is

Q) (1:(y)) = 1a(P(a)(y))

which is exactly the naturality of 7. So f is well-defined on arrows as well. The
functoriality of f is clear. Write [7] = f for the morphism so constructed from 7.
Now for g € Homypsn(c)([P], [@)),

9](a, 2) = (a, Ja(x)) = g(a, )

and [g](o) = a = g(a). Thus [g] = g. Further for 0 € Hompgnc)(P, @), we wish to
— r (a,x) € X(P), we have by definition

lo](a, 2) = (a, 04(2)),

and further by definition

Thus
o] =0

and this shows that the operations are mutual inverses. O]

The following may be considered as a secondary Yoneda embedding.

Theorem 2.4. || : PSh(C) — MPSh(C) s a full and faithful functor.



Proof. In view of Lemma 2.3 we need only to check that the operation [-] is functorial.
Consider identity natural transformation ¢ : P —= P given by (¢, = idp(,). We have

[(a,2) = (a,ta(x)) = (a,2)  []() = a,

so clearly (¢) is the identity [P] —=[P]. Suppose that 0 : P—Q and 7 : ) — R are
natural transformations. We have for objects (a, z) in X(P):

[7-ol(a,2) = (a, (7 - 0)a(®)) = (@, Ta(0a(2)))

and on the other hand we get the same result evaluating

([r]e[ol)(a, 2) = [7]([o](a, x)) = [7](a, 0a()) = (@, Ta(0a(®))).

For a morphism « : (a,z) — (b, y) in X(P), we have by definition

[ ol(@) = a = [r](a) = [7](([o])()) = ([7] o [o])().
This means that [-] is functorial. O
Composing the Yoneda embedding with the secondary embedding we get:
Corollary 2.5. [[|oy : C—=MPSh(C) is a full and faithful functor. [

Theorem 2.6. Let P =[P,..., P and Q =[Q1,...,Qm] be objects of MPSh(C). An
MPSh(C)-morphism f : P—=Q is given by m components fi,..., fm, which are such
that for objects (a,T) of X(P):

f<a7f):(aafl(a7f)v'-'vfm(aaf)) (2)

and

fl(aaf) S Ql(a)a fQ(aﬁf) S QQ(CL, fl(aﬂf))7 R f’m(avf) S Qm(av fl(avf% R fm—l(aﬁf))

(3)
Moreover for each morphism o : (a,Z) — (b,7) in X(P), the following naturality
equations hold

Qu(@)(1(b,7)) = fila, P(@) (), -, Paa)(yn))

Qm(a><fm<bvy)) = fm(a>P1(O‘)<yl)7'"apn(a)<yn))

Proof. Induction on m. For m = 0, we have f = 7} since ] is the terminal object.
Now 7%5(a,7) = a and m5(a) = . Since for m = 0 there are no side conditions or



naturality equations, we are done. Suppose that the characterization holds for m. Let
f:P—[Q1,...,Qmys1] be a MPSh(C)-morphism. Write

f(a’f) = (aa fl(avj% ceey fm-i-l(a?f))'

By the definition of the domain, (3) is satisfied for m 4+ 1. According to Lemma 2.2 we
have that 7, ., o f : P—=[Q1,..., Q] so applying the inductive hypothesis to this we
get the naturality equations for @)1, ..., Q,,. It remains to prove the naturally equation
for (Qn+1. We have by definition

f(a>f) = ((WQm-H © f)(CL?E)a fTTH*l(a?f))
f0.7) = (@i © F).Y), frn1(0,7))

and for a morphism « : (a,7) —= (b,y), we have in X(3(C,Q1,...,Qm), Qmyi1) the
morphism

f(a) = Q! ((WQm+1 © f)(CL?E)a fm-‘rl(aaf)) - ((WQm+1 o f)(bay)a fm-l—l(bvy))'
This implies Qi1 (@)(frnt1(b, 7)) = fins1(a,T). Since
T = Pl(O‘)(yl)v cee ’Pn(a)(yn)7

we are done.
Conversely, suppose that fi,..., fny1 are satisfying (3) and the naturally equations
for m + 1. Thus these conditions are also satisfied for fi,..., f,,. Define

9(a,T) = (a, f1(a,T), ..., fm(a,T)).
By the inductive hypothesis g : P —=[Q1, ..., Q,,] is a morphism. Let
f(a,7) = (9(a,7), fnt1(a,7))  fla) =«
Note that 7q,,,, o f = g, so we need only to check that f is a functor
Y(C,P,...,P)—23(C, Q1. ,Qm), Q1)

We have f(a,7) = (9(a,T), fnr1(a,T)) and g(a,T) € X(C,Q1,...,Qmn)) so objects are
sent to objects. Now since f(a) = « the functoriality is automatic, and we need only
to check that a morphism « : (a,T) — (b,7) also forms a morphism

Qo (g(a,f)a fm—&-l(aaf)) - (g<b>y)v fm-i—l(b:y))

Assume « : (a,7) — (b,7). We have o : a —=b and

T = (P(@) (W), -, Pal@)(yn)- (4)



By the induction hypothesis « : g(a,Z) — ¢(b,7) is a morphism. Thus it is enough to
show Qui1(fins1(0,79)) = fmr1(a,T)). But by the assumption and using (4) we get

Q1 () (fmr1(0,9) = faor(a, Pr(a)(n), ..., Pala)(yn))
- fm—&-l(avf)'
This concludes the proof. O

Remark 2.7. Note that for m = n = 1 the naturality equations become just the
usual condition that f; is a natural transformation. It may be reasonable to call the
conditions in the general case multinaturality.

Example 2.8. For R € PSh(X(C, P)), the projection functor 7g is morphism [P, R]—=P
in MPSh(C).

Example 2.9. (Sections.) Let @ gPSh(E(C,ﬁ)), where P = [Py,..., P,]. Consider
a MPSh(C)-morphism s : P — [P, Q] which is a section of mg, that is, it satisfies
7o 0 s = idp. By Theorem 2.6 it follows that s is specified by s’ such that

s(a,T) = (a, 7, s'(a,T)),
where s'(a,7) € Q(a,7) and (a,7) € X(C, P), and for a : (a,Z) — (b,7),
Q(a)(s'(b, 7)) = 5'(a, Pi() (1), - -, Pula)(yn))-
For n = 0, this is
Qa)(s'(b)) = 5'(a).
For any object P of MPSh(C) define the presheaf £*(P) on C by letting
Y*(P)(a) = {(z1,...,2n) : 21 € Pi(a),...,7, € Py(a,21,...,7,)},
and for « : b— a, assigning
S (P)a)((@1,- - 2a)) = (Pr(@)(@1), .., Pala) ().
The following will give the types in a context P. Define for each P € MPSh(C),
T(P) = PSh(X(C, P)).
For a morphism f : Q — P, and S € T(P), let
T(f)(S)=SofeT@Q)

Thus T is a contravariant functor. We write S{f} for So f.
For () € T define its set of elements as the sections of ¢

E(P,Q)={s: P—=[P,Q] : mg o s = idp}

These data give rise to a category with attributes.

7



Theorem 2.10. Let M = MPSh(C) for a small category C. For S € T(P) and
f:Q—=P, the functor qs,;y = q : [Q, S o f|—[P,S] defined by
q(a, T, u) = (f(a,T), u) and  q(a) = f(e) (o:(a,7,u)—(b,7,v))

makes the following into a pullback square in M :

gas,f

Q,Sof P,S
" )
Q ; P
Further, if f = idyp) : P—=P, then
Gsidyp = idyp.g)- (6)

Suppose g : A—=Q, where

A, Sofog—L1.Q Sof

TSofog TSof (7)
A 7 Q
15 a pullback. Then
dSof,g © 4s,f = 4S,fog (8)

where the associated pullback to qs foq 15

A,Sofog——""~P5
TSofog TS (9)
A = P

Proof. For o : (a,7,u) — (b,7,v) in [Q, S o f] we have a : (a,T) — (b,7) , and since
f is a morphism, this gives

f(a) = f(a>f)4>f<b7y)

Moreover (S o f)(a)(v) = u. Hence
Q<a) = (f(aai)ﬂj) H(f(bay%u)

8



Since ¢(a) = «, ¢ is clearly a functor. It remains to verify the final condition for ¢
being a morphism, this amounts to checking

*

T(p.s]

*

© 4= Tg s0f]

*

. . -
l.e. T 0Mg 0 =m0 Msof. We have

*

(w5075 0 0)(a,T) = T(ms(a(a, 7)) = w5(F(a, 7)) = 75(a, ),
where the last step uses that f is a morphism. Moreover

*

(mp o ms 0 q)(a) = mp(7s(@)) = a = m5H().

It is clear that (5) commutes. Suppose that h : R—=Q and k : R — [P, S] are
morphisms such that foh = mgo k. Define t : R—[Q, S o f] by on objects (a,T)
letting

t(a,T) = (h(a,T), ka(a,T)),
where k(a,T) = (ki(a,T), k2(a,T)). We have ky(a,T) € S(ki(a,Z)). Now f(h(a,Z)) =
ns(k(a,Z)) = ki(a,T), so ky(a,T) € (S o f)(h(a,T)). Thus t(a,T) is well-defined on

objects. For an arrow « : (a,Z) — (b, 7), we define (as usual)
t(a) = a.
Need to check that « : t(a,7) —t(b,7), i.e. that
W) = a2 h(a,T) —h(b,7) and ((S o f)(h(a)))(k2(,7)) = k2(a, 7). (10)

The first statement of (10) follows since h is a functor. As k is a morphism we have

S(k1(a))(k2(b,7)) = ka(a, T), but

(S0 f)(h(a))(k2(b,7)) = S( )
= S(ms(k(@))) (k2
= S(

= k’g(a,f).

That ¢ is functorial is trivial since ¢(a) = «. Next we check that ¢t is a morphism

R—=[Q, S o f], and for this it remains to verify that 7% 5oy 01 = 7% This amounts to

checking 7% 0 Tgof 0t = T Now

(75 © Tsop 0 t)(a,T) = m55(h(a, T)) = T5(a, T)



where using in the last step, the fact that h is a morphism. Moreover, for C-morphisms
«

*

(WQ o msop o t)(a) = e}

The last step used that A is a morphism. Further
qs,s(t(a, 7)) = (f(h(a, 7)), k2(a, 7)) = (k1(a, ), ka2(a, 7)) = k(a,Z)  msor(t(a,T)) = h(a,T).
and

gss(t(@) = f(t(a)) = f(h(e)) = k() = k(o) msor(t(a)) = mgop(h(a)) = h(a).

Thus t is a mediating morphism for the diagram. We check that it is unique: suppose
that t' : R—=[Q, S o f] is such that

gs.4('(a,7)) = k(a,T)  msor(t'(a,T)) = h(a, T)

and

—_

gs.f(t'(@)) = k(@) 7sop(t'(a)) = h(e). (1
Writing t'(a,Z) = (t)(a,7),ty(a,T)) we see that ¢ ((t'(a,T)) = (f(t)(a,)),t5(a,T)
k(a,7) = (ki(a,T), k2(a, 7)), and mgof(t'(a,7)) = ti(a,T) = h(a,T). Hence t'(a,T
t(a,7). From (11) we get g(¢'(«)) = k() and t'(«) = h(«). Thus also t'(a) = t(«).

)
) =
) =

O

Suppose that a pullback square as in (5) is given. For an element ¢ € E(P,S) we
have mgoto f = foidg. Let t{f}: Q—=IQ,S o f] be the unique map such that

TSof © t{f} = lda and gs,f © t{f} =to f
Then t{f} € E(Q, S{f}), which is the element obtained from ¢ by carrying out the
substitution f. What does this look like in its components? Suppose ) = [Q1, ..., Qx]
and P = [Py,..., P,]. Write
fla,@) = (a, fi(a,T),..., fm(a,T)).
Moreover write
t(a,7) = (a,7,t(a,9)).
By Theorem 2.10 above
t{f}<a’ f) = (a7 f? t,<a’ fl(a/’f)7 A 7fm(a7 j)))'

Question: What are the categorical closure conditions of MPSh(C) in analogy to
the closure conditions of PSh(C) (which is a topos)?

10



3 Equivalence with standard presheaves

It was noted by Henrik Forssell that the functor [] : PSh(C) — MPSh(C) is actually
an equivalence of categories. Its inverse can be constructed explicitly.
For a morphism f : P— (@ in MPSh(C) define a natural transformation

S(f) : 2(P)—X"(Q)
by letting
S (Hal(xr, ) = (fila,z1, o osmn), ooy fn(ay 21,00 ).
Here f1,..., f,, are as in Theorem 2.6.
Lemma 3.1. ¥* : MPSh(C) — PSh(C) is a functor.

Proof. 1t is clear that X* sends objects to objects. We check that it is also well-defined
on arrows by verifying that ¥*(f) is a natural transformation for f : P —= Q. Let
a:b—>aand T € X*(P)(a). Then by definition and since « : (b, P(a)(T)) — (a,7)
we get by Theorem 2.6

Q@) (Na@) = (Qula)(fr

1 (
= (A®P@)D), .., fnlb. P@)))
= = (Mu(Pla)(®)
= S (U (P) ()@

as required.
If f is the identity, then fi(a,T) = x;, and hence X*(f).(T) = 7.
Suppose that f: P— (@ and g : ) — R are morphisms and write

f(a,T) = (a, fi(a, @), ..., fu(a,T))
and
9(a,y) = (a,91(a,7), ..., fu(a,T))
Then
59)a(E7(N)a(®@) = X(9)al(fi(a,T),. .., fm(a,T))
= (g1(a, fi(a,T), ..., fm(a,T)), ..., gk(a, fi(a,T),..., fm(a,T)))

But we have

(go f)la,7) = g(f(a,7))



Hence
2(9)a(E(f)a(T)) = E*(g 0 f)a(@))

as was to be proved. O

Theorem 3.2. The functors [| : PSh(C) — MPSh(C) and ¥* : MPSh(C) — PSh(C)

form an equivalence of categories witnessed by the natural isomorphisms

[ 2*([—]) 4>IdPSh((C) and n: [E*(—)] %IdMPSh(C)

where
(ep)a((2)) ==
and
ng: 2(C,X2(P,...,R,))—%(C,P,...,P,)
is giwen by np(a, (x1,...,2,)) = (a, T1,...,2y).

Proof. Clearly (ep), : ¥*([P])(a) — P(a) is a bijection. For o : b—a,

P(a)((ep)a((x))) = Pa)(x) = (ep)s((P(@)(2))) = (ep)o(X*([P])(a)((x)))-

Thus ep : ¥*([P]) — P is a natural isomorphism, so an iso in PSh(C). We check that
¢ is natural in P. Let 7 : P— (@ be a natural transformation. We need to verify

T-ep=eq - X([7)),

ie. 7a((ep)a((7))) = (6@)a((E7([7]))a(())). Now

On the other hand

(€)a((E"([T]))a((2))) = (£@)a((7a())) = Ta(2).

Hence € is a natural transformation.

We verify that 7 is an natural isomorphism. First check that 1% is a morphism
[(X*(Py, ..., Py)]—[P,..., P,]in MPSh(C) by verifying the multinaturality of Theorem
2.6: Let a: (b, (y)) — (a, (Z)). We should have

P(e)(fi(b, (7)) = fila,5°(Pr, ... Ba)(a)((7)))

Bu(a)(fm (b, (7)) = fula, X(P1,..., P)(@)((T)))
where fi(a, (T)) = x. But 2*(Py,..., P,)()((Z)) = (Pi(a)(z1), ..., P.(a)(z,)) so this

is clear. We claim that g(a, z1,...,2,) = (a, (x1,...,2,)) defines an inverse morphism

12



to np. It is clearly an inverse, so it remains to verify it is a morphism. Let o :
(b,7) — (a,T). We need to verify

X(P - B)(@)(f(a,T) = f(b, Pi(a)(2), . .. Pu(a)(2n)) (12)
where f(Z) = (). But (12) is
2P P)()(7) = (@) (1), - Bal@) () (13)

which follows by definition. Thus each np is an isomorphism. We check that 75 is
natural in P. Suppose that f: P— (@) is a morphism. We need to verify that

fonp=ngo[Z(f)]
Write
fla,T) = (a, fi(a,T),. .., fm(a,T))
We have
fnp(a, () = fla,T) = (a, fi(a,T),. .., fm(a,T))
and on the other hand

ng((X*(Nl(a, (7)) = ngla, T (f)a((7)))) = ngla; (f1(a,7), ..., fm(a,T))) = (a, f1(a,T), ...

Thus we are done. O

4 [l-construction

Let C be any small category and let R = [Ry, ..., R,] € MPSh(C). Let P € PSh(3(R))
and Q € PSh(X(R,P)). We define a presheaf TI(P,Q) over X(R) as follows. For

(a,7) € 2(R), let

N(P,Q)(a.7) = {hebeC)ILf: b a)llve PL,R()(E)QM,R(f)(@).v) |

Vb€ C,Vf:b— a, Vv € P(b,R(f)(T)),
Vee C,V3:c— b,

Q(B)(h(b, f,v)) = (e, f o B, P(B)(v)) }

We have written R(f)(Z) for Ri(f)(x1),..., Ru(f)(z,). For a : (a/,7) — (a,T) and
h € II(P,Q)(a,T) define II(P, Q)(a)(h) = K’ by

h'(b, f,v) = h(b,ao f,v), (14)

13

 fm(a,T)).



forb € C,f:b—a,ve P R(f)(T)). It is straightforward to verify that II(P, Q) is
a presheaf over C. B
Let s € E([R, P],Q). Thus there is s’ such that for all (b,@,v) € (R, P),

where §'(b,w,v) € Q(b,w,v) and further for all « : (a,Z,y) — (b,u, v)

Q(a)(s'(b,u,v)) = 5'(a, R(a)(w), P(a)(v)). (15)

Define
5(a, ) =X € CAf:b—a.lv € P(b,ﬁ(f)(i)).s’(b,E(f)(f),v).

We check that 3(a,7) € II(P,Q)(a,Z): Forb€ C, f:b— a, v € P(b, R(f)(T)) we need
to verify that for any 5 : c—b,

Q) (3(a, T)(b, f,v)) = 8(a, T)(c, f o B, P(B)(v)).

Indeed, using (18), the following calculation proves this.

Q(B)(3(a, )b, frv)) = Q

Next, define

We wish to verify that Apg(s) € E(R,II(P,Q)).
a: (d,7@)—(a,T),

Apg(s)(a, @) = (a,7,5(a,T)).
)

(P, Q)(@)(3(a, 7)) = 3(d’, R()(@)). (16)
Evaluate the left hand side at b€ C, f : b — d/,v € P(b, R(f)(7')),
(P, Q)(@)(3(a,7))(b, f,v) = 3(a,T)(b 0 f.0v)
= s'(b,E(a oi‘)(f),v)
= S0, R(f)(R(e)(T)), v)

This verifies (16). B
For f € E(R,II(P,Q)) and t € E(R, P) we write

f(a,7) = (a,7, f'(a,T)) t(a,T) = (a,7,t'(a,T)).
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Thus f'(a,7) € II(P,Q)(a,Z) and t'(a,T) € P(a,T). It holds that
f'(a,T)(a,14,t(a,T)) € Q(a, T, t'(a,T)) = (Q o t)(a,T).
Define
Apppo(fit)(a,T) = (a, T, f'(a,T)(a, 1a,t'(a, T))).
We wish to prove that B
AppP,Q(f? t) < E(Ra Q © t)
By the form of the definition it suffices to check the naturality condition: for « :
(CL?f) - (bv g)?

(Q o t)(a)(f'(0.7)(b, 1, (b, 7)) = f'(a, R(@)(@))(a, 1o, t'(a, R(c)(7))).

We use the naturality conditions for f, ¢ and naturality of elements in II(P, Q)(b,7) to
verify this:

(Qot)(a)(f'(b.7) (b, 1, 1'(b,7))) = Q

The A-computation rule is verified as follows
AppP,Q()‘P,Q(‘g)? t) (a7f) = (@Ea §(CL,E)(CL, 1a> t,<aa E)))
(a,7,5'(a, 7, ¥ (a,7)))

= s{t}(a, 7).

Thus Apppg(Apg(s),t) = s{t}.
It remains to check that all constructs commute with substitutions. Fix a morphism
f:S—=R, where S =[S,...,S] and R = [Ry,..., R,]. Then write

fld,w) = (d, f1(d,w),...,, fuld,W)).

The components satisfy the naturality conditions: for each morphism « : (e, z)—(d, )

in X(S), the following equations hold

Ry(e)(fild,w)) = file, S(a)(w))

By () (fuld,w)) = fule, S(e)(w))



). We need to check that

[I-substitution: P € PSh(X(R)) and Q € PSh(X(R, P)
,w) € %(S). We have

I(P,Q){f} =TI(P{f},Q{gprs}) as presheaves. Let (d
I(P,Q){f}(d,w) = {h € (Ilb € C)(Ig : b — d)(Ilv € P(b, R(g)(f1(d, W), ...,, fu(d,W)))

Q(b, R(g)(fi(d,w),. ..., fuld,W)),v)
Vb e C,Vg:b— d,Yv e P(b, ( V(fi(d, @), ..., fo(d,W))),
Vee C,V3:c—b,

Q(B)(h(b,g,v)) = he,g 0 B, P(B)(v)) }

By the naturality condition

R(g)(fi(d, @), ..., fuld,w)) = (f1(b, S(9)(®@)), . .., fu(b, S(g)(W))). (17)
Thus

P(bvﬁ(g><f1(de)v MR fn(dvm»

P, (f1(b,S(9)®)), -, fu(b, S(g)(@))))
P(f(b,5(g)(w)))
(P{fH(b, S(9)(®))

and moreover

Q(b, R(g)(f1(d, @), ..., fu(d, W)),v) Q(b, f1(b, S(g)(@)),..., fulb, S(9)(W)), v)
Q(f (b, S(g)(®)), v)
(w

(@{ar.s})(S(9) (@), v)

We have thereby

(P, Q{f}dw) = {h € (b € C)(Ilg : b — d)(ITv € (P{f})(b, S(g)(w)))

(Q{ars})(S(9)(@),v) |
Vb e C,Yg:b— d,Yv e (P{f})(b,S(g9)(w)),
Vee C,V3 :c— b,

Q(B)(h(b, g,v)) = hle,g o B, P(B)(v)) }
But Q(8) = Qlars(8)) and P(3) = P(£(8)), s0
(P, Q{fHd, W) = I(P{f}, Qlar}) (D).
Suppose « : (e,z) — (d,w) in B(9),
(P, QUFH) ()b, £,0) = TP, Q)(F(@) ()b, £.v) = (P, Q)(@) ()b, f,v) = (b,acf.v)
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and on the other hand
I(P{f} Q{ars ) () (R)(b, f,v) = (b,ao f,v).
Hence II(P,Q){f} = I(P{f}, Q_{qu}).

A-substitution: Let s € E([R, P],Q). Thus there is s’ such that for all (b,u,v) €

(R, P),
s(b,w,v) = (b,u,v, s (b,u,v))

where §'(b,w,v) € Q(b,w,v) and further for all « : (a,7,y) — (b,u, v)

We have
5(a,T) = Ab € CAf :b— a.\v € P(b,R(f)(%)).s'(b, R(f)(ZT),v).
and
Aro(s)(a.T) = (a,7,5(a, 7).
Further,

Apq(s){fH(d,w) = (d,w, 3(d, fi(a,W),..., fm(d,W)))
Now s{qps} € E([S, P{f}],Q{ars}), and so

Ap(s1.ofarst (s{ars}) € E(S,IL(P{f}, Q{ars}))-

and -
Ar(sy.@iar sy (s{ap s H(d, ) = (d,w, s{qp s }Hd, W)
We have
qr.s(d,w,v) = (f(d,w),v) = (d, fi(d, W), .., fu(d,W),0).

By construction of substitution on terms

s{qps}(d, w,v) = (d,w,v, s (d, f1(d,W),..., fm(d,W),v))
Thus
s@}(d, W) =Ab € CAg:b—d e P{f}0b,S(g)w)).s b, f1(b,S(g)w))

We compare

and
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§<d7 f1<a7w>7 ] fm(de))(bagav) = 3/<b7§<g)(f1(avw)v ce 7an<d7w))7U)

By the condition (17) we see that the two expressions are equal.
App-substitution: For g € E(R,II(P,Q)) and t € E(R, P) we write
9(a,7) = (a,7,¢'(a,T))  t(a,T) = (a,7,t(a,T)).
Thus ¢'(a,) € II(P,Q)(a,T) and t'(a,T) € P(a,T). It holds that
d'(a,7)(a,1,,t(a,T)) € Qa,7,t(a,T)) = (Q o t)(a,T).
We have by definition
APPrg(e, (@) = (0,7, ¢'(a,7) (0, Lo, (a,7))).

We shall prove
APPP,Q(% O{f} = APPP{f},Q{qP,f}@{f}a t{f})

On the one hand
APPP,Q(Q’ t){f}(d, w)
= (d,w,qd'(d, fi(a,w),..., fm(d,@))(d, 14, (d, f1(a,@),..., fm(d,W)))).
We have further
g{fHd, w) = (d,w, g'(d, fi(a,W),. .. fm(d, W)))

and

t{f}(d,@) = (d7w7 t/(d7 fl(avw)v s 7fm(d7w)))
Now on the other hand
ApPp(t.0iany (911 D) (d, W)
= (d,@, g/(d’ fl(a7m)7 ey fm(d7m))(d7 1d7t/(d7 fl(a’aw)v cee ’fm(d7w))))

which is indeed the same.

5 Y-construction

Let C be any small category and let R = [Ry, ..., R,] € MPSh(C). Let P € PSh(3(R))
and Q € PSh(X(R, P)). We define a presheaf ¥ (P,Q) over ¥(R) as follows. For
(a,7) € B(R), let
Y(P,Q)(a,Z) = {(u,v) : u € P(a,T),v € Q(a,T,u)}.
For o : (a/, @) — (a,7) and h € 3(P,Q)(a,T) define
2(P,Q)(a)(u,v) = (P(a)(u), Q(a)(v)).

It is straightforward to verify that $(P, Q) is a presheaf over C.

18



6 Explication of the constructions over some cate-
gories

Suppose that C is the category 0 — 2 < 1, where all other arrows are identities.
Let R = [Ry,...,R,] € MPSh(C). Let P € PSh(X(R)) and Q € PSh(X(R, P)). Now
the definition of II(P, Q) simples for a = 0, 1, since there are only identity arrows into
a, the naturality condition becomes void, so we have:

(P, Q)(a,T) (b € C)(I1f : b — a)(Tlv € P(b, R(f)())Q(b, R(f)(7),v)
(Ilv € P(b,7)Q(b, T, v)

11l

For a = 2, the naturality condition has a few nontrivial cases:

I(P,Q)(27) = {h € (Ib € C)(T1f : b — 2)(Ilv € P(b, R(f)(@)Q(b, R(f) (@), v) |

Vb e C,Vf:b— 2,V € Pb,R(f)@)),
VYee C,V3:c— b,

Q(B)(h(b, f,v)) = hic, f o B, P(B)(v)) }

Writing out the cases explicitly we get

Ip,Q)(2,7) = {h € (IIb € C)(I1f : b — 2)(Ilv € P(b, R(f)(@)Q(b, R(f) (), v) |

Vf:0—2Vue PO,R(f)(T)),
Vee C,V3:c— 0,

Q(B)(h(0, f,v)) = h(c, f o B, P(B)(v)),
Vf:1—2Vve PO R(f)(T)),
Vee C,VB:c—1,

Q(B)(h(1, f,v)) = h(c, f o B, P(B)(v))

Vf:2—2Vue P2 R(f)T),

Vee C,VB :c— 2,

Q(B)(R(2, f,v)) = hie, f o B, P(B)(v)) }

Simplifying this the first two conditions become void.

(P, Q)(2,7) = {h € (b € C)(T1f : b — 2)(Ilv € P(b, R(f)(@)Q(b, R(f) (@), v) |

Vi:2—=2Yve P2,R(f)(T),
Vee C,V3:c— 2,

QA(h(2. f,v)) = hle, f o B, P(A)(v)) }
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Further, simplifying the remaining condition

N(P,Q)27) = {hemeo)Is: b2 e PO,R(S)@)QG,R()@),0) |
Yv € P(2,7),Yee C,V3 :c — 2,
Q(B)(h(2. 12,v)) = h(c, B, P(8)(v)) }

Finally, instantiating ¢ to 0, 1, 2 what remains after simplification (¢ = 2 gives an empty
condition):

N(P,Q)23) = {heeC)Is:b—2) e PO, R()@)QR()@),v) |
Yv € P(2,7),
Q(fo2)(h(2,12,v)) = h(0, foz, P(fo2)(v)),
QUfi2)(h(2, 12,)) = (1, fiz, P(f12)(v)) |

6.1 Simplicial sets

Let A be the category whose objects are the natural number N = {0,1,2,...}. Denote
by [n] the set {0,...,n} forn € N. A morphism f : m—n in A is a monotone function
f i [m] —=[n]. The presheaves over A, is called the category of simplicial sets. The
Yoneda embedding y : A — PSh(A) satisfies by the Yoneda lemma

Hompgyc) (y(n), F) = F(n)

for any n € N and any F' € PSh(C). The canonical n-simplex is A" = y(n).

For i =0,...,n+ 1, let 07 : [n] — [n + 1] be the unique monotone function such
that 07[{0,...,n}] ={0,...,i—1,i+1,...,n+1}. F(0"): F(n+ 1) — F(n) is the
ith face map.

The presheaf F' € PSh(A) is a Kan complez if for any n and any xo, ..., Tx_1, Tri1, ..., Tl €
F(n) such that F(0;)(z;) = F(0j-1)(x;) for all © < j, ¢ # k, j # k, there exists
z € F(n+ 1) such that F(6;)(x) = x; for all i # k.

Spelling out:

n=1,k=0: for any x, x5 with F(6;)(z2) = F(61)(x1), there is « € F(2) such that
F(61)(z) = x1, F(d2)(z) = 2.

n =1,k = 1: for any xg, x5 with F(dy)(x2) = F(61)(xo), there is z € F(2) such that
F((S())(ZL') = Xy, F(ég)(.’[‘) = T9.

n =1,k = 2: for any xq, z; with F(dy)(x1) = F(d)(xg), there is z € F(2) such that
F(do)(z) = xo, F(61)(x) = 7.

n =2k =0: for any xq,x9, x3 with F(d;)(x2) = F(1)(x1), F(01)(x3) = F(d2)(x1),
F(02)(x3) = F(62)(2), there is x € F(3) such that F(0,)(x) = 1, F(d2)(x) = w2,
F((Sg)(x) = I3.
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Appendix

Definition 6.1. A category with attributes (cwa) consists of the data

(a) A category C with a terminal object 1. This is the called the category of contexts
and substitutions.

(b) A functor T': C°? — Set. This functor is intended to assign to each context I' a
set T(T") of types in the context and tells how substitutions act on these types.
For f: B—T and o € T(I') we write

o{f} for T(f)(0).

(¢) For each o € T(I'), an object I'.o in C and a morphism
p(c) =pr(o):'o—Tin C.

This tells that each context can be extended by a type in the context, and that
there is a projection from the extended context to the original one.

(d) The final datum tells how substitutions interact with context extensions: For
each f : B—1T and ¢ € T(I'), there is a morphism q(f,o) = qr(f,o) :
B.(T(f)(0)) —T'.0 in C such that

B.(o{f}) —Y g

p(e{f}) p(o)

B r

is a pullback, and furthermore

(d.1) q(Ir,0) = 1r,

f
(d.2) q(f o g,0) =a(f.0) oalg,o{f}) for A—~B——T.
From [2] we take the following definition, but adapt it in the obvious way to cwas.

Definition 6.2. A cwa supports II-types if for 0 € T(I') and 7 € T(I'.0) there is a type
(o, 7) € T(I),
and moreover for every P € E(I".o,7) there is an element

Aor(P) € E(T, (0, 7)),
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and furthermore for any M € E(I',II(0,7)) and any N € E(I', o) there is an element
App, (M, N) € E(I',T{N}),
such that the following equations hold for any substitution f: B—1"
(A-comp) App,, (Ao - (P), N) = P{N},
(o, T){f} = Wa{f}, m{a(f, 0)}),
or (PHIY = Aotsyrtaron (Plalf; 0)}),
(App-subst) App, (M, N){f} = APPa{f} Hattoy (ML} N{f}).

(II-subst

)
)
(A-subst) A
)
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